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1 Introduction

Concurrent interest in the formation, composition, stability, and decision
making of households or, more generally, socio-economic groups requires a
formal framework that incorporates the allocation of commodities to con-
sumers and of people to households. We are going to analyze a general
equilibrium model with multi-member households where such a dual alloca-
tion is brought about by three interacting mechanisms, each operating at a
particular level of aggregation: Individual decisions are made to join or leave
households. Collective decisions within households determine the consump-
tion plans of household members. Competitive exchange across households
achieves a feasible allocation of resources. Clearly, the three mechanisms in-
teract. The household structure (that is the partition of the population into
households) and the attractiveness of alternative households affect market
prices and the allocation of resources among consumers. Conversely, market
prices and the implied market opportunities influence the formation and sta-
bility of households. An economic theory of pure exchange among households
ought to account for these interdependencies.

One of the most critical modeling assumptions is how much choice between
households an individual has. In this paper, we consider a finite pure ex-
change economy with variable household structure and focus on two types of
outside options available to household members. We first develop the concept
of a competitive equilibrium with free exit (CEFE) where household
members have one type of outside option, the exit option (EO): an individual
may decide to leave its household and become single if this is to its advan-
tage. Then we develop the concept of competitive equilibrium with free
household formation (CEFH) which adds a second type of outside option,
the joining option (JO): an individual may decide to leave its household and
get accepted by another household or individual if this benefits all members
of the resulting enlarged household.

The choice of threat points in households has been examined in a num-
ber of papers surveyed in Bourguignon and Chiappori (1994). This litera-
ture suggests that it is difficult to identify threat points empirically because
preferences must be estimated simultaneously. Therefore, in our theoretical
analysis, we start with the exit option as the narrowest view advanced in the
literature on how individuals behave in households. Then we are broadening



the set of outside options. We focus on efficiency and existence of CEFE and
CEFH and which CEFE are eliminated by adding more outside options. Our
conclusions are three-fold.

First, we establish a neutrality theorem which asserts that in the absence
of externalities, the set of CEFE is identical to the set of CEFH and equal
to the set of (traditional) competitive equilibria when all individuals act and
trade individually. Therefore, if group or household formation does not create
any group or consumption externalities, individuals remain powerless in the
sense that every individual can fare no better and no worse as a member of a
multi-member household than as an individual market participant. The exit
threat is sufficient for this to hold and adding more outside options affects
neither equilibrium existence nor equilibrium welfare under these particular
circumstances.

Second, suppose that more outside options, say addition of JO, eliminate
some but not all competitive equilibria with free exit. One might conjec-
ture that more stringent equilibrium conditions make the surviving equilibria
“stronger” or “better”, having passed more tests than the eliminated ones.
It turns out that this conclusion is premature if “better” means “Pareto-
superior”: A surviving equilibrium can be weakly Pareto-dominated by an
eliminated one. However, we obtain that in the case of one good and a unique
optimal household structure, adding more outside options (of the first or sec-
ond type) eliminates only Pareto-inefficient competitive equilibria, if any.
Our results suggest that the availability and awareness of more outside op-
tions can be socially harmful. It can destabilize households and, therefore,
the household structure — regardless of the specific household structure in
place. The welfare comparison, in the sense of Pareto, of competitive equi-
libria with free exit which are also competitive equilibria with free household
formation and those which are not, can go either way.

Third, we establish existence of non-trivial CEFE. We also find that the
additional outside option, JO, can eliminate all competitive equilibria with
free exit. Whereas there exists a competitive equilibrium with free exit un-
der standard assumptions, there need not exist a competitive equilibrium
with free household formation under the same assumptions. Still, competi-
tive equilibria with free household formations exist in many instances. One
example is the case of one private good and a unique optimal household struc-



ture. Another example is the case of one private good and group externalities
such that household formation can be reduced to a two-sided matching prob-
lem. However, we also find a counter-example with two private goods and
household formation reducible to a two-sided matching problem.

Our approach follows the seminal contribution of Becker (1973) who has
demonstrated that an inquiry into the determinants of and connections be-
tween sociological and economic choices can be very productive. We use
a different model and address different questions. For instance, household-
specific externalities play an important role in our approach. In contrast,
Becker’s model avoids consumption externalities in a unique way, by intro-
ducing a “household good”, the sole explicit consumption good which is non-
tradeable, yet perfectly divisible within each household and does not cause
any consumption externalities.

Our investigation of interacting allocation and decision mechanisms begins
with Gersbach and Haller (2001) where we follow Haller (2000) and incor-
porate the collective rationality of Chiappori (1988, 1992) into a general
equilibrium framework. There we perform welfare analysis with a variable
household structure, but no outside options.! An allocation consists of a
household structure and an allocation of commodities to individual con-
sumers. A competitive equilibrium is defined accordingly. A household
resides in a competitive market environment and makes efficient collective
consumption decisions for its members. This setting has allowed us to study
the interaction between two allocation mechanisms: collective decisions and
competitive markets. Inspired by the empirical literature on outside options
in households, this basic model will be amended in the present paper, intro-
ducing the two types of outside options: EO and JO.

Our model is related to the club literature and the literatures on hedonic
coalitions, matching, assignment games, and multilateral bargaining. The
novel approach to club theory taken by Ellickson et al. (1999, forthcoming)
resembles ours in that it also deals with the allocation of individuals to groups
(clubs, households) and the allocation of commodities to individuals. The
precise relationship of our model to the club literature has been discussed in
detail in the introduction and subsection 5.3 of Gersbach and Haller (2001).

LCorresponding equilibrium existence results can be found in Gersbach and Haller
(1999).



Most of the work on hedonic coalitions [e.g. Greenberg (1978), Bogomolnaia
and Jackson (1998), Banerjee et al. (2001)], matching [e.g. Gale and Shapley
(1962), Alkan (1988), Roth and Sotomayor (1990)], assignment games [e.g.
Shapley and Shubik (1972), Roth and Sotomayor (1990)], and multilateral
bargaining [e.g. Rochford (1984), Crawford and Rochford (1986), Bennett
(1988, 1997)] focuses on group formation and lacks competitive markets for
commodities. A noteworthy exception are Dréze and Greenberg (1980) who
combine the concepts of individual stability and price equilibrium, but con-
fine the analysis of their most comprehensive model to an instructive exam-
ple.

The paper is organized as follows: In the next section, we introduce the
model. In section 3, we define and discuss the equilibrium concepts. Welfare
properties of CEFE and CEFH are studied in section 4. Existence issues are
addressed in sections 5 and 6. We conclude with section 7.

2 Consumer Characteristics and Allocations

In this section, we describe the basic structure of the model: consumers,
household structures, commodities, endowments, allocations, and prefer-
ences.

Consumers and Household Structures. We consider a finite population
of consumers, represented by a set I = {1,...,n}. A generic consumer is
denoted 7 or j. The population I is partitioned into households?, i.e. there
exists a partition P of I into non-empty subsets. We call any such partition
P a household structure in /. A generic household is denoted h or g.
Relative to P, we use the following terminology regarding + € I and h C I,

h # 0:

“household h exists” or “household A is formed” iff h € P;
“; belongs to h” or “individual 7 is a member of household A” iff 7 € h.

If P consists of H households, we frequently label them h = 1,..., H, pro-

2While we stick to the suggestive term “household”, a broader interpretation as socio-
economic group or simply group would be quite appropriate in many instances, in par-
ticular since as a rule we do not impose any restrictions on household or group size,
respectively.



vided this causes no confusion. We treat the household structure as an ob-
ject of endogenous choice. Households are endogenously formed so that some
household P is ultimately realized. Consequently, our consumer allocation
space is P, the set of all household structures in 1.

