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Abstract

Techniquedrom dynamicalsystems specificallyfrom bifurcation theory are usedto investigatethe
occurrenceof Skibapointsin onestate ,oneco—statecontrol systemsfor which the effect of the control
hasa definitedirection. A Skibapointis aninitial statefor which two differentoptimal solutionsof the
control problemexist. It is foundthatthe parameteregion for which Skibapointsoccuris boundedby
heteroclinicbifurcationmanifolds. A local criterionis giventhatensureghe existenceof Skibapoints
in systemawith smalldiscountrates.The analysisis appliedto the shallov lake systeminvestigatedy
Maler, Xepapapedaandde Zeeuw(2000). For this systemiit is shovn thatfor any given parameter
value,thereis at mostone Skibapoint.
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1 Intr oduction

This paperinvestigateshe connectiorbetweerheteroclinichifurcationsandthe occurrencef Skibapoints
in one—dimensionabptimal control problems.Thatis, optimal controlsu(t) aresought,minimisinga cost
functional

o0
C :/ g(z,u, \)e " dt, (@H)
0
underthe conditionthatz andw satisfyfor all ¢ the stateequation

Herex € X C R denoteghe statevariable,u € U C R thecontrol,and\ € A C R? ag-dimensional
parameterThestatespaceX, thecontrolspacd/, andtheparametespace\ areall assumedo beopensets.
In this article, only the following classof stateequationds investigated:it is assumedhatthe function f
satisfies

of

forall (z,u,\) € X x U x A. Heuristically this meanghatthe controlhasa uni—directionakffect.

It is well known thatin this kind of systemtheremight exist so—calledndifferenceor Skibastatesfor
which therearetwo distinctoptimal controlswith equaltotal cost. The centralresultof this articleis that
for this kind of system(modulotechnicalconditionsoutlinedbelow), the setof parameter$or which the
control problemhasSkibapointsis boundedoy so—calledheteroclinicbifurcationcurvesof the associated
state—co-statsystem.

Skibapointsoccurnaturallyin control problemsif therearesereral equilibria. The conceptwasintro-
ducedby Skiba(1978)for optimalgrow pathsof economiesvith a cornvex—concae productiontechnology
andsubsequentlindifferencepointshave beenfound by DechertandNishimura(1983)andin mary other
placesseeDeissingeretal. (2001)andreferencesherein.



Relation to bifur cation theory. Determiningthe existenceof a point for which therearetwo equally
costly solutionsis typically a global problem:the costfunctionalsof two trajectorieshave to be computed.
Now, typically asystemdepend®n severalparametersimaginethecasethatthereis asetof parameteror
which Skibapointsexist, andanotherfor which thereareno Skibapoints. Thereis a qualitatve difference
betweenthesetype of systems.Going from onesetto the otherhenceentailsa qualitative change or, in
technicalterms,a bifurcation. It will be aguedbelow thatthe simplestbifurcationsthat canoccurfor the
one—statepne—controlsystemsstudiedin this article are saddle—nod@nd heteroclinicbifurcations. The
formerbifurcationis local, the latter global. Henceit may be expectedthatheteroclinicbifurcationsarein
someway connectedo the occurrencef Skibapoints. As announcedthe mainresultof this articleis that
thisis indeedthecase.

The significanceof this resultis thatnow bifurcationtheory canbe usedto determinethe regionsin
parametespacefor which Skibapointsdo or do not exist. For the shallaw lake family of systemssucha
diagramis givenin figure 1.

Main application. The Shallov lake family (seeBrock and Starret,1999, Dechertand Brock, 2000and
Malar, XepapadeasnddeZeeuw 2000)shallsene asthemainapplicationof thegeneratheorythroughout
the presentrticle, sinceit hasbeentheinitial motivationfor this study Indeed thefirst half of this article
givesananalysisof the Shallav lake systemin termsof the generakesultsobtainedn the secondalf.

Biological model. Thedynamicof pollutionor eutrophicatiorof shallav lakesgivesriseto asimpleopti-
mal controlproblemwhich neverthelesfiasquiteinterestingeatures For thegenerakconomicandecolog-
ical backgrounaf themodelstudiedhere thereadels referredto Malar, XepapadeaanddeZeeuw(2000),
wherethefollowing modelequationis introduced:

$2

= f(z,u) =u—br+ z(0) = xp. 4)

2+ 1’
Herex(t) > 0 is proportionalto theamountof phosphorusn a shallov lake, u(¢) > 0 to theinput of more
phosphorugdueto farming);b > 0 is proportionalto the rateof lossof phosphorusiueto sedimentation,
outflow andsequestratiom otherbiomass Thetermz?/z? + 1 modelsthe biological productionof phos-
phorusin thelake. Theseremarksareonly intendedo give anindicationof themeaningof thevariablesfor
moredetailedinformationandreferencesseeMalar, Xepapadeaandde Zeeuw(2000).Of coursethereis
muchmoreto shallawv lakesthanthe extremelysimplemodel(4): seefor instanceSchefer (1998).

In casethereis morethanoneagentreleasingphosphorusnto the lake, theload u(¢) will be the total
sumof theindividual loadsu;(t):

u(t) = Zui(t)’ (5)

wheren denoteghe numberof agents.

Welfare. Thewelfar function thatis, the benefitsto bereapedrom theuseof thelake, is modelledas:

logu — cz?.



Farmersuseartificial fertilisersto grow crops;thesefertilisers containphosphoruswhich in the endgets
washednto thelake. Thetermlog u modelsthebenefitdo farmersarisingfrom usingu unitsof phosphorus.
Thelake is alsousedby fishersandtourists,who areinterestedn a cleanlake. Theterm —cz? represents
the costof pollution: herec > 0 is aneconomicparameterFuturebenefitsarediscountedy afactore=#,
with p > 0 thediscountfactor.

If u(t) is given and assumedo be continuous,except maybefor a setof isolatedjump points, the
solutionz : Ry — R, is determinedandit will becontinuousThetotal benefitf thelake arethengiven
by the welfare or benefitfunctional B[z, u]. It takesthe functionsz andw asits agumentsandit is given

by:

Blz,u] = /000 (logu — cz?) e~ dt. (6)

The optimal control problem. Notethatthedynamicsf x aredeterminedy equation(4), oncethefunc-
tion u(t) hasbeenchosen.The optimal control problemof a socialplanneris to find the optimal dumping
level u suchthat B is maximised.Equivalently onecandetermineu to minimisethe costfunctional

o o
Clr,u] = /0 g(z,u)e P dt = /0 (—logu+ cz?)e P dt. (7)

Dynamic game. If severalagriculturalagentsareusingthelake — say severalcountriesborderonthelake

—every oneof themhasa separateostfunctionalC; [z, u] to maximise.However, sincethe stateof thelake

is influencedby the actionsof the otheragentsthesehave to be takeninto accountaswell. This defines
a dynamicgame. Now every agenthasto choosea stratgy: the gameis saidto be in Nashequilibrium

if every agents stratgy, given the opponents’js optimal. Becauseof the symmetryof the contet, and
becausasymmetricequilibriaaremuchharderto find, attentionis restrictedto symmetricequilibria,where
every agentchooseghe samestrat@y. In Malar Xepapadeaandde Zeeuw(2000)it is shavn thatin the
contet of ann—agenggame anoptimalstratgy u;(¢) is equalto anoptimalcontrolof theoneagentproblem
with the parametet replacedy c/n. Henceit sufficesto restrictattentionto theoneagentcase.

