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Abstract

One of the most important findings in empirical finance has been the fact that
returns are not i.i.d. Predictability, or time variation in the conditional distribution
of returns, is one of the basic ingredients of asset pricing and portfolio choice models
nowadays.

But there is still high uncertainty about the true extent of predictability. This
paper develops a careful evaluation of predictability of returns in a relevant context
for portfolio management. This involves three dimensions. First, multiple assets must
be included in the analysis. In this paper, monthly U.S. excess returns of bonds and
stocks are jointly studied. Second, density forecasts of returns are required, not only
point forecasts. Predictive distributions in a Bayesian framework are used to take into
account parameter uncertainty. Third, conclusions about predictability are drawn from
evaluation of density forecasts using out-of-sample checks against realizations of returns.
Density forecasts are computed for normal VAR, fat tails and Markov-switching models.
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JEL: G11, C53.



1 Introduction

One of the most important findings in empirical finance has been the fact that returns
are not i.i.d. Predictability, which means time variation in the conditional distribution
of returns, has become one of the basic ingredients of asset pricing and portfolio choice
models nowadays. There are theoretical models such as the habit formation in Campbell
and Cochrane (1999) or, more recently, the model with a stochastic share of labour
income on consumption in Santos and Veronesi (2001) that are designed to capture time
variation in risk premia.

Similarly, papers such as Campbell, Chan and Viceira (2001) incorporate predictabil-
ity in the portfolio choice of an investor to reflect time-varying investment opportuni-
ties. This concept was introduced by Merton (1973), who developed the Intertemporal
CAPM to relate predictability with portfolio choice and asset pricing. This model has
been recovered nowadays as the reference model in portfolio management.

But there is still high uncertainty about the true extent of predictability. Campbell,
Chan and Viceira (2001) show the effects of adding predictors, taken as state variables
that define the conditional distribution of returns, in the portfolio choice between stocks
and bonds. They assume that the investor knows the parameters of the model and
point out that their values have important effects on the portfolio choice. Some papers
have studied asset allocation in a Bayesian setting to take into account parameter un-
certainty. Kandel and Stambaugh (1996) propose portfolio selection based on Bayesian
inference as a more interesting metric for predictability than the usual statistical ones
of significance, given the weak statistical results in terms of predictive regressions. They
show that predictability is important in asset allocation even if the investor’s prior is
against predictability. In a similar spirit, Stambaugh (1999) and Barberis (2000) show
that it is important to take into account jointly predictability and estimation risk when
computing density forecasts for an optimal asset allocation.

Those three papers are based on stock returns and the assumption of normality. This
paper develops a careful evaluation of predictability of returns in a relevant context for
portfolio management, which is defined in three dimensions.

First, multiple assets must be included in the analysis. In this paper, monthly U.S.
excess returns of bonds and stocks are jointly studied in the post-war period. Since the
conditional joint distribution is modelled, time-varying portfolios of bonds and stocks
could be studied in this framework.

Second, density forecasts of returns are required. An investor needs density fore-
casts, not only first and second moments unless some restrictions are imposed on her
preferences or the distribution of returns. This is clear in modern models of financial
risk such as the Value-at-Risk, where interval forecasts are computed to quantify the
risk of a portfolio. See for instance Berkowitz (2001). A Bayesian framework and its cor-
responding predictive distributions are used to take into account parameter uncertainty
in the computation of density forecasts.

Third, conclusions about predictability are drawn form evaluation of density fore-
casts with out-of-sample checks against realizations of returns. Evaluation of density
forecasts is a very active area nowadays. Diebold, Gunter and Tay (1998) advocate the



use of graphical methods to study model failures and reveal useful information for the
development of new models.! This is the approach that is going to be used is in this
paper and therefore the results that are going to be shown are more qualitative than
quantitative.

The baseline model in this paper is a Bayesian VAR that represents the dynamic be-
haviour of returns and predictors, where predictors are specifically state variables that
define the conditional mean of returns. Density forecasts are computed for different
models apart from the normal since this assumption can contaminate the conclusions
about predictability. Two main extensions are considered: fat tails and non-linear dy-
namics. The former, also known as outlier models, are represented in this paper by
the use of the Student-t distribution. This distribution has been already used in a
Bayesian framework with stochastic volatility models applied to high-frequency data.
Recent papers are Jaquier, Polson and Rossi (2001) and Chib, Nardari and Shephard
(2001). The latter is going to be implemented by means of regime switching models to
separate the asymmetric behaviour of returns in different states as it is emphasized in
conditional asset pricing models and macroeconomic forecasting nowadays.? Kim and
Nelson (1998) is the first implementation in a Bayesian framework to macroeconomic
indicators. In finance, Pérez-Quirés and Timmermann (2000a and 2000b) and Chauvet
and Potter (2001) estimate a switching model of stock returns in a classical context.
The main estimation tool for these type of models in a Bayesian framework is Monte
Carlo Markov chain methods jointly with data augmentation.

The focus of the literature that studies predictability in low-frequency data has been
the conditional mean. Given that monthly data are going to be used in this paper, two
versions of each of the previous three models will be estimated and evaluated, one with
a time-varying conditional mean and another with a constant one. This paper shows
that the use of predictors, where predictors are taken as the state variables that define
the conditional mean of returns, produces different density forecasts as they vary much
more over time than in a model with unpredictable mean. This translates into signif-
icant effects on portfolio choice as it is well known in the literature on predictability.
However, the development of out-of-sample checks gives some new insights about the
use of predictors. Using a model with a time-varying conditional mean in the compu-
tation of density forecasts does not improve the forecast evaluation and gives too many
realizations on the left tail of the density forecast with respect to a model with unpre-
dictable mean. Predictors are too optimistic and this can be a problem if the investor
is concerned about losses. Recall that this is the main concern in Value-at-Risk models.

Some conclusions can also be drawn in terms of the different models that are imple-
mented. Compared to the normal model, the Student-t does not improve the forecast
evaluation of bonds and stocks. The Markov-switching improves the forecast evaluation
of bonds since it captures better the dynamics than the normal model. However, there is
no improvement for stocks with Markov-switching. It can be seen that the development
of a joint model of stocks and bonds is a difficult task, but it is the necessary object for

'On the other hand, a parametric approach is proposed in Berkowitz (2001). See also Hong (2001)
for a recent implementation of this type of analysis to high-frequency data.
*See Diebold (1998).



portfolio management.