Commodities. There exists a finite number ¢ > 1 of commodities. Thus
the commodity space is R. Each commodity is formally treated as a private
good, possibly with externalities in consumption. Each consumer ¢ € I has a
consumption set X; = ]Rﬁ so that the commodity allocation spaceis X =
[ljer X;. Generic elements of X are denoted x = (z;), y = (). Commodities
are denoted by superscripts £ = 1,...,/. For a potential household h C I,
h # 0, set Aj, = [1icn Xi, the consumption set for household h. A} has
generic elements xp = (2;)ien. If x = (2;);er € X is a commodity allocation,
then consumption for household h is the restriction of x = (z;)icr to A,
Xn = (Ti)ieh-

Endowments. For a potential household h C I,h # (), its endowment
is a commodity bundle w;, € R¢ given by the sum of the endowments of all
participating individuals: wy, = }7;c, wyi). The social endowment is given

by
Wg = Z Wh- (].)

heP

Note that under our current assumptions, the social endowment is indepen-
dent of the household structure. In Gersbach and Haller (2001) we allow for
the possibility that the endowment of a household differs from the sum of
the endowment of its members and, therefore, the social endowment given
by (1) depends on the prevailing household structure P.

Allocations. An allocation is a pair (x; P) € X x P specifying the con-
sumption bundle and household membership of each consumer. We call an
allocation (x; P) € X x P feasible, if

Z r; = Wg. (2)
iel
After the specification of individual preferences, by means of utility repre-

sentations, an allocation determines the welfare of each and every member
of society.



Consumer Preferences. In principle, a consumer might have preferences
on the allocation space X x P and care about each and every detail of an
allocation. For individual 7 € I, we assume that 7 has preferences on X x P
represented by a utility function U; : X x P— IR.

In the following, we shall make the general assumption that an individual
does not care about the features of an allocation beyond the boundaries of his
own household. If a particular household structure is given, he is indifferent
about the affiliation and consumption of individuals not belonging to his own
household. Condition HSP is a formal expression of this assumption.

(HSP) Household-Specific Preferences:
Ui(x; P) = Uj(xn; h) fori € h, he P, (x; P) € X x P.

The general assumption HSP is justifiable on the grounds that we want to
design a model where multi-member households play a significant allocative
role. HSP still admits a lot of flexibility. For example, it permits various
kinds of consumption externalities. Suitable externalities may prevent the
formation of certain households, even though we are not explicitly restricting
household size. In the sequel, we shall in particular exploit the occurrence
of pure group externalities that depend solely on the persons belonging to a
household. Pure group externalities can capture all aspects of the benefits of
human beings living together. They can represent, for instance, the emotional
benefit from living together with other persons in the same household or the
opportunity for receiving advice. To formulate the latter externalities, define
H; ={h C I|i € h} for i € 1. H,; is the set of potential households of which
1 would be a member.

(PGE) Pure Group Externalities: For each consumer i, there exist
functions Uf : X; — R and U} : H; — R such that
Ui(Xh; h,) = UZC(.@Z) + Uzg(h,) for x, € X, h € H;.

PGE assumes that one can additively separate the pure consumption effect
Uf(z;) from the pure group effect U (h). A very special case is the absence
of externalities, corresponding to UJ = 0. At the other extreme lies the
purely hedonic case, with Uf = 0 or ¢ = 0, studied by Banerjee et al. (2001)
and Bogomolnaia and Jackson (1998).
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All of our examples with the exception of Example 6 feature pure group
externalities. But one should emphasize that despite their prominent role,
our analysis is not confined to the case of pure group externalities. See in
particular Propositions 2, 3, 4 and 6.

3 The Equilibrium Concepts

Among the several conceivable ways to formulate an equilibrium state of a
model with variable household structure, we define an equilibrium of com-
modities and consumers as a price sytem together with a household structure
and a feasible resource allocation such that:

e a household chooses an efficient consumption schedule for its members,
subject to the household budget constraint;

e markets clear.

e no individual has an incentive to leave a household and to participate
as an individual in the market at the going prices.

These three conditions define a competitive equilibrium with free exit. We
shall further allow for a second outside option:

e no individual can leave a household and get accepted by another house-
hold by proposing a feasible allocation for the enlarged household which
makes everybody in this newly formed household better off at the going
prices.

Adding the second option defines a competitive equilibrium with free house-
hold formation.



3.1 Definitions

In order to define the equilibrium concepts formally, we consider a household
h € P and a price system p € R". For xy, = (;)ien € &, denote

P * Xp = p - Z xX; .
ich
Then h’s budget set is defined as
Br(p) ={xn € X : p*xn <p-wp}.

We next define the efficient budget set EBy(p) as the set of x, € By(p)
with the property that there is no y, € Bj(p) such that

Ui(yn; h) > Us;(xp; h) for all 7 € h;

U;(yn; h) > U;(xp; h) for some i € h.
Further define a state of the economy as a triple (p, x; P) such that p € R*
is a price system and (x; P) € X x P is an allocation, i.e. x = (x;);¢s is an
allocation of commodities and P is an allocation of consumers (a household
structure, a partition of the population into households). A state (p,x; P)

is a competitive equilibrium with free exit (CEFE) if it satisfies the
following conditions:

1. xp € EBy(p) for all h € P.

2. ), % = ws.

3. There isno h € P, i € h and y; € By;;(p) such that
Ui(yi; {i}) > U;(xn; h).

Finally a competitive equilibrium with free household formation
(CEFH) is a CEFE (p,x; P) that also satisfies:

4. There are no h and g € P, i € h and ygugiy € Byugiy(p) such that

Uj(yeugiy; g U {i}) > Uj(xg; g) for all j € g;
Ui(yeutiy; g U {i}) > Ui(xn; h).



3.2 Discussion

Condition 1 reflects collective rationality in the sense of Chiappori (1988,
1992), in contrast to the traditional model where households are treated like
single consumers. Efficient choice by the household refers to the individual
consumption and welfare of its members, not merely to the aggregate con-
sumption bundle of the household. Condition 2 requires market clearing.
Conditions 1 and 2 alone define a competitive equilibrium (p, x), given
household structure P, discussed and studied in Haller (2000) and Gersbach
and Haller (2001).

In addition, we impose condition 3 that no individual wants to leave a house-
hold and participate as a one-member household in the market at the going
equilibrium prices. Condition 3 constitutes an individual rationality or vol-
untary participation (membership) constraint. Conditions 1 to 3 together
define a competitive equilibrium with free exit.

Conditions 1 to 4 together define a competitive equilibrium with free
household formation. Condition 4 requires that no individual can leave a
household and can propose a feasible consumption allocation to the members
of a new household, created by the individual and another already existing
household, which makes everybody in the new household better off at the
going equilibrium prices. Condition 4 still presumes that changes of the
household structure are the result of individuals leaving a household and
proposing a better allocation to an already existing one- or multi-person
household. Condition 4 already appears in the earlier literature on coalition
formation, beginning with Greenberg (1978) and Dreze and Greenberg (1980)
who have introduced the concept of individually stable equilibrium where a
coalition partition is individually stable if it is immune to individual move-
ments which benefit the moving player and do not hurt any member of the
group she joins.® In our work we combine coalition formation, collective deci-
sions and competitive markets. Finally, our paper is related to the influential
work of Hirschman (1970) who has considered the comparative efficiency of
the exit and voice options as mechanisms of recuperation. One of our main
results suggests that the exit option limits power as long as externalities in

3 Among recent contributions to that literature using a similar condition are Banerjee,
Konishi and Sénmez (2001), Jehiel and Scotchmer (2001), and Bogomolnaia and Jackson
(1998).
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groups are sufficiently small.

