
Skiba points and heteroclinic bifur cations,with applications to
the shallow lakesystem

F.O.O.Wagener
�

24thAugust2001

Abstract

Techniquesfrom dynamicalsystems,specificallyfrom bifurcation theory, are usedto investigatethe
occurrenceof Skibapointsin onestate,oneco–statecontrolsystems,for which theeffectof thecontrol
hasa definitedirection.A Skibapoint is aninitial statefor which two differentoptimalsolutionsof the
controlproblemexist. It is foundthat theparameterregion for which Skibapointsoccuris boundedby
heteroclinicbifurcationmanifolds.A local criterion is giventhatensurestheexistenceof Skibapoints
in systemswith smalldiscountrates.Theanalysisis appliedto theshallow lake systeminvestigatedby
Mäler, Xepapapedasandde Zeeuw(2000). For this system,it is shown that for any given parameter
value,thereis at mostoneSkibapoint.
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1 Intr oduction

Thispaperinvestigatestheconnectionbetweenheteroclinicbifurcationsandtheoccurrenceof Skibapoints
in one–dimensionaloptimalcontrolproblems.That is, optimalcontrols ������� aresought,minimisinga cost
functional 	�

���� � �������������������� �!"�#� (1)

undertheconditionthat � and � satisfyfor all � thestateequation$� 

% ��������������& (2)

Here �('*),+.- denotesthestatevariable, �/'(01+2- thecontrol,and �3'�45+2-76 a 8 –dimensional
parameter. Thestatespace) , thecontrolspace0 , andtheparameterspace4 areall assumedtobeopensets.
In this article,only the following classof stateequationsis investigated:it is assumedthat the function

%
satisfies 9 %9 � �������������;:
=< (3)

for all �����������>�?'@)BAC0.AD4 . Heuristically, thismeansthatthecontrolhasauni–directionaleffect.

It is well known thatin this kind of system,theremight exist so–calledindifferenceor Skibastates,for
which therearetwo distinctoptimalcontrolswith equaltotal cost. Thecentralresultof this article is that
for this kind of system(modulotechnicalconditionsoutlinedbelow), the setof parametersfor which the
controlproblemhasSkibapointsis boundedby so–calledheteroclinicbifurcationcurvesof theassociated
state–co-statesystem.

Skibapointsoccurnaturallyin controlproblemsif thereareseveralequilibria. Theconceptwasintro-
ducedby Skiba(1978)for optimalgrow pathsof economieswith aconvex–concave productiontechnology,
andsubsequentlyindifferencepointshave beenfoundby DechertandNishimura(1983)andin many other
places,seeDeissingeretal. (2001)andreferencestherein.
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Relation to bifur cation theory. Determiningthe existenceof a point for which thereare two equally
costlysolutionsis typically a globalproblem:thecostfunctionalsof two trajectorieshave to becomputed.
Now, typically asystemdependsonseveralparameters.Imaginethecasethatthereis asetof parametersfor
which Skibapointsexist, andanotherfor which thereareno Skibapoints.Thereis a qualitative difference
betweenthesetype of systems.Going from oneset to the otherhenceentailsa qualitative change,or, in
technicalterms,a bifurcation. It will bearguedbelow that thesimplestbifurcationsthatcanoccurfor the
one–state,one–controlsystemsstudiedin this article aresaddle–nodeandheteroclinicbifurcations. The
formerbifurcationis local, thelatterglobal. Henceit maybeexpectedthatheteroclinicbifurcationsarein
someway connectedto theoccurrenceof Skibapoints.As announced,themainresultof this articleis that
this is indeedthecase.

The significanceof this result is that now bifurcation theorycanbe usedto determinethe regions in
parameterspacefor which Skibapointsdo or do not exist. For theshallow lake family of systems,sucha
diagramis givenin figure1.

Main application. TheShallow lake family (seeBrock andStarret,1999,DechertandBrock, 2000and
Mälar, XepapadeasanddeZeeuw, 2000)shallserveasthemainapplicationof thegeneraltheorythroughout
thepresentarticle,sinceit hasbeentheinitial motivationfor this study. Indeed,thefirst half of this article
givesananalysisof theShallow lake systemin termsof thegeneralresultsobtainedin thesecondhalf.

Biological model. Thedynamicsof pollutionor eutrophicationof shallow lakesgivesriseto asimpleopti-
malcontrolproblemwhichneverthelesshasquiteinterestingfeatures.For thegeneraleconomicandecolog-
ical backgroundof themodelstudiedhere,thereaderis referredto Mälar, XepapadeasanddeZeeuw(2000),
wherethefollowing modelequationis introduced:$� 
E% �������F� 
 �HGJI��LK �>M� M KEN � ��� < � 
 � � & (4)

Here �O�����QP < is proportionalto theamountof phosphorusin ashallow lake, �������QP < to theinput of more
phosphorus(dueto farming); ILP < is proportionalto therateof lossof phosphorusdueto sedimentation,
outflow andsequestrationin otherbiomass.Theterm ��MSRT�>MUK=N modelsthebiologicalproductionof phos-
phorusin thelake. Theseremarksareonly intendedto giveanindicationof themeaningof thevariables;for
moredetailedinformationandreferences,seeMälar, XepapadeasanddeZeeuw(2000).Of course,thereis
muchmoreto shallow lakesthantheextremelysimplemodel(4): seefor instanceScheffer (1998).

In casethereis morethanoneagentreleasingphosphorusinto the lake, the load �O����� will be the total
sumof theindividual loads�>VW����� : �O����� 
 XY V[Z�\ �]V�������� (5)

wherê denotesthenumberof agents.

Welfare. Thewelfare function, thatis, thebenefitsto bereapedfrom theuseof thelake, is modelledas:_a`cb �dGfe#� M &
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Farmersuseartificial fertilisersto grow crops;thesefertiliserscontainphosphorus,which in the endgets
washedinto thelake. Theterm

_a`cb � modelsthebenefitsto farmersarisingfrom using� unitsof phosphorus.
Thelake is alsousedby fishersandtourists,who areinterestedin a cleanlake. Theterm G?e#�>M represents
thecostof pollution: here egP < is aneconomicparameter. Futurebenefitsarediscountedby a factor � ���� ,
with h P < thediscountfactor.

If ������� is given and assumedto be continuous,except maybefor a set of isolatedjump points, the
solution ��ic-UjlkB-Uj is determined,andit will becontinuous.Thetotal benefitsof thelakearethengiven
by thewelfare or benefitfunctional mon �����]p . It takesthefunctions � and � asits arguments,andit is given
by: mon �����]p 

�*�� q _a`cb �HGfe#� Msr ������ F!"�#& (6)

The optimal control problem. Notethatthedynamicsof � aredeterminedby equation(4),oncethefunc-
tion ������� hasbeenchosen.Theoptimalcontrolproblemof a socialplanneris to find theoptimaldumping
level � suchthat m is maximised.Equivalently, onecandetermine� to minimisethecostfunctional:	 n ������p 
 �l�� � �������F��� ���� !"� 
 ���� q G _[`cb �LK�e�� Mtr � ���� !"�#& (7)

Dynamic game. If severalagriculturalagentsareusingthelake– say, severalcountriesborderonthelake
– every oneof themhasaseparatecostfunctional

	 V n �����]p to maximise.However, sincethestateof thelake
is influencedby the actionsof theotheragents,thesehave to be taken into accountaswell. This defines
a dynamicgame. Now every agenthasto choosea strategy: the gameis said to be in Nashequilibrium
if every agent’s strategy, given the opponents’,is optimal. Becauseof the symmetryof the context, and
becauseasymmetricequilibriaaremuchharderto find, attentionis restrictedto symmetricequilibria,where
every agentchoosesthesamestrategy. In Mälar, XepapadeasanddeZeeuw(2000)it is shown that in the
context of an ^ –agentgame,anoptimalstrategy �]V������ is equalto anoptimalcontrolof theoneagentproblem
with theparametere replacedby esR ^ . Henceit sufficesto restrictattentionto theoneagentcase.