Optimal solutions. The Pontryaginmaximumprinciple yields a systemof two differentialequationgor
the state—co-statequationsywhosephasecunescorrespondo potentialoptimaltrajectoriesof the system.
Theactualoptimalsolutionis selectedrom the continuumof solutions(z(t), u(t)) thatsatisfyz(0) = zo,
aredefinedfor all ¢ € [0, 0c0), andsatisfya trans\ersalityconditionof the form:
i Pt — ~g:
lim u(t)e”’ = oo; (8)

hence,the control u(t) shouldremainboundedaway from 0 ast — oo, or it shouldapproach) not too
quickly.

For positive p, the state—co-stateystemhaspositive divergencewhich excludesthe possibilityof phase
cunesthatform closedloops. By the Poincaé—Bendixortheorem(seeAnosor etal., 1988),the phasepor
trait thenconsistonly of equilibriaandnon—intersectingurves. Phasecurvesthatareboundedast — oo
arethennecessarilyptablemanifoldsof hyperbolicsaddleequilibria,or centremanifoldsof non—hyperbolic
(bifurcating)equilibria.



Skiba points. It turnsoutthatfor certainsetsof parametershereareinitial statest = z., suchthatthere
areoptimalcontrolsu; (¢) andus(t), andcorresponding: (t), z2(t), (z1(0) = z2(0) = z,), suchthat

C[$1,U1] = C[{BQ,U,Q]. (9)

Theinitial statez, is thencalledanindifferenceor Skibapoint.

Thefirst partof the article sketcheghe mainideasin the caseof the shallav lake system.Specifically
for paramete(b, c¢) rangingover an‘interesting’ partof the parameteplane(andfor p fixed),the structure
of the systemis determinedTheresultsaresummarisedn figure 1.
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Figurel: Parametespaceof the shallaw lake system.Sletch of the (b, c)—parameterspaceof the shallow
lake systemlIn the bifurcation diagram, full lines are so—calledsaddlenodebifurcation curves,sepaating
theregion of parametes for which there is a uniqueequilibriumin the systenfrom the region of multiple
equilibria. In the oligotrophic region, solutionstendingto the ‘clean lake’ equilibriumare optimal; in the
eutophic region, solutionstendingto the ‘polluted lake’ equilibrium are optimal. Broken lines indicate
so—calledhetepoclinic bifurcation curves. Asis shownin thetext, thesecurvesboundthe Skibaregion for
which indifferencepointsexist in the shallowlake optimal control problem.

Resultsfor the shallow lake system. Figurel containsalot of informationon the shallawv lake system.
The parameteb characterisethe physicalpropertiesof a lake, andmay be seenasgiven. For sucha b,

thereis the following sequencdor increasingvaluesof ¢ (seealsofigure 4): uniqueequilibrium,whichis

apollutedlake; several equilibria, but the optimalusagdeadsto a pollutedstate;severalequilibria,andthe
final stateof the lake depend®n its initial state;seseral equilibria, andthe optimal usagdeadsto a clean
lake; uniqueequilibrium, which is a cleanlake. As canbe seenfrom the figure, not all of thesehave to

occur dependingon thevalueof b.

Moreover, recalltheremarkonthedynamicgameabove: if n agentaisethelake,thesystencanbeseen
asasingleagentsystemwith thevalueof ¢ replaceddy ¢/n. Thefigurethenshavs — aswasto beexpected
intuitively — that the final condition of the lake worsensasn increasesandthatif n is large enough,the
optimalsolutionwill inevitably leadto a pollutedlake.



Finally, notethatthe existenceof a Skibapointhasanimportantconsequenctor asocialplanner:since
ata Skibainitial statethetwo optimalsolutionsareequivalentin economiaderms,thedecisionwhichoneto
choosehasto bebasedn othercriteria. For instancejn thecaseof ashallav lake, environmentalprotection
agenciesnightamuethatit is morally goodto optfor acleanervironment.

Generaltheory. Thesecondoartof the article givesa generalanalysisof the occurrencef Skibapoints
for systemswith onephaserariableandonecontrol,for whichtheeffect of thecontrolvariablehasa definite
direction. Thatis, if

&= f(z,u) (10)

is the stateequationthe effect of the controlis saidto have a definitedirectionif f is continuousandif
o 4o, (11)
ou

for ary x andu. It is shawvn thatfor sucha systentheparameteregion whereSkibapointsoccuris bounded
by heteroclinicbifurcations. Moreover, it is shavn thatif the stateco-statesystemhasfor p = 0 a cusp
bifurcationpoint, thenfor smallp > 0, thereexist Skibapointsin thesystem.

Acknowledgements. The authorwishesto thankWilliam Brock, Dee Dechert,CarsHommes,Aart de
Zeeuw andthe CeNDEFgroup generallyfor stimulatingdiscussionsn the subjectof this article. Also,

remarksoy ananorymousrefereenerevery helpful. TheresearcHor thepresentrticlehasbeenperformed
underthe CeNDEF-Pioneegrantof the Netherland€rganisatiorfor ScientificResearciNWO).

2 Shallow lakes

This sectiondescribeghe shallaw lake optimal control problem,andillustratesin this context someof the
ideasof thegeneraktheorydeveloppedn thelatersections.

2.1 Thedifferential equations

To analysethe shallav lake problem,the currentvalue Hamiltonianis formed(seefor instanceBrock and
Malliaris, 1989):

2
H(p,z,u) = —g(z,u) + pf(z,u) = logu — cz? +p(u — bz + x2$——|—1) . (12)

Herean additionalvariablep € R is introduced the co-state If u : [0,00) — R is anoptimal solution,
Pontryagins necessargonditionsstatethatp(¢), z(¢), andu(t) aresuchthatfor eacht, u = u(t) maximises
thefunctionh(u) = H(p(t),z(t), ), andthatif «(¢) is continuousatt, then:

dp’ (13)



Heretheright—handsideis evaluatedat (p(t), z(t), u(t)). Thatu = u(t) maximisesh(u) impliesthat

oH 1
a—u = E +p = 0. (14)
Usingthis relation,equation(13) readsas:
2
r=——— b.Z‘ + 2$—1,
P 7+ (15)

2
p=(p+b— ——— ) p+ 2z,
(22 +1)2

However, it is often moreintuitive to work in state—controlariables(z, ). Sinceequation(14) givesan
invertible relationbetweenu andp (aslong asboth variablesarestrictly positive), it is possibleto switch
between(p, z) and(z, u) coordinatesin thelattercoordinatesystemthe equationdake the form

. z?

t=u—bet Ty 16)
) 2z 2

U= — p+b_7(:v2—|—1)2 u + 2cxu”.

Both systemswill collectively becalledthe shallowlake system

2.2 Absenceof limit cycles
In this subsectionit is shavn thatthereareno limit cyclesin a systemof the form (13); moregenerally
thereareno invariantboundedegionsin the phasespaceof this system.