One could think of even stronger conditions in the tradition of the matching
literature (see Roth and Sotomayor 1990 for surveys) where two persons
can break away from two different matches and form a new match. But it
has been argued in other contexts, that the divorce threat and thus the exit
option alone describes the behavior of individuals in multi-person households
(see Bourguignon and Chiappori 1994 for a summary of this debate). Our
condition 4 lies between these two perspectives on how individuals decide
whether to leave a household. It proves sufficient to put the existence of
equilibria with free household formation into question and it is just restrictive
enough to make the normative issue how more outside options affect welfare
an interesting one.

Condition 4 requires that there must be consensus among the members of the
newly created household gU{i}. That is, all members in household g unan-
imously agree that the enlargement of the group by individual ¢ should be
allowed. A modified equilibrium concept, competitive equilibrium with
non-consensus household formation could be considered where not all
members of household g have to benefit from the entry of individual 7. Con-
dition 4 can be readily adjusted to the non-consensus case. However, such a
concept requires an assumption on the distribution of formal authority within
a group, for instance a weighted majority vote on whether other individuals
can enter or not. In the extreme, solely the head of household would have a
say about who is allowed to join. Such an equilibrium concept reflects the sit-
uation in some, but certainly not all households. It is quite adequate in case
a group is a firm and a few managers decide on whether new members are
hired or not, independently of the consent of other firm members. However,
the dissenters may have some influence because of the possibility of exit.

As it is formulated, condition 4 requires that all members must want the
newly formed household guU{i} with the proposed commodity allocation. Al-
ternatively, one might require that none of the members of the previous
household g be opposed to forming the new household, i.e. the inequalities
pertaining to j € g become weak. The two formulations are equivalent under
many, but not all circumstances.

11



4 Equilibrium Welfare

4.1 Inefficacy of Equilibrium Refinement

We are interested in the individual’s possibilities of achieving higher util-
ity levels by participating in a particular household rather than acting and
trading individually or participating in other households. One might conjec-
ture that particular household members with high bargaining power could
use the household to obtain more consumption. We commence by examin-
ing group formation when there are no externalities (i.e. there is absence of
consumption and group externalities). We establish the following neutrality
theorem.

Proposition 1 (Neutrality Theorem)

Suppose absence of externalities and continuity and local non-satiation of
consumer preferences. Consider (p;x) € R’ x X and any household structure
P. Then the follounng three assertions are equivalent:

(i) (p,x; P) is a competitive equilibrium with free household formation.
(ii) (p,x; P) is a competitive equilibrium with free exit.

(i) (p,x) is a traditional competitive equilibrium where each agent acts
and trades individually.

The proof is given in the appendix. Proposition 1 asserts that in the absence
of any externalities, free exit implies that a consumer can fare no better and
no worse as a member of a multi-member household than as an individual
market participant. If, in spite of free exit, some individuals enjoy higher
utility levels as household members than they would obtain individually,
some sort of externality has to be present. Proposition 1 also states that in
the absence of any externalities, the set of competitive equilibria with free
household formation is essentially equal to the set of (traditional) competitive
equilibria when all individuals act and trade individually.

Proposition 1 extends the “Irrelevance Proposition” of Gersbach and Haller
(2001). It conforms with intuition, but still requires a proof and has im-
portant implications for the role of outside options available to individuals

12



in households operating in competitive commodity markets. If there are no
externalities, adding more outside options for agents is irrelevant for con-
sumption and utility allocation and hence for welfare. Suppose e.g. that all
multi-person households take their decisions according to a Nash bargaining
solution. Then, Proposition 1 says that it is irrelevant whether such bar-
gaining takes place with outside options of the first type (exit) only or with
outside options of both types (exit and possibly joining another consenting
household). Equally important is the observation that adding more outside
options does not impair the stability of households if externalities are ab-
sent. The downside is that household formation becomes pointless under
these circumstances.

The working of the neutrality theorem is now illustrated by an example. In
the example, it is shown that only an equal split of bargaining power be-
tween the members of a two-person household is consistent with a CEFE
or CEFH. Different distributions of bargaining power are consistent with a
market equilibrium where the household structure is fixed and exit is not an
option. But those market equilibria violate condition 3 or condition 4 in the
above definition of CEFE and CEFH. The example follows.

Example 1. Let £ = 2, I = {1,2,3}. Preferences are represented by
Ui(xn; h) = ui(x;) = ui(z},2?) where z¥f denotes the quantity of good k
(k =1,2) consumed by individual i. Specifically, we assume

Ul(a:%ax%) = lnx},
UQ(:C%’ x%) = In x%:

1 1
Us(zz,73) = Elnmé—i- Elnmg.

We further assume the individual endowments
1 1

_)a Wy = (0: 5):

w; = (Oa 2

ws = (1,0).

Commodity prices are normalized so that p; = 1.

Consider first the household structure P° = {{1}, {2}, {3}}. It is obvious
that there exists a unique market equilibrium (p°, x%; P?), given by:

= (1,1),

13



0 — —
Ty = (270)7
1
xg = (0’5)’
11
3 = (5,5)

22
Consider next the household structure P* = {{1,2},{3}}. Suppose that
household g = {1, 2} maximizes a utilitarian social welfare function

Wh = (l/Ul(.’El) + (1 — O!)UQ(Q?Q)
= alnzi+(1-a)lnzZ, O<a<l,

subject to the budget constraint x{ + p,z2 = p,. Since individual 1 will con-
sume the first commodity and individual 2 the second commodity in house-
hold g, a can be interpreted as the weight of individual 1 in household g.
Similarly, 1 — « is the weight of individual 2 in household g. The excess
demand vectors of the households g and h = {3}, denoted by z, and z,, are
given by

Zg = (ong,—a),
1 1
).

Zn = (—5,2—p2

A market equilibrium without exit (p*,x*; P*) would require

zy = (0,1 —a),

. 1
xy = (i,a).

At prices p*, individuals ¢ = 1,2 could obtain the following consumption
vectors z§ and zj by leaving household g:

1
z; = <E’O)’
o= (05)

14



Except for o = 3, either Uy(z5) > Uy(a}) or Us(x3) > Us(23) and, hence,

(p*,x*; P*) is a competitive equilibrium with exit only for & = ;. In this
case, 7 = 1V and x5 = z3. Similarly (p*, x*; P*) is a competitive equilibrium

with free household formation if and only if o = 3. oo

4.2 Optimality of CEFE

The present paper focuses on the interaction of three allocation mechanisms:
group formation, collective decisions within groups and competitive market
exchange between groups. Which allocations qualify as optimal or efficient
depends on how much freedom a social planner is granted in allocating re-
sources and people. If a social planner can allocate both commodities and
consumers, we obtain unconstrained or full Pareto optimality. Accordingly,
an allocation (x; P) is called fully Pareto optimal or an optimum opti-
morum, if “there is no better one”, i.e. if

(i) (x;P) is feasible and

(ii) there is no feasible allocation (x'; P') satisfying
(Ui(x"; P'))ier > (Ui(x; P))ier-

Denote by M* the set of fully Pareto optimal allocations. If all utility func-
tions are continuous in consumption, M* is not empty [Gersbach and Haller
(2001)].