Optimal solutions. ThePontryaginmaximumprincipleyieldsa systemof two differentialequationsfor
thestate–co-stateequations,whosephasecurvescorrespondto potentialoptimaltrajectoriesof thesystem.
Theactualoptimalsolutionis selectedfrom thecontinuumof solutions ���O���������O������� thatsatisfy ��� < � 
 � � ,
aredefinedfor all �u' n < ��v3� , andsatisfya transversalityconditionof theform:_[w[x zy � ��������� �� 
 v={ (8)

hence,the control ������� shouldremainboundedaway from
<

as �|k v , or it shouldapproach
<

not too
quickly.

For positive h , thestate–co-statesystemhaspositivedivergence,whichexcludesthepossibilityof phase
curvesthatform closedloops.By thePoincaŕe–Bendixontheorem(seeAnosov etal., 1988),thephasepor-
trait thenconsistsonly of equilibriaandnon–intersectingcurves.Phasecurvesthatareboundedas �uk}v
arethennecessarilystablemanifoldsof hyperbolicsaddleequilibria,or centremanifoldsof non–hyperbolic
(bifurcating)equilibria.
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Skiba points. It turnsout thatfor certainsetsof parametersthereareinitial states� 
 � � , suchthatthere
areoptimalcontrols��\S����� and � M ����� , andcorresponding��\t����� , � M ����� , ( ��\S� < � 
 � M � < � 
 � � ), suchthat~ n ��\s����\�p 

~ n � M ��� M p�& (9)

Theinitial state� � is thencalledan indifferenceor Skibapoint.

Thefirst partof thearticlesketchesthemainideasin thecaseof theshallow lake system.Specifically,
for parameter��IT��es� rangingover an‘interesting’partof theparameterplane(andfor h fixed),thestructure
of thesystemis determined.Theresultsaresummarisedin figure1.
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Figure1: Parameterspaceof theshallow lake system.Sketch of the ��IT��es� –parameterspaceof theshallow
lake system.In thebifurcationdiagram,full linesare so–calledsaddlenodebifurcationcurves,separating
the region of parameters for which there is a uniqueequilibrium in thesystemfrom theregion of multiple
equilibria. In theoligotrophic region, solutionstendingto the ‘clean lake’ equilibriumare optimal; in the
eutrophic region, solutionstendingto the ‘polluted lake’ equilibrium are optimal. Broken lines indicate
so–calledheteroclinic bifurcationcurves.As is shownin thetext, thesecurvesboundtheSkibaregion for
which indifferencepointsexist in theshallowlake optimalcontrol problem.

Resultsfor the shallow lake system. Figure1 containsa lot of informationon theshallow lake system.
The parameterI characterisesthe physicalpropertiesof a lake, andmay be seenasgiven. For sucha I ,
thereis thefollowing sequencefor increasingvaluesof e (seealsofigure4): uniqueequilibrium,which is
apollutedlake; severalequilibria,but theoptimalusageleadsto a pollutedstate;severalequilibria,andthe
final stateof the lake dependson its initial state;severalequilibria,andtheoptimalusageleadsto a clean
lake; uniqueequilibrium, which is a cleanlake. As canbe seenfrom the figure, not all of thesehave to
occur, dependingon thevalueof I .

Moreover, recalltheremarkonthedynamicgameabove: if ^ agentsusethelake,thesystemcanbeseen
asasingleagentsystem,with thevalueof e replacedby etR ^ . Thefigurethenshows– aswasto beexpected
intuitively – that the final conditionof the lake worsensas ^ increases,andthat if ^ is large enough,the
optimalsolutionwill inevitably leadto apollutedlake.
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Finally, notethattheexistenceof aSkibapointhasanimportantconsequencefor asocialplanner:since
ataSkibainitial statethetwo optimalsolutionsareequivalentin economicterms,thedecisionwhichoneto
choosehasto bebasedonothercriteria.For instance,in thecaseof ashallow lake,environmentalprotection
agenciesmight arguethatit is morally goodto opt for acleanenvironment.

General theory. Thesecondpartof thearticlegivesa generalanalysisof theoccurrenceof Skibapoints
for systemswith onephasevariableandonecontrol,for whichtheeffectof thecontrolvariablehasadefinite
direction.Thatis, if $� 

% ��������� (10)

is thestateequation,theeffectof thecontrol is saidto have adefinitedirectionif
%

is continuousandif9 %9 � :
=< � (11)

for any � and � . It is shown thatfor suchasystemtheparameterregionwhereSkibapointsoccuris bounded
by heteroclinicbifurcations. Moreover, it is shown that if the stateco-statesystemhasfor h 
�<

a cusp
bifurcationpoint, thenfor small h�� < , thereexist Skibapointsin thesystem.

Acknowledgements. The authorwishesto thankWilliam Brock, DeeDechert,CarsHommes,Aart de
Zeeuw, andthe CeNDEFgroupgenerallyfor stimulatingdiscussionson the subjectof this article. Also,
remarksby ananonymousrefereewereveryhelpful. Theresearchfor thepresentarticlehasbeenperformed
undertheCeNDEF–Pioneergrantof theNetherlandsOrganisationfor ScientificResearch(NWO).

2 Shallow lakes

This sectiondescribestheshallow lake optimalcontrolproblem,andillustratesin this context someof the
ideasof thegeneraltheorydeveloppedin thelatersections.

2.1 The differential equations

To analysetheshallow lake problem,thecurrentvalueHamiltonianis formed(seefor instanceBrock and
Malliaris, 1989):� ������������� 
 G � �������F��K�� % ��������� 
 _a`cb �HGfe#� M K����"�HGfI���K � M� M K=N"� & (12)

Herean additionalvariable�('/- is introduced,the co-state. If �=i n < ��v3��k�- is an optimal solution,
Pontryagin’snecessaryconditionsstatethat�O����� , ������� , and �O����� aresuchthatfor each� , � 
 �O����� maximises
thefunction � ����� 
 � ������������������������� , andthatif �O����� is continuousat � , then:$� 
=� \ 
 9 �9 � �$� 
=� M 
 G 9

�9 � K h ��& (13)
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Heretheright–handsideis evaluatedat ������������������������������� . That � 
 ������� maximises� ���F� impliesthat9 �9 � 
 N� K�� 
=< & (14)

Usingthis relation,equation(13) readsas:$� 
 G N� GJI��LK ��M� M K=N �$� 
 � h K�IuG � ���� M K=NS� M � �|K � e#��� (15)

However, it is often moreintuitive to work in state–controlvariables �������F� . Sinceequation(14) givesan
invertible relationbetween� and � (aslong asbothvariablesarestrictly positive), it is possibleto switch
between��������� and ��������� coordinates.In thelattercoordinatesystem,theequationstake theform$� 
 �HGJI��|K � M� M K=N �$� 
 G�� h K�I�G � ���� M K=NS� M � �LK � e��>� M & (16)

Bothsystemswill collectively becalledtheshallowlake system.

2.2 Absenceof limit cycles

In this subsection,it is shown that thereareno limit cyclesin a systemof the form (13); moregenerally,
thereareno invariantboundedregionsin thephasespaceof this system.

Note that system(13) is a parametrisedfamily of autonomousdifferentialequationsin the plane. By
thePoincaŕe–Bendixontheorem,theonly possiblelimit setsof a trajectoryareequilibriaandlimit cycles.
However, from equation(13) it follows that in �������F� –coordinates,thevectorfield

�
hasconstantpositive

divergenceh , since ! wa� ��
 99 � 9
�9 � K 99 � � h ��G 9

�9 �H� 
 h & (17)

Let �  betheflow mappingof theordinarydifferentialequation(13). It is definedasfollows: let ���������������������
bethesolutionof theequationfor giveninitial condition ��� � ��� � � . Then�  ��� � ��� � � 
 ���O���������O��������& (18)

A set � � of initial conditionsis by �  mappedto theset� ����� 
 �  � � 
�� ���������di���������� 
 �  ��� � ��� � � for some ��� � ��� � ��' � �T� & (19)

Wehave for theareaof � ����� that!������t��� � �!"� 
 � ��¡ ! wa� � !�¢ 
 h � ��¡ !�¢ 
 h ���£�t��� � � ��� (20)
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where !>¢ denotesthestandardsurfaceelementon -7M . Note that this rulesout theexistenceof invariant
boundedregionsin thesystem,sincesucha region ¤ would have �����t��� �  ¤ � 
 �����t��� ¤ � � < for all � ,
contradictingthe result above. In particular, limit cycles, homoclinic loops and heterocliniccycles are
forbidden,sincefor all of them,thesystemwouldhave invariantregionsof positive area.