Note that system(13) is a parametrisedamily of autonomoudglifferentialequationsn the plane. By
the Poincaé—Bendixontheorem the only possiblelimit setsof a trajectoryareequilibriaandlimit cycles.
However, from equation(13) it follows thatin (p, z)—coordinatesthe vectorfield F' hasconstantpositive
divergencep, since

. 00H 0 OH
dlvF—%%-l-a—p(pp—%) = p- (17)

Let @, betheflow mappingof theordinarydifferentialequation(13). It is definedasfollows: let (p(t), z(t))
bethe solutionof the equationfor giveninitial condition(po, zo). Then

®¢(po, zo) = (p(t), z(t))- (18)
A setA, of initial conditionsis by ®; mappedo the set
A(t) = 2,40 = {(p,x) : (p,x) = Pi(po, zo) fOr some(pg, zg) € Ap}. (19)

We have for theareaof A(t) that

d area(4) :/ div F ds=ﬂ/ dS = p area (Ao), (20)
dt Ao Ao



where dS denoteshe standardsurfaceelementon R?. Note that this rulesout the existenceof invariant
boundedregionsin the system,sincesucha region R would have area (®,R) = area (R) > 0 for all £,
contradictingthe resultabore. In particular limit cycles, homoclinic loops and heterocliniccycles are
forbidden,sincefor all of them,the systemwould have invariantregionsof positive area.

In particular all bifurcationsinvolving oneof thesestructureslike Hopf or homoclinicbifurcations are
forbiddenin thepresensystem.This leavesonly saddle—nodandheteroclinichbifurcations.

Sinceall thesestatementsretopological,they areindependentf the coordinatesystemchosen. In
particular they holdfor (z, u)—coordinatesiswell.

2.3 Dynamical analysisof the system

Hereandin the next subsectionwe look at which kind of local andglobal qualitative changegor bifurca-
tiong of the systemasparameterarevaried.
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Figure 2: Phasespaceand cost functionsof the shallav lake problemin the Skiba case. The plot on
the left showsphasecurvesof system(16) for parametervalues(b, ¢, p) = (0.65,0.5,0.03); the optimal
solutiontrajectoriesare marked by thick lines. Thedirectionof the phaseflow is indicatedby arrows. The
candidatedor optimality are the stablemanifoldsof the saddlesP and ). In theright—handpicture, the
costsof a solutionstartingon eitherof thesemanifoldsare givenby broken graphs. Thelowestvaluegiving
theeventuallowestcostsis indicatedby a full graph. It is foundthatthere s a certainstatez, for which the
costsfor eitherof thetwo solutionsare equal. Thisis the Skibapoint.

Figure2 shavs phasespacetrajectoriesof the systemin (z, u)—coordinatesaswell asthe locationof
the threeequilibria of the system two saddleq P and @), andone source(S), for somegiven parameter
values.Indicatedarethosecunesthatcorrespondo optimalsolutionsandtheindifferencepoint thatexists
in this system.Also, the total costof an optimal solutionis plottedasa function of theinitial stateof the
systemshaving a discontinuityof thefirst derivative at the Skibapoint (compareDechertandNishimura,
1983).

Notethatall equilibriaarein theset¢ thatgivenas{ f(z,u) = 0}. In thepresentase{ is equalto the



graphof thefunction

.T2

=z br — (21)

241’

in (z, u)—spaceNotethatbecausef this, equilibriacanbe orderedby their z coordinates.

Saddlenodebifur cations. Saddlenodebifurcations— wheretwo separatequilibriacoalescendvanish
asparametersrossa saddlenodebifurcationmanifold— can,by the orderingproperty only occurbetween
neighbouringequilibriaonthe graphof =.

For instancejf b andp in the above examplearekeptfixed, but ¢ is allowedto vary, two saddle—node
bifurcationsarefound. For a certainvalueof ¢ closeto ¢ = 0.6, S and(@ vanishin a saddlenode,while
closeto ¢ = 0.2, S and P undego a saddlenodebifurcation. Compardigure4.

0.5

50.25¢

Figure3: Phasespaceof the shallaw lake systemin the oligotrophiccase.Phasecurvesof systen{16) for
parametervalues(b, c, p) = (0.65,0.55,0.03). Legendasin figure 2.

Heteroclinic bifur cations. Figure 3 is madefor parametergloseto the saddlenode bifurcation of S
and@. Notethatthe phaseflow in figures2 and 3 are qualitatvely different: in figure 2, the right—-hand
stablemanifold of P spiralsto the unstableequilibriumast — —oo, while in the figure 3 it goesoff to
infinity.

Theintermediatesituationbetweerthesgwo casesvould bethatthestablemanifoldof P approache§)
ast — —oo, andhencecoincideswith @Q’s left hand unstablemanifold. This is called a heteoclinic
connectiorbetweenP and(: anorbit thatconnectdwo equilibria, lying in the stablemanifold of one,and
in theunstablananifoldof theother As parameterarevaried,for mostof themthe heteroclinicconnection
breaks.Thesetof parametevaluesfor whichthesystemhassuchaconnectioris genericallyacodimension
onemanifoldin parametespaceit is calledthe setof hetepclinic bifurcations

For instance,if (b, p) are kept fixed at (0.65,0.03), heteroclinicconnectionsare found for ¢ close
t00.53523 and0.47379. Notethatthesepointsareinsidetheintenal definedby the saddlenodeparameter
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values sincein its complementthe systemhasonly oneequilibriumandheteroclinicorbitsareimpossible.
In the next section,it will be seenthatfor parametervaluesin betweenthe two heteroclinicbifurcation
valuesthereare Skibapointsin the systemandthatthisis a generaphenomenon.

2.4 The bifur cation diagram

In theexamplesabove, only oneparametehasbeenvaried,andonly codimensioronebifurcations(saddle
nodeandheteroclinichave beenfound. To explorethesystenfurther atwo—parametebifurcationdiagram
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Figure4: Bifurcationandphasediagramdor the shallav lake system Sletd of the (b, c)—parameterspace
of system(16) for p = 0.03, and of the phasespacefor selectedparametervalues. In the bifurcation
diagram, full linesdenotesaddlenodebifurcations,brokenlinesheteoclinic bifurcations. Thephasespace
plots (i)—(vii) are drawnfor b = 0.65, and,respectively(i) ¢ = 0.07, (i) ¢ = 0.35, (i) ¢ = 0.47379, (iv)

¢ = 0.5, (V) ¢ = 0.53523, (vi) ¢ = 0.55, and (vii) ¢ = 0.7. Plot (viii) is drawn for parametes (b,c) =

(0.8,0.5). In plots (ii)—(vi), where there are two saddleequilibria, only stableand unstablemanifoldsof

thesesaddlesare drawn. In the other plots, someadditional solution curvesare shownto indicate the
structuee of the phaseflow. Theparametervaluesfor plots (iii) and(v) are heteoclinic bifurcation points,
preciseupto all givendigits. Notefinally thattheflowsin (i), (vii) and(viii) aretopolayically thesame

is givenin figure 4. Recallthatin two dimensionsgcodimensioronemanifoldsareone—dimensionahani-
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folds, or curves,andcodimensiortwo manifoldszero—dimensionahanifolds,or points. Hencethe setsof
saddlenodeandheteroclinicbifurcationsaresmoothcunes,while the codimensiortwo cuspbifurcationin
the diagramoccursasanisolatedpoint.

The resultsof the previous subsectiorareillustratedin figure 4, wherep = 0.03. In particular for
typical parametersntheline b = 0.65, plotsof the phasediagramaregiven. Notethatit looksasthough
the heterocliniccurvesendin the codimensiontwo cusppoint. In fact, thisis not quite the case aswill be
discussedn section4.