It is obvious that competitive equilibrium allocations with free exit need not
be fully Pareto optimal. Suppose e.g. that there are large gains from form-
ing a two-person household because two individuals, say agent 1 and 2, have
positive pure group externalities. No further externalities are present in the
economy. Moreover, suppose that both agents have the same endowments
and the same consumption preferences. A competitive equilibrium with free
exit can have every person live in a single person household. This equilib-
rium is, however, Pareto inefficient. Agent 1 and 2 could form a two-person
household with a household excess demand function equal to the sum of indi-
vidual excess demand functions. Hence, equilibrium prices and consumption
allocation would remain as if all persons lived in single-person households.
Hence, agent 1 and 2 would be better off while all other individuals receive

15



the same utility. The example suggests that the lack of appropriate outside
options causes inefficiency of CEFE. It also suggests that a pair of CEFE can
be Pareto-rankable.* In the next section we discuss CEFH.

4.3 Welfare Implications of Equilibrium Refinement

We have seen that adding outside options is irrelevant if there are no external-
ities. Now we are going to examine the consequences of adding more outside
options in the presence of externalities. Clearly the additional requirement
can eliminate some of the competitive equilibria with free exit. But which
ones? The good ones, the bad ones, all or none? We shall demonstrate by
examples that each of the four conceivable alternatives is indeed possible.
We have already seen that under the hypothesis of Proposition 1, none of the
equilibria is eliminated. In section 5, we consider examples where all equilib-
ria are eliminated. It remains to demonstrate the other two possibilities. Let
us first examine an example that exhibits a pair of weakly Pareto-rankable
competitive equilibria with free exit where the inferior one is also a compet-
itive equilibrium with free household formation whereas the superior one is
not. Subsequently, we modify the example so that the superior competitive
equilibrium with free exit turns out to be a competitive equilibrium with
free household formation while the inferior equilibrium is eliminated by the
additional requirement.

Example 2. Let I = {1,2,3} and £ = 1. For a household h, let the
endowment be wy, = |h|. Let preferences have utility representations of the
form

Ui(xn; h) = a(lh]) - i

for consumer ¢ in household h where a(1) = 2,a(2) = 8,a(3) = 5. Since
there is only one good and preferences are strictly monotone, we can set
p = 1. First consider the competitive equilibrium with free exit E' =
(p; (1,1,1);{{1},{2,3}}) with utility allocation (2,8,8). Next consider the

Tt is an open question under which circumstances at least one fully Pareto optimal
equilibrium allocation exists.

16



CEFE E? = (p; (0.4,1.3,1.3); I) with utility allocation (2,6.5,6.5). Then E*
weakly Pareto-dominates E?. The inferior equilibrium is also a CEFH, since
there is no other household to join. However, the superior equilibrium is not
a CEFH. Namely individual 2 can propose to consumer 1 to form household
{1, 2} with consumption y; = 1/2, yo = 3/2 which makes both better off. OO

Example 3. Let again I = {1,2,3} and ¢/ = 1. Modify the previous ex-
ample by setting a(1) = 1,a(2) = 8,a(3) = 6. Let E' as before, now with
utility allocation (1,8,8). Set E? = (p; (1/5,7/5,7/5); I) which is an efficient
CEFH, with utility allocation (1.2,8.4,8.4). Here E' is strictly dominated
by E? and is not a CEFH. OO

The preceding examples highlight the ambivalent implications of adding more
outside options for everybody in a society. There exist constellations where
everybody is worse off. Nevertheless, there are clear circumstances where
adding more outside options is not detrimental to welfare, where in fact
equilibria with free household formation are fully Pareto optimal.®

For the purpose of describing such a situation, let us call P € P an optimal
household structure, if there exists a feasible x such that (x; P) is a fully
Pareto optimal allocation, i.e. (x; P) € M*. Moreover, we denote by BE the
budget exhaustion property for a particular household structure P.

(BE) Budget Exhaustion: For each household 4 € P, any household
consumption profile x, € X}, and any price system p € RY,

Xn € EBL(p) = p*xXn = p - Wh-

Then we obtain:

5The case that everybody is worse off when agents obtain more outside options is rare
in the economics literature. There exist some specific examples in game theory where
the enlargement of the strategy space of all agents makes everybody worse off. For a
simple example, take a static Prisoner’s Dilemma, game: If merely the cooperative strategy
is available to each of the players, the equilibrium outcome is better than when both
strategies are available to every player.
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Proposition 2 Suppose that there exists a unique optimal household struc-
ture, denoted P*, and BE holds for the economy with household structure P*.
Suppose £ = 1. Then for every competitive equilibrium (p;x), given house-
hold structure P*, the state (p,x; P*) is a CEFH and the allocation (x; P*)
1s fully Pareto optimal.

The proof is given in the appendix. Proposition 2 means that free household
formation will never destroy Pareto optimal allocations if there is a single
optimal household structure. In that case, the refinement has only bite, if
it eliminates some inefficient equilibria associated with inefficient household
structures. The latter occurs in the following example: Adding the second
type of outside options leads to the reshuffling of an inefficient household
structure that can prevail as long as only the first type of outside options is
available to individuals.

Example 4. LetI = {1,2,3}and ¢ = 1. For a household A, the endowment
is wy, = |h|. Preferences are represented by utility functions U;,7 € I, and
given as follows:

Ui(xn; h) = if h = {i}
Ui(Xn; h) = z;+k if |h| =2, h# {1,2}
Ui(xn; h) = z;+2k  if |[h| =2, h={1,2}
Ui (xn; h) ;i —k if |h| =3

The group externalities satisfy 1/2 > k > 0. Since there is only one commod-
ity, we can set p = 1. Note that there exists a uniquely determined optimal
household structure P* = {{1,2},{3}}. However, there exists a CEFE

El = (p, (15 1, 1); {{1’ 3}’ 2})

with a different household structure and utility allocation: (1 + &,1,1+ k).
The respective equilibrium allocation is, for instance, dominated by the fully
Pareto optimal allocation

(a-Ea-Fvmna on)
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: oF ‘o 3k 3k
with utility allocation: (14 %, 14 5,14+ k).

Now E' is not a CEFH since the first and second individual could form a new
household providing higher utility for both. Indeed, it is obvious that any
allocation not containing the household structure P* cannot be a competitive
equilibrium allocation with free household formation. OO

5 Existence with EO

In this section we establish the existence of competitive equilibria with free
exit. For that purpose, we denote by P® = {{1},...,{n}} the household
structure where all households are singletons and formulate a first equilibrium
existence theorem.

Proposition 3 (Trivial Equilibria) Suppose for all i € I:

(11) Ui(xi;{i}) is continuous, strictly monotone and concave in x;.

Then there exists a competitive equilibrium with free exit of the form (p; x; PP).

PROOF. As an immediate consequence of Proposition 1 in Gersbach and
Haller (1999) or as a corollary of the proof of Proposition 4 given in the ap-
pendix, we obtain existence of a price system p and an allocation x so that
conditions 1 and 2 for a competitive equilibrium with free exit are satisfied.
We need not check condition 3, since all individuals are already in one-person
households which renders the exit option irrelevant. Q.E.D.

The proposition asserts the existence of trivial competitive equilibria with
exit where everybody is single and is not exposed to externalities. We also
know that under the provisions of the neutrality theorem, any household
structure qualifies as equilibrium household structure, provided there is an
equilibrium. Otherwise, for multi-member households to exist in equilibrium,
there ought to be some incentive for multi-member household formation.
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Formally, this requirement is captured by the following condition LGA. To
this end, we restrict prices to the price simplex

¢
A:{pEIRﬁ:Zpkzl}.
k=1

We denote the relative interior of A by A°. Further let us choose & > 0 so that
the social endowment wg belongs to the cube @ = [0, k]*. Set K = [0, 2k]*.

