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Abstract

Ingram and Whiteman (1994) have shown that priors from DSGE models

can be helpful in forecasting. However, Ingram and Whiteman’s approach ap-

plies only geared toward trend-stationary, reduced-form VARs and a subset of

DSGE models, namely those for which the log-linearized solution has a VAR

representation. We generalize their approach so that it easily can be applied to

any log-linearized DSGE model and to any VAR. We use a hierarchical prior

that consists of a marginal distribution for DSGE model parameters θ and a

distribution for the VAR parameters (Φ,Σu) conditional on θ. Markov-Chain-

Monte-Carlo methods are used to compute a joint posterior distribution for

θ and (Φ,Σu). We show that the posterior updating of θ is crucial for accu-

rate forecasting. Finally, we use the DSGE model not only for forecasting, but

also to achieve identification, thereby making the approach fully exploitable for

policy analysis. We apply this framework to a bivariate VAR in inflation and

output, using the prior information coming from Christiano and Eichenbaum

(1992) liquidity effect model. We find that the VAR with DSGE priors forecasts

better in several dimensions than an array of competitors, particularly as far

as long run inflation is concerned.
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1 Introduction

For vector autoregressions (VARs) to be useful in policy analysis they have to be

successful in two dimensions: forecasting and identification. Dynamic stochastic

general equilibrium (DSGE) models can help in both regards. There is a small

literature (DeJong, Ingram, and Whiteman (1993), Ingram and Whiteman (1994),

Schorfheide (1998)) that has used DSGE models to derive a prior distribution for

the coefficients of a VAR. However, none of these papers makes an attempt to use

the DSGE model also for identification purposes. Vice versa, there is a growing

literature, e.g., Canova (2001) and Chang and Schorfheide (2000), that uses DSGE

models to characterize a set of economically plausible impulse response patterns and

then constructs a VAR identification scheme that is consistent with this pattern.1

However, when estimating the reduced form coefficients of the VAR, these papers

do not employ prior distributions that shrink the parameter estimates toward the

restrictions embodied in DSGE models. Moreover, in both strands of the literature

the DSGE models and their parameters are chosen a priori. The researcher does

not explicitly learn from the data with parameterization is a posteriori the best for

forecasting and identification.

This paper proposes a methodology that uses prior information from DSGE

models to improve a VAR’s forecasting performance and to achieve identification.

In short, the approach works as follows. The researcher chooses one or more DSGE

models and specifies a prior distribution for their parameters, which is mapped into a

prior for the VAR parameters. Recent developments in Bayesian econometrics offer

a set of techniques to combine prior information and data, and to obtain a joint

posterior distribution for DSGE and VAR parameters. The techniques described

in Canova and De Nicolo (2001), Faust (1998), Uhlig (1999), and a modification

of Canova and De Nicolo’s procedure proposed in this paper furnish a mapping

from the joint posterior into VAR impulse response functions, thereby achieving

identification. The single components of the approach are by no means new. The
1There are several additional procedures available to implement a DSGE model consistent iden-

tification of a VAR: Canova and De Nicolo (2001), Faust (1998), Uhlig (1999).
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novelty of the paper – aside from some technical innovations that make it possible

to generalize some existing results, and to ease the computational burden of the

procedure – consists in pasting together these components into a viable strategy.

In terms of forecasting, it has been known for more than a decade that the

performance of unrestricted VARs can be improved by the use of prior informa-

tion in the estimation procedure. Bayesian vector autoregressions were first utilized

for macroeconomic prediction in Doan, Litterman, and Sims (1984) and thereafter

discussed, for instance, in Litterman (1984, 1986), Todd (1984), and Sims (1993).

The popular Minnesota prior shrinks the VAR coefficients toward univariate unit

root representations. While the Minnesota prior has been empirically successful,

it lacks economic justification and ignores information about the interaction of the

elements of the vector of endogenous variables. As an alternative, DeJong, Ingram,

and Whiteman (1993) and Ingram and Whiteman (1994), proposed to derive prior

distributions from DSGE models. For instance, the latter use a prototypical stochas-

tic growth model to obtain a prior distribution and show that the VAR with their

DSGE model prior outperforms the forecasts of an unrestricted VAR and attains

approximately the same forecast error loss as a VAR with Minnesota prior.

Ingram and Whiteman (1994) estimate the VAR equation by equation rather

than treating it as a multivariate system. Thus, they disregard potentially useful

information of the DSGE model about correlations of parameters across equations.

Ingram and Whiteman also assumed that the log-linear approximation of the DSGE

model leads to a first-order VAR for the variables that are being forecasted. While

this assumption was satisfied in their specific application, it will in many cases not

be satisfied. In general, DSGE models have state-space representations that strictly

speaking lead to infinite-order vector autoregressions. Moreover, Ingram and White-

man’s procedure does not a posteriori re-center the prior distribution to achieve the

best fit of the VAR, nor is the DSGE model used for the purpose of identifying

structural shocks in the estimated VAR. This paper extends and generalizes the

Ingram and Whiteman approach to overcome the aforementioned shortcomings.

We will specify a hierarchical prior starting out with the prior distribution of the
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DSGE model parameters and a tightness parameter that controls the relative weight

of the VAR prior. Conditional on the DSGE model parameters we specify a prior

for the VAR parameters without assuming that the log-linearized DSGE model is

nested in the VAR. Our procedure is general enough to accommodate VARs with

stationary and non-stationary endogenous variables. Markov-Chain Monte Carlo

methods are used to generate draws from the joint posterior distribution of the

VAR and DSGE model parameters.

Based on the joint posterior it is possible to simulate predictive densities for

future values of the endogenous variables, and to compute and evaluate out-of-

sample forecasts. To identify the VAR, we rotate the reduced-form VAR impulse

responses for each draw from the joint posterior so that they qualitatively match

the DSGE model’s responses according to some criterion. The outcome of this

procedure is a distribution of identified impulse-responses for the VAR, which can

in turn be used for conditional forecasting exercises and policy analysis. A nice

feature of this approach is that the bands for the identified impulse responses fully

reflect the modeler’s posterior uncertainty about the DSGE parameters and hence

the set of economically plausible impulse response patterns. It is important to note

that our procedure works just as well if one does not want to use the DSGE model

for the sake of identification, and prefers to rely on linear restrictions on the variance

covariance matrix of innovations (as in Bernanke (1986) and Sims (1986)).

The paper is organized as follows. The notation and setup of our hierarchical

Bayes model is explained in Section ??. Section 2 contains a brief description of

the DSGE model that we are using to construct the prior distribution. Section 3

discusses DSGE model priors for VARs with trend-stationary endogenous variables

whereas Section 3.3 generalizes the approach to VARs with non stationary endoge-

nous variables. Empirical results for an output and price VAR are presented in

Section 4 and Section 5 concludes.
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2 A Simple Monetary DSGE Model

As an empirical application in this paper we will consider a bivariate VARs for out-

put and the aggregate price level. We will derive prior distributions for the VARs

from a cash-in-advance model in which households make their deposit decisions be-

fore observing the money supply shock and face portfolio management costs. This

model was proposed by Christiano and Eichenbaum (1992) and its empirical ade-

quacy was studied, for instance, in Nason and Cogley (1994) and Schorfheide (2000).