In particular, all bifurcationsinvolving oneof thesestructures,likeHopf or homoclinicbifurcations,are
forbiddenin thepresentsystem.This leavesonly saddle–nodeandheteroclinicbifurcations.

Sinceall thesestatementsare topological,they are independentof the coordinatesystemchosen. In
particular, they hold for ��������� –coordinatesaswell.

2.3 Dynamical analysisof the system

Hereandin thenext subsection,we look at which kind of local andglobalqualitative changes(or bifurca-
tions) of thesystemasparametersarevaried.
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Figure 2: Phasespaceand cost functionsof the shallow lake problemin the Skiba case. The plot on
the left showsphasecurvesof system(16) for parametervalues ��IT��eT� h � 
 � < &¦¥c§ � < &¦§ � < & <©¨ � ; the optimal
solutiontrajectoriesare markedby thick lines. Thedirectionof thephaseflow is indicatedby arrows.The
candidatesfor optimalityare thestablemanifoldsof thesaddlesª and « . In the right–handpicture, the
costsof a solutionstartingoneitherof thesemanifoldsaregivenbybrokengraphs.Thelowestvaluegiving
theeventuallowestcostsis indicatedbya full graph. It is foundthat there is a certainstate� � for which the
costsfor eitherof thetwosolutionsareequal.Thisis theSkibapoint.

Figure2 shows phasespacetrajectoriesof thesystemin �������F� –coordinates,aswell asthe locationof
the threeequilibria of the system,two saddles( ª and « ), andonesource( ¢ ), for somegiven parameter
values.Indicatedarethosecurvesthatcorrespondto optimalsolutions,andtheindifferencepoint thatexists
in this system.Also, the total costof anoptimalsolutionis plottedasa functionof the initial stateof the
system,showing a discontinuityof thefirst derivative at theSkibapoint (compareDechertandNishimura,
1983).

Notethatall equilibriaarein theset ¬ thatgivenas
�T% ��������� 
=< � . In thepresentcase,¬ is equalto the
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graphof thefunction ­ ic�@®k¯I��HG ��M� M K=N � (21)

in �������F� –space.Notethatbecauseof this,equilibriacanbeorderedby their � coordinates.

Saddlenodebifur cations. Saddlenodebifurcations— wheretwo separateequilibriacoalesceandvanish
asparameterscrossasaddlenodebifurcationmanifold— can,by theorderingproperty, only occurbetween
neighbouringequilibriaon thegraphof

­
.

For instance,if I and h in theabove examplearekeptfixed,but e is allowed to vary, two saddle–node
bifurcationsarefound. For a certainvalueof e closeto e 
°< &¦¥ , ¢ and « vanishin a saddlenode,while
closeto e 
=< & � , ¢ and ª undergo a saddlenodebifurcation.Comparefigure4.
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Figure3: Phasespaceof theshallow lake systemin theoligotrophiccase.Phasecurvesof system(16) for
parametervalues ��IT��e±� h � 
 � < &¦¥c§ � < &¦§c§ � < & <©¨ � . Legendasin figure 2.

Heteroclinic bifur cations. Figure 3 is madefor parameterscloseto the saddlenodebifurcation of ¢
and « . Note that the phaseflow in figures2 and3 arequalitatively different: in figure 2, the right–hand
stablemanifold of ª spiralsto the unstableequilibrium as �Lk G�v , while in the figure 3 it goesoff to
infinity.

Theintermediatesituationbetweenthesetwo caseswouldbethatthestablemanifoldof ª approaches«
as �²k G�v , and hencecoincideswith « ’s left handunstablemanifold. This is called a heteroclinic
connectionbetweenª and « : anorbit thatconnectstwo equilibria,lying in thestablemanifoldof one,and
in theunstablemanifoldof theother. As parametersarevaried,for mostof themtheheteroclinicconnection
breaks.Thesetof parametervaluesfor whichthesystemhassuchaconnectionis genericallyacodimension
onemanifoldin parameterspace:it is calledthesetof heteroclinic bifurcations.

For instance,if ��IT� h � are kept fixed at � < &¦¥c§ � < & <©¨ � , heteroclinicconnectionsare found for e close
to
< &¦§ ¨ § � ¨ and

< &´³¶µ ¨ µ�· . Notethatthesepointsareinsidetheinterval definedby thesaddlenodeparameter
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values,sincein its complement,thesystemhasonly oneequilibriumandheteroclinicorbitsareimpossible.
In the next section,it will be seenthat for parametervaluesin betweenthe two heteroclinicbifurcation
values,thereareSkibapointsin thesystem,andthatthis is ageneralphenomenon.

2.4 The bifur cation diagram

In theexamplesabove,only oneparameterhasbeenvaried,andonly codimensiononebifurcations(saddle
nodeandheteroclinic)havebeenfound.To explorethesystemfurther, atwo–parameterbifurcationdiagram
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Figure4: Bifurcationandphasediagramsfor theshallow lakesystem.Sketch of the ��IS��et� –parameterspace
of system(16) for h 
¸< & <©¨ , and of the phasespacefor selectedparametervalues. In the bifurcation
diagram,full linesdenotesaddlenodebifurcations,brokenlinesheteroclinic bifurcations.Thephasespace
plots(i)–(vii) are drawnfor I 
2< &¦¥c§ , and,respectively, (i) e 
2< & < µ , (ii) e 
2< & ¨ § , (iii) e 
2< &´³¶µ ¨ µ�· , (iv)e 
¹< &¦§ , (v) e 
¹< &¦§ ¨ § � ¨ , (vi) e 
�< &¦§c§ , and (vii) e 
¹< &�µ . Plot (viii) is drawn for parameters ��IT��et� 
� < &¦º � < &¦§©� . In plots (ii)–(vi), where there are two saddleequilibria, only stableand unstablemanifoldsof
thesesaddlesare drawn. In the other plots, someadditional solution curvesare shownto indicate the
structure of thephaseflow. Theparametervaluesfor plots (iii) and(v) are heteroclinic bifurcationpoints,
preciseup to all givendigits. Notefinally that theflowsin (i), (vii) and(viii) are topologically thesame.

is givenin figure4. Recallthat in two dimensions,codimensiononemanifoldsareone–dimensionalmani-
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folds,or curves,andcodimensiontwo manifoldszero–dimensionalmanifolds,or points.Hencethesetsof
saddlenodeandheteroclinicbifurcationsaresmoothcurves,while thecodimensiontwo cuspbifurcationin
thediagramoccursasanisolatedpoint.

The resultsof the previous subsectionare illustratedin figure 4, where h 
»< & <©¨ . In particular, for
typical parameterson the line I 
2< &¦¥c§ , plotsof thephasediagramaregiven. Notethat it looksasthough
theheterocliniccurvesendin thecodimensiontwo cusppoint. In fact, this is not quite thecase,aswill be
discussedin section4.

Note that on the right of the curve of saddlenodebifurcations,thereis only a singleequilibrium in
thesystem;on the left, therearethree. As will be shown in the next section,for the region on the left of
theheteroclinicbifurcationcurves,Skibapointsexist. Theregion that is boundedby bothheteroclinicand
saddlenodecurvescanbedividedin anupperanda lower component,wheretheeutrophicsolutionor the
oligotrophicsolution,respectively, is alwaysoptimal. In thephasediagrams,theoligotrophicandeutrophic
equilibriaareconsistentlylabelled ª and « respectively. It will follow from thegeneraltheory, developed
in thenext section,that in diagram(b) of figure4, theoptimalsolutionto thecontrolproblemis given by
the stablemanifold of « , the eutrophicequilibrium, whereasin diagram(d), the stablemanifold of ª is
optimal.