(LGA) Large Group Advantage: We say that a multi-member household
h has large group advantage, if:

1.

Every member i € h has a demand function x?(-), where z0(p) denotes

the demand of consumer i when trading individually from the endow-
ment w; at prices p € A°.

For every member i € h and every price system p € A°, there is a
threshold 6;(p) > 0.

For every price system p € A, there exists a non-empty, compact and
convez set Xy(p) C By(p) N K".

Xn(p) depends continuously on p.

For every price system p € A° and xy, € By,(p) N K":
xn € Xn(p) if and only if

Ui(xn;h) — Us(27 (p); {i}) > & (p) (3)

holds for all v € h.
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In the appendix we show:
Proposition 4 (Non-Trivial Equilibria) Suppose:

(i) wp >0 for all h € H.

(ii) U;(xn; h) is continuous and concave for alli € h,h € H.
(111) Ui(xi; {i}) is strictly monotone for all i € I.

(iv) There exists a household h € H with 1 < |h| < n, which has large group
advantage (LGA), and a member j € h whose preferences are strictly
monotonic in own consumption and who is not imposing any negative
consumption externalities on other household members.

Then there ezists a competitive equilibrium with free exit of the form (p,x; P)
with P # P°. More specifically, h € P for some h satisfying (iv).

The proposition basically states that as soon as two or more agents can gain
from living together in a household, non-trivial equilibria with free exit and
a multi-member household exist.

6 Existence with EO and JO

In this section we take up the challenging question whether and under which
circumstances competitive equilibria with free household formation exist. We
start with the observation that there are constellations where competitive
equilibria with free household formation need not exist, where all conceivable
household structures are destabilized by outside options of the second type

(JO).
6.1 Non-Existence of Equilibria with Free Household
Formation: An Example

Example 5. Let I = {1,2,3,4} and ¢ = 1. For a household A, the endow-
ment is wy, = |h|. Preferences are represented by utility functions U;, i € I,
and given as follows:

21



Ui(xn; h) = u(x;) if h = {i} (4)
Ui(xn; h) = u(x;) +k if |h| =2 (5)
Ui(xn; h) = ul(xz;) +k if |h|=3,i=1,2 (6)
Ui(xn; h) = u(x;)) +k+e if |h|=3,i=3,4 (7)
Ui(xn; h) = u(x;) —k if |h| =4 (8)

The group externalities satisfy ¥ > 0 and k¥ > ¢ > 0. The function u is
continuous and strictly increasing. It satisfies u(1) > u(0) + k. Since there
is only one good, we can set p = 1.

We first consider the case ¢ = 0. Then, there exists a CEFH, namely

E' = (p;(1,1,1,1),{{1, 2}, {3,4}})

with utility allocation (u(1) 4+ k,u(1) + k,u(1) + k,u(1) + k) . Since the pop-
ulation is homogeneous, there exist two other equilibria with the same utility
allocation and household structures {{1,3},{2,4}} and {{1,4},{2,3}}, re-
spectively. No other equilibria with free household formation exist. For
instance, the household structure {{1,2,3},4} cannot be part of an equi-
librium, since an individual in the household {1,2,3} can propose to agent
1 = 4 to form a two-person household which makes both individuals better
off. Specifically, the individual leaving {1,2,3} can offer i = 4 a consump-
tion level u='(u(1) — k + d) for some small 6, &k > § > 0. Agent 4’s utility
will be u(1) 4+ ¢ and therefore larger than in the candidate equilibrium. The
deviating agent obtains a utility

u(2—ut(u(l) —k+6)) +k

which exceeds the utility of at least one member in the household {1, 2, 3}
since § < k.

Next let us consider the case € > 0 where ¢ is sufficiently small. We claim that
no CEFH exists. Consider first the candidate equilibrium E!. Individual 2
could join {3,4} by proposing the household allocation:

zg = (22,23,74) = (3= 2(u™ " (u(1) — &), u™ (u(l) — &), u™ (u(1) —€)) (9)
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which yields the utility allocation

(u(3 —2(uH(u(l) —¢e))) + k,u(1) + k,u(1) + k) (10)

and makes agent 2 better off while the utility of individuals 3 and 4 remains
constant. Hence, E' cannot be a CEFH. A similar argument applies mutatis
mutandis for any other household structure with two two-person households.
Furthermore, by essentially the same agument as before, no CEFH can exist
with a three-person or four-person household. Finally, if everybody were
alone, two persons could form a household and be better off. Therefore, no
CEFH exists. OO

The interesting feature of the example is that a small change of the external-
ities destroys the existence of a competitive equilibrium with free household
formation. It is obvious that the existence problem in the example can be
overcome by taking a specific number of replica of the original economy. In
the example three replica would allow all individuals preferring a three-person
household over a two-person household to be member of a three-person house-
hold while other individuals could live in two-person households. Later, how-
ever, we will see that enlarging the economy through replica cannot restore
existence under all circumstances.

6.2 Existence with One Commodity

Having established the possibility of non-existence, we next identify circum-
stances in which a competitive equilibrium with free household formation
exists. We first provide several simple existence results when trade of con-
sumption goods does not matter, because there is only one commodity. Sub-
sequently, the more challenging case of more than one commodity is consid-
ered.

The construction of examples 1 and 2 generalizes and yields a first immediate
existence result. Let I = {1,...,n} and ¢ = 1. Further, let preferences have
utility representations of the form

Uifoxni h) = A(h) - (11)
for consumer 4 in household h where the externality coefficient A(h) > 0
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represents a multiplicatively separable group externality within household A
— which is ordinally equivalent to a pure group externality. Now consider
the TU-game on I with characteristic function v given by v(h) = A(h)w, for
each coalition or household A. One obtains as an immediate result:

Proposition 5 Suppose P is a household structure and let the characteristic
function v be derived from the utility representation in (11).

(i) Ifwv(h) > Xienv({i}) for all h € P, then there exists a competitive
equilibrium with free exit with household structure P.

(ii) If the set of imputations is not empty, then there exists a competitive
equilibrium with free household formation where the big household
I is formed. If, moreover, the TU-game is super-additive, then the
corresponding equilibrium allocation is fully Pareto optimal.

Proposition 2 lends itself to another existence result.

Proposition 6 Suppose that there exists a unique optimal household struc-
ture, denoted P*, and BE holds for the economy with household structure P*.
Suppose further £ = 1, wy, > 0 for all h € P*, and U;(xn; h) continuous and
concave in Xy, for alli € h, h € P*. Then an equilibrium with free household
formation exists.

PROOF. By Proposition 1 in Gersbach and Haller (1999), there exists a com-
petitive equilibrium, given the household structure P*. By Proposition 2

above such an equilibrium is also a competitive equilibrium with free house-
hold formation. Q.E.D.

Next we deal with the existence of competitive equilibria with free house-
hold formation in the marriage market. The marriage market has been a
prominent application of the two-sided matching approach [see Roth and So-
tomayor 1990]. Gale and Shapley (1962) have shown in their seminal paper
that there always exists a stable matching for any marriage market. When
investigating the stable matching problem in our framework, where not only
individuals are matched through the market but also commodities are traded
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and collective household decisions are taken, one encounters a number of new
problems.

We have already pointed out that our condition 4 is weaker than the stability
condition in the matching literature [see Roth and Sotomayor 1990] which
requires that a matching is not blocked by any individual or pair of agents
forming a new match.

When only a single commodity exists the existence results from the matching
literature carry over to our framework. However, the possibility to take
collective decisions and to trade and distribute commodities in our general
equilibrium model will put existence into question.