The rest of the paper is organised as follows. In section 2 there is a brief summary
of the literature on predictability and a description of the computation of density fore-
casts in a Bayesian framework and their evaluation. Section 3 explains and applies the
standard normal model, while sections 4 and 5 are devoted to its extensions. The first
covers fat tails by means of the Student-t, while the second covers nonlinear dynamics by
means of regime switching. Finally, section 6 concludes. The different Gibbs samplers,
on which the estimations are based, are gathered in the appendix.

2 Density Forecasts of Returns

This section introduces the basic concepts and tools that will be used in this paper.
There is a brief introduction to the literature on predictability and a description of the
computation and evaluation of density forecasts of returns.

2.1 Predictability of Returns

As it has been commented in the introduction, one of the most important findings in
empirical finance has been the fact that returns are not i.i.d. The conditional distribu-
tions of returns depend on past information and vary through time, that is, investment
in financial assets is not like flipping coins over and over again. Merton (1973) developed
the Intertemporal CAPM to relate predictability with portfolio choice and asset pricing.
This model has been recovered nowadays as the reference model in portfolio manage-
ment. The long run investor cares about shocks to investment opportunities, not only
to wealth, when these opportunities are time-varying. This variation in interest rates
and risk premia implies an optimal portfolio strategy that times the market, hedging
against it with changes in the proportion of stocks and bonds.

The usual way to characterize the opportunity set of the investor is to model the
conditional mean and variance of excess returns. Studies using high-frequency data are
mainly focused on second moments (GARCH or stochastic volatility models), while stud-
ies using low-frequency data are mainly focused on first moments (predictive regressions
or VARs). This paper uses monthly data and therefore starts modelling the conditional
mean of returns with a VAR. However, both features are starting to be taken into ac-
count at both types of frequencies. Yong (2001) stresses the importance of modelling
the conditional mean of high-frequency data which is usually forgotten. On the other
hand, regime switching models as in Pérez-Quirés and Timmermann (2000a and 2000b)
are implemented with monthly data, introducing time variation in the second moment
of returns.

GARCH models are usually estimated in a classical framework. Anyway, there are
some references in a Bayesian setting as Bawens and Lubrano (1998). On the other
hand, stochastic volatility models are mainly implemented in a Bayesian framework.
For instance, Uhlig (1997), Kim, Shephard, and Chib (1998) or Jaquier, Polson and
Rossi (2001). The focus on second moments is very useful for high frequency data, but
Hamilton and Susmel (1994) explore the issue of ARCH effects versus regime switching in



variance in U.S. monthly data. They conclude that ARCH effects are not very important
at the monthly frequency when regime switching is taken into account.

Anyway, the first focus in this paper will be the conditional mean of returns as it is the
main focus in the literature that was commented in the introduction. Time variation
in this conditional mean is taken nowadays as a stylized fact to capture with asset
pricing models. A well-known approach is by means of habit formation as in Campbell
and Cochrane (1999). A more recent approach is Santos and Veronesi (2001), where
the cause of predictable returns is a stochastic share of labour income on consumption.
Anyway, there are other explanations as simple investor irrationality and many statistical
doubts remain. Those doubts will be explained later in this section.

The question of the usefulness of introducing predictors will be addressed in this
paper, where predictors will mean state variables that define the conditional mean of
returns. The baseline model in this paper is a VAR with returns and predictors since it
is the usual way of introducing a time-varying conditional mean of returns. The most
famous predictors can be classified into two categories. On the one hand, yield variables
such as the dividend price ratio,® the price earning ratio,* etc. are common predictors of
stock returns. A well-known example of predictor is the dividend price ratio, which has
been a good predictor until the 90’s. Its predictive power comes from mean reversion
in stock returns. A high dividend yield must reflect low expected dividend growth or
high expected returns and historically its variation has been associated with variation
in expected returns.” An important feature of this variable is its high persistence. In
fact, the usual unit root tests cannot be rejected, although it should be stationary
if there are not bubbles, and expected returns and dividend growth are stationary.
This may seem contradictory at a first sight. Returns are almost a random walk but
its conditional expectation, represented here by the dividend yield, is very persistent.
Fiorentini and Sentana (1998) show how to get this result in a multivariate process with
certain restrictions. The dividend yield is one of the predictors that are used in this
paper.

On the other hand, interest rates such as the term premium,® the short term rate,’
the default premium,® etc. are used as predictors of stock returns, and of bond returns
too. The first variable measures the slope in the term structure of interest rates and
is used in this paper. Nowadays, new variables have been introduced into the picture:
The consumption wealth ratio in Lettau and Ludvigson (2001a) and the share of labour
income on consumption in Santos and Veronesi (2001). They represent some of the first
successes of consumption in finance. Predictors are in general related to the business
cycle and are very persistent. The consumption wealth ratio and the interest rate are
good predictors for one year returns, while the dividend price ratio and the PER are

#See for instance Fama and French (1988 and 1989) or Campbell and Shiller (1988). The dividend
yield is often computed using the sum of last year dividens to avoid seasonality.

See for instance Lamont (1998).

?See Campbell (1991).

bSee for instance Fama and French (1989) or Campbell and Shiller (1991).

"See for instance Fama and Schwert (1977) and Campbell (1987). An MA detrended series is usually
computed to avoid nonstationarity.

8See for instance Fama and French (1988 and 1989) or Keim and Stambaugh (1986).



good for longer horizons, four or six years, in terms of R?. These variables do not predict
dividend growth, only excess or real returns.

Some recent papers about predictors are Ang and Bekaert (2001) and Cochrane and
Piazzesi (2001). In the former, only short term rate is a robust predictor of excess
stock returns, not only U.S. returns, and only for short horizons. They conclude that
predictability is weak and only in the short run. But the short term rate is even more
persistent that the dividend yield. In the latter paper, one year excess bond returns are
predicted by a linear combination of forward rates.” They found strong predictability
with R? of about 45% and stress that long horizons must be studied to realize it. But
this predictor must be estimated.