Note that on the right of the curve of saddlenodebifurcations,thereis only a single equilibrium in
the system;on the left, therearethree. As will be shawvn in the next section,for the region on the left of
the heteroclinicbifurcationcurves, Skibapointsexist. Theregion thatis boundedoy both heteroclinicand
saddlenodecurvwescanbe dividedin anupperandalower componentwherethe eutrophicsolutionor the
oligotrophicsolution,respectiely, is alwaysoptimal. In the phasadiagramsthe oligotrophicandeutrophic
equilibriaareconsistentijlabelled P and( respectely. It will follow from the generatheory developed
in the next section,thatin diagram(b) of figure 4, the optimal solutionto the control problemis given by
the stablemanifold of @), the eutrophicequilibrium, whereasn diagram(d), the stablemanifold of P is
optimal.

3 Generaltheory

This sectioninvestigategieneralsystemswith onestateandonecontrolvariable,but dependingn several
parameters.For a large subclasof thesesystemsijt is shavn that the region of parametergor which a
Skiba point exists is boundedby codimensionone heteroclinicbifurcation manifolds(in the caseof the
shallov lake, thesearethe heteroclinicbifurcationcurvesillustratedin figure 1). This is the mainresultof
thepresentrticle.

The next subsectiordescribeghe classof control problemsto which our theory can be applied; it
is shawvn that the shallav lake problemdoesindeedfit into this class. In subsections3.2 to 3.4, some
lemmasneededsubsequentlarederived or quoted.Finally, subsection8.5and3.6 shav how heteroclinic
bifurcationsarerelatedto the boundaryof the region of Skibaparameters.The treatments largely self—
contained.

3.1 Assumptions

Herethe classof optimal control problemsis specifiedto which the mainresult,to be formulatedbelow, is
applicable.For the sale of conveniencepartialderivativesaredenoteceitherby

O " orby f (22)
oz

Thefollowing assumptiongsremade.

The stateequationis of the form:

&= f(z,u,X), (23)
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withz € X, u € U, A € A, wherethe statespaceX andthe controlregion U areopensubsetof R, and
wherethe parametespaceA is anopensubsebf RY.

All functionsencounteredh the dataof the problemareinfinitely differentiable(i.e. smooth).

The partialderivative f,, with respecto the control of thefunction f is assumedo be non-\anishing
for all valuesof (z,u, ). For the sale of definitenessthe slightly strongemestriction

fulz,u, A) >0, (24)

isimposed.lt is straightforvard to changeheargumentdn this sectionfor thecasef, < 0.

Thecostfunctionalof the problemis of theform:

Clz,u] = /0 ~ (@), ult), Ne " dt, (25)

wherep > 0 is oneof thecomponent®f the multi—-dimensionaparameten.

TheHamiltonianH (p, z, u, A) of theproblem
H = —g+pf, (26)

is assumedfor (p, z, A) fixedin R x X x A, to attainits maximumu, in theinterior of U. Moreover, at
thatpoint,the secondderivative of H is assumedo be strictly negative:

Huu(pamau*’)‘) < 0 (27)

Remarks. Intuitively, theconditionthat f,, > 0 expresseshefactthattheeffectof thecontrolvariablehas
a definitedirection. In the presenformulation,it alwaysincreaseshe rateof changeof the statevariable.
The last condition, equation(27), ensureghat the variableu canalwaysbe smoothlyexpressedn p (see
lemmal).

3.2 Consequencesf the maximum principle

This subsectiorshavs thatasa consequencef the Pontryaginmaximumprinciple andthe above assump-
tions, thereis a one—to—one&orrespondencbetweeny andp. In otherwords,expressinghe dynamicsin
state—costatgariablesis equivalentto expressingthemin state—controlariables. This is corvenientfor
theoreticakeasons.

In ordernotto overburdenthe notationunnecessarijjthe parameten is droppedn this subsectiorand
thenext. It is straightforvard to incorporateagain.

Pontryagins maximumprinciple establisheshe following necessaryelationsbetweerp(t), z(t), and
the optimisingcontrolw(t) for all t > 0:

p=—Hg + pp, (28)
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and,usingequation(27)

H, = —Gu +pfu = Oa (29)
Hy,, = —Guu +pfuu < 0. (30)

Relation(29) senesto expressp in termsof z andu:

Ju
===, 31
P=7 (31)
Usingthis, andtheinequality f,, > 0 (equation(24)), inequality(30) rewritesas
O > fuugu - .fuguu7 (32)
In fact, thefollowing lemmaholdstrue.
Lemma 1l For everyfixedz, thefunction
9u (7, u)
uU;xT) = 33

is differentiableandstrictly monotoneasa functionof u. Henceit hasa differentiableinverse o= (p; ).

Proof
Fixing x anddifferentiationrelation(31) with respecto u yields

Guufu = Gufuu Guu — Pfuu
= = , 34
o 72 2 (39
whererelation(31) hasbeenusedn thesecondequality From(30),it follows thatthe numeratois positive;
thedenominatois nonzeraby (24),andhenceyp,, # 0 everywhere. [ |

As remarled, this lemmaallows usto switch between(p, ) and (z,u) representationsf an optimal
trajectory

3.3 Comparing costs
This subsectiordescribeshow the total costof a possibleoptimal trajectorydependson the trajectorys

initial point. In particular if only two trajectoriesarecomparedthereis at mostonepoint wherethe costs
of thetwo trajectoriesareequal.

Thefollowing lemmais takenfrom Skiba(1978)(proposition2).

Lemma?2 If y(t) = (z(t),u(t)) is an optimaltrajectory startingat y(0) = (zo, ug), thenthe costfunc-
tional C[y] equals

Chl= —%H(poaivo,uo), (35)

wheee py = ¢(uo; To).
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For p > 0, theright—handsideof (35) definesa function C(zy, ug), whichwill be calledthe costfunction
Note the familiar fact that the hard part of the optimal control problemis to determinewhether(zg, ug)
is theinitial point of an optimal trajectory If thatis the case the total costof thattrajectoryis given by
lemma2.

RemarkthatC is definedfor all points,not necessarilystartingpointsof optimaltrajectories.The next
two lemmasexpresshow C depend®nits variables.

Lemma 3 Thesignsof f and C, are opposite

Proof
Combining(26), (31) and(35) yields

pC(a:,u) =g— ?-_ufa (36)

wheneer (z,u) arethe startingvaluesof anoptimal control. Differentiationwith respecto u yields:

fuuo-tofun o, Juutn - Suson @7

Inequality(32) now impliesthelemma. [ |

pCy = gu —

Thenext lemmais adirectcorollary of lemma3.

Lemma4 If for givenz and A, thevaluesu; < us are candidatedor startingvaluesof an optimalcontol,
andif they are sudh thatfor all v € (u1,u2) wehavethat f(z,u) > 0, then

C(z,u2) < C(z,u1). (38)

Notethatthisis equivalentto proposition5 of Brock andStarrett(1999).

Equation(37) givesan expressiorfor the variationof C with u; considemow the variationof C along
solutioncurvesof (28). Notethatif f(zg,up) # 0, thereis a smoothfunctiona(z) suchthatin a small
enoughneighbourhooaf (z, ), anorbit of the differentialequation(28) canbe parametrisetyy 7(z) =

(go(ﬁ(x);x),x) = (p(z),z). Obviously, this might not respectthe time parametrisatiorof the solution
trajectory

Lemma5 Assumehat f(zg,ug) # 0. Then
dc _
dz
whete thederivativeis evaluatedat (zg, u) alonga trajectoryof (28).