3 General theory

This sectioninvestigatesgeneralsystemswith onestateandonecontrolvariable,but dependingon several
parameters.For a large subclassof thesesystems,it is shown that the region of parametersfor which a
Skibapoint exists is boundedby codimensiononeheteroclinicbifurcationmanifolds(in the caseof the
shallow lake, thesearetheheteroclinicbifurcationcurvesillustratedin figure1). This is themainresultof
thepresentarticle.

The next subsectiondescribesthe classof control problemsto which our theory can be applied; it
is shown that the shallow lake problemdoesindeedfit into this class. In subsections3.2 to 3.4, some
lemmasneededsubsequentlyarederivedor quoted.Finally, subsections3.5and3.6show how heteroclinic
bifurcationsarerelatedto the boundaryof the region of Skibaparameters.The treatmentis largely self–
contained.

3.1 Assumptions

Heretheclassof optimalcontrolproblemsis specifiedto which themainresult,to beformulatedbelow, is
applicable.For thesake of convenience,partialderivativesaredenotedeitherby9 %9 � � or by

%±¼ & (22)

Thefollowing assumptionsaremade.

Thestateequationis of theform: $� 
E% ��������������� (23)
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with �½'J) , �*'�0 , �¾'J4 , wherethestatespace) andthecontrol region 0 areopensubsetsof - , and
wheretheparameterspace4 is anopensubsetof -76 .

All functionsencounteredin thedataof theproblemareinfinitely differentiable(i.e. smooth).

Thepartialderivative
%±¿

with respectto thecontrol � of thefunction
%

is assumedto benon-vanishing
for all valuesof �����������>� . For thesake of definiteness,theslightly strongerrestriction%±¿ ������������� � < � (24)

is imposed.It is straightforwardto changetheargumentsin thissectionfor thecase
%±¿�Àl<

.

Thecostfunctionalof theproblemis of theform:	 n ������p 

���� � ���O���������O������������� ���� !���� (25)

wherehH� < is oneof thecomponentsof themulti–dimensionalparameter� .
TheHamiltonian

� ����������������� of theproblem� 
 G � K�� % � (26)

is assumed,for �����������>� fixed in -2AC)¸AÁ4 , to attainits maximum � � in the interior of 0 . Moreover, at
thatpoint, thesecondderivative of

�
is assumedto bestrictly negative:� ¿t¿ ����������� � ���>� Àl< & (27)

Remarks. Intuitively, theconditionthat
%±¿ � < expressesthefactthattheeffectof thecontrolvariablehas

a definitedirection. In thepresentformulation,it alwaysincreasestherateof changeof thestatevariable.
The last condition,equation(27), ensuresthat the variable � canalwaysbe smoothlyexpressedin � (see
lemma1).

3.2 Consequencesof the maximum principle

This subsectionshows thatasa consequenceof thePontryaginmaximumprincipleandtheabove assump-
tions, thereis a one–to–onecorrespondencebetween� and � . In otherwords,expressingthedynamicsin
state–costatevariablesis equivalent to expressingthemin state–controlvariables. This is convenientfor
theoreticalreasons.

In ordernot to overburdenthenotationunnecessarily, theparameter� is droppedin thissubsectionand
thenext. It is straightforward to incorporateagain.

Pontryagin’s maximumprincipleestablishesthe following necessaryrelationsbetween�O����� , �O����� , and
theoptimisingcontrol ������� for all �uP < : $� 
 �gÂ 

% �$� 
 G � ¼ K h ��� (28)
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and,usingequation(27) � ¿�
 G � ¿ KC� %±¿Ã
=< � (29)
� ¿t¿ 
 G � ¿t¿ K�� % ¿t¿ Àl< & (30)

Relation(29)servesto express� in termsof � and � :� 
 � ¿%±¿ & (31)

Usingthis,andtheinequality
% ¿ � < (equation(24)), inequality(30) rewritesas< � %±¿t¿ � ¿ G %±¿ � ¿S¿ � (32)

In fact,thefollowing lemmaholdstrue.

Lemma 1 For everyfixed � , thefunction Ä ����{��F� 
 � ¿ �������F�% ¿ ��������� (33)

is differentiableandstrictly monotoneasa functionof � . Henceit hasa differentiableinverse

Ä � \ ����{��F� .
Proof
Fixing � anddifferentiationrelation(31)with respectto � yieldsÄ ¿�
 � ¿t¿Å%±¿ G � ¿Å%±¿t¿% M¿ 
 � ¿t¿ Gd� %±¿t¿% ¿ � (34)

whererelation(31)hasbeenusedin thesecondequality. From(30),it followsthatthenumeratoris positive;
thedenominatoris nonzeroby (24),andhence

Ä ¿ :
=< everywhere.

As remarked, this lemmaallows us to switch between��������� and ��������� representationsof an optimal
trajectory.

3.3 Comparing costs

This subsectiondescribeshow the total costof a possibleoptimal trajectorydependson the trajectory’s
initial point. In particular, if only two trajectoriesarecompared,thereis at mostonepoint wherethecosts
of thetwo trajectoriesareequal.

Thefollowing lemmais takenfrom Skiba(1978)(proposition2).

Lemma 2 If Æ ����� 
 ���O���������O������� is an optimal trajectory, startingat Æ � < � 
 ��� � ��� � � , thenthecostfunc-
tional

	 n Æ p equals 	 n Æ p 
 G Nh � ��� � ��� � ��� � ��� (35)

where � � 
 Ä ��� � {�� � � .
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For h�� < , theright–handsideof (35) definesa function
~ ��� � ��� � � , which will becalledthecostfunction.

Note the familiar fact that the hardpart of the optimal control problemis to determinewhether ��� � ��� � �
is the initial point of an optimal trajectory. If that is the case,the total costof that trajectoryis given by
lemma2.

Remarkthat
~

is definedfor all points,not necessarilystartingpointsof optimaltrajectories.Thenext
two lemmasexpresshow

~
dependson its variables.

Lemma 3 Thesignsof
%

and
~Ç¿

are opposite.

Proof
Combining(26), (31)and(35)yields h ~ ��������� 
 � G � ¿%±¿ % � (36)

whenever �������F� arethestartingvaluesof anoptimalcontrol.Differentiationwith respectto � yields:h ~Ç¿�
 � ¿ G � ¿S¿Å%±¿ G � ¿¶%±¿S¿% M¿ % G � ¿%±¿ %±¿�
 %±¿t¿ � ¿ G %±¿ � ¿t¿% M¿ % & (37)

Inequality(32)now impliesthelemma.

Thenext lemmais adirectcorollaryof lemma3.

Lemma 4 If for given � and � , thevalues��\ À � M arecandidatesfor startingvaluesof anoptimalcontrol,
andif they aresuch that for all �C'J����\t��� M � wehavethat

% ��������� � < , then~ ������� M � À/~ ��������\���& (38)

Notethatthis is equivalentto proposition5 of BrockandStarrett(1999).

Equation(37) givesanexpressionfor thevariationof
~

with � ; considernow thevariationof
~

along
solutioncurvesof (28). Note that if

% ��� � ��� � ��:
È<
, thereis a smoothfunction É�O����� suchthat in a small

enoughneighbourhoodof ��� � ��� � � , anorbit of thedifferentialequation(28)canbeparametrisedby ÉÆ ���F� 
Ê Ä � É�Ë������{���������Ì 
 � É�O����������� . Obviously, this might not respectthe time parametrisationof the solution

trajectory.

Lemma 5 Assumethat
% ��� � ��� � �o:
E< . Then ! ~!�� 
 GO��� (39)

where thederivativeis evaluatedat ��� � ��� � � alonga trajectoryof (28).

Proof
Assumethat thereis a neighbourhoodÍ of � � , suchthat �O�����f'¹0 for all �f' Í , and that on Í , the
function ������� is invertiblewith inverse�s����� . Then:h ! ~!"� 
 G !

�
!"� 
 G ! �!"� !"�!"� 
 GJ� � ¼ $�LK �ÃÂ $�F� N $� 
 G¾� � ¼ �ÃÂ K �gÂ �WG � ¼ K h ����� N�gÂ 
 G h � (40)
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SincehH� < , thelemmafollows.