To make this paper self-contained we briefly review the model specification.

The model economy consists of a representative household, a firm, and a financial

intermediary. Output is produced according to a Cobb-Douglas production function

GDPt = Kα
t (AtNt)1−α, (1)

where Kt denotes the capital stock (predetermined at the beginning of period t), Nt

is the labor input and At is a labor augmenting technology.

The model economy is perturbed by two exogenous processes. Technology

evolves according to

ln At = γ + lnAt−1 + εA,t, εA,t ∼ N (0, σ2
A). (2)

The central bank lets the money stock Mt grow at rate mt = Mt+1/Mt:

ln mt = (1− ρ) lnm∗ + ρ ln mt−1 + εM,t, εM,t ∼ N (0, σ2
M ). (3)

Equation (3) can be interpreted as a simple monetary policy rule without feedbacks.

Both (log) productivity and money stock are drifting random walk processes and

introduce two stochastic trends into the model.

At the beginning of period t, the representative household inherits the entire

money stock of the economy, Mt. We assume that in period t − 1 the household

has determined how much money Dt it will deposit at the bank in period t. These

deposits earn interest at the rate RH,t − 1. Let the household’s cash holdings be

denoted by Qt = Mt −Dt and let Pt be the aggregate price level.
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After observing the period t shocks the household chooses consumption Ct, hours

worked Ht, and next period’s cash-holdings Qt+1 to maximize the sum of discounted

expected future utility. It solves the problem

max
{Ct,Ht,Mt+1,Qt+1}

IE0

[ ∞∑

t=1

βt[(1− φ) ln Ct + φ ln(1−Ht − p̃t)]

]
(4)

s.t. PtCt ≤ Qt + WtHt

Qt ≤ Mt

Mt+1 = (Qt + WtHt − PtCt) + RH,t(Mt −Qt) + Ft + Bt.

Adjustments to the level of cash-holdings reduce the time available for leisure. The

household’s portfolio management costs are given by

p̃t = α1

[
exp

{
α2[

Qt

Qt−1
−m∗]

}
+ exp

{
−α2[

Qt

Qt−1
−m∗]

}
− 2

]
, (5)

The household receives its wage WtHt in cash which increases its money balance to

Qt + WtHt. Here Wt is the nominal hourly wage. The cash-in-advance constraint

implies that all consumption purchases must be paid for with the accumulated cash

balance. At the end of the period the household receives back its bank deposits

inclusive of interest. Moreover, the net cash inflow of the firm and the financial

intermediary are paid back as dividends (Ft and Bt) to the household.

The financial intermediary receives household deposits and a monetary injection

Xt from the central bank, which it lends to the firm at rate RF,t − 1. The bank

solves the trivial problem

max
{Bt,Lt,Dt}

IE0

[ ∞∑

t=1

βt+1 Bt

Ct+1Pt+1

]
(6)

s.t. Bt = Dt + RF,tLt −RH,tDt − Lt + Xt

Lt ≤ Xt + Dt,

where Xt = Mt+1−Mt is the monetary injection. In equilibrium RF,t = RH,t. Since

the household cannot revise its deposit decision after a surprise change in the money

growth rates, the additional cash has to be absorbed by the firm, which forces the

nominal interest rate to fall and creates a liquidity effect. The portfolio-adjustments
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faced by the household increase the persistence of this liquidity effect. The drop in

interest rates stimulates economic activity. In the long-run, however, output returns

to its pre-intervention steady state level. Prices will be permanently higher.

After the realization of the time t shocks the firm starts production and hires

labor services from the household. It uses the money borrowed from the financial

intermediary to pay the wage bill. The firm chooses next period’s capital stock

Kt+1, labor demand Nt, loans Lt, and dividends Ft. Since households value a unit

of nominal dividends in terms of the consumption it enables during period t + 1,

and firms and the financial intermediary are owned by households, date t nominal

dividends are discounted by date t + 1 marginal utility of consumption. Thus, the

firm solves the problem

max
{Ft,Kt+1,Nt,Lt}

IE0

[ ∞∑

t=0

βt+1 Ft

Ct+1Pt+1

]
(7)

s.t. Ft ≤ Lt + Pt[Kα
t (AtNt)1−α −Kt+1 + (1− δ)Kt]−WtNt − LtRF,t

WtNt ≤ Lt.

The market clearing conditions for labor market, money market, and goods market

are Ht = Nt, PtCt = Mt + Xt, and Ct + (Kt+1 − (1− δ)Kt) = Kα
t (AtHt)1−α.

To solve the models, optimality conditions are derived for the maximization

problems. The real variables are then detrended by the productivity At, the price

level by Mt/At, and Xt, Qt, and Dt are detrended by Mt. It can be shown that

the system in the detrended variables has a deterministic steady state and can be

log-linearized around it. A solution to this linear rational expectation system can be

obtained by elimination of unstable roots according to the algorithm in Sims (1995).

The log-linear approximation of the DSGE model only depends on κ = α1α
2
2. The

structural parameters are stacked in the vector

θ = [α, β, γ, m∗, ρ, φ, δ, κ, σA, σM ]′. (8)

Moreover, define εt = [εA,t, εB,t]′.

The log-linearized DSGE model generates a joint probability distribution for

aggregate output and prices, both in log-levels and in growth rates. The law of
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motion of the money stock can be rewritten as

lnMt = lnm∗ + ln Mt−1 +
∞∑

j=0

ρjεM,t−j (9)

Define the vector of stochastic trends z2,t = [ln At, lnMt]′, which evolves according

to

z2,t = µ2 + z2,t−1 + C2(L)εt. (10)

The drift µ2 is equal to [γ, ln m∗], and C2(L) is the lag polynomial
∑∞

j=0 C2,j(L).

The C2,j ’s are 2× 2 matrices such that Equation (10) is equivalent to Equations (2)

and (9).

The law of motion for output and prices is of the form

 lnGDPt

ln Pt




︸ ︷︷ ︸
z1,t

=


 1 0

−1 1




︸ ︷︷ ︸
Λ


 ln At

ln Mt




︸ ︷︷ ︸
z2,t

+


 gdp∗

p∗




︸ ︷︷ ︸
µ1

+


 ĝdpt

p̂t




︸ ︷︷ ︸
C1(L)εt

. (11)

Both output and prices are non-stationary due to the stochastic trends in technol-

ogy and money. gdp∗ and p∗ are the log-steady state values of output and prices in

the detrended DSGE model. ĝdpt and p̂t denote percentage deviations from steady

state.2 In the log-linear approximation of the equilibrium, these percentage devia-

tions have an infinite-order moving average representation in terms of the structural

shocks εt, denoted by C1(L)εt.