—b, (3 9)

Proof
Assumethat thereis a neighbourhood/ of ¢y, suchthatz(¢) € U for all t € V, andthaton V, the
functionz(t) is invertiblewith inverset(z). Then:
dcC dH dH dt 1 1
— = =———=—(H,z+ Hyp - (H,H, + H,(—H, — = 40
P i 1 3 da (Hy@ + Hyp) (HyHp + Hp( w+pp))Hp pp (40)

z
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Sincep > 0, thelemmafollows. [ |

Considemow the situationthattwo trajectoriesy; and+y, aregiven, both parametrisedyy z in some
interval of X. Thatis, v; = (p;(z),z,u;j(z)) for j = 1,2. Assumethatthesetrajectoriesarethe only
candidategor the optimal solution. To compareherespectie costsof thesetrajectoriesor the sameinitial
statez, let A(z) be

A(z) = C(z,uz(x)) — C(z,u1(x)). (42)

If A(z) = 0, therearetwo optimal solutionsstartingat zz, andfrom the point of view of minimising costs,
adecisionmaler is indifferentaboutchoosingeitherof the two.

Lemma6 Let there be two solutiontrajectoriesy; and v, of (28), candidatesfor the optimal solution.
Assumehatthere is aninterval [a,b] C X sud that bothtrajectoriescanbe parametrisedoy = over that
interval. Moreover, let A(a)A(b) < 0, where A(z) is givenby (41). Thenthere existsa uniquez.. € [a, b]
sud that

A(z,) = 0. (42)

Theindifferencepointz, of thelemmais calleda Skibapoint

Proof
Existenceof z, is clearfrom the intermediatevaluetheorem. For uniquenessnotethatlemmas implies
that:

B o) ~pi(a). 43)
xZ

The right—handside vanishesonly if pa(z) = pi(x). However, becausef the theoremof existenceand
uniqguenessf solutionsof differentialequationsthis canonly happenf ~; and-y, coincide.SinceA(a) #
0, thatis ruledout. It follows that A is strictly monotongincreasingor decreasingisthe casemaybe)asa
functionof z. |

3.4 Dynamical considerations

After analysingthe behaiour of the costfunction C, this sectioninvestigategshe dynamicalpropertiesof
the system(28) in either(p, =) or (z, u)—coordinatesln particular it is shavn thatthe systemhasa simple
structure: astime goesto infinity, orbits tend eitherto an equilibrium, or they leave every compactset.
Moreover, thereareno boundedegionsthatareinvariantunderthe flow. This putsarestrictionon thetype
of bifurcationsthatcanoccurin the system.Finally, the structureof the setof equilibriais discussed.

3.4.1 Limit sets

Lemma 7 In asystenoftheform (28),with p > 0, equilibria aretheonly possibldimit setsof trajectories.
Moreover, non—dgeneate equilibria are eithersaddlesor souices.
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Proof

Recallthatthe Poincaé—Bendixontheorem(seeAnosor etal. (1988),p. 29) stateshatthe limit setof a
trajectoryof a planarflow is eitheran equilibrium, a cycle (a closedcurwe), or a unioni/ of equilibriaand
phasecurves. Thesdatter phasecurveshave astheir limit setsequilibriaof theunion/. We have to shav
thatthe lattertwo possibilitiescannotoccur

Theright-handside of (28) canbe viewed asa vectorfield F' = (Fy, Fy) = (Hp, —Hy + pp). The
divergencediv F of F equals:

. OF, 0F,

It follows thatno boundedegion of the phasespacecanbeinvariantunderthe phasedlow. To seethis, let S
be a boundednvariantregion. Note thatthe boundarydS thenconsistsentirely of phasecurves. Greens
theorem(Spivak, 1965,pagel34)yieldsfor this casethat

parea (S) ://S div F dz dp:/as( _ﬁi ) - ds =0. (45)

Here,the first equalityfollows from div F' = p, the seconds Greens theorem,andthe third is a conse-
quenceof thefactthatdS consistof phasecurvesandthatthevectorF+ = (—F,, F) is orthogonato tan-
gentvectorsto thesephasecurves,sincethey areproportionato F' = (Fy, Fy). It followsthat area (S) = 0.
In particular limit cyclesareruledout, aswell ashomoclinicloopsor heterocliniccycles.

To excludethe third type of limit sets,assumehereis a phasecurve v having a limit setof thattype.
Choosea pointy ononeof thephasecurvesin theunionl/ suchthat F'(y) # 0. Let ¥ beatrans\ersalto the
flow aty, thatis acurve throughy suchthat F'(y) is nottangento X aty. Sincey is alimit pointof -, there
is amonotonencreasingsequencet; }°, suchthaty(t;) € ¥, y(t) ¢ ¥ fort € (¢;,ti+1), andy(t;) — y.

Considertheregion S; formedby v; = ~([t;, ti+1]) andthepartX; of ¥ connectingy(t;) to y(tit1).
We apply Greens theorento obtain

parea (S;) = / / div F dz dp = / Ft. ds, (46)
i 9S;
wheredS; denotegheboundaryof S;. Notethattheleft—handside of this equalityis equalto p area (S;).
Moreover area (S;+1) > area (.S;), sincetheflow haspositve divergence.
Theright—handsideof (46) splitsinto:

/ Ft. ds,:/ Ft. ds+/ F+. ds. (47)
aS; Yi 3

1

As above, the first term vanishessincer; is a phasecurve. Let K be a compactneighbourhooaf y such
thatfor all i > i, y(¢;) € K, andlet M = sup, g | F(2)|. Thesecondermcanthenbe estimatedy

/ Ft. ds
DIV

where|X;| denoteghelengthof X;. Hence,it follows from (46) that

< Mz, (48)

0 < p area(S;,) < p area (S;) < M|%;|. (49)
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Takinglimits, we obtaina contradictionsince M |Z;| — 0 asi — oo.

Hence,equilibriaarethe only limit setspossible. At an equilibrium P, the linearisationof the vector
field is determinedby A = DF(P). Sincethesumof theeigewvaluesy1, ps of A is equalto thetraceof A,
it follows that

oF, 0F, .
=tr(4) = —(P)+ —=(P) = F(P) = . 50
1t pz = tr(A) = ——(P) + ap( )= divF(P)=p>0 (50)
But thenatleastoneof the eigewvalueshasto be positive, andthe equilibrium cannotbe a sink. [ |

Thefollowing lemmais obtainedasa corollary of the proof of the precedingemma.

Lemma 8 In a parametrisedfamily of differential equationsof theform (28), with p > 0, theonly generic
codimensioronebifurcationsthat canpossiblyoccurare saddlenodeand hetepclinic bifurcations.

Proof

In the proof of the previous lemma, it hasbeenremarled that neitherlimit cycles nor homoclinicloops
canoccur Henceboth Hopf andhomoclinicbifurcationsareforbidden. The only genericcodimensiorone
bifurcationsleft arethosementionedn thelemma. | |

Remark. Sincethe conclusionsof the previous two lemmasare topological, they are presered under
change®f variables.In particular they alsohold for theformulationof the systemin (z, u)—coordinates.