To state an existence result in our context we consider a simple marriage
market. We suppose £ = 1 and suppose that the population is divided into
two non-empty, finite and disjoint sets, M and F: M = {mq,...,my} is
the set of men, and F = {fi,..., f,} is the set of women. We assume that
each individual has some endowments, w; > 0 and w; > 0, respectively. The
preferences of men are given by

Ui(xn; h) = it h={m;} (12)
U,-(xh; h) = x; + Gij if h = {mi, f]} (13)
Ui(xp;h) = x;—g  in all other cases (14)

We assume § > 0 and g;; < w; for any potential couple {m;, f;}. The
preferences of women are defined accordingly. We call such preferences pure
group externalities of the matching type.

Such a marriage market where utility can be freely transferred within a house-
hold by an appropriate allocation of commodities and no trade through mar-
kets occurs, can be viewed as a generalized assignment game. We obtain:

Proposition 7 Suppose £ = 1 and pure group externalities of the matching
type. Then a competitive equilibrium with free household formation exists.

PROOF. Because of the exit condition 3 and g > 0, we only have to consider
single person households or matches between a man and a woman as potential
households in a CEFH. Since our free household formation condition 4 is
weaker than the stability condition in the matching literature we can rely on
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the existence proofs for the generalizations and variations of the assignment
model provided by Shapley and Shubik (1972), Quinzii (1984), Gale (1984)
and Alkan and Gale (1990); see also Roth and Sotomayor (1990).

Let us check the essential assumptions as they are formulated in Alkan and
Gale (1990), for example. Let us hypothetically extend the domain of U; to
negative consumption — which will not occur in equilibrium. Then the range
of the utility function is all of R, since U;(x;) is unbounded above and below.
Moreover, for any couple, the corresponding Pareto-frontier in utility space
is linear. Hence, we can apply Theorem 1 of Alkan and Gale (1990) which
establishes existence of a core payoff and, consequently, of a CEFH. Q.E.D.

6.3 Non-Existence in the Marriage Market
Although condition 4 is weaker than the standard stability condition for the

marriage market, the existence result for the special case / = 1 does not
carry over to the general case as the following example demonstrates.

Example 6. Let £ = 2 and I = {1, 2,3} where the first two individuals are
male and ¢ = 3 is female. The individual endowments are given by:

Wy = (0, ]_),’U)Q = (0, 1),11)3 = (1, 1)
Preferences are represented by utility functions of the form
Ui(xn; h) = Ui(wis h) = U (z;, 27) + U (h)

where z¥ denotes the quantity of good k (k = 1, 2) consumed by individual <.
i g

Specifically, we adhere to the convention In0) = —oo and assume 0 < o < 1
and

Ui(z1;h) = Inz? if h ={1},{1,3};
Us(wo;h) = Inz2, if h=1{2},{2,3};
Us(z3;h) = alnzi+ (1 —a)lnzl, if h = {3};

Us(x3; h) alnzs + (1 — a)In(max{0, 25 — kx?}) +g, if h={3,i},i=1,2.
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Living in a two-person household with partner ¢ = 1 or partner ¢ = 2 pro-
vides the third individual with a positive group externality (¢ > 0). She
suffers, however, from a negative consumption externality (1 > £ > 0). We
further assume that living in a three-person household or in A = {1,2} ex-
erts enormous negative group externalities and will never be chosen. Hence
our model is of the matching type where the only conceivable household
structures consist of single-person and two-person households.

Commodity prices are normalized so that p; = 1. Consider first the house-
hold structure P° = {{1}, {2}, {3}}. It is obvious that there exists a unique
competitive equilibrium (p°, z°) relative to P° given by:

P’ = (1,p9)
) = (1,0)
ry = (0,1)
3 = (1,1)

To determine the market clearing price, we observe that the demand z3 is
given by

23 =(1—a)(1+p2)/pe.

Therefore market clearing, x2 = 1, yields p) = ITTO‘ At the going equilibrium
prices i = 3 could propose to i = 1 to form the household A = {1,3} by of-
fering ¢ = 3 one unit of commodity 2. The remaining problem of individual 3
is

max {aln z3 + (1 — o) In(max{0, 23 — k}) + g}
s.t. 13 +pyrs = 1+ py.

The solution is

w2 =(1-a)1+p))/pY+ak =1+ ak, (15)
7 =1+ p§ — p3a3 =1-(1-a)k (16)
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which yields utility

Us(23,h) = aln(l—(1—a)k)+(1—a) In(1—(1—a)k)+g = In(1—(1—a)k)+g.
Suppose that we choose parameters (k, g) such that

In(1—(1—a)k)+g>0.

Then (p°,x% P°) is not a competitive equilibrium with free household for-
mation because h = {1, 3} will be formed at equilibrium prices.

Consider next the household structure P* = {{1,3},{2}}. Consider house-
hold h = {1, 3}. The maximal utility the third individual can achieve, subject
to 1’s outside options, is attained when individual 2 = 1 consumes one unit
of the second commodity. The remaining problem of individual 3 is as in the
case before. Therefore we obtain the demand for the second commodity as

23 = (1—a)(1+p2)/p2 + k.

But now to be in equilibrium, markets must clear. Hence z} = 1, 22 = 1
which requires equilibrium prices pj = ﬁ The utility of individual 3 is

Us(z3,h) = (1 —a)In(l — k) + g.
Since there exist values of « such that

In(1—-(1—-a)k)>(1-a)ln(l-k),

e.g. a = %, we can fix such an « and choose parameter constellations (k, g)
such that

U3(.Tg,h) >0> Ug(ﬂl‘;,h)

Since individual 3 can always achieve utility U3 = 0 by living as a one-
person household and consuming her endowments, we conclude that under
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the suitably chosen parameter constellation (p*,x*; P*) is not a competitive
equilibrium with free household formation: agent 3 prefers to be single at
the going market prices. However, we have established before that agent 3
prefers to form a two-person household at the market prices which would
obtain if everybody were single. Since individuals 1 and 2 are completely
interchangeable, we conclude that no CEFH exists. OO

The hypotheses of the example and of Proposition 7 differ in two respects.
First, there are several commodities. Second, there are no longer pure group
externalities of the matching type. This begs the question whether existence
of a CEFH can be obtained, if there are several commodities, but pure group
externalities of the matching type prevail. In the most general form of the
latter case, the population is partitioned into men and women; preferences
are represented by Uy, (xn; h) = Uf(z;) + U/ (h) such that based on the group
preferences given by U7 alone, individual i strictly prefers staying single or
forming a two-person household with a member of the opposite sex (“mar-
riage”) to any other household. Under these circumstances, the following
proposition holds whose proof is straightforward.

Proposition 8 Suppose the general case of pure group externalites of the
matching type. If

(i) (p,x) is a competitive equilibrium of the pure exchange economy rep-
resented by (Uf, wgy)ier and

(ii) P is a stable matching with respect to pure group preferences,

then the state (p,x; P) is a CEFE.

According to the classical result of Gale and Shapley (1962), condition (ii)
can always be satisfied. Under standard assumptions on consumer charac-
teristics, condition (i) holds as well and, consequently, a CEFE exists in the
general case of pure group externalities of the matching type. Mohemkar-
Kheirandish (2001) shows, among other things, that under additional as-
sumptions a CEFE of the form described in the proposition is also a CEFH.
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He assumes each U{ concave, strictly monotone and continuously differen-
tiable on ]Rﬁ 4 so that the first order approach applies; each wy; strictly
positive; all males of the same type with strict preference for marriage; all
females of the same type with strict preference for marriage; an equal number
of males and females. Needless to say that a CEFE of the form suggested by
Proposition 8 happens also to be a CEFH, if the assumptions of Proposition
1 hold.