Upon differencing of z1,t we obtain a law of motion for output growth and

inflation

∆z1,t =


 ∆lnGDPt

∆lnPt


 = Λ[µ2 + C2(L)εt] + C1(L)(1− L)εt. (12)

The differencing removes the stochastic trends such that output growth and inflation

are stationary.
2In this model the steady state values could be absorbed into the initialization of the stochastic

trends.
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3 Constructing VAR Priors from the DSGE Model

Let yt be the n× 1 vector of endogenous variables. In the context of the application

described in the previous section yt either equals z1,t or ∆z1,t. The VAR model is

of the form

yt = c + Φ0 + Φ1yt−1 + . . .Φpyt−p + ut, ut ∼ N (0,Σu), (13)

where ut is a vector of reduced-form disturbances. Let YT be the T ×n matrix with

rows y′t. Let k = 1 + np, XT be the T × k matrix with rows x′t = [1, y′t−1, . . . , y
′
t−p],

UT be the T × n matrix with rows u′t, and Φ = [c, Φ0, Φ1, . . . , Φp]′. The VAR can

be expressed as

YT = XT Φ + UT (14)

with likelihood function

p(YT |Φ, Σu) ∝ |Σu|−T/2 exp
{
−1

2
tr[Σ−1

u (YT −XT Φ)′(YT −XT Φ)]
}

(15)

conditional on observations y1−p, . . . , y0.

In order to conduct Bayesian inference we will specify a hierarchical prior of the

form

p(Φ, Σu, θ, λ) = p(Φ, Σu|θ, λ)p(θ)p(λ),

where θ is a vector of DSGE model parameters and λ is a hyperparameter that con-

trols the weight of the prior relative to the sample information. The joint posterior

distribution of Φ, Σu, θ, and λ can be written as

p(Φ, Σu, θ, λ|YT ) = p(Φ, Σu|θ, λ)p(θ, λ|YT ). (16)

The first factor represents the posterior of the reduced for VAR parameters Φ and

Σu conditional on DSGE model parameters θ and hyperparameter λ. The second

factor is the marginal posterior of θ and λ. Based on the posterior for Φ and Σu we

can (numerically) obtain a predictive distribution for future yT+h’s.

Let Σ1/2
u be the Cholesky decomposition of Σu. The reduced-form disturbances

are related to a vector of structural shocks according to

ut = Σ1/2
u Φ∗εt = Φεεt, εt ∼ N (0, I). (17)
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The transformation matrix Φ∗ is orthonormal. An identification scheme for the

structural shocks εt is a mapping from the VAR parameters Φ, Σu and the DSGE

model parameters θ into the space of orthonormal n× n matrices

Φ∗ = I(Φ,Σu, θ). (18)

An identification scheme allows us to generate forecasts conditional on specific re-

alizations of the structural shocks.

In order to construct a DSGE model prior p(Φ, Σu|θ, λ) we will, roughly speak-

ing, augment the actual data by T ∗ = λT artificial observations generated from

the DSGE model. The hyperparameter λ reflects the ratio between the size of

the simulated sample and the actual sample. This approach of using artificial or

dummy observations to incorporate prior information is known as mixed estimation

and originally due to Theil and Goldberger (1961). The use of dummy observations

to induce priors in Bayesian VARs is quite common, e.g., Sims and Zha (1998).

Rather than generating random observations y∗1, . . . , y
∗
T∗ from Equation (11) or (12)

and augmenting the actual data YT , that is, pre-multiplying the likelihood function

by

p(Φ, Σu|θ, λ) ∝ |Σu|−λT/2 exp
{
−1

2
tr[Σ−1

u (Y ∗
T∗ −X∗

T∗Φ)′(Y ∗
T∗ −X∗

T∗Φ)]
}

, (19)

we will take an asymptotic approach. Such an approach bears two advantages: (i) it

save enormous computational burden, (ii) it prevents sampling error from the model

to interfere with the construction of the prior distribution.3

3.1 VARs with Stationary Endogenous Variables

If the vector of endogenous variables yt is composed of output growth and inflation,

that is, yt = ∆z1,t according to the Notation of Section 3, then yt is covariance

3If one does not take an asymptotic approach, one is left with a tradeoff between (i) and (ii):

sampling error can be virtually eliminated at the cost of producing a large number of draws at

each step of the Metropolis-Hastings algorithm, making the overall procedure computationally very

expensive.
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stationary and the following moment matrices are well-defined:

Γyy = IE[yty
′
t], Γyx = IE[ytx

′
t], Γxx = IE[xtx

′
t].

A law of large numbers for weakly dependent processes yields the conclusion that

sample moments computed from the dummy observations converge to population

moments as the sample size tends to infinity, for instance

lim
T∗→∞

1
T

Y ∗′
T∗Y

∗
T∗ = Γyy(θ). (20)

The limit matrix of cross moments is a function of the structural parameters.

We now replace the sample moments in (21) by scaled population moments and

use the prior

p(Φ, Σu|θ, λ) ∝ |Σu|−
λT+n+1

2 exp
{
−1

2
tr[λTΣ−1

u (Γyy − Φ′Γ′yx − ΓxyΦ + Φ′ΓxxΦ)]
}

.

(21)

The hyperparameter λ determines the effective sample size for the artificial obser-

vations, which is λT : when λ is equal to (less than, greater than) 1 the prior will

receive as much (less, more) weight in the posterior as the actual data.

In order to analyze the posterior distribution we use the following factorization

p(Φ,Σu, θ, λ|Y ) = p(Φ, Σu|Y, θ, λ)p(θ|Y, λ)p(λ|Y ). (22)

We assume that the parameter space of λ is finite Λ = {l1, . . . , lq}. Thus, p(λ|Y )

reflects the posterior probabilities of λ. To reduce the computational burden we

condition on the λ̂ that has the highest posterior probability p(λ|Y ). Our forecasts

and impulse response functions will be based on

p(Φ, Σu, θ|Y, λ̂) = p(Φ, Σu|Y, θ, λ̂)p(θ|Y, λ̂). (23)

Thus, the joint posterior is given by the product of the marginal posterior of the

DSGE model parameters and the conditional posterior of the VAR parameters given

θ. Further details are provided in the Appendix.
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3.2 Discussion

The prior mean Γ−1
xx (θ)Γ′yx(θ) traces out a subspace of the VAR parameter space.

For each value of θ the prior mean of Φ corresponds to the set of VAR(p) coeffi-

cients, that would minimize the expected one-step ahead quadratic prediction error

loss if data were generated from the state-space representation of the DSGE model.

Now suppose the DSGE model has an exact VAR(p) representation. If the hyper-

parameter λ is set to infinity, then the prior of Φ conditional on θ is a point mass at

Γ−1
xx (θ)Γ′yx(θ) and the VAR estimation would be equivalent to the direct estimation

of the DSGE model. However, DSGE models by themselves often forecast poorly

because they are tightly parameterized and impose inadequate cross-parameter re-

strictions on the vector autoregressive representation of the data. Therefore, it is

desirable to assign some prior probability mass outside of the subspace traced out

by Γ−1
xx (θ)Γ′yx(θ), which is achieved by setting λ to a finite value. The orientation

of the prior contours is such that the prior is fairly diffuse in the directions of the

parameter space that we expect to estimate imprecisely according to the DSGE

model.