3.4.2 Equilibria

In the remainderof this subsectiona closerlook is taken at the locationof the equilibria of the systemin
(z,u)—coordinatesthatis of (28) afterthe changdrom (p, z) to (z, u)—coordinates:

T = Fl(l’,u,/\) = f(SC,’U,,)\)
{ = Fy(z,u, ) (51)
For A € A fixed,let ¢ andn begivenas
£ = {(.’L‘,’U,) : Fl(.’l,‘,'u,,)\) = 0} (52)
n ={(z,u) : F3(z,u,\) =0},

Theassumptionaa% = fu > 0 impliesthat¢ is actuallythe graphof a function. By theimplicit function
theoremthereis anopensubsetd of X x A, anda smoothfunctionv : A — U, suchthat¢{ equalsthe
graphof v; thatis, suchthat

Fi(z,v(z,\),\) =0. (53)
In thefollowing, it will beassumedhatA = X x A to avoid troublesomeechnicalities.

Note that becauseof this property equilibria of (51) canbe orderedby their z—coordinates.Soit is
assumedhatall n equilibriaarelabelled

P :($15u1)3P2:(x27u2)a"' ,Pn:(.’En,Un), (54)

suchthatz; < zy if j < k.
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Figure5: Differencebetweenpositive and negative index. The phasediagram of two vectorfieldsat an
equilibrium are shown respectivelyf (z,y) = (z + 2y, 2z — y) (left), and f(z,y) = (= + 2y, —2z + y)
(right). Four conventionalz andy—componentsf thevectorfield are givenin bothpictures,aswell asthe
curvest andn where z = 0 andrn = 0 respectivelyMoreover, thevectorfieldis givenfor pointsona circle
aroundthe equilibrium,showingthat it malesa full counterclokwiseturn (left) anda full clodkwiseturn
(right) respectivelyasthecircleis followedin thecounterclokwisedirection. Thenumberof full counter
clodkwiseturns of the vectorfield is called the index of the equilibrium. Clockwiseturns are countedwith
a minussign. Theequilibriumin the left picture hashenceindex +1, while in theright picture, the index
is —1.

Index. For the following discussionpleaseseefigure 5. Let V C R? beanopenset,X : V — R? a
continuousvectorfield, andpy € V anisolatedequilibriumof X, i.e. X (py) = 0. Assumethate > 0 is
suchthatpy is theonly equilibriumcontainedn thecloseds—ball B(po, €) aroundpy. Theny : [0, 2] — V
givenby «(t) = po + (e cos t, e sint) parametrisea circle of radiuse aroundpy.

Notethatthereexist continuougunctionsp, 9 : [0, 2r] — R suchthat

X(v(8) = (p(t) cos 9(t), p(t) sind(2)). (55)
Sincery is closed,it follows that X (v(1)) = X (v(0)), andhencethat
9(1) = 9(0) + 27k. (56)

Thenumberk is calledthe Poincaré index of theequilibriump, of X. It canbeshavn (Hirsch,1976)thatit
doesnotdependon the preciseform of , andthatit is a topologicalinvariantof the vectorfield. Actually,
thesumIx of theindicesof all theequilibriaof X is aso—callechomotojy invariant. Thatis, if thereis an

opensetV containingall equilibriaof X, aparametrisedamily of vectorfieldsY, with Y, = X, Y; = X,
andsuchthatfor all A € [0,1], Y, doesnothave anequilibriumontheboundarydV of V, thenlx = I;.

Generically—in atypical system-thecunesé = {X; = 0} andn = { Xy = 0} intersectransersally
atanequilibriumpg. Thatis, the normalvectorsto therespectre curves, grad X; and grad X, spanthe
planeR?. Theindex is thenequalto the signof det DX (py). Seefigures.

It is easilyseenthatthe signsof theindicesof P; andP; alternatdforall j = 1,--- ,n — 1. Sincethe
index of asourceis +1, thatof a saddle—1, andthe only equilibriaoccurringin the kind of systemsunder
consideratioraresaddlesandsourcegby proposition7), we have thefollowing proposition.



19

Proposition 1 Generically no two equilibria P; of the family (51) havethe samez—coodinates;they can
be assumedo be ordered by ascendingvaluesof this coodinate Of two consecutiveequilibria, oneis a
saddleandtheothera source

3.5 Heteroclinic connections

This subsectiorinvestigateghe simplestpossibleconfigurationfor which Skibapointscanoccur Since
generalisingheresultsobtainedhereto morecomple situationss straightforvard, we will limit oursehes
to thesimplecase At theendof the section,someremarksaremadeaboutmorecomple cases.

0.35
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0/ I I I
0 0.5 1 15 2

Figure6: lllustrative sketch of the phasespaceof the shallawv lake system. Sketdh of the phasespaceof
equation(16) for parametervalues(b,c,p) = (0.6,0.5,0.03). Notethatif ap = wg, thenthereis a
heteoclinic connectiorbetweer) and P. Likewiseif ag = wp.

The simplestcase. We considerthe casethattherearethreeequilibria P = (zp,up), Q = (zg,uQ)
andS = (zg,ug) of (51). Notethatup = v(zp) etc with v asin 3.4.2. Moreover, it is assumedhat P
and@ aresaddlesthat S is asourceandthatzp < zs < zg (seefigure 6). Considerthe region A in
phasespacepoundedby thelines/p andfg, givenby r = zp andz = zg, respectrely, andthe partof the
cune ¢ thatconnects? andS.

Note that phasecurves enter A along/p and¢, andthat they can exit this region only through/{g,
exceptingthe point S itself. Moreover, notethatthe right—handpart of the local unstablemanifold of P
entersthis region. By extendingthis local unstablemanifold it is found that eitherthe manifold goesto
infinity, or it intersectsthe line £ at a certainpoint (zg,wp). To exclude the first case,the following
technicalassumptions made:
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Assumption1 Anytrajectorystartingat a point betweerthelines/p and /g either staysboundedor all
times,or it intersectsoneof thoselinesat a finite time

This assumptions, for instancesatisfiedfor the shallawv lake systemasis shavn in appendixA.4.

Extendingtheleft—handpartof thelocal stablemanifold of @ by integratingthe vectorfield backwards
in time, it canbe shavn thatit intersectds atsomeotherpoint (zg, ag).

Defined,. asfollows:
diy = |lwp —us| — |lag —us|, d- =|wg —us| — |ap —ug|. (57)
Thereareanumberof cases:

1. d;y < 0andd_ < 0. Thisis impossible,sincethe region boundedby the respectiie stableand
unstableamanifoldsandtheline £s would be mappednto itself by the flow of thevectorfield.

2. Stablemanifoldof P optimal.If d; > 0 andd_ < 0, thenthe stablemanifoldof P canbe extended
from (zg, ap) until it intersectd. It is shavn belav thatthis stablemanifoldthengivesthe optimal
solutioneverywhere Compardigure4, (vi).

3. Stablemanifoldof @ optimal. Analogouslyif d; < 0 andd_ > 0, the stablemanifold of  canbe
extendedfrom (zg, ag) until it intersectdp, andit givesthe optimal solutioneverywhere(figure 4,
(ii)).

4. Heteoclinic connection. This is the casewhereeitherd, = 0 or d_ = 0. The unstable(stable)

manifold of P andthe stable(unstable)manifold of ¢ coincideandform a heteroclinicconnection
(figure4, (iii) and(v)).

5. Skibapoints. Finally, in thecasethatd, > 0 andd_ > 0, the stablemanifoldsof both P and@ end
up spirallingtowardsS ast — —oo. Only in this situationare Skibapointsfound (figure 4, (iv)).

In the next subsectionthe statemenof caseb is proved. Notethatcased is the ‘hairline case’between
Skibaandnon-Skibaconfigurations.