The are mainly two approaches to study predictability in the conditional mean of
returns. In the classical approach, predictive regressions or VARs are studied in terms
of significance tests. Kandel and Stambaugh (1996) propose the portfolio choice based
on Bayesian inference as a more interesting metric for predictability than the usual
statistical ones of significance, given the weak statistical results in terms of predictive
regressions. They show that predictability is important in asset allocation even if the
investor’s prior is against predictability. Other papers in the same spirit are Stambaugh
(1999) and Barberis (2000). Stambaugh studies the sensitivity of asset allocation to
horizon and predictor effects and gives new insights about the impact of estimation
risk. For instance, there can be an optimal decrease in the share of stocks after an
increase in the dividend yield, although it signals higher expected returns, because it
can induce negative skewness in the predictive distribution. In addition, Barberis studies
portfolios of stocks and the safe asset and shows that there are still horizon effects after
incorporating estimation risk. However, this risk lowers the increase in the optimal share
of stocks with horizon and the sensitivity to the predictor.

Campbell, Chan and Viceira (2001) show the effects of adding predictors in the
portfolio choice between stocks and bonds but in a classical framework. The hedging
demands are driven by the correlation between shocks to the state variables that define
the conditional distribution of returns and shocks to the returns themselves. In the case
of stocks, this correlation is negative (stocks are mean-reverting) and therefore they
have a positive hedging demand, while in the case of bonds it is positive (bonds are
mean-averting), which implies a negative hedging demand.!? This is the usual result, a
long-run investor increase its position in stocks and decreases its position on bonds with
respect to a short-run investor. They conclude that the state variable with the strongest
effect on the portfolio choice is the dividend yield.

Now, the statistical doubts that still remain are going to be commented. In terms
of classical predictive regressions and VARs, many doubts remain and there is still
high uncertainty about the true extent of predictability. The predictors are clearly
not exogenous and usually very persistent. At the same time, long-horizon returns
are often used. Lack of exogeneity implies a nonstandard finite sample distribution
of the parameters, while persistence and long-horizon imply a nonstandard asymptotic

"While in Fama and Bliss (1987), each bond was regressed on the corresponding forward.
10This is reinforced by the fact that the residual covariance between stocks and bonds is positive.



distribution.

The predictor is predetermined, not exogenous, which implies a nonstandard finite
sample distribution under normality of returns, which has been derived by Stambaugh
(1999). Some of its finite sample features are an upward bias, although consistency still
holds, positive skewness and kurtosis in the case of stocks. In this respect, Campbell et
al. (2001) comment that this relation between the biases in the predictive regressions
and the signs of coefficient and the residual covariance implies different biases for stocks
and bonds. In a regression of stock returns on the dividend yield, the slope coefficient
is positive and the residual correlation is negative, which implies an upward bias. In a
regression of bond returns on the term premium, the slope coefficient is positive and the
residual correlation is positive, which implies a downward bias.

On the other hand, Lewellen (2001) arrives to the opposite conclusion for stocks,
the predictability in stocks is stronger than predictive regressions show. By means of
simulations, he shows a strong negative correlation between the slope in the predictive
regression and the persistence of the predictor. Therefore, he proposes the use of the
conditional distribution of the former given the latter instead of the unconditional one,
which is almost normal and has a lower variance. This avoids taking into account
levels of persistence that are not in the sample when making the bias correction. This
adjustment is lower than Stambaugh’s one, but it needs the assumption of knowing some
parameters. Even in the most conservative setting against predictability when choosing
the unknown parameters, he finds evidence of predictability.

About persistence of predictors, Ferson et al. (1999) point out that since predictors
are very persistent, there is a possibility of spurious regression although returns are
stationary. In this case, a big sample does not help. It is the well-known problem
of spurious regressions applied to predictive regressions. In this context, the right-
hand side variable is very persistent and the left-hand side variable is stationary but,
if the expected return is very persistent and is an important component of the return,
then a significant coefficient may show up although both persistent variables, the true
conditional mean and the predictor, are independent.

Another problem is the use of long-horizon returns. The empirical results about pre-
dictability are often shown for long-horizon regressions of stock returns on the dividend
yield, that is, accumulating monthly returns up to one year or more. A small short-run
predictability jointly with the predictor’s persistence imply that the R? increases with
horizon, getting a maximum at four or six years. But there is a problem of small sample
in this context since there are few nonoverlapping observations, as it happened in the
univariate analysis, which translates also in nonstandard asymptotics. There are few
available decades with increases and decreases in the dividend yield. Both finite sam-
ple problems, lack of exogeneity and long horizon returns, are explained in Nelson and
Kim (1993). VAR methods can be used to avoid long run returns, and then long run
predictions can be estimated by means of short run returns. Hodrick (1992) advocates
the use of the VAR approach.

Turous and Yan (1999) underscore that uncertainty about integration plus the use
of long horizon regressions imply the need of nonstandard asymptotics that depend
on unknown nuisance parameters, which makes difficult to interpret the results about



predictability. They focus on the effects of the uncertainty about the integration order of
the predictor and the horizon, the problem of a few nonoverlapping periods. The former
is formalized using a local-to-unity approach in a similar spirit to local alternatives in
asymptotics and the latter is formalized as a ratio of the horizon and the sample size
that does not tend to zero. After controlling for both effects, they conclude that there
is no predictability.

Finally, there seems to be problems of parameter instability. Goyal and Welch (1999)
face in-sample and out-of-sample success of predictive regressions and notice that the
latter worsens. They associate this fact to parameter instability and fit a model with
coefficients that are functions of time. This let them see a decrease in the predictive
parameter and in its predictive power in the final 90’s. A related work on out-of-sample
success is Bossaerts and Hillion (1999). They explore statistical model selection criteria
to select the best out-of-sample behaviour and avoid over-fitting. They use classical
measures as adjusted R?, the Akaike’s criterion and the Schwarz’s criterion, jointly with
new ones and one of their own. The selected models have good in-sample behaviour,
which would indicate predictability, but it worsens out-of-sample, which contradicts
predictability. They conclude that there is a problem of nonstationarity in the model so
that time-varying parameters should be used!!.

To sum up, the need of nonstandard distributions depending on unknown parame-
ters translates into high uncertainty about the interpretation of results from predictive
regressions. This paper tries to shed some light about predictability using a different
framework and different tools.