However, in general a CEFE of the form described in the last proposition
need not be a CEFH. To see this, it suffices to consider a population consist-
ing of one male and one female, where the male has a slight preference (in
terms of the utility difference) for staying single and the female has a strong
preference for being married. Let the corresponding (absolute) utility differ-
entials be € for the male and A for the female. Then the stable matching
with respect to pure group preferences requires both to remain single. Now
suppose they have identical and strictly positive endowments and identical
consumption preferences of the Cobb-Douglas type. Then the competitive
equilibrium in (i) is a no trade equilibrium. If € is sufficiently small and A
is sufficiently large, they can both benefit from getting married and shifting
some consumption from the female to the male — which shows our claim.

6.4 Discussion

Additional examples of non-existence appear in the literature on hedonic
coalitions and matching. Example 4 of Bogomolnaia and Jackson (1998),
the example of Alkan (1988) and the roommate example of Gale and Shapley
(1962) all constitute purely hedonic cases that differ from marriage models.
Our Example 5 does not belong to the marriage category either. It shares
features of matching and assignment games due to the presence of a con-
sumption good and pure group externalities. Our Example 6 is reminiscent
of Example 3.3 in Dréze and Greenberg (1980), despite the fact that the lat-
ter is not a marriage model. Their common feature consists in the interaction
of household formation and commodity allocation. The striking feature of
Dreze and Greenberg’s example is the absence of externalities. It is driven by
household-specific (coalition-specific) endowments wy, with wy, # 3, ¢, wiy
for some households h.
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Non-existence of a competitive equilibrium with certain properties renders
the discussion of equilibrium household structures and equilibrium welfare
obsolete. There are several possible responses to the non-existence problem.

First, the model might be misspecified. For instance, the modeling might be
too parsimonious. While household stability cannot be achieved on purely
economic grounds, given the two types of outside options depicted here, a full
account of all the forces that stabilize — or destabilize — households might
restore equilibrium. Furthermore, the market for marriages may be more
competitive than reflected in our equilibrium concept. However, the inno-
vative club-theoretical approach of Ellickson et al. (forthcoming) is plagued
with a severe non-existence problem of its own.®

Second, non-existence of equilibrium may capture an important feature of
reality. Let us recapitulate the essence of Example 6. Individuals may find it
optimal to split at the going market prices in order to reduce negative con-
sumption externalities. But at equilibrium prices of the changed household
structure, individuals may find it optimal to form a two-person household
in order to benefit from group externalities, because they can buy more of
those goods which generate less consumption externalities. The marital sta-
tus of the woman in the example affects her market opportunities and vice
versa. Therefore, the woman may simply go through a sequence of marriage,
divorce, marriage, divorce, etc.

Third, one might suspect that price-taking is too restrictive. If only con-
sumers could freely recontract without regard to market prices, then the
economy would settle in an equilibrium state in the sense of Edgeworth,
that is a core allocation. Indeed, the full core which allows for the realloca-
tion of consumers and commodities, happens to be non-empty in example 6.
However, Gersbach and Haller (1999) contains a three-person example where

6Incidentally, in the presence of externalities, a transfer equilibrium & la Ellickson,
Grodal, Scotchmer, and Zame need not be Pareto optimal and need not be a competitive
equilibrium with free household formation even when there exist Pareto optimal com-
petitive equilibria with free household formation. This follows from the extension of an
example given in section 5.3 of Gersbach and Haller (2001, pp. 261f). The reason is
that in a transfer equilibrium, the transfers within households cannot be renegotiated by
members of existing or prospective households. Hence, contrary to what one might be
tempted to believe, pricing of household membership does not guarantee elimination of all
inefficiencies.
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gender does not matter and the full core turns out to be empty.

7 Concluding Remarks

In this paper, we have studied a general equilibrium model where households
operate in a competitive market environment, can have several members and
make efficient collective consumption decisions. Our main concern has been
the impact (on household stability and equilibrium efficiency) of introduc-
ing outside options. While we have obtained some very instructive insights,
numerous issues deserve further attention, in particular when several com-
modities are present and trade between households can occur. For instance,
it would be interesting to know if there are further non-isolated cases where
more outside options promote equilibrium efficiency. It would be important
to determine whether non-existence of competitive equilibria with free house-
hold formation is the rule or rather the exception. Furthermore, within the
current framework public policy issues may be viewed from a different an-
gle. For example, the assessment of public policy, say fiscal policy, could and
probably should include the influence on the cost and, therefore, the attrac-
tiveness of exerting outside options in households. The current framework
appears to be suitable to examine these and other issues pertinent to the
social fabric of modern, and not so modern, societies.
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8 Appendix

Proof of Proposition 1:

Step 1:

We show that (p, x; P) is a competitive equilibrium with free exit if and only if
(p,x; PY) is a competitive equilibrium with free exit where P® = {{i} : i € I}.

Suppose now that (p,x; P°) is a CEFE. Recall that absence of externalities
and local non-satiation is assumed. Hence, by the first welfare theorem, x is
Pareto optimal — regardless of the household structure. We claim that

xn € EBy(p) for any potential household h. (17)

Clearly, pr; < pw; for all i, hence p * x, < pwy, i.e. xp € By(p) for all
potential households A. Suppose xy, & E By (p) for some h. Then there exists
Yn € Bp(p) with

Ui(y;) > Ui(x;) for all i € h;

Uj(y;) > Uj(x;) for some j € h.

Equilibrium and local non-satiation imply

py; > pw; for all i € h;
py; > pw; for some j € h.

Hence p * yn > pwp, contradicting yn, € By(p). Therefore, (17) has to hold
which implies the first condition of a competitive equilibrium with free exit.
Further observe that the second and third defining conditions of a compet-
itive equilibrium with free exit are trivially met here. Hence (p,x;P) is a
CEFE.

Suppose next that (p,x; P) is a competitive equilibrium with free exit. Be-
cause of local non-satiation, p > 0. Because of continuity, we can then
choose for each ¢ € I a utility maximizer z9 in By;(p), pertaining to the
event that consumer 7 is acting individually and trading from his endowment
w; at prices p. Since (p,x; P) is a CEFE,

Ui(z;) > Uyg(2)) for all 5 € 1.
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We claim that
Ui(z;) = Uy(a?) for all i € 1. (18)

Suppose not. Then there exists a household A € P such that

Ui(29) for all i € h,

>
> Uj(a)) for some j € h.

Hence, some individuals j € h cannot afford z; when trading from w; at
prices p. Hence, p-x; > p-w;. For all individuals ¢ we have p-z; > p - w;.
Summing up all individual budget constraints yields

pPxXp=p- Z«’rz >p- Zwi =Dp-Wh
ich ich

which, however, violates the budget constraint of household h. Hence, U;(z;) =
U;(x?), 7 € I. Because of local non-satiation, (18) implies

pr; > pry = pw; for all individuals 7.
We further claim that
z; € Byy(p) for all i € 1. (19)
Suppose not. Then there exists a household A € P such that

px; > pw; for all ¢ € h,
px; > pw; for some j € h,

leading once more to a violation of the household’s budget constraint. Hence
(19) must hold. (18) and (19) imply that (p,x; P°) is a CEFE.