The generalcase. Inthegenerakcasetherearen equilibria, Py, Py, - - -, Py, with P; = (z;,u;). ASsume
thatnoneof themis degenerateandthat P; (andhencePs, P etc) is asaddle.To determinevhetherthere
areary Skibapoints,takeary a suchthatz; < a < z,, (thechoicea = x5 above wasfor corvenienceonly),

anddetermingheintersectionsyy; 1 andws;1 of thestableandunstablemanifoldsof P; 1, respectiely,

with theline £, = {(z,u) : z = a}.

Thend_ andd. arereplacedoy the quantities
dy = max w1 —v(a)| - min|az;i1 — v(a)| (58)
and

d- = max |wpj1 — v(a)| — min o1 v(a)| (59)
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3.6 Costs

This subsectiorgivesthe proofsfor the assertionsnadein the previous subsection.

Global optimality of onestable manifold. In case3 of the enumerationn the previous subsectionywe
have thatd, < 0, andthe stablemanifold of ) canbe extendeduntil it intersectdp (seefigure7). Since
the manifold doesnot intersect(, for all z € X it canbe parametrisec@sthe graphof a smoothfunction
wq(x). Propositiord thenimpliesthat

C(zp,up) > C(zp,we(zp))- (60)

Moreover, if d < 0, the stablemanifold of P cannotextendto theline £q, sincethentheregion bounded
by the two stablemanifoldsandthe lines /p and /g would be mappednsideitself by the flow, which is
impossible(asarguedabore). Hencethereis somestatezp suchthatthe stablemanifold of P doesnot
extendpastthe line x = Zp; by theimplicit function theorem the u—coordinatesp of the point Mp of
maximalextensionof the stablemanifold of P hasto be suchthat

Mp = (Zp,uq) € ¢. (61)
Again by proposition4, we have that

0.35

0.3

0.2

0.1

Figure 7: The stablemanifold of @) is optimal everywhere. Sketdh of the stablemanifoldsWj, and Wi
of P and @ in the casethat W extendsover the completestatespace Asarguedin thetext, W}, hasto
intersecté somevhee betweenS and Q.

C(Mp) > C(Z,wq(%)). (62)

Now, by monotonicityof A(z), it follows thatthe stablemanifold of @ is preferableto the stablemanifold
of P for all states.

In thesameway, it is seenthatif d_ < 0, the stablemanifoldof P is preferableto thatof @ for all x.
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Skiba case. It remainsto investigatethe casethatd, > 0 andd_ > 0, seefigure 8. In this caseneither
stablemanifold can be extendedtowardsthe otherequilibrium. Therearetwo points Mp = (Zp,up),
Mg = (Zq,1ug), bothon¢, suchthatthestablemanifoldsiWi andW, of P and@ canbeextendedo Mp
and Mg, respectely, but

Wi N {(z,u) : z <zq} =0, Win{(z,u) : z>Zp}=10 (63)

Invoking proposition4 oncemore, it follows that

0.35 -

0.3r 1
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Figure8: Neitherstablemanifoldis optimal everywhere.Sinceboththe stablemanifold Wz of P and W
of Q intersect¢ at somepointbetweenS and(, and S and P, respectivelyit followsthatcloseto zp, W}
is optimal, while closeto zq, W is optimal. Hence ther is a pointz, € X sud thatboth manifoldsare
optimalsolutions.

C(Mp) > C(zp,wq(Tp)), (64)
and
C(zq,wp(Zq)) < C(Mg), (65)

respectiely. Herewp denoteghefunctionwhosegraphequalshe stablemanifoldof P from P to Mp.

Thesetwo inequalities,togetherwith the monotonicityof A(z), ensurethat thereis a unique Skiba
pointz, in theintenval (Zp, Zg). Theprecedingliscussioris summarisedn thefollowing proposition.

Proposition 2 In termsof the notationof the previoustwo subsectionsa necessarandsuficientcondition
for the occurenceof Skibapointsin theinterval (zp, zg) is that

dy >0 and d_ > 0. (66)
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Sincedy = 0 is equivalenceto the occurrencef a heteroclinicbifurcation,animmediateconsequence
is:

Corollary 1 In parameterspacetheparameteregionfor which Skibapointsdooccuris boundedycurves
of hetepoclinic bifurcations.

4 A local criterion for the occurrenceof Skiba points

In this sectiona criterionis presentedvhich permitsto concludethat Skibapointsarisein a givensystem.
This criterionis the occurrenceof a certaintype of cuspbifurcation for the system(13)atp = 0. Then,
generabifurcationtheorypermitsusto concludethe existenceof curvesof heteroclinicbifurcationsclose
to thecuspbifurcation. Perturbatiortheoreticagumentghenensurethatthesebifurcationsoccurfor small
but non—zerg.

The Hamiltonian situation.  Recallthatfor p = 0, thesystem(13)is aHamiltoniansystenof differential
eguationsHenceHamiltonianbifurcationtheorycanbe broughtto bearonit.

From Thom (1972),p. 62, the generalfactis taken thatif a cuspbifurcationoccursin a Hamiltonian
systemthentherearenormalform coominatessuchthatthe Hamiltoniantakesthe form:

1 1 1
Hy(p,q) = nyp” + 30"+ mgq* +pag+ -+, (67)
wheren = £1, andwherethe dots denotehigherordertermsin p andgq that can be negglectedinitially.
We areinterestedn the casen = —1: the correspondingifurcationdiagramis shavn in figure 9. Note

thatin the bifurcationdiagram,a curve of heteroclinicbifurcationsappeardor ps = 0, correspondingo
a situationin phasespaceasillustratedby figure 10. Thesebifurcationsarenon—dgenerateandthey will
hencepersistundersmall perturbations.Note thatfor 4; < 0 andus = 0, therearetwo simultaneous
heteroclinicconnectiondetweerthetwo saddlesThe simultaneityis typical for Hamiltoniansystems.

The effect of a non—Hamiltonian perturbation.  Herethe effectsof a small genericnon—Hamiltonian
perturbatiorof the Hamiltoniancuspnormalform systemarediscussedLet the perturbatiordependon an
additionalparametet, suchthatfor ¢ = 0, the original Hamiltoniansystemis obtained.Notethatthe cusp
bifurcationpoint aswell asthe saddle—nodéifurcationcurves persistunderthe perturbation:thatis, they
will be at a distanceof orderO(e) of their unperturbedcounterpartslt canbe shavn thatthe heteroclinic
bifurcationcune splitsinto two separateurves,onefor eachheteroclinicconnection. Theseheteroclinic
bifurcationcurvesdo not extendto the cusppointary more,asthey did in the Hamiltoniancase Moreover,
they caninterseconly atanisolatedpointin the bifurcationdiagram.