2.2 Data on Returns and Predictors

This paper uses monthly nominal data from January 1954 to December 1994, which
gives 492 observations.!? The post-war sample period is used to conform with the period
after the Fed-Treasury accord and the presidential election in 1952 after which the Fed
stopped pegging interest rates. This changed fundamentally the process of the nominal
interest rates. The chosen period for the out-of-sample check of the density forecasts
starts with the forecast of January 1970, which gives 300 observations for this out-of-
sample check. During this period, there was a sharp change in the monetary policy in
the U.S. Specifically, Volcker arrived at the Fed in October 1979 and followed a tighter
monetary policy by means of monetary aggregate controls which increased the volatility
of interest rates. Therefore, it is an interesting period for forecast evaluation.

Excess returns are computed for stocks and bonds. In the computation of excess
stock returns, returns Ry, ; are based on the value weighted NYSE stock index (CRSP
tapes). They are converted into continuously compounded rates in monthly percentage,
T‘tSH =1001n (1 + Rf+1). The other ingredient is a short 1-month T-bill rate from the

Fama-Bliss risk-free rates file (CRSP tapes), with yield Yt(l). The notation Yt(n) means
the yield of a discount bond that pays off in n months. Again, the series is converted into

' Another possibility is nonlinear models.
128tock market data and the safe asset are the same as the data in Pérez-Quirés and Timmerman
(1996). Bond market data are the same as in Cochrane and Piazzesi (2001).



continuously compounded rates in monthly percentage, rﬁrl = yt(l) =1001In (1 + Yt(l)>.

Finally, the excess stock return is given by ery ; =2 —rf;.

It can be observed the huge fall in October 1987 in figure 2.1. In table 2.1, there are
some descriptive statistics of the stock and bond excess returns. The mean is 0.48%,
while the standard deviation is 4.17%, which gives an annualized Sharpe ratio of about
0.4. The skewness is —0.55 and the kurtosis 5.90, that is, asymmetry to the left and
fat tails. The Jarque-Bera test clearly rejects the hypothesis of normality. To study
temporal dependence, the autocorrelogram of powers of the demeaned series are shown
in figure 2.2. The level does not show autocorrelation, only the fifth lag is marginally
significant, neither the third and forth powers, while it can be found on the second
power, from the first to the fifth lag and from the ninth to the eleventh in terms of the
Ljung-Box test.'? However, some of the correlation that is found in even powers of the
stocks is due to two opposite extreme values in the series with 9 periods between them.
One is the 12.25% on January 1987 and the other is the —24.75% on October 1987.
Anyway, the correlation in the square will be much clearer for bonds.

On the other hand, excess bond returns are computed from returns of the 5 year
discount bond from the Fama-Bliss discount bond yields (CRSP tapes). Using the

previous notation of discount bonds, yt(n) = 1001n (1 + Yt(n)) and the corresponding

bond return is rﬁl = 60y,§60) — 59y§i91), where yggl) is approximated by ygiol). This is

the only approximation needed here since the bonds do not have coupons. Finally, the
excess bond return is erp; =r8, —rf,.

The series, figure 2.3, shows a huge increase in the volatility at the beginning of the
80’s due to the commented change in the monetary policy. The mean is 0.05%, while the
standard deviation is 1.72%, which gives an annualized Sharpe ratio of about 0.1, four
times lower than the stocks. The skewness is 0.25 and the kurtosis 7.00, asymmetry of
the opposite sign to stocks and even fatter tails. The Jarque-Bera test clearly rejects the
hypothesis of normality. As it can be seen in figure 2.4, there is some autocorrelation
in the level of the series from the eleventh lag, while the first lag is only marginally
significant. There is a clear dependence in the second power at any lag in terms of the
Ljung-Box test.'* The third power does not show autocorrelation for the first lag, but
it can be found in the rest of lags. Specifically, it is significantly negative for the second
and sixth lags. The forth power shows also correlation from the second lag. The second,
forth and sixth lags are significantly positive. There is a peak in these correlograms at
the 19" lag due to the two maxima of the series in April 1980, 8.84%, and November
1981, 9.08%. Since the sign is common, they appear in the correlograms of all the
powers. The strongest evidence of time dependence is in the square of the bonds and
this will become a key feature in the evaluation of density forecasts in the following
sections.

Two predictors are used, the dividend yield and the term premium. The dividend
yield is derived from the value weighted NYSE returns with and without dividends

13The absolute value does not show autocorrelation at the first lag, but it is even stronger for the rest
of lags.
' Also in the absolute value



(CRSP tapes), dyi+1 = In(1 4+ DYiy1). It can be seen in figure 2.5 that it is a highly

persistent variable. The term premium is defined as the difference between the contin-

uously compounded monthly yield of a 5 year zero coupon bond (Fama-Bliss discount

bond yields) and the yield of the 1-month T-bill (obtained from the Fama-Bliss risk-free
(60) (1)

rates file), tpy11 = 12 (yt 1Y +1>’ where it is annualiezed to get values of similar

order to dy;y1. This series, see figure 2.6, is also persistent but not as much as the
divided yield.
These four series will be stacked together in a VAR as the following vector,

S
€41
Tt+1 erg_l
yt+1 = = d
LTt41 Yt+1
tpt+1

This is similar to the VAR in Campbell, Chan and Viceira (2001).!> They use two
additional variables. As a return, they add the real short term rate, and as a predictor,
they add the nominal short term rate.

2.3 Computation of Density Forecasts

As it has been commented in the introduction, a Bayesian framework is going to
be used. See Geweke (1998) for a description of the following methods. In this paper,
density forecasts of future returns given past returns and predictors are the object of
interest. This joint distribution of stocks and bonds will be denoted as p (TT_H | yT).
We condition onto the past as we are predicting, not on unknown parameters and the
interest is not on the sampling variability in the observed past. This is the way investors
construct their beliefs about future returns since they do not know their distribution!'6
and this question is naturally addressed in a Bayesian setting with the concept of pre-
dictive distribution.

A Bayesian model is constructed with a prior and a likelihood. Both define a posterior

as”

p(O1y") <p@®p(y"|06)

where yT = {yt}z;l represents the data, returns and predictors in this paper, and 6
is the vector of parameters. This is only a definition of the joint distribution of the
observables, y”, and unobservables, 6.