DeJong, Ingram, and Whiteman (DIW, 1993) constructed a DSGE model prior

as follows. They generated draws from the prior p(θ). For each θ(s) draw, a long

sequence of observations y∗t was simulated from the DSGE model. They fitted a

VAR to the simulated observations and obtained point estimates Φ̂(θ(s) that are

close to Γ−1
xx (θ(s))Γ′yx(θ(s)) and covariance estimates V̂ (θ(s)) for the VAR parame-

ters. In order to obtain a conjugate prior for the VAR, DIW averaged Φ̂(θ(s) and

V̂ (θ(s)) across the θ(s) draws, effectively eliminating the DSGE model parameters

from the empirical model specification. While the DIW approach does not update

the information with respect to the structural parameters θ, our procedure generates

a joint posterior distribution for Φ, Σu, and θ that also allows posterior inference

with respect to the DSGE model.
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3.3 Non-Stationary Endogenous Variables

According to the DSGE model in Section 3 the log-levels of output and prices are

non-stationary, which is consistent with the actual time series data. If the VAR

is specified in levels then the asymptotic behavior of the sample moments Y ∗′
T ∗Y

∗
T ∗ ,

X∗′
T ∗X

∗
T ∗ , and Y ∗′

T ∗X
∗
T ∗ changes. To be more specific, we will analyze Y ∗′

T ∗Y
∗
T ∗ .

Let zt = [z′1,t, z
′
2,t]

′. The vector of endogenous variables y∗t can be expressed as

y∗t = Ξzt, where Ξ = [I2×2, 02×2]. Instead of analyzing the sample moments of y∗t

directly, we will examine the behavior of
∑T∗

t=1 DT∗ztz
′
tD

′
T∗ , where DT rotates and

standardizes the elements of zt. An appropriate rotation is given by

DT∗ =


 T

−1/2
∗ I2×2 −T

−1/2
∗ Λ

0 D
(22)
T∗


 , D

(22)
T∗ =


 T−1∗ −T−1∗ γ/ ln m∗

0 T
−3/2
∗


 ,

such that

DT∗zt =




T
−1/2
∗ (µ1 + C1(L)εt)

T−1∗ [1,−γ/ ln m∗]
∑t

τ=0 C2(L)ετ

T
−3/2
∗ (lnm∗)t + T

−3/2
∗ [0, 1]

∑t
τ=0 C2(L)ετ


 . (24)

Under the log-linearized DSGE model

T
−1/2
∗

b[sT c]∑

τ=0

C2(L)ετ =⇒ W (s), (25)

where =⇒ signifies convergence in distribution and W (s) is a bivariate Brownian

Motion with covariance C(1)ΣεεC(1)′.

All elements of zt are now properly standardized and
∑T∗

t=1 DT∗ztz
′
tD

′
T∗ will

converge in distribution
T∗∑

t=1

DT∗ztz
′
tD

′
T∗ =⇒ Γ̃zz. (26)

Unlike in the stationary case, Γ̃zz is stochastic. Some of its elements are functionals

of the Brownian Motion W (s). The prior can be constructed from the expected value

IE[Γ̃zz]. The sample moment Y ∗′
T ∗Y

∗
T ∗ is replaced by ΞD−1

λT IE[Γ̃zz]D−1′
λT Ξ′. Similar

calculations can be carried out for X∗′
T ∗X

∗
T ∗ and Y ∗′

T ∗X
∗
T ∗ .
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4 Empirical Application

This section discusses the results obtained when we apply the priors derived from

the DSGE model discussed in section 2 on a bivariate VAR in real output growth

and inflation.4 The section will first focus on the forecasting performance of the

DSGE priors augmented VAR model and then discuss identification.

4.1 Forecasting

A far as forecasting goes, the results in this section are by no means general: they

are specific to this particular bi-variate VAR and to this particular DSGE model.

Other VARs, coupled with priors from other DSGE models, will give different re-

sults in terms of forecasting performance. The point of the section is not to provide

upper or lower bounds on the extent to which DSGE models are helpful in forecast-

ing. Rather, the objective of this section is twofold. First of all, the section shows

that DSGE models can help in forecasting - a point already made by Ingram and

Whiteman (1994) - and that the improvement is in some dimensions significant. We

extend Ingram and Whiteman’s finding by showing that DSGE model priors can

be helpful in forecasting not only real, but also nominal variables. Second, the re-

sults show that the innovations presented in this paper are not just methodological

niceties, but are also crucial in terms of forecasting. In particular, the fact that the

DGSE prior is centered endogenously leads to a substantial improvement in fore-

casting performance relative to the case in which the prior over the DSGE model

parameters is taken as exogenous (as in Ingram and Whiteman).

Does the DSGE model prior help in forecasting? If so, how much? Table 1

addresses these questions. The table shows the root mean square errors (rmse’s)
4The data for real output growth come from the Bureau of Economic Analysis (Gross Domestic

Product-SAAR, Billions Chained 1996$), and the data for inflation come from the Bureau of La-

bor Statistics (CPI-U: All Items, seasonally adjusted, 1982-84=100). The data are available at a

quarterly frequence from 1947:I to 2001:III. The lag length in the VAR is four quarters.
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for forecasts of real output growth and inflation from one through eight, twelve,

and sixteen quarters ahead. Specifically, for each series, the first column shows the

percentage rmse for the unrestricted VAR (λ = 0), for the VAR augmented with

the DSGE prior with λ = 8, and the percentage improvement (or loss, if negative)

in rmse from using the DSGE prior. The symbols ∗ (∗∗) indicate that the Diebold

and Mariano (1995) asymptotic test rejects the null of no difference in mean square

errors versus the alternative that the mean square error of the model with no prior

is larger than that of the model with prior at the 10% (5%) level.5 The symbols

?-??, and †-††, have the same interpretation for the asymptotic test applied to the

mean absolute error, and for the Diebold-Mariano sign test, respectively.

The table also shows the results for a multivariate forecasting performance statistics

proposed by Doan, Litterman, and Sims (1984) and computed as the absolute value

of the natural logarithm of the determinant of the error covariance matrix of the

forecasts. Finally, the last column of the table shows the multivariate equivalent of

the improvement in rmse’s.6 The Diebold-Mariano tests are not applicable to the

multivariate statistic.7 The value λ = 8 is chosen to provide the most favorable

result for the DSGE prior.

The table shows that in terms of multivariate statistics the DGSE model per-

forms better than the unrestricted VAR for all forecast horizons. The improvement

appears to be a monotonic function of the length of the forecast horizon: it is fairly

trivial in the short run, but becomes more and more seizable as the forecast horizon
5We actually use Harvey, Leybourne, and Newbold (1997) modification of the Diebold-Mariano

test. The results obtained with the original version of the test are not very different.
6This is computed by taking the difference between columns 8 and 7, divided by the number of

variables (two), and again by two (to convert from variance to standard error) , and multiplied by

100 to obtain percentage figures. This number can be seen as the average in the improvements for

the individual variables, adjusted to take into account the joint forecasting performance, i.e., the

correlation in forecast errors.
7The differential in the multivariate statistic, unlike the differential in mean square error or

mean absolute error, cannot be expressed as the average over time of loss differentials - condition

which is necessary in order to apply the Diebold-Mariano test.
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increases. For four years ahead forecasts the multivariate gain is above 5% - which

in the forecasting literature is considered to be a fairly large number. Inspection

of the forecasting performance of the individual series suggests that the multivari-

ate improvement is mainly driven by gains in forecasting one series: inflation. The

VAR with DSGE priors does marginally worse than the unrestricted VAR for one

quarter ahead inflation forecasts, but it does substantially better in the medium

and long run. For four years ahead forecasts of inflation the rmse for the VAR with

DSGE priors is almost 9% lower than the rmse for the unrestricted VAR. Note that

whenever the differences in rmse for inflation are large, they are also significant ac-

cording to the Diebold-Mariano asymptotic test applied to both mean square error

and mean absolute error, and to the Diebold-Mariano sign test.8 In terms of output

forecasts the VAR with priors does better than the unrestricted one up to two years

ahead, but does worse in the longer run. The differences are fairly small, however,

and never significant: the forecasting performance of the two models in terms of

output is roughly the same for all horizons.