Considernow the situationthat two trajectoriesÆ \ and Æ M aregiven, both parametrisedby � in some
interval of ) . That is, ÆcÎ 
 ��� Î ������������� Î ������� for Ï 
 N�� � . Assumethat thesetrajectoriesare the only
candidatesfor theoptimalsolution.To comparetherespective costsof thesetrajectoriesfor thesameinitial
state� , let Ð ����� be Ð ����� 

~ ������� M �������7G ~ ������� \ ��������& (41)

If Ð ����� 
�< , therearetwo optimalsolutionsstartingat � , andfrom thepoint of view of minimisingcosts,
adecisionmaker is indifferentaboutchoosingeitherof thetwo.

Lemma 6 Let there be two solution trajectories Æ \ and Æ M of (28), candidatesfor the optimal solution.
Assumethat there is an interval n Ñ �£I£pQ+E) such that both trajectoriescanbeparametrisedby � over that
interval. Moreover, let Ð � Ñ � Ð ��Is� À=< , where Ð ����� is givenby (41). Thenthere existsa unique � � ' n Ñ �£I£p
such that Ð ��� � � 
=< & (42)

Theindifferencepoint � � of thelemmais calledaSkibapoint.

Proof
Existenceof � � is clearfrom the intermediatevaluetheorem.For uniqueness,notethat lemma5 implies
that: ! Ð!"� 
 GJ�Ò� M ���F�OGd��\S��������& (43)

The right–handsidevanishesonly if � M ���F� 
 ��\S���F� . However, becauseof the theoremof existenceand
uniquenessof solutionsof differentialequations,this canonly happenif Æ \ and Æ M coincide.Since Ð � Ñ �g:
<
, that is ruledout. It follows that Ð is strictly monotone(increasingor decreasingasthecasemaybe)asa

functionof � .

3.4 Dynamical considerations

After analysingthebehaviour of thecostfunction
~

, this sectioninvestigatesthedynamicalpropertiesof
thesystem(28) in either �������F� or ��������� –coordinates.In particular, it is shown thatthesystemhasa simple
structure:as time goesto infinity, orbits tend either to an equilibrium, or they leave every compactset.
Moreover, therearenoboundedregionsthatareinvariantundertheflow. Thisputsa restrictionon thetype
of bifurcationsthatcanoccurin thesystem.Finally, thestructureof thesetof equilibriais discussed.

3.4.1 Limit sets

Lemma 7 In a systemof theform(28),with h�� < , equilibria are theonlypossiblelimit setsof trajectories.
Moreover, non–degenerateequilibria are eithersaddlesor sources.



16

Proof
Recallthat thePoincaŕe–Bendixontheorem(seeAnosov et al. (1988),p. 29) statesthat the limit setof a
trajectoryof a planarflow is eitheranequilibrium,a cycle (a closedcurve), or a union Ó of equilibriaand
phasecurves.Theselatterphasecurveshave astheir limit setsequilibriaof theunion Ó . We have to show
thatthelattertwo possibilitiescannotoccur.

The right–handsideof (28) canbe viewed asa vectorfield
�Ô
 � � \t� � M � 
 � �gÂ �tG � ¼ K h ��� . The

divergence ! wa� � of
�

equals:! wa� ��
 9 � \9 � K 9 � M9 � 
 � Â ¼ K h G � ¼ Â 
 h�� < & (44)

It follows thatnoboundedregionof thephasespacecanbeinvariantunderthephaseflow. To seethis, let ¢
bea boundedinvariantregion. Note that theboundary

9 ¢ thenconsistsentirelyof phasecurves. Green’s
theorem(Spivak,1965,page134)yieldsfor this casethath �����t����¢7� 
����"Õ ! w[� � !"��!c� 

�×ÖSÕ � G � M� \ �lØ !�Ù 
=< & (45)

Here,the first equalityfollows from ! w[� �1
 h , the secondis Green’s theorem,andthe third is a conse-
quenceof thefactthat

9 ¢ consistsof phasecurvesandthatthevector
�ÃÚ²
 �WG � M � � \ � is orthogonalto tan-

gentvectorsto thesephasecurves,sincethey areproportionalto
�Û
 � � \S� � M � . It followsthat �����t����¢7� 
=< .

In particular, limit cyclesareruledout,aswell ashomoclinicloopsor heterocliniccycles.

To excludethe third typeof limit sets,assumethereis a phasecurve Æ having a limit setof that type.
Chooseapoint Ü ononeof thephasecurvesin theunion Ó suchthat

� � Ü �o:
=< . Let Ý beatransversalto the
flow at Ü , thatis acurve throughÜ suchthat

� � Ü � is not tangentto Ý at Ü . SinceÜ is a limit pointof Æ , there
is amonotoneincreasingsequence

� �ÞV � �VaZ�\ suchthat Æ ���ÞV��u' Ý , Æ �����o:' Ý for �u'J���ÞVW����V[j�\�� , and Æ ���ÞV��7k Ü .
Considerthe region ¢�V formedby Æ V 
 Æ � n �ÞVÞ����V[j�\�p�� andthepart Ý V of Ý connectingÆ ���ÞV�� to Æ ���ÞVaj�\�� .

WeapplyGreen’s theoremto obtainh �����t����¢�V�� 
 �|� ÕTß ! w[� � !"��!c� 
 � ÖSÕTßc� Ú Ø !�Ùc� (46)

where
9 ¢�V denotestheboundaryof ¢�V . Notethat theleft–handsideof this equalityis equalto h �����t����¢�V�� .

Moreover �����t����¢�V[j�\£� � �����t����¢�V�� , sincetheflow haspositive divergence.

Theright–handsideof (46) splitsinto:� ÖSÕSß � Ú Ø !]Ùc� 

�¶à ß � Ú Ø !]ÙÇK �"á ß � Ú Ø !]Ùc& (47)

As above, thefirst termvanishessince Æ V is a phasecurve. Let â bea compactneighbourhoodof Ü such
thatfor all ãÇ��ã � , Æ ����Vä�u' â , andlet å 
Eæ�ç"è�éëêcì½í � �ïî � í . Thesecondtermcanthenbeestimatedbyðððð �×á ß � Ú Ø !�Ù ðððð"ñ å í Ý V í � (48)

where
í Ý V í denotesthelengthof Ý V . Hence,it follows from (46) that<�À h �����t����¢�V ¡ � À h �����t����¢�V�� ñ å í Ý V í & (49)
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Takinglimits, weobtainacontradictionsinceå í Ý V í k <
as ã kòv .

Hence,equilibriaaretheonly limit setspossible.At an equilibrium ª , the linearisationof the vector
field is determinedby � 
=óH� � ª � . Sincethesumof theeigenvaluesô \ , ô M of � is equalto thetraceof � ,
it follows that ô \ K ô M 
(õ �±� � � 
 9 � \9 � � ª ��K 9 � M9 � � ª � 
 ! wa� � � ª � 
 hH� < & (50)

But thenat leastoneof theeigenvalueshasto bepositive,andtheequilibriumcannotbeasink.

Thefollowing lemmais obtainedasacorollaryof theproof of theprecedinglemma.

Lemma 8 In a parametrisedfamily of differential equationsof theform (28),with hD� < , theonly generic
codimensiononebifurcationsthat canpossiblyoccuraresaddlenodeandheteroclinic bifurcations.

Proof
In the proof of the previous lemma,it hasbeenremarked that neitherlimit cyclesnor homoclinic loops
canoccur. HencebothHopf andhomoclinicbifurcationsareforbidden.Theonly genericcodimensionone
bifurcationsleft arethosementionedin thelemma.

Remark. Sincethe conclusionsof the previous two lemmasare topological, they are preserved under
changesof variables.In particular, they alsohold for theformulationof thesystemin ��������� –coordinates.

3.4.2 Equilibria

In the remainderof this subsection,a closerlook is taken at the locationof theequilibriaof thesystemin��������� –coordinates,thatis of (28)afterthechangefrom �������F� to �������F� –coordinates:ö $� 
=� \S������������� 
E% �������������$� 
=� M ������������� (51)

For ��'D4 fixed,let ¬ and ÷ begivenasø ¬ 
Û� ���������@i � \T������������� 
=< �÷ 
Û� ���������@i � M ������������� 
=< � � (52)

Theassumption

Ötù úÖ ¿ 
û%±¿ � < implies that ¬ is actuallythegraphof a function. By the implicit function
theorem,thereis an opensubset� of )üA²4 , anda smoothfunction ý i � k 0 , suchthat ¬ equalsthe
graphof ý ; thatis, suchthat � \T����� ý �������������>� 
=< & (53)

In thefollowing, it will beassumedthat � 
 )þAD4 to avoid troublesometechnicalities.

Note that becauseof this property, equilibria of (51) canbe orderedby their � –coordinates.So it is
assumedthatall ^ equilibriaarelabelledª \ 
 ����\t����\#��� ª M 
 ��� M ��� M ��� ØsØsØ � ª X 
 ��� X ��� X ��� (54)

suchthat � Î À �>ÿ if Ï À�� .
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Figure5: Differencebetweenpositive andnegative index. Thephasediagram of two vectorfieldsat an
equilibriumare shown,respectively

% ����� Ü � 
 ���HK � Ü � � �CG Ü � (left), and
% ����� Ü � 
 ���HK � Ü �tG � �HK Ü �

(right). Four conventional � and Ü –componentsof thevectorfield are givenin bothpictures,aswell asthe
curves¬ and ÷ where

$� 
=< and
$÷ 
=< respectively. Moreover, thevectorfield is givenfor pointsona circle

aroundtheequilibrium,showingthat it makesa full counter–clockwiseturn (left) anda full clockwiseturn
(right) respectively, asthecircle is followedin thecounter–clockwisedirection.Thenumberof full counter–
clockwiseturnsof thevectorfield is calledthe index of theequilibrium. Clockwiseturnsare countedwith
a minussign. Theequilibriumin the left picture hashenceindex KLN , while in the right picture, the index
is GgN .
Index. For the following discussion,pleaseseefigure 5. Let Í +û-7M be an openset, )�i Í k -ËM a
continuousvectorfield, and � � ' Í an isolatedequilibriumof ) , i.e. )*��� � � 
û< . Assumethat �D� < is
suchthat � � is theonly equilibriumcontainedin theclosed� –ball � ��� � � � � around� � . ThenÆ i n < � ��� pFk Í
givenby Æ ����� 
 � � KE� ��� ` æ �#� � æ w	� ��� parametrisesacircle of radius� around� � .

Notethatthereexist continuousfunctionsh ��
Ái n < � ��� pFkB- suchthat)½� Æ ������� 
 � h ����� � ` æ 
7������� h ����� æ w	� 
7��������& (55)

SinceÆ is closed,it follows that )½� Æ �WNS��� 
 )*� Æ � < ��� , andhencethat

7�WNS� 
 
Ë� < ��K ��� � & (56)

Thenumber
�

is calledthePoincaŕe index of theequilibrium � � of ) . It canbeshown (Hirsch,1976)thatit
doesnot dependon thepreciseform of Æ , andthatit is a topologicalinvariantof thevectorfield. Actually,
thesum ��
 of theindicesof all theequilibriaof ) is aso–calledhomotopy invariant.Thatis, if thereis an
openset Í containingall equilibriaof ) , aparametrisedfamily of vectorfields ��� with � � 
 ) , � \ 
 É) ,
andsuchthatfor all ��' n < �tN#p , ��� doesnothave anequilibriumon theboundary

9 Í of Í , then ��
 
 ���
 .

Generically– in a typical system– thecurves ¬ 
2� )d\ 
E< � and ÷ 
Û� ) M 
E< � intersecttransversally
at anequilibrium � � . That is, thenormalvectorsto therespective curves,

b �£�c!Q)d\ and
b �£�c!Q) M , spanthe

plane- M . Theindex is thenequalto thesignof !�� õ]ó )*��� � � . Seefigure5.

It is easilyseenthatthesignsof theindicesof ª�Î and ª�Î j�\ alternatefor all Ï 
 N�� ØsØsØ � ^ G½N . Sincethe
index of a sourceis K|N , thatof a saddleGgN , andtheonly equilibriaoccurringin thekind of systemsunder
considerationaresaddlesandsources(by proposition7), we have thefollowing proposition.
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Proposition 1 Generically, no two equilibria ª Î of thefamily (51) havethesame� –coordinates;they can
be assumedto be ordered by ascendingvaluesof this coordinate. Of two consecutiveequilibria, oneis a
saddleandtheothera source.

3.5 Heteroclinic connections

This subsectioninvestigatesthe simplestpossibleconfigurationfor which Skibapointscanoccur. Since
generalisingtheresultsobtainedhereto morecomplex situationsis straightforward,we will limit ourselves
to thesimplecase.At theendof thesection,someremarksaremadeaboutmorecomplex cases.
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Figure6: Illustrative sketchof the phasespaceof the shallow lake system.Sketch of the phasespaceof
equation(16) for parametervalues ��IS��e±� h � 
 � < &¦¥ � < &¦§ � < & <©¨ � . Note that if ��� 
����

, then there is a
heteroclinic connectionbetween« and ª . Likewiseif � � 
�� � .

The simplest case. We considerthe casethat therearethreeequilibria ª 
 ��� � ��� � � , « 
 ��� � ��� � �
and ¢ 
 ��� Õ ��� Õ � of (51). Note that � � 
 ý ��� � � etc, with ý asin 3.4.2. Moreover, it is assumedthat ª
and « aresaddles,that ¢ is a source,andthat � � À � Õ À � � (seefigure 6). Considerthe region � in
phasespace,boundedby thelines � � and �

Õ
, givenby � 
 � � and � 
 � Õ , respectively, andthepartof the

curve ¬ thatconnectsª and ¢ .

Note that phasecurves enter � along � � and ¬ , and that they can exit this region only through �
Õ
,

exceptingthe point ¢ itself. Moreover, notethat the right–handpart of the local unstablemanifold of ª
entersthis region. By extendingthis local unstablemanifold it is found that either the manifold goesto
infinity, or it intersectsthe line �

Õ
at a certainpoint ��� Õ � � � � . To exclude the first case,the following

technicalassumptionis made:
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Assumption1 Anytrajectorystartingat a point betweenthe lines � � and � � eitherstaysboundedfor all
times,or it intersectsoneof thoselinesat a finite time.

Thisassumptionis, for instance,satisfiedfor theshallow lake system,asis shown in appendixA.4.

Extendingtheleft–handpartof thelocal stablemanifoldof « by integratingthevectorfield backwards
in time, it canbeshown thatit intersects�

Õ
atsomeotherpoint ��� Õ � � � � .

Define ��� asfollows:

� j 
 í � � G²� Õ í G í � � G²� Õ í � � � 
 í � � G²� Õ í G í � � G²� Õ í & (57)

Thereareanumberof cases:

1. � j ñ <
and � � ñ <

. This is impossible,sincethe region boundedby the respective stableand
unstablemanifoldsandtheline �

Õ
wouldbemappedinto itself by theflow of thevectorfield.

2. Stablemanifoldof ª optimal. If � j � < and � � À/< , thenthestablemanifoldof ª canbeextended
from ��� Õ � � � � until it intersects� � . It is shown below thatthisstablemanifoldthengivestheoptimal
solutioneverywhere.Comparefigure4, (vi).

3. Stablemanifoldof « optimal. Analogously, if � j À
< and � � � < , thestablemanifoldof « canbe
extendedfrom ��� Õ � � � � until it intersects� � , andit givestheoptimalsolutioneverywhere(figure4,
(ii)).

4. Heteroclinic connection.This is the casewhereeither � j 
Ô<
or � � 
 <

. The unstable(stable)
manifoldof ª andthestable(unstable)manifoldof « coincideandform a heteroclinicconnection
(figure4, (iii) and(v)).

5. Skibapoints.Finally, in thecasethat � j � < and � � � < , thestablemanifoldsof both ª and « end
up spirallingtowards ¢ as �7k G�v . Only in thissituationareSkibapointsfound(figure4, (iv)).

In thenext subsection,thestatementof case5 is proved. Notethatcase4 is the‘hairline case’between
Skibaandnon–Skibaconfigurations.

The generalcase. In thegeneralcase,thereare ^ equilibria, ª \ , ª M , ØsØsØ , ª X , with ª Î 
 ��� Î ��� Î � . Assume
thatnoneof themis degenerate,andthat ª \ (andhenceª� , ª�! etc.) is asaddle.To determinewhetherthere
areany Skibapoints,takeany Ñ suchthat ��\ À Ñ À � X (thechoiceÑ 
 � Õ abovewasfor convenienceonly),
anddeterminetheintersections� M Î j�\ and

� M Î j�\ of thestableandunstablemanifoldsof ª M Î j�\ , respectively,
with theline ��" 
Û� �������F�di7� 
 Ñ � .

Then � � and � j arereplacedby thequantities

� j 
 x �$#Î&% ÿ í � M Î j�\ËG ý � Ñ � í G x�w'�Î)( ÿ í � M Î j�\UG ý � Ñ � í (58)

and

� � 
 x �$#Î&( ÿ í � M Î j�\ËG ý � Ñ � í G x�w'�Î)% ÿ í � M Î j�\UG ý � Ñ � í (59)
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3.6 Costs

Thissubsectiongivestheproofsfor theassertionsmadein theprevioussubsection.

Global optimality of onestablemanifold. In case3 of theenumerationin theprevious subsection,we
have that � j À�< , andthestablemanifoldof « canbeextendeduntil it intersects� � (seefigure7). Since
themanifolddoesnot intersect¬ , for all �/'*) it canbe parametrisedasthegraphof a smoothfunction* � ���F� . Proposition4 thenimpliesthat~ ��� � ��� � � � ~ ��� � ��* � ��� � ����& (60)

Moreover, if � j ÀE< , thestablemanifoldof ª cannotextendto theline � � , sincethentheregion bounded
by the two stablemanifoldsandthe lines � � and � � would be mappedinsideitself by the flow, which is
impossible(asarguedabove). Hencethereis somestate É� � suchthat the stablemanifold of ª doesnot
extendpastthe line � 
 É� � ; by the implicit function theorem,the � –coordinateÉ� � of the point å � of
maximalextensionof thestablemanifoldof ª hasto besuchthatå � 
 � É� � � É� � ��' ¬ & (61)

Againby proposition4, wehave that
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Figure7: The stablemanifold of « is optimal everywhere. Sketch of the stablemanifolds +-,� and +-,�
of ª and « in thecasethat + ,� extendsover thecompletestatespace. Asarguedin the text, + ,� hasto
intersect ¬ somewhere between¢ and « . ~ � å � � � ~ � É����* � � É�F����& (62)

Now, by monotonicityof Ð ���F� , it follows thatthestablemanifoldof « is preferableto thestablemanifold
of ª for all states� .

In thesameway, it is seenthatif � � Àl< , thestablemanifoldof ª is preferableto thatof « for all � .
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Skiba case. It remainsto investigatethecasethat � j � < and � � � < , seefigure8. In this case,neither
stablemanifold canbe extendedtowardsthe otherequilibrium. Thereare two points å � 
 � É� � � É� � � ,å � 
 � É� � � É� � � , bothon ¬ , suchthatthestablemanifolds +.,� and +-,� of ª and « canbeextendedto å �
and å � , respectively, but

+ ,�0/ � ���������@i7� À É� � � 
21 � + ,� / � ���������@i7� �ûÉ� � � 
21 (63)

Invoking proposition4 oncemore,it follows that
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Figure8: Neitherstablemanifoldis optimaleverywhere.Sinceboththestablemanifold +-,� of ª and +-,�
of « intersect ¬ at somepoint between¢ and « , and ¢ and ª , respectively, it followsthat closeto � � , + ,�
is optimal,while closeto � � , +-,� is optimal. Hence, there is a point � � 'C) such that bothmanifoldsare
optimalsolutions. ~ � å � � � ~ � É� � ��* � � É� � ����� (64)

and ~ � É� � ��* � � É� � ��� À/~ � å � ��� (65)

respectively. Here * � denotesthefunctionwhosegraphequalsthestablemanifoldof ª from ª to å � .

Thesetwo inequalities,togetherwith the monotonicityof Ð ���F� , ensurethat thereis a uniqueSkiba
point � � in theinterval � É� � � É� � � . Theprecedingdiscussionis summarisedin thefollowing proposition.

Proposition 2 In termsof thenotationof theprevioustwosubsections,a necessaryandsufficientcondition
for theoccurrenceof Skibapointsin theinterval ��� � ��� � � is that

� j � < and � � � < & (66)
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Since ��� 

< is equivalenceto theoccurrenceof a heteroclinicbifurcation,animmediateconsequence
is:

Corollary 1 In parameterspace, theparameterregionfor whichSkibapointsdooccurisboundedbycurves
of heteroclinic bifurcations.

4 A local criterion for the occurrenceof Skiba points

In this section,a criterionis presentedwhich permitsto concludethatSkibapointsarisein a givensystem.
This criterion is the occurrenceof a certaintype of cuspbifurcation for the system(13) at h 
 <

. Then,
generalbifurcationtheorypermitsus to concludetheexistenceof curvesof heteroclinicbifurcationsclose
to thecuspbifurcation.Perturbationtheoreticargumentsthenensurethatthesebifurcationsoccurfor small
but non–zeroh .
The Hamiltonian situation. Recallthatfor h 
=< , thesystem(13) is aHamiltoniansystemof differential
equations.HenceHamiltonianbifurcationtheorycanbebroughtto bearon it.

From Thom (1972),p. 62, the generalfact is taken that if a cuspbifurcationoccursin a Hamiltonian
system,thentherearenormalformcoordinatessuchthattheHamiltoniantakestheform:�

3 ����� 8 � 
 ÷ N� � M K N³ 854 K ô \ N� 8 M K ô M 8 K ØsØsØ � (67)

where ÷ 
76 N , andwherethe dotsdenotehigherorder termsin � and 8 that canbe neglectedinitially.
We areinterestedin the case÷ 
 GgN : the correspondingbifurcationdiagramis shown in figure 9. Note
that in thebifurcationdiagram,a curve of heteroclinicbifurcationsappearsfor ô M 
 <

, correspondingto
a situationin phasespaceasillustratedby figure10. Thesebifurcationsarenon–degenerate,andthey will
hencepersistundersmall perturbations.Note that for ô \ À <

and ô M 
 <
, thereare two simultaneous

heteroclinicconnectionsbetweenthetwo saddles.Thesimultaneityis typical for Hamiltoniansystems.

The effect of a non–Hamiltonian perturbation. Heretheeffectsof a smallgenericnon–Hamiltonian
perturbationof theHamiltoniancuspnormalform systemarediscussed.Let theperturbationdependon an
additionalparameter� , suchthatfor � 
=< , theoriginal Hamiltoniansystemis obtained.Notethatthecusp
bifurcationpoint aswell asthesaddle–nodebifurcationcurvespersistundertheperturbation:that is, they
will beat a distanceof order 8 � � � of their unperturbedcounterparts.It canbeshown that theheteroclinic
bifurcationcurve splits into two separatecurves,onefor eachheteroclinicconnection.Theseheteroclinic
bifurcationcurvesdonotextendto thecusppointany more,asthey did in theHamiltoniancase.Moreover,
they canintersectonly atanisolatedpoint in thebifurcationdiagram.