It is not very important that the likelihood is the “true” one or not, surely it will
be false. The posterior enables to compute our main goal, the predictive distribution,
which deals only with observables

p(yre1 | y7) z/ep(yﬂl | y",0)p(01y")do

'5Other papers using VAR’s are Kandel and Stambaugh (1996), Campbell (1991), Hodrick (1992) or
Barberis (2000).

16Note the different context with respect to other questions such as the estimation of a coefficient of
risk aversion. In that context, the agent knows the parameter, but the econometrician not.

"The notation p (+) will represent density or mass depending on the associated random variable.




where the parameters 6 are integrated out and the first two entries of yr41 are the stock
and bond excess returns, the object of interest. This is how the density forecasts are
computed in this paper.

This is the way to take into account estimation risk by means of the posterior, that
is, we state our uncertainty about a forecast by including parameter uncertainty and
taking the observed data as given. The important point is if it gives an accurate forecast
or not. For instance, Uhlig (1994) stresses that pretesting for unit roots and proceeding
as if one is sure about its conclusion can be misleading in calculating the uncertainty
with regard to density forecasts.

It is important to develop a sensitivity analysis with respect to the prior, to give
an idea of the mapping from priors to posteriors for a given likelihood. A wide-spread
prior is Jeffreys prior, which is invariant to reparametrizations. It is usually taken as
uninformative because it often gives results similar to the classical ones. Therefore, it
provides a good benchmark. Its kernel is given by the square root of the determinant of
the information matrix so that it does not integrate to one. Anyway, proper priors are
going to be used in this paper. It is better to use proper priors with regime switching
models and therefore they will be used for the rest of the models for continuity. But
those priors will not be too informative.

When complex models are implemented, there are not closed solutions in terms
of posterior distributions and simulation-based methods have to be used, specifically
Markov Chain Monte Carlo (MCMC) methods.'® They have been a key part of the
development of Bayesian statistics in the last years. The Gibbs sampler is very popular
among the MCMC methods and will be use here for its simplicity. See for instance
Gelfand and Smith (1990) or Smith and Roberts (1993). Many times, we do not know
how to sample from the posterior, but we can define a block structure with the parame-
ters, for instance two blocks, 0 = ( 4 9’2)1, such that we can draw from p (91 | yT, 92) and
P (92 | yT, 91). This structure defines a Markov chain with the desired invariant measure
D ({91, 02 | yT), and therefore it will converge to that invariant measure, our goal, if the
chain is ergodic. That is, if we sample many times from the chain we know that in
the limit we are sampling form the desired distribution. The conditions of convergence
should be used or at least we should check the convergence of the simulations.'”

Data augmentation is a useful tool when we do not know how to sample from the
posterior of €, but we know how to do it from the posterior of (9, )\T), adding nuisance
parameters AT to the sampler. See Tanner and Wong (1987). For instance, we can
implement it in terms of a Gibbs sampler if we know how to draw from p (0 |yt )\T)
and p ()\T | yT, (9). Then, if the chain is ergodic, we will be sampling from p (0, A yT)
in the limit. Finally, looking only to the realizations of 8, we have the desired distribution
from that marginal. Shephard (1994b) shows how to go from non-Gaussian models to
a Gaussian state-space context, where their are lots of well-known results to work with,
by means of data augmentation. He calls this general setting as ”Partial Non-Gaussian
State Space”. He gives some examples such as outlier and Markov-switching models.

'8See Chib and Greenberg (1996).
9See Tierney (1994).
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These type of models will be studied in this paper.
The practical implementation of these methods is the following. The different Gibbs
samplers, which are developed in the appendix, give draws {6; }]I: p1 from the posterior

p (6] y") in the limit, where we are discarding the first {6; }le draws. Then, drawing
from p (yT+1 | yT,Hj) will give a sample {yT+1,j}]I-: p41 Which constitutes an approxi-
mation to the predictive p (yTH | yT). The first two entries are the excess returns and
approximate p (TT+1 | yT).

2.4 Evaluation of Density Forecasts

Discrimination among different models can be done in two dimensions On the one
hand, each model can be applied to the data and its “coherence” can be analysed by
means of out-of-sample checks. On the other hand, we can make a relative comparison
between pairs of models with the usual posterior odds analysis in a Bayesian framework.
In this paper, the former approach is taken.

Conclusions about predictability are drawn from evaluation of density forecasts with
out-of-sample checks against realizations of returns. The goal of this paper is not to find
a model of density forecasts but to study the quality of adequacy of the current models.
Nevertheless, this analysis reveals useful information for developing new models. The
concern here is about accurate predictions not model misspecification, that is, this paper
is not a search for the “true” likelihood of the data. If our concern is in-sample success
we can end up overfitting the data, and we will likely lose predictive power.

Evaluation of density forecasts is a very active area nowadays. Anyway, it is based
on an old result by Rosenblatt (1952) about the Probability Integral Transform (PIT)
of the density forecasts evaluated in the realizations of the returns. The sample period
t = 1,...,77 can be split in two parts. The first part, ¢t = 1,..., Ty, can be used for a
first estimation and the second one, t = Ty + 1,...,771, will be added observation by
observation to the previous data set to estimate recursively the model and construct the
corresponding density forecast of returns.

After the estimation of a Bayesian model, we can compute the corresponding se-

quence of one-step ahead predictive distributions {p (rt+1 | yt)};;fl. In addition, the

realizations of returns for that period are {rt+1}g*_1. The joint distribution of stocks
and bonds is computed since it is the necessary object for portfolio management. How-
ever, the current evaluation methods are designed for univariate density forecasts.
If the c.d.f. of each return predictive distribution is evaluated in its corresponding

realization, that is,

Ti,t4+1

dit+1 = / p (ui | y') du;

—0o0
where the subindex 7 is used to separate stocks and bonds , we have two new series
{di,tﬂ}%_l. Each one of these series is called the PIT. The following property is very
useful to asses the accuracy of the density forecasts from a model. If these density
forecasts are accurate, that is, if they are equal to the true conditional densities of
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future returns, then?’
{di,t+1}%_1 “Uo,1).

This is the commented result about the PIT. It is important to stress again that
this a result for univariate distributions. That is, the joint distribution of bonds and
stocks is computed because it is the relevant object for portfolio management, but the
evaluation of the forecasts is done in terms of the univariate distributions since there
are not available results for the joint distribution. For instance, the probability integral
transform from a bivariate distribution is not uniform. Therefore, in this paper the
marginal density forecasts of each asset are the objects of this test.