How does the VAR with DSGE priors perform relative to simple forecasting

models, such as univariate models? Figure ?? shows the Theil-U statistics, that

is, the ratio of the mean square error of the VAR versus that of the simple model,

for two “simple models”: a random walk and an AR(1) model. Specifically, the

random walk model consists in a random walk in log-levels with drift for output,

and in a random walk in log-differences without drift for CPI.9 The latter model is

considered fairly competitive in terms of forecasting inflation (see Atkeson ...). The

AR(1) models are estimated in log-differences. Figure ?? shows that for one period

ahead forecasts the univariate models outperform the VAR. For any forecast hori-
8The sign test is constructed under the assumption that the loss differentials (in our case, the

differential in either square or absolute forecast errors) are i.i.d. Note that while the forecast errors

are likely not i.i.d., especially at longer horizons, the forecast differential may well be (see Diebold

and Mariano 1995, page 255, for a discussion of this point). As a matter of fact, we tested for serial

correlation in forecast differentials and never found it significant.
9We chose the most competitive random walk model: a random walk model in log-differences

for output, and a random walk in level for CPI do much worse in terms of forecasting.



16

zon beyond one quarter for output and two quarters for inflation, the VAR performs

substantially better than the univariate models, especially at long forecast horizons.

For eight quarters ahead the mean square error for the VAR is almost 25% that of

the univariate models (implying a 50% improvement in terms of rmse’s). Figure

?? shows that the VAR with priors is competitive in terms of forecasting output at

horizons beyond one quarter - in the sense that it outperforms simple models.

Next, we analyze the forecasting performance of the VAR, relative to the unre-

stricted VAR, as a function of the weight of the prior. Figure 2 plots the gain over

the unrestricted VAR for real output growth, inflation, and the multivariate statis-

tics. These figures correspond to those reported in columns 3, 6, and 9 of table 1. By

definition, for λ = 0 the contour is equal to one. Figure 2 shows that the forecasting

performance of the model is best in virtually all dimensions (output, inflation, and

multivariate) for λ equal to 8, in the sense that all three surfaces show a ridge cor-

responding to this value of λ. For inflation the ridge is more pronounced for longer

horizons, while for output it is more pronounced for shorter horizons. Overall, the

surface is fairly flat for output, indicating that the forecasting performance does not

vary dramatically as a function of the tightness of the prior. This is not the case for

inflation: especially at longer forecast horizons the contour changes substantially as

λ increases from 0 to 8. For larger values of λ the forecasting precision generally de-

creases, especially at long horizons, but the decline is very smooth. The result that

the forecasting performance is maximized when the prior information coming from

the DSGE model weights eight times the data is somewhat counterintuitive. The

received wisdom is that DSGE models generally forecast poorly. As a consequence,

one would think, the forecasting performance of the VAR should suffer if the weight

of the prior is to high. The evidence presented here goes against this intuition: here

the prior weights eight times the data in the computation of the posterior, and yet

the forecasting performance is improved.

It is very interesting to compare the plots figure 2 with the equivalent plots
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obtained keeping constant the prior distribution of the DGSE model’s parameters,

shown in figure 3. When the distribution of DSGE parameters is taken as exogenous

the forecasting performance of the VAR decreases very rapidly as λ increases, and

is never superior to that of the unrestricted VAR. This result indicates that one of

the methodological innovations of the paper, that is, to endogenize the distribution

of the DSGE parameters via Bayes rule, is crucial in forecasting.

As mentioned in the introduction, whenever forecasters use prior information in

VARs, they mostly use Minnesota priors. If we are to argue that forecasters should

use a different kind of prior information, like that coming from a DSGE model, we

better show that the new prior delivers better results, at least in some dimensions.

This is precisely what we do in table 2. The table shows the improvement in terms

of forecasting performance, relative to an unrestricted VAR, of three model: a VAR

with DSGE priors only (λ = 8, ι = 0), a VAR with Minnesota priors only (λ = 0,

ι = 1.5), and a VAR with both DSGE and Minnesota priors (λ = 8, ι = 1.5). The

symbols ∗-∗∗, ?-??, and †-††, have the same interpretation as in table 1.

The Minnesota prior is implemented as:

φ̄ = (In ⊗ (X ′
T XT + λTΓxx) + ιH−1

m )−1(vec(X ′
T YT + λTΓxy)) + ιH−1

m φm) (27)

where the parameter ι denotes the weight of the Minnesota prior (the value of 1.5

has been chosen to maximize the performance of the prior), φm is the prior mean

and Hm is the prior tightness.10 The values of φm and Hm are the same as in Doan,

Litterman and Sims (1984), with the exception of the prior mean for the first lag.

Since the Minnesota prior is applied to the VAR in growth rates - as opposed to

log levels, to be consistent with the random walk hypothesis the prior mean for the

first lag is zero and not one.11 The numbers in columns 1, 4, and 7 of table 2 are

the same ones reported in columns 3, 6, and 9 of table 1, and are repeated here for
10For reference, the value of ι in Doan, Litterman and Sims (1984) is 1.
11Consistently with Litterman’s (1986) original implementation of the Minnesota prior, in choos-

ing the tightness of the prior (i.e., the elements of the matrix Hm) for each equation ‘own lags’

are treated differently than ‘other’ lags. Because of this feature, the posterior distribution of the

parameters does not have the convenient decomposition discussed in section 3. In addition, the
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the sake of comparison.

The table shows that the VAR with Minnesota priors performs substantially better

than the VAR with DSGE priors for output in the short run. The differences in fore-

casting performance are large and mostly significant. In the long run, however, its

forecasting performance deteriorates notably relative to both the unrestricted and

the DSGE-prior augmented VAR. In terms of inflation, the VAR with Minnesota pri-

ors performs always substantially worse than the VAR with DSGE priors. The VAR

with both priors dominates the VAR with Minnesota priors only for all variables and

all forecast horizons. Relative to the VAR with DSGE priors only, the VAR with

both priors does substantially better for output in the short run (for one and two

quarters ahead the improvement is greater than 5% and very significant) but tends

to do worse as the forecast horizon increases. In terms of inflation forecasts, the

VAR with DSGE priors only is always superior except for four years ahead forecasts.