Step 2:

We show that if (p, x; P°) is a competitive equilibrium with free exit where
PY = {{i} : i € I}, then for any P € P, (p,x;P) is also a competitive
equilibrium with free household formation.
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Now let (p,x; P°) be a CEFE and P be any feasible household structure.
Because of the absence of externalities and local non-satiation, the first wel-
fare theorem applies and x is Pareto optimal regardless of the household
structure. From step 1 we know that (p,x; P) is a CEFE and

Xn € EBy(p) for any potential household h. (20)

We want to show that (p,x; P) is also a CEFH. Suppose not. Hence, there
exist two households g and h in P and ¢ € h and a consumption allocation
Yeu{i} in BgU{i} (p) such that

Ui(yi) > Ui(z;) and

U;(y;) > Uj(z;) for all j € g.
Local non-satiation implies

pY; > pw; = px; and
py; > pw; =pux; forall j € g.
Hence, individual ¢ cannot afford y; when trading from w; at prices p. For all

individuals j € g we have p-x; > p - w;. Summing up all individual budget
constraints yields

P*Yeuliy =P Ui +D D T, >p-wi+p-Y wj=p-wy+p-ws
Jjeyg Jjey

which, however, violates the budget constraint of household g U {i}.
Hence, we obtain a contradiction unless (p,x; P) is a CEFH. Q.E.D.

Proof of Proposition 2:

(From Gersbach and Haller (2001) we know that every competitive equilib-
rium, (p,x), given the household structure P*, yields a fully Pareto optimal
allocation. Suppose that (p,x; P*) is not a competitive equilibrium with free
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household formation. Hence, there exist a household A € P* and an individ-
ual 7 € h such that ¢ is either better off as a single or there exists a household
g € P* which he can join and where he can improve the utility of all members
of the newly created household g U {i}. We concentrate on the latter case.
The case when individual 7 forms a one-person household is similar.

Let ygu(iy € Byugi(p) be an allocation in the newly created household gU {i}
which makes everybody in this household better off. Let P’ be the house-
hold structure created by the defection of ¢ from h to ¢g. Since £ =1 and no
trade occurs among households, the commodity allocation y after the house-
hold switch of agent i is equal to x except for the two households h\{i} and
g U {i} and is feasible. Since P* is the only optimal household structure,
the allocation (y; P’) is not Pareto optimal. Hence, repeated application of
Proposition 1 (ii) of Gersbach and Haller (2001) shows the existence of a fea-
sible allocation (x'; P*) that Pareto-dominates (y; P’). Restricting attention
to households g and g U {i}, we can assume without loss of generality that
X’g € EBy(p). In particular:

Uj(xg; 9) > Uj(yguuy; 9U {i}) Vieyg
Because 7 € h has offered household g a better allocation by joining the
group, we also have

Uj(yeutiy; g U{t}) > Uj(xgig) Vi€y

Therefore,

Uj(xg;9) > Uj(xg;9) Vji€g

which is a contradiction since both x; and x4 are in EB,(p). Hence, to the
contrary, (p,x; P*) is a competitive equilibrium with free household forma-
tion. Q.E.D.

Proof of Proposition 4:

We start from the proof of Proposition 1 in Gersbach and Haller (1999)
and introduce exit options. By (iv), we can choose a potential household
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h € H with 1 < |h| <n and large group advantage. Let us choose such a
household A and corresponding d;(p), (4, p) € h x A®, and X} (p),p € A, with
the properties stipulated by LGA. Consider the household structure

P={{h}, {{i}:i ¢ h}}.

We claim that there exists a competitive equilibrium with free exit (p, x; P).
In the following we take the desired household structure P as given. It re-
mains to show the existence of a pair (p,x) so that (p,x; P) constitutes a
competitive equilibrium with free exit. A first crucial step in the argument is
to show that with suitably chosen reduced budget sets the resulting market
excess demand relation is non-empty-valued, convex-valued, u.h.c., and sat-
isfies the strong form of Walras’ law. In a second step, we obtain a market
clearing price system p € A° and a respective feasible allocation x for the
hypothetical economy with reduced budget sets. In a final step, we are going
to show that, indeed, (p,x; P) is a competitive equilibrium with free exit.

Step 1. We consider household A maximizing, for each p € A, its aggregate
welfare W), defined as
Wi(xn) =Y Us(xn; h)
ich

on its restricted budget set X (p). Because of LGA, X},(p) is convex, compact
and non-empty. W), is continuous and concave. Hence the set of aggregate
welfare maximizers is non-empty, convex and compact. Consequently Dp(p),
the household’s aggregate demand set, is non-empty, convex and compact.
Moreover, the constraint correspondence Xj(-) is continuous. Therefore, by
the Maximum Theorem (Ellickson (1993; Th. 5.47)), the demand correspon-
dence Dp(-) is u.h.c.

For each one-person household {i},7 & h, let the household maximize, for
each p € A, its utility U;(«;; {¢}) on the truncated budget set By (p) N K
which is non-empty, convex and compact. Hence Dy;;(p), the set of utility
maximizers is non-empty, convex and compact. Since w; > 0, the constraint
correspondence By;;(-) N K is continuous. Again by the Maximum Theorem
(Ellickson (1993; Th. 5.47)), the demand correspondence Dy;(-) is u.h.c.

For household h, the presence of a consumer j € h whose preferences are
strictly monotonic in his own consumption and who does not impose any
negative externalities on other household members, implies budget exhaus-
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tion. For all consumers i ¢ h, strict monotonicity of preferences implies
budget exhaustion by household {i}.

Aggregation across households in P yields that ®(-), the market excess
demand relation resulting from reduced budget sets is non-empty-valued,
convex-valued, u.h.c., and satisfies the strong form of Walras’ law.

Step 2. By Theorem 6.37 of Ellickson (1993), there exists a pair (p,z) €
A x R with

(a) z € ®(p) and

(b) z <0 and z =0 whenever p > 0.

Condition (a) means that

z:ng—ws

geP

where dg € Dy(p) for each g € P. A standard argument shows that for each
i & h, if dgjy maximizes i’s utility on the truncated budget set By (p) N K,
then it is also a utility maximizer on the non-truncated budget set By (p).
But then strict monotonicity of i’s preferences requires p > 0. By assump-
tion, P admits at least one single-person household. Therefore, by condition
(b), z = 0. Let us write z; for dg;; from now on.

Step 3. It remains to deal with household h. By definition, we have d;, =
Y icn Ti where xp = (;);cp, maximizes Wy, on Xj(p). We have to show that
xp, is an efficient collective choice of household h under its budget constraint,
i.e. X, € EBy(p), and that nobody wants to leave the household at the going
prices.

Maximizing W}, on X(p) is the same as maximizing W, on By(p) N K",
subject to the additional constraint (3) for all i € h. We claim that if xy,
maximimizes W), on By (p) N K" subject to the constraints (3), then xy, is an
efficient, collective choice of household h with respect to the truncated budget
set By(p) N K", without further qualifications. Namely, for some consumer
in A to do better at y, € By(p) N K" than at xy, without making anybody
else in h worse off, would increase the value of W), and, hence, would require
Vn € Xn(p). But then by LGA, there is some other consumer i in h who
violates (3) at yn and, therefore, is worse off at yy, than at xj,, a contradiction.
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After having shown that xj is an efficient collective choice of household h
with respect to the truncated budget set Bj(p) N K", we claim next xp €
EBy(p). This follows from a routine argument as in the case of single-person
households. We finally claim that no household member has an incentive to
leave at the going prices. But this follows immediately from the fact that
xXn € Xp(p). For the latter fact implies that each household member ¢ satisfies
(3) and thus U; (xp; h) > U; (2?(p); {i}) for all 7 € h. Hence, no individual
wants to exit household h and (p, x; P) is a competitive equilibrium with free
exit as asserted. Q.E.D.
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