There are two features to test, uniform distribution and independence, and this is not
easy. The approach can be nonparametric by means of the Kolmogorov-Smirnoff test, a
goodness-of-fit test of some distribution under the assumption of i.i.d. observations, but
it is not very useful for evaluation of density forecasts. For instance, it has low power
against a bad description of the tails of the distribution. In addition, it is interesting
to realize where the most important failures are and not to finish the analysis with a
simple rejection of the model Therefore, it is not used in evaluation of density forecasts.
Diebold, Gunter and Tay (1998) advocate the use of graphical methods to study model
failures. On the other hand, a parametric approach is proposed in Berkowitz (2001).
See also Hong (2001) for a recent implementation of this type of analysis.

Berkowitz (2001) emphasizes the evaluation of density forecasts give that this is the
main interest in risk models instead of only point forecasts. He proposes a new paramet-
ric approach based on LR tests with good power properties. He builds on the previous
work of Crnkovic and Drachman (1996) and Diebold et al. (1998) which also use the
probability integral transform. The former is based on the Kuiper statistic. The prob-
lem with nonparametric tests such as the Kuiper statistic or the Kolmogorv-Smirnoff is
that they have low power in samples that have much less than 1000 observations. On
the other hand, the latter is a graphical approach more than a formal test with the goal
of studying the model failures.

Berkowitz (2001) transforms the PIT by means of the c.d.f. of the standard normal

zigy1 = 271 (digsn)

to get a similar result
Ty —1 %id
{zien1ty  ~ N(0,1)

and then advocates the use of likelihood ratio tests of certain hypothesis of model failure
such as an AR(1). He also points out that this approach has power only against non-
normality in mean and variance. The problem with this approach is that for extreme
cases, such as the crash in the stock market in October 1987, too many simulations
should be run to avoid a 0 or a 1 in the PIT.

Diebold, Gunther, and Tay (1998) study the accuracy of density forecasts. They
work in the classical framework but give results that can be applied in a Bayesian
setting. The ”primitive” in Rosenblatt’s result is the density forecast independently of

20 Assuming a nonsingular Jacobian and continuous partial derivatives for the density forecasts.
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the way it was computed.?’ That is, it does not matter if it was computed in a classical
or Bayesian framework. They advocate the use of a graphical analysis, because the main
interest is not a final decision about rejection, but the reason of rejection. This is the
approach that is taken in this paper.

On the one hand, the uniform distribution of the PIT can be checked by means of
a histogram, jointly with confidence intervals constructed for each bin under the null
of an i.i.d uniform PIT. This may give an idea of the performance of the forecasts in
terms of marginal distribution of the returns. For instance, an histogram with peaks
at zero and one would indicate that the model fails to capture fat tails. However,
histograms can be misleading as they depend on the number of bins that are used.??
Because of that, Q-Q plots should also be shown. They are constructed by pairs of
quantiles from the real distribution and the theoretical distribution, the uniform in
this application, and therefore a perfect fit would correspond to the 45°line. On the
other hand, independence of the PIT can be checked with correlograms of different
moments, (di,t+1 — d_z), (diﬂg_;,_l - Ji)Q, (diﬂf.}rl — Jz)3 and (di,t—H — CZZ) , jointly with the
corresponding Barlett confidence intervals. This may give an idea of the performance of
the forecasts in terms of time dependence or dynamics of the returns.?

Care must be taken in going from conclusions about the marginal and dynamic
behaviour of the PIT to conclusions about the marginal and dynamic behaviour of the
corresponding return since they are not linked in general. Hong (2001) points out that
if the innovation distribution belongs to the local-scale family?* and the conditional
location and scale are well specified then the PIT will be i.i.d. but not uniform if the
innovation distribution is misspecified. However, the failure in the i.i.d. or uniform
features of the PIT can be due to a bad specification of the innovation distribution
or/and the dynamics in other cases. Anyway, failures in the histogram and correlograms
of the PIT may suggest directions of model improvement as have been commented that
can be checked once implemented.

Now, the practical implementation of this methodology is going to be explained.
The main interest is the one-period ahead density forecast that is computed recursively
in the sample period selected for the out-of-sample check. Its computation in terms
of simulated draws was explained in the previous subsection. Then, by means of each
realized r; 741 of stocks or bonds, the value of the corresponding PIT d; 41 can be
computed with the number of simulations that fall below the realization. Recall that
the marginalized performance for each asset is evaluated. This computation is repeated
for T'= Ty, ...,71 — 1 which is the sample period left for an out-of-sample check. This
generates the sample {di,t}tT;TO 41 for each return which is used to evaluate the different
models. In this paper, the chosen period for the out-of-sample check of the density fore-

21For instance, Diebold et al. ”freeze” the estimated parameters and use the same values in all the
forecasts.

22In fact, as a extreme case, one single bin would give a perfect uniform.

23There are many other predictions that can be tested such as longer horizon forecasts. See Diebold
et al. (1998).

24 Examples of this family are the normal, the uniform, the double exponential, the logistic and the
Cauchy distributions.
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casts starts with the forecast of January 1970, that is, Ty is December 1969. Therefore,
we have 300 observations of the PIT while 192 data observations are let for the first
estimation in the recursive procedure.

Note that the estimation being used in each density forecast is not freezed as the
first period estimation. There is real time learning in the beliefs about the parameters
of each model. In the following sections, the estimation and evaluation of each model
is going to be commented. The estimation is shown for the whole sample period to
interpret the model and compare it to the usual results in the literature. On the other
hand, the evaluation is done by means of the commented recursive estimation.

Another paper about evaluation of density forecasts but applied to high-frequency
data is Hong (2001). He uses daily data of the S&P 500 and concludes that is equally
important to model the conditional mean, the conditional variance and the distribution
of the innovations. The mean is usually forgotten in the computations of density fore-
casts because it seems weaker that the conditional variance. He studies models from a
normal GARCH(1,1) to a Student-t MA(1)-GARCH(1,1)?> and does not find any model
that satisfies uniformity and independence in the PIT. He also points out that intro-
ducing MA components for this task improves the dynamics but worsens the marginal
distribution.

3 Standard Model: Normal VAR

This section will focus on the usual Bayesian setting, which is generally based on a
VAR with a diffuse prior and a Normal likelihood. Extensions will be developed and
implemented in the next sections.

The usual way of defining the likelihood of the data is by means of conditional
mean, a conditional variance and a distribution of the innovations. The VAR is a simple
way of introducing time-varying risk premia and because of that it is very used in the
literature on predictability. Homoskedasticy is also often assumed and therefore the
model shows time-varying investment opportunities in terms of conditional means only.
This is mainly due to the fact that the predictors that are used for the conditional mean
do not predict risk.

3.1 Model

As it has been commented above, a Bayesian model is composed of a prior and a
likelihood. This section is devoted to the definition of the simplest model that is going
to be implemented. The different models that have been used in the literature are
summarized.

Recalling that y; is a 4 X 1 vector composed by the two excess returns and the two
predictors, the likelihood is given by a Normal VAR?,

25Plus others such as RiskMetrics and EWMA.
26The introduction of different retruns is also studied in Tamayo (2001).
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Yyt =a+ Byp1 +ut

Ut | yt_l ~ N (0,%)
where a is a 4 x 1 vector of intercepts, B is a 4 x 4 matrix of slope coeflicients and
uy represents the shocks, which are independent. The VAR captures the relation be-
tween the expected returns and the lagged predictors. The distributional assumption
of innovations is normality and independence. Cross-sectional residual correlation is
allowed to take into account the feed-back among the variables, but homoskedasticity
and independence over time are assumed.

We can write also
=Tz +u=IN®z)T+w

Zt:(ﬂtl—l)
M= (m . WN):<§',>.

On the other hand, we can parametrize X in terms of ¥,.., ®, and I,
v I 0 Yer 0 I 1
-\ I 0o @ 0 I
_ Err Errrl
S\, o4+T%,..IY

which is only the triangular factorization, or Cholesky decomposition, of 3.
We can also parametrize X, in terms of 011, ¢, and ~,

Yoo 1 0 011 0 1 Y
oy 1 0 ¢ 0 1
_ 011 Y011
you  ¢+~2on
which is again the triangular factorization, or Cholesky decomposition, of X,,.. This

parametrization of ¥ is used for continuity with the Student-t and regime switching
models. Therefore the parameters to estimate in this model are

where

0= {(0'11>¢a q))>('yar) ’ﬂ-}

We can write the sample in matrix notation as

Y=ZI1+U
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where Y is T'x N and Z is T' x (N + 1), or vectorized

ysz—i—u
UNN(O,E®IT)

y=vec(Y), Z=Iy®Z
m=wvec(Il), u=wvec(U)

where I is the identity matrix of order T
The likelihood for a given yq is given by

p (W 1 60,90) =p w1 |0,50)p(y2|0,51)...0(yr | 0, yr—1)
T 1 - ! ~
m‘zl‘QeXp{—g (y—Zﬂ') (271®IT (y—ZW)},

that is,
y|0,y0~N (ZW,E@MT)

which is the same as a SUR model although the assumptions behind each model are
different.

The focus of the literature that studies predictability in low-frequency data has
been the conditional mean. Given that monthly data are going to be used in this
paper, two versions of this model will be estimated and evaluated, one with a time-
varying conditional mean and another with a constant one. In homoskedastic models
like this one, the second option also implies unpredictable returns in general. The case
of unpredictable mean is defined as a constant conditional mean of returns,

e = ar + Urt

Ty = g + Bryr—1 + Uz,

ar . 0 0
a“(ax>’ B“(Bm Bm)'

The VAR can be expressed as a SURE system to incorporate the case of unpre-

dictable mean with
5 I ® br 0
Z = ( 0 IL®Z )

where {7 is a vector of ones of dimension T' x 1. The vector 7 is 20 x 1 with predictors
and 12 x 1 without predictors.

that is,
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27 are

Yo~ N (M, §>
o1 ~ 1G <a1,51> L o~IC <az,ﬂz> B~ IW <g,§>
v~ N <’yT,FT> , vec (F/) ~ N <’ym,Fx>

™ ~ TNz p|<1) (Ev Q)

To close the model, the priors

where IG (-) denotes the inverse gamma distribution and W (-) denotes the inverse
Wishart distribution. On the other hand, T'Nz(. (-) means a truncated normal where
Z (-) defines the support. The notation ||B|| < 1 means that the eigenvalues of B are
inside the unit circle, that is, the VAR is restricted to be stable. This prior reflects our
beliefs about the stationarity of returns and predictors. However, the initial condition
Yo is not taken form the stationary distribution to simplify the computations.?® These
priors are informative for continuity with the regime switching models where it is better
to use informative priors.

The estimation uses data augmentation with g, that is, it is treated as an additional
parameter to be sampled,

p (0,90 [ y") xp(@)p(yol0)p(y" |6,50)
p(yo | 0) =p(yo)
T

p (" 10,50) =[]p@w!6,p1).
t=1

This configuration is used in the corresponding Gibbs sampler in the appendix to
approximate the posterior p (9, Yo | yT). Finally, the one-period ahead predictive distri-
bution p (yT+1 | yT) is sampled as

yr+1 |y . v0,0 ~ N (a+ Byr, X)

for each (yo,0) sampled from the posterior. The first elements of this vector are the
returns.

Now, I am going to explain the different models that have been already implemented.
The priors are usually diffuse, often imposing stationarity in the VAR. There are also
informative priors, for instance against predictability, defining a normal prior of vec (B)
centred at zero. Kandel and Stambaugh (1996) use a VAR(1) for return and predictive
variables, where the first equation is the prediction equation. They use two priors, a

*"The parametrization is such that if z ~ G (a, () then E(z) = /3, and if X ~ W (v,S) then
E (X) = vS. For instance, if X is scalar then W (v, S) = G (v/2,1/25) = vx* (v).

28The Gibbs sampler would not be enough and a Metropolis-Hastings sampler would be required
within. See for instance Stambaugh (1999).
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diffuse one and another centred at B = 0. The latter is Normal-Wishart, that is, Wishart
for the inverse of 3 and Normal for 7 given 3. But this prior imposes some restrictions
on the variance of 7. This constitutes a natural conjugate prior,?? and therefore it can
be interpreted as a diffuse prior jointly with previous data with a sample R? equal to
zero in the predictive equation. In both cases, they truncate the matrix of coefficients
B to the stationary region, that is, where eigenvalues lie inside the unit circle.?® The
posteriors are Normal-Wishart and the predictive distributions of ;1 are Student-t for
both uninformative and informative priors.

Stambaugh (1999) combines different priors and likelihoods in a related model with
a return and a predictor where only lags of the predictor are on the left side of the VAR.
The three priors differ on the coefficient of the AR(1) of the predictor, truncating or not
to the stationary region, and the way of computation, although are always uninformative
The last prior is an approximation to Jeffreys prior for a stochastic initial condition.

The likelihoods that Stambaugh uses differ on the treatment of the initial condition
as fixed or stochastic although in both cases are Normal. We can use the conditional
likelihood or the exact one, where the initial condition is drawn from the stationary
distribution of the predictor. Finally, he comments the application of this study to a
VAR with returns and predictors.

He studies several combinations. The diffuse prior jointly with a fixed initial condi-
tion gives the standard Normal-Wishart posterior, while the marginal of 7 is a Student-t
with T'— 3 degrees of freedom. The truncated prior to the stationary region jointly with
a fixed initial condition is like the previous case but with truncation. Therefore, it is
the same but using accept-reject sampling. In this case, this means to store only the
outcomes that fall into the stationary region. This prior jointly with a stochastic initial
condition needs the use of the Metropolis-Hastings sampler3!. The final combination is
the diffuse prior that takes into account the initial condition jointly with a stochastic
initial condition. Again, the Metropolis-Hastings algorithm has to be used.

Barberis (2000) also uses a diffuse prior.*?> He studies two models, one without
predictability and another with predictability, the latter as the previous VAR. In the
case of predictability, the posteriors are like Stambaugh’s ones for the first configuration.

A different approach is given in Demos and Sentana (2000). They use results from
Fiorentini and Sentana (1998) about the joint process of returns and their conditional
expectations. They study a bivariate system with both variables, treating the expected
returns as a latent variable. This is the main point of the paper, the use of return data
only. It is implemented with a Gibbs sampling for parameters and expected returns
using a Bayesian Kalman filter. They work with informative priors, which are Normal
for coefficients and residual covariance and Gammas for variances. This is a natural

29The prior, the likelihood and the posterior belong to the same familiy of distributions.

30Uhlig (1994) discusses the reasonable priors to use in a time series context, specifically, the Bayesian
treatment of unit roots. He shows other priors but concludes that the Normal-Wishart prior centred
around a random walk is reasonable. However, he recommends also a sensitivity analysis with respect
to the prior treatment of explosive roots. He shows that the tails of the predictive distribution can be
sensitive to the prior treatment of explosive roots.

311t is an MCMC version of the accept-reject sampling.

32However, he comments about the use of a prior that imposes a positive expected market premium.
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conjugate prior.
To summarize, only a Normal likelihood has been considered, and the priors are
usually diffuse and restricted to stationarity.

3.2 Estimation and Out-of-sample Check

In this section and in the following ones, the empirical results of each model are
shown in two dimensions. First, the estimation is shown for the whole sample period to
interpret the model and compare it to the usual results in the literature. 15000 iterations
were run in the computation of each posterior distribution and the first 5000 were burnt
for convergence reasons. Second, the evaluation of the density forecasts is shown from
the commented recursive estimation starting with the forecast of January 1970. The
evaluation is done separately for stocks and bonds.

3.2.1 Estimation of the Model

Tables 3.1.1 and 3.1.2 show the estimation of the model with predictable mean for
the whole sample, while tables 3.2.1 and 3.2.2 show the estimation of the model with
unpredictable mean . They describe the posterior of each parameter, giving the mean,
the standard deviation, the median, and the last two columns are the 95% bands. The
priors are proper but not too informative. The prior of X is given in table 3.1.0 to check
that it is not very tight. The definition of vech (X) in the tables is

vech (2) = (07"1,7"1a (‘77‘2,7‘1#77‘2,7‘2) ) (le,rlaaml,rza Uzl,ml) ) (Umz,haamzﬂ"za Uzz,muazz,mz))/~

The Markov chain is run for 15000 simulations, burning the first 5000 to avoid the
effects of the initial conditions.??

Table 3.1.1 describes the posterior of the initial condition of the VAR and the residual
variance. The residual covariance between stocks and returns is positive. There is a
strongly negative residual covariance between the stocks and the dividend yield as it
is found in the literature of predictability. This is a signal of mean-reversion in stocks.
Another feature that is found in Campbell, Chan and Viceira (2001) is a positive residual
covariance of bonds and the term premium, which is a signal of mean-aversion in bonds.
That is not clear in this estimation, where the sign of the covariance is not clearly
defined, with a low negative median. Maybe this is due to the fact that zero coupon
bonds are used in this paper so that it is not necessary an approximation to compute
the bonds returns as in the case of the coupon bonds in Campbell et al. (2001).

Table 3.1.2 describes the posterior of the VAR intercepts and slopes. For the stocks,
w1, there is not a clear effect of its own lag, but the lagged bond return has a positive
effect. Both predictors have a positive coefficient as it is found in the literature. In
the equation for bonds, 7o, there is a negative effect of the lagged stock return and a

33The ratio of numerical efficiency in the estimation of the posterior mean is near one for all the
parameters in both tables. That is, the chain is close to i.i.d. sampling in terms of numerical standard
error.
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positive effect of its own lag. There is an uncertain effect of the dividend yield, while the
positive effect of the term premium is clear. The sign of the predictors in both equations
is the same as in the literature of predictability. Another well-known fact is that the
predictors are almost single persistent AR(1)’s. The dividend yield is very persistent,
while the term premium is also persistent but not so much.

To sum up the signs that are clear for stocks and bonds, stocks are positively related
with the lagged dividend yield and term premium, while the corresponding residual
covariances are negative. On the other hand, bonds are positevely related with the term
premium while their residual covariance with the dividend yield is negative.

Table 3.2.1 starts the analysis of the model with unpredictable mean. The residual
variances of stocks and bonds increase only a bit with respect to table 3.1.1, that is,
their posterior distributions shift only a bit to the right. This is expected as the R?
using predictors is very low in classical estimations. The sign of the covariance between
the excess stock return and the term premium is not clear now.

In table 3.2.2., the median of the intercepts is positive for stocks and for bonds,
although the intercept is