Thesegeneralremarkscannow beappliedto asystemof theform:$� 
 �gÂ
(68)$� 
 h ��G � ¼ �

where

� 
 � �����ï������� dependsonsomemulti–dimensionalparameter��'@-76 , 8 P � . Assumethatfor h 
<
thesystemhasa non–degeneratecuspbifurcationpoint � � . Notethat this occursin generic(‘most’) two
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Figure9: The Hamiltoniancuspbifurcation. Sketch of the bifurcation diagram of the Hamiltoniancusp
bifurcationwith normalform

�
3 ����� 8 � 
 G \M �>MUK \4 8 4 K 3 úM 8 MUK ô M 8 . Drawnlinesare saddle–nodebifur-

cations,thebrokenline denotesa heteroclinic bifurcationcurve.
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Figure 10: Hamiltonian heterocliniccycle. Sketch of the phasespaceof the Hamiltonian systemfor
� � \�9 � ����� 8 � 
 G \M �>MUK \4 8 4 G \M 8 M . Twoheteroclinic connectionsform a heteroclinic cycle.
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(or more)parameterfamiliesof Hamiltonians.Recallthat for h¾� < , thedivergenceof thevectorfield is
equalto h , andthesystemis not Hamiltonianany more. By theabove discussion,the cusppoint aswell
asthesaddle–nodecurvespersist,andtheheteroclinicbifurcationcurve splitsinto two curves.Generically,
the heteroclinicbifurcationcurvescannotendin the cuspbifurcationpoint, sincein a neighbourhoodof
thatpoint the threeequilibriawill beon a repellingone–dimensionalcentremanifold,which excludesthe
possibilityof heteroclinicconnections.Notethatin ourspecialcase,thetwoheterocliniccurvescannotcross
in thebifurcationdiagram:thatwould correspondto two heteroclinicconnectionsexisting simultaneously,
andtheexistenceof aninvariantregionboundedby theseconnections,whichwasruledoutby thedivergence
beingnon–zero.

If quantities� � and � j aredefinedasin subsection3.6,it followsthatthereis anopensetof parameters,
boundedby the heteroclinicbifurcationpoints,suchthat � � � < and � j � < . For theseparameters,the
correspondingoptimalcontrolproblemhasaSkibapoint in statespace.

Hencethefollowing propositionholds:

Proposition 3 Let theparametrisedfamily of currentvalueHamiltonians

�
� ��������� , �Á'C-O6 , 8 P � havea

cuspbifurcationpoint � � , such that in suitablecoordinates�
�
¡ 
 G N� � M K N³ 8 4 K ØsØsØ & (69)

Thenthere is someh � � < such that for all h '(� < � h � � , there is an opensubsetof parameters closeto � �
for which theassociatedoptimalcontrol problemhasa Skibapoint.

Note. Thisuseof thismethodis notprimarily to beableto prove,for agivensystem,theexistenceof Skiba
pointsanalytically, thoughfor suitablesystemsthat could be doneaswell. Rather, if for the caseh 
�<
the system(68) a local numericalbifurcationstudyreportsthe existenceof cuspbifurcationpointsin the
system,thenthepropositionimpliestheexistenceof Skibapointsfor smallbut positive h .
A Transversality condition

This appendixclearsup two technicalpoints. First, in subsectionsA.1 to A.3, it is shown that the only
admissiblesolution curves for the shallow lake systemare the stablemanifoldsof the two saddles. In
particular, it is shown thatasolutiontrajectoryof thesystemof differentialequations(16)startingatapoint��� � ��� � � with � � ��� � � < either

1. endsononeof thetwo saddlepoints,or

2. givesriseto acontrol �O����� thatgoesto infinity in finite time,or

3. doesnotsatisfythetransversalityconditionat infinity:_[w[x zy � ��������� ���� :
=< & (70)

Sinceintegral curvesof category 2 arenotadmissiblesolutionsto theproblem,andcurvesof category 3 do
not satisfythetransversalitycondition,only curvessatisfying1 remain.

Finally, in subsectionA.4, assumption1 in subsection3.5 is shown to be fulfilled for theshallow lake
system.
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A.1 Geometrical considerations

Theregion ¤ 
Û� �������F�di7� � < ��� � < � will bedenotedtheopenfirst quadrant of - M . To show theabove
statement,wetakeanarbitraryinitial point ��� � ��� � � in ¤ , andinvestigatethepossiblelimit behaviour of the
solutioncurve Æ startingat thispoint.

First, remarkthatfor � 
=< , ö $� 
 � P < �$� 
 GÃ� h K�Is��� ñ < & (71)

Hencethesolutioncurve cannotcrossthepositive � –axis,andit canonly approachthisaxisat � 
=< .
Likewise,notethatfor � 
=< , :

;;<
;;=
$� 
 G�I��|K � M� M K=N À < �$� 
=< & (72)

It follows that thesolutioncurve cannotcrossthepositive � –axiseither, and,providedthat I � \M , it again
canonly approachit at � 
=< . Notethat �������F� 
 � < � < � wouldbeanequilibriumof thesystem,if thesystem
wereextendedto anopenneighbourhoodof ¤ .

Invoking yet againthePoincaŕe–Bendixontheorem,it follows thatsolutioncurvesstartingin theopen
first quadranteitherapproacha saddleequilibrium inside ¤ (sincethey cannotapproacha source),or ap-
proachthepoint � < � < � on theboundaryof ¤ , or aresuchthat

í Æ ����� í tendsto infinity as ��k v . Thefirst
casecorrespondsto thefirst casein theabove list. Theothertwo arestudiedin thefollowing subsections.

A.2 Solutionsapproachingthe origin

Assumethat Æ is suchthat _[wzx zy � Æ ����� 
=< & (73)

Linearisingthedifferentialequations(16)around��������� 
 � < � < � , thefollowing systemis obtained:� $� $� � 
 � G�I N< GÃ� h KlIë� � � �� � K 8 � � ��� (74)

where 8 � � � denotessecondand higher order termsin � and � . The matrix on the right–handside has
eigenspacesspannedby �WN�� < � and �WN��£Is� respectively. Sincetheeigenvalueof the latter is thesmallest,all
solutionsnoton theinvariantmanifoldconnectedto theeigenspace�WN�� < � will approachtheorigin asÆ ����� 
 ���O���������O������� 
 ���?>Ò� jA@CB  ��WN��£Is��KED������?>�� jA@CB  W��& (75)

From the form of the equations(16) it follows that the invariantmanifold connectedto �WN�� < � is actually
the � –axis.Henceall solutioncurvesstartinginsidetheopenfirstquadrantthattendto

<
actuallysatisfy(75).

This impliesfor ������� 
 NSRT�O����� :_[w[x zy � ��������� ���� 
 _zw[x zy � � ���£ � �?>�� jA@CB  IËKFD���� �?>�� jA@CB  � 
 _[w[x zy � � @  I7KED��WNS� 
 v=& (76)

Hencethetransversalityconditionat infinity is not satisfiedfor thesesolutioncurves.
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A.3 Solutionsgoing to infinity I

Note that it is not possiblefor solutionsgoing to infinity that �O����� remainssmallerthansomeconstantå
for all � . For if thiswerethecase,for every � � suchthat �O��� � � 
HG j M@ it would follow that$� 
 �HGJI��LK � M� M K=N À å GJI å K �I K=N À GgN�� (77)

and �O����� couldnot increasebeyond �O��� � � .
Fromtheresultsof theprevioustwo subsections,it follows thatfor solutionstendingto infinity, ������� is

boundedaway from
<
, say ��������PJI � < for all � . Hence$� 
 G�� h K�I�G � ���� M K=NS� M � �LK � e#�]� M � GÃ� h K�Is���|K � e)IS� M � e�IS� M � (78)

wherethelastinequalityholdsif � � � jA@KCL . However, settingý ��� � � 
 � � , theequation$ý 
 e)I ý M � (79)

hasassolution ý ����� 
 � �N�G²� � e)I ���OGf� � � � (80)

which goesto infinity in finite time. Since �������LP ý ����� for �LP.� � , it follows that ������� goesto infinity in
finite timeaswell.

A.4 Solutionsgoing to infinity II

It is alsonot possiblefor a solutionto go to infinity suchthat �O����� À å for all � � < . If this werethecase,
then $� 
 �HGJI��LK � M� M K=N P��dGNM²& (81)

However, since ���O���������O������� k v , thereexists O � � <
suchthat ������� � MÈK.N for all � �PO � . Hence,

for O 
 O � K å , ��� O �uP å , contradictingtheassumption�O����� À å for all � .
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