Figure 4 provides an overview of the forecasting performance of the VAR model

as a function of the weight of the DSGE (λ) and the Minnesota (ι) priors. The figure

is interesting as it sheds some light on how the Minnesota prior and the DSGE prior

interact. The figure displays on the z-axis the average improvement in the multi-

variate statistic over an unrestricted VAR (λ = 0,ι = 0). The average is taken over

the forecast horizon (from one to sixteen quarters ahead). The figure shows that the

peak for the average improvement in multivariate forecasting performance is reached

for λ = 8 and ι = 3, with an average improvement over the unrestricted VAR of

2.8%. The average improvement for the VAR with DSGE prior only (λ = 8,ι = 0)

is just slightly lower than the peak (2.5%). The average improvement for the VAR

with Minnesota priors only is much lower, and always below 1% (conditional on

value of φ corresponding to the mode of the posterior depends on Σu. To avoid these complica-

tions, whenever we also use DGSE prior we center the posterior estimates of the DSGE parameters

without taking into account the presence of the Minnesota priors: we compute Γxx and Γxy as if

ι were equal to zero, and then apply equation 27. If one wants to fully incorporate the Minnesota

prior into the algorithm, one should use the version of the prior proposed by Kadiyala and Karlsson

(1997).
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λ = 0, the peak is reached for ι = 2.5 with an average improvement of .6%).12 The

figure also shows that for given values of ι, the contour shows a ridge for λ equal to

8. For given λ, the shape of the contour with respect to ι is also fairly similar for

different values of λ. This feature seems to indicate that the DSGE and Minnesota

prior seem to operate independently from one another.

In summary, this section shows that the VAR with DSGE priors is a fairly com-

petitive model in terms of forecasting. Especially for long run forecasts of inflation

the model shows substantial improvement relative to an unrestricted VAR, a VAR

with Minnesota prior, and simple univariate models. In terms of output forecast the

VAR with DSGE priors is clearly inferior to univariate model for one quarter ahead

forecasts, and is dominated by the Minnesota prior VAR in the short run, but oth-

erwise the model holds its own. When the Minnesota priors are used in conjunction

with the DSGE model prior short run output forecasts improve significantly, and

outperform those of both the unrestricted VAR and the VAR with Minnesota priors

only. The section also shows that centering the DSGE model parameters, that is,

updating their prior distribution using information coming from the data, is crucial

in terms of forecasting.

4.2 Identification

This section discusses the use of the DSGE model for the purpose of identification.

The idea of using impulse responses form a DGSE model for the sake of identifica-

tion is not new (Canova and De Nicolo (2001), Faust (1998), Uhlig (1999)). Rather,

the contribution of this paper, in terms of identification, is twofold. The first contri-

bution is that we use the same DSGE model for both forecasting and identification.
12In table 2 we chose to display the results for ι = 1.5, as they magnify the differences in short run

output performance with the unrestricted VAR, in spite of the fact that the average improvement

is slightly lower (.5%). The VAR with (λ = 0,ι = 2.5) does marginally better than the VAR with

(λ = 0,ι = 1.5) for medium run inflation forecasts - hence the slight improvement in multivariate

forecasting performance - but its short run forecasting performance for output is not nearly as large.
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There is an intuitive appeal for doing so. Although we do not want to formally pro-

pose the use of forecasting as a way to validate DSGE models, the fact that a prior

from a DGSE model produces good forecasts means that the model itself fits the

data reasonably well, in at least some dimensions. Hence, one might feel confident

in using the model for identification.

The second contribution has to do with the fact that in out algorithm the distribu-

tion of DSGE parameters is updated so that it incorporates the information coming

from the data. Generally, when researchers use DSGE models for identification,

they follow these steps: i) choose a DSGE models, ii) choose a set of DSGE model

parameters (sometimes choose a whole prior distribution over those parameters) via

calibration , iii) rotate the impulse responses of the VAR so that they match those

of the DSGE model. Note that in this procedure the data are used - aside from

calibration - only in the estimation of the VAR. In our procedure there is an inter-

mediate step between steps ii) and iii), which consists in updating the distribution

of DSGE parameters.13 What difference does the extra step make? The remainder

of this section explores this question.

Figure 5 shows the impulse responses with respect to shocks to money supply

and technology. The solid lines are the impulse responses corresponding to mode

of the joint posterior distribution of the parameters. These are computed as fol-

lows. If θ∗, Σ∗u, and φ∗ are the set of parameters that maximize the joint posterior

(computed according to expression 22), then the DSGE model delivers a set of

impulse-responses corresponding to θ∗, and the VAR delivers a set of reduced-form

impulse responses corresponding to Σ∗u and φ∗. Using an orthonormal matrix we

rotate the reduced-form impulse responses until they “match” the DSGE model

impulse-responses. Specifically, we find the rotation that minimizes the average dis-

tance of the two sets of impulse-responses over a 40 period horizon.14 The dashed

lines represent the DSGE model impulse-responses (for θ equal to θ∗). The dashed-
13There are a few attempts in the literature to impose priors directly on impulse-responses (Dwyer

1998). Although this is not what we do here, our approach is close in spirit to this line of research.
14This is a modification of Canova and De Nicolo’s (2000) procedure.
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and-dotted lines represent the 90% error bands for impulse-responses. Again, the

distribution of impulse-response functions is obtained by generating values of θ, Σu,

and φ from the joint posterior distribution, and then applying the procedure just

described.

Almost by definition, the VAR impulse responses are according to theory, at least in

terms of their sign.15 However, the magnitude and the shape of the VAR responses

are quite different from the DSGE model’s responses, especially as far as monetary

shocks are concerned. In the model, the output response to a monetary shock is

very small relative to the VAR’s, and is not hump-shaped. Inflation’s response to a

monetary shock is very short lived in the model, while it is quite persistent in the

VAR. Impulse responses to technology shocks are also quite different for the VAR

and for the DSGE model.

Figure 6 addresses specifically the issue of endogenizing the DSGE model pa-

rameters, and the implications of this feature for identification. The thick solid and

dashed-and-dotted lines in figure 6 are the same as in figure 5, and are reproduced

here for convenience. The thin lines in figure 6 - solid and dashed-and-dotted - are

obtained in the same way as the corresponding thick lines, except that the elements

of θ, the vector of DSGE model parameters, are held fixed to some pre-specified

values suggested by calibration.16 The difference between the thick and the thin

lines in figure 6 is precisely the difference made by the extra step - the updating of

the distribution of the DGSE model parameters. Figure 6 shows that this difference

can be very large. The only similarity between the two sets of impulse-responses is

- by construction - in the sign. Otherwise the patterns look very dissimilar. The

response of output with respect to a monetary shock is hump-shaped when the

distribution of DSGE parameters is updated (thick line), but is not whenever the
15Note that even if the rotation procedure adopted here does not explicitly impose sign restrictions

as in Canova and De Nicolo’ (?), in practice the VAR impulse responses have the same sign as the

model’s
16Specifically, we use the following set of values: α = 0.35, β = 0.99, γ = 0.005, lnmst = 0.0002,

ρ = 0.13, ψ = 0.65, δ = 0.01, σε = 0.02, ση = 0.005, alp1rt = 50.
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DSGE model parameters are held fixed (thin line). Also, the relative importance of

technology and money shocks for innovations in output is very different according

to the two models: monetary shocks explain a larger fraction of short-run output

fluctuations when the distribution of the DSGE parameters is updated than when

it is help fixed. In many instances the 90% impulse-response bands do not even

overlap, suggesting drastically different inferences from the two models. Some of

the specific differences between the two sets of impulse responses depend of course

on the model and on the choice of the values at which the DSGE model parameters

are held fixed, so they cannot be generalized. Rather, the general implication from

figure 6 is that updating the distribution of DSGE parameters makes a substantial

difference for identification, and hence for policy analysis.

5 Conclusion

The paper takes the idea of Ingram and Whiteman (1994) - imposing priors from

general equilibrium models on VARs - and develops it into a full-blown strategy,

applicable to any log-linearized DSGE model and to any VAR, whether stationary

or non-stationary, in reduced form or identified. The strategy involves the following

steps: i) Choose a DSGE model and a prior distribution for its parameters (possibly

via calibration); ii) Solve the linearized version of the DGSE model and map the

prior distribution of parameters into a prior distribution for the VAR parameters;

iii) Obtain via MonteCarlo methods the joint posterior distribution of DSGE and

VAR parameters, which can then be used to compute predictive densities. Some

of the steps - particularly ii and iii - may be demanding from the technical point

of view, but the overall approach is very efficient in terms of computing time, as it

does not involve computationally expensive simulations from the DSGE model (as

in DeJong, Ingram, and Whiteman 1993). The latter feature is crucial in order to

make the proposed strategy palatable to practitioners.

We apply the strategy to a VAR in inflation and output growth, and show that
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it is broadly successful in terms of forecasting performance. In no dimensions the

VAR with DSGE priors does worse than the unrestricted VAR, and it does signifi-

cantly better in a number of dimensions, particularly in terms of long-run forecasts

of inflation. The VAR with DSGE priors is outperformed by simple forecasting

models -like random walks and AR(1) - for very short run forecasts horizons (one

quarter), but strikingly outperforms these models for any forecast horizon beyond

two quarters. The VAR with Minnesota priors improves relative to the VAR with

DSGE priors in terms of short and medium run output forecasts, but is not nearly

as good in terms of forecasting inflation. When we use both DSGE and Minnesota

priors, we obtain a model that does better than the VAR with only Minnesota priors

in all dimensions. We also show that a key feature of the strategy proposed here -

which is not present in Ingram and Whiteman (1994) - is the updating of the prior

distribution of DSGE parameters: sticking to the parameters that come from the

calibration exercise may lead to poor forecasting performance. Overall, these results

confirm the finding from Ingram and Whiteman: priors from general equilibrium

models can be of help in terms of forecasting.

Finally, we show that our approach can be used for the purpose of identification,

and hence policy analysis. While the way to achieve identification - rotate the VAR

impulse-responses until they conform the DSGE model’s impulse-responses - is not

new, our approach has the advantage of being embedded in the forecasting exercise.

Instead of deriving the DSGE impulse-responses from an arbitrarily chosen DSGE

model with arbitrarily chosen parameters, one can learn from the forecasting ex-

ercise which DSGE model and which parameterization performs better in terms of

forecasting, and use it for the purpose of identification.

More research lies down the road. The paper shows how to address the issue of

non-stationarity. However we discuss that issue only in passing, and use a stationary

model in the empirical application. This is by choice. The issue of non-stationarity

is both contentious and difficult. We thought that the discussion of non-stationarity
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might obscure the other points made in the paper. But we plan to investigate it

in further work. On a different note, a feature of this paper is that the issue of

identification is completely decoupled from that of forecasting: one could use any

of the available approaches to identification in VARs and still use DSGE priors for

the VAR parameters. This feature is both good and bad. Good as it makes the

approach flexible, but bad as it contains a slight inconsistency. We use the DSGE

model only as a “loose” prior for the VAR, but at the same time are very confident

that the DSGE model’s impulse-response functions have the “right” shape and sign.

It would be nice to use the DSGE model as a prior for both the VAR parameters

and identification. Again, we leave this task to future research.
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A Computational Details

The model has the following hierarchical structure

p(Y, Φ,Σu, θ, λ) = p(Y |Φ, Σu)p(Φ, Σu|θ, λ)p(θ)p(λ). (28)

The likelihood function p(Y |Φ, Σu) is given by

p(Y |Φ, Σu) = (2π)−nT/2|Σu|−T/2 exp
{
−1

2
tr[Σu(Y −XΦ)′(Y −XΦ)]

}
. (29)

The prior density is based on the hypothetical pre-sample of observations from the

DSGE model

p(Φ, Σu|θ, λ) ∝ p(Y ∗(θ, λ)|Φ, Σu) (30)

∝ (2π)−nλT/2|Σu|−λT/2

× exp
{
−1

2
tr[λTΣu(Γyy − Φ′Γ′yx − ΓyxΦ + Γxx)]

}
.

The matrices Γyy, Γyx, and Γxx are functions of the DSGE model parameters θ.

The pre-sample likelihood function p(Y ∗(θ, λ)|Φ, Σu) does not integrate to one with

respect to Φ, Σu. Thus, it does not provide a proper prior distribution for Φ, Σu. It

integrates to

c(θ) =
∫

p(Y ∗(θ, λ)|Φ, Σu)d(Φ, Σu) (31)

= (2π)−
n(λT−k)

2 |S∗|−λT−k
2 |λTΓxx|−

n
2 2

n(λT−k)
2 π

n(n−1)
4

n∏

i=1

Γ[(λT − k + 1− i)/2],

where Γ[·] denotes the gamma function and

S∗ = λT [Γyy − ΓyxΓ−1
xx Γ′yx].

Thus, the joint density of data and parameters can be written as

p(Y,Φ,Σu, θ, λ) = p(Y |Φ, Σu)p(Y ∗(θ, λ)|Φ, Σu)c−1(θ, λ)p(θ)p(λ). (32)

In order to analyze the posterior distribution we use the following factorization

p(Φ,Σu, θ, λ|Y ) = p(Φ, Σu|Y, θ, λ)p(θ|Y, λ)p(λ|Y ). (33)
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We assume that the parameter space of λ is finite Λ = {l1, . . . , lq}. Let πj,0, j =

1, . . . L be the prior probability of λ = lj . The posterior odds ratio of λ = li versus

λ = lj is given by
πi,T

πj,T
=

πi,0

∫
p(Y |λ = li)

πj,0

∫
p(Y |λ = lj)

. (34)

The marginal data density p(Y |λ = li) is given by

p(Y |λ = li) =
∫

p(Y |Φ,Σu)p(Y ∗(θ, li)|Φ, Σu)c−1(θ, li)p(θ)d(Φ, Σu, θ) (35)

=
∫

c−1(θ, λi)
[∫

p(Y |Φ, Σu)p(Y ∗(θ, li)|Φ,Σu)d(Φ,Σu)
]

p(θ)dθ.

Define p̃(Y |θ, λ) as

p̃(Y |θ, λ) =
∫

p(Y |Φ, Σu)p(Y ∗(θ, li)|Φ,Σu)d(Φ, Σu) (36)

= (2π)−
n((λ+1)T−k)

2 |S|− (λ+1)T−k
2 |λTΓxx + X ′X|−n

2

×2
n((λ+1)T−k)

2 π
n(n−1)

4

n∏

i=1

Γ[((λ + 1)T − k + 1− i)/2],

where

S = (λTΓyy + Y ′Y )− (λTΓyx + Y ′X)(λTΓxx + X ′X)−1(Γ′yx + X ′Y ).

Since expression (37) does not integrate to one with respect to Y it can be interpreted

as a pseudo-marginal likelihood for θ. The actual marginal likelihood is given by

p(Y |θ, λ) = c−1(θ, λ)p̃(Y |θ, λ). (37)

The posterior distribution of θ is given by

p(θ|Y, λ) ∝ c−1(θ, λ)p̃(Y |θ, λ)p(θ). (38)

Let φ = vec(Φ) and φ̂ be the OLS estimate of φ based on pre-sample and actual

sample.

φ̂ = vec((λTΓxx + X ′X)−1(λTΓxy + X ′Y )) (39)

The posterior distribution of φ and Σu conditional on θ and λ is

Σu|Y, θ, λ ∼ IW
(

S, (1 + λ) ∗ T − k, n

)
, (40)

φ|Y, Σu, θ, λ, ∼ N
(

φ̄,Σu ⊗ (λTΓxx + X ′X)−1

)
, (41)
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where IW denotes the inverse Wishart distribution and N the multivariate normal

distribution.

We use the following sampling scheme to generate draws from the joint posterior

distribution of VAR parameters, DSGE model parameters, and the hyperparameter

λ:

(i) For each λ ∈ Λ use the Metropolis algorithm described in Schorfheide (2000)

to generate draws from p(θ|Y, λ).

(ii) Based on these draws apply Geweke’s (1999) modified harmonic mean estima-

tor to obtain numerical approximations of the data densities p(Y |λ).

(iii) Find the pre-sample size λ̂ that has the highest data density.

(iv) Select the draws of {θ(s)} that correspond to λ̂ and use a standard method to

generate draws from p(Φ,Σu|Y, θ(s), λ̂) for each θ(s).
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Table 1: Forecasting performance - Unrestricted VAR versus VAR with

DSGE priors

Horizon Real GDP Growth Inflation Multivariate Stat

RMSE RMSE MSE Gain RMSE RMSE MSE Gain LnDet LnDet Gain

λ = 0 λ = 8 λ = 0 λ = 8 λ = 0 λ = 8

(Quarters) ( 1) ( 2) ( 3) ( 4) ( 5) ( 6) ( 7) ( 8) ( 9)

1 0.854 0.840 1.66 ∗? 0.430 0.433 -0.55 20.505 20.526 0.53

2 1.333 1.316 1.31 ? 0.843 0.832 1.24 18.246 18.295 1.22

4 2.037 2.015 1.06 † 1.672 1.642 1.78 16.034 16.089 1.38

6 2.354 2.327 1.15 † 2.734 2.676 2.12 †† 14.743 14.803 1.52

8 2.509 2.474 1.37 †† 4.082 3.959 3.02 13.797 13.874 1.95

10 2.575 2.550 0.98 † 5.446 5.220 4.16 ∗?†† 13.140 13.245 2.63

12 2.890 2.897 -0.22 6.815 6.427 5.69 ∗??†† 12.481 12.620 3.46

14 3.311 3.356 -1.34 8.096 7.505 7.29 ∗??†† 11.936 12.104 4.19

16 3.787 3.844 -1.51 9.351 8.521 8.87 ∗∗??†† 11.532 11.744 5.32

Notes: All figures are in percent, except for columns 7 and 8. The symbols ∗ and ∗∗
(? and ??) indicate that the asymptotic Diebold-Mariano test rejects the null of no

difference in mean square (absolute) errors at the 10% and 5% level, respectively.

The symbols † and †† indicate that the Diebold-Mariano sign test rejects the null

of no difference in forecasting performance at the 10% and 5% level, respectively.

Period used to compute RMSE: 1977:II to 2001:III; total 82 quarters. The data

used for estimation starts on 1952:II.
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Table 2: Improvement in forecasting performance relative to an unre-

stricted VAR

Horizon Real GDP Growth Inflation Multivariate Stat

λ = 8 λ = 0 λ = 8 λ = 8 λ = 0 λ = 8 λ = 8 λ = 0 λ = 8

ι = 0 ι = 1.5 ι = 1.5 ι = 0 ι = 1.5 ι = 1.5 ι = 0 ι = 1.5 ι = 1.5

(quarters) ( 1) ( 2) ( 3) ( 4) ( 5) ( 6) ( 7) ( 8) ( 9)

1 1.66 ∗? 6.93 ∗∗? 7.17 ∗∗?† -0.55 -1.76 -1.59 0.53 3.56 3.62

2 1.31 ? 6.34 ∗∗??† 6.65 ∗∗??†† 1.24 -0.52 0.64 1.22 3.67 4.30

4 1.06 † 5.08 ∗∗?? 5.16 ∗∗??†† 1.78 -1.42 -0.26 1.38 1.94 2.51

6 1.15 † 2.26 † 2.48 † 2.12 †† -1.20 0.22 1.52 0.04 0.82

8 1.37 †† -0.25 0.60 † 3.02 -0.29 1.79 1.95 -0.77 0.62

10 0.98 † -2.27 -1.15 4.16 ∗?†† 0.55 3.40 2.63 -0.79 1.33

12 -0.22 -5.29 -4.24 5.69 ∗??†† 1.44 5.42 3.46 -1.15 1.94

14 -1.34 -5.55 -4.88 7.29 ∗??†† 2.80 7.83 ∗ 4.19 -0.30 3.45

16 -1.51 -4.40 -3.85 8.87 ∗∗??†† 4.25 ∗ 10.32 ∗∗ 5.32 1.11 5.62

Notes: All figures are in percent. λ and ι denote the weight of the DSGE and

Minnesota priors, respectively. The symbols ∗ and ∗∗ (? and ??) indicate that the

asymptotic Diebold-Mariano test rejects the null of no difference in mean square

(absolute) errors at the 10% and 5% level, respectively. The symbols † and †† indi-

cate that the Diebold-Mariano sign test rejects the null of no difference in forecasting

performance at the 10% and 5% level, respectively. Period used to compute RMSE:

1977:II to 2001:III; total 82 quarters. The data used for estimation starts on 1952:II.
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Figure 1: Theil - U Statistics
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Figure 2: Forecasting performance as a function of the weight of the prior
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Figure 3: Forecasting performance as a function of the weight of the prior - exoge-

nous DSGE paramters
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Figure 4: Average improvement in multivariate statistic as a function of the weight

of the DSGE and Minnesota prior
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The plot shows the average improvement in the multivariate statistic over an unrestricted VAR (λ = 0,ι = 0)

as a function of the weight of the DSGE (λ) and the Minnesota (ι) priors. The average is taken over the

forecast horizon (from one to sixteen quarters ahead).
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Figure 5: Identified impulse response functions
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The solid line represents the impulse responses corresponding to the mode of the posterior distribution.

The dashed-and-dotted lines are 90% bands. The dashed line represents the impulse responses from the

DSGE model.
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Figure 6: Identified impulse response functions: endogenous vs exogenous DSGE

model parameters
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The thick solid lines represent the impulse responses corresponding to the mode of the posterior distribution.

The thick dashed-and-dotted lines are 90% bands. The thin solid lines represent the impulse responses

corresponding to a given set of DSGE model parameters. The thin dashed-and-dotted lines are 90% bands

- also for given DSGE model parameters - obtained by drawing from the posterior distribution of VAR

coefficients.