Thesegenerakemarkscannow beappliedto a systemof theform:
T = Hy (68)
p = pp— Hy,

whereH = H(z,p, \) depend®nsomemulti-dimensionaparametep € R?, g > 2. Assumethatfor p =
0 the systemhasa non—dgeneratecuspbifurcationpoint Ag. Notethatthis occursin generic(‘most’) two
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Figure9: The Hamiltoniancuspbifurcation. Sketch of the bifurcation diagram of the Hamiltonian cusp
bifurcationwith normalform H,,(p, q) = —p? + 1¢* + &.¢* + pag. Drawnlinesare saddle—nodeifur-
cations,thebrokenline denotesa heteoclinic bifurcationcurve

0.5

N

Figure 10: Hamiltonian heterocliniccycle. Sletch of the phasespaceof the Hamiltonian systemfor
H_10(p,q) = —ip? + 1¢* — L4%. Twohetenclinic connectionsorm a heteoclinic cycle
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(or more) parametefamilies of Hamiltonians.Recallthatfor p > 0, the divergenceof the vectorfield is

equalto p, andthe systemis not Hamiltonianarny more. By the abore discussionthe cusppoint aswell

asthesaddle—nodeurvespersistandthe heteroclinicbifurcationcurve splitsinto two curves. Generically
the heteroclinicbifurcation curves cannotendin the cuspbifurcationpoint, sincein a neighbourhoodf

that point the threeequilibriawill be on a repellingone—dimensionatentremanifold, which excludesthe
possibilityof heteroclinicconnectionsNotethatin our specialkcasethetwo heterocliniccurvescannotcross
in the bifurcationdiagram:thatwould correspondo two heteroclinicconnectiongxisting simultaneously
andtheexistenceof aninvariantregionboundedy theseconnectionswhichwasruledoutby thedivergence
beingnon-zero.

If quantitiesd_ andd . aredefinedasin subsectiorB.6, it follows thatthereis anopensetof parameters,
boundedby the heteroclinicbifurcation points,suchthatd_ > 0 andd, > 0. For theseparametersthe
correspondingptimal control problemhasa Skibapointin statespace.

Hencethe following propositionholds:

Proposition 3 Letthe parametrisedramily of currentvalueHamiltoniansH, (p, z), A € R?, ¢ > 2 havea

cuspbifurcation point Ao, sud thatin suitablecoodinates
1 1
Hy, = —=p*+>¢*+---. 69
Yo =P o d + (69)

Thenthere is somep, > 0 sud thatfor all p € (0, pg), there is an opensubsebf parametes closeto Ay
for which theassociatedptimal control problemhasa Skibapoint.

Note. Thisuseof thismethods notprimarily to beableto prove, for agivensystemtheexistenceof Skiba
pointsanalytically thoughfor suitablesystemshat could be doneaswell. Rathey if for the casep = 0
the system(68) a local numericalbifurcation study reportsthe existenceof cuspbifurcationpointsin the
systemthenthe propositionimpliesthe existenceof Skibapointsfor smallbut positive p.

A Transversality condition

This appendixclearsup two technicalpoints. First, in subsection®\.1 to A.3, it is shavn that the only
admissiblesolution curves for the shallav lake systemare the stablemanifolds of the two saddles. In
particular it is shavn thata solutiontrajectoryof the systemof differentialequationg16) startingata point
(:C(),’u,o) with g, ug > 0 either

1. endsononeof thetwo saddlepoints,or
2. givesriseto acontrolu(t) thatgoesto infinity in finite time, or
3. doesnot satisfythetrans\ersality conditionatinfinity:

tl_i)r(r)lop(t)e*”t # 0. (70)

Sinceintegral curvesof cateyory 2 arenotadmissiblesolutionsto the problem,andcurvesof cateyory 3 do
not satisfythetranswersalitycondition,only curvessatisfyingl remain.

Finally, in subsectiorA.4, assumptiorl in subsectiorB8.5 is shavn to be fulfilled for the shallav lake
system.
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A.1 Geometrical considerations

TheregionR = {(x,u) : = > 0, v > 0} will bedenotedheopenfirstquadant of R?. To shav theabave
statementye take anarbitraryinitial point(zg,ug) in R, andinvestigatehe possibldimit behaiour of the
solutioncurve v startingat this point.

First,remarkthatfor z = 0,

T=u > 0,
{dz—(p+b)u < 0. (71)

Hencethe solutioncurve cannotcrossthe positive u—axis,andit canonly approactthis axisatu = 0.

Lik ewise,notethatfor u = 0,

2

b=—bs+ —— < 0,

z2+1 (72)

u = 0.
It follows thatthe solutioncurne cannotcrossthe positive z—axiseither and,providedthatbd > % it again

canonly approactit atz = 0. Notethat(z, ) = (0, 0) wouldbeanequilibriumof thesystemjf thesystem
wereextendedto anopenneighbourhoodf R.

Invoking yet againthe Poincaé—Bendixontheorem,it follows that solutioncurvesstartingin the open
first quadranteitherapproacha saddleequilibriuminside R (sincethey cannotapproacha source),or ap-
proachthe point (0, 0) on the boundaryof R, or aresuchthat |y(¢)| tendsto infinity ast — oo. Thefirst
casecorrespondso thefirst casein theabove list. The othertwo arestudiedin the following subsections.

A.2 Solutionsapproachingthe origin

Assumethat-y is suchthat
lim ~(t) = 0. (73)

t—00

Linearisingthe differentialequationg16) around(z, u) = (0, 0), thefollowing systemis obtained:

(2)=(3 ) (2)vom

where O(2) denotessecondand higher ordertermsin z and«. The matrix on the right—handside has
eigenspacespannedy (1,0) and(1,b) respectiely. Sincethe eigevalueof thelatteris the smallestall
solutionsnot on theinvariantmanifold connectedo the eigenspacél, 0) will approacttheorigin as

() = (2(t), u®)) = e~ T (1,b) + o(e™ 7)), (75)

From the form of the equationg16) it follows that the invariant manifold connectedo (1, 0) is actually
thez—axis.Henceall solutioncurvesstartinginsidetheopenfirst quadranthattendto 0 actuallysatisfy(75).
Thisimpliesfor p(t) = 1/u(t):

efpt ebt

lim p(t)e " = lim (76)

t—o00 t—00 e_(P'H’)tb + o(e_(P'i‘b)t) - tli}?o b+ 0(1) -

Hencethetranswersalityconditionatinfinity is not satisfiedfor thesesolutioncurves.
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A.3 Solutionsgoingto infinity |

Notethatit is not possiblefor solutionsgoingto infinity thatw(¢) remainssmallerthansomeconstantM/
for all ¢. For if thiswerethe casefor everyt, suchthatz(t,) = % it would follow that

2
z M +2

M-b—"41<-1 77
PO p ST (77)

T=u—br+

andz(t) couldnotincreasebeyondz (¢, ).

Fromtheresultsof the previoustwo subsectionst follows thatfor solutionstendingto infinity, z(¢) is
boundedaway from 0, sayz(t) > é > 0 for all ¢. Hence

0= — (p-l—b _ w4+ 2cxu? > —(p+bu+ 2c6u’ > céuQ, (78)

2z
(IL‘2 + 1)2
wherethelastinequalityholdsif u > "c—fsb. However, settingu(t.) = u., theequation
0 = cv?, (79)

hasassolution

Uy

T 1 uscO(t —ty)’

v(t) (80)

which goesto infinity in finite time. Sinceu(t) > v(t) for ¢ > t., it follows thatu(¢) goesto infinity in
finite time aswell.

A.4 Solutionsgoingto infinity I

It is alsonot possiblefor a solutionto goto infinity suchthatz(t) < M for all t > 0. If thiswerethe case,
then

2
. x
xzu—bx—l—xQ—_'_lZu—m. (81)

However, since(z(t),u(t)) — oo, thereexistsTp > 0 suchthatu(t) > m + 1 for all ¢ > T,. Hence,
forT =Ty + M, z(T) > M, contradictingheassumption:(¢) < M for all ¢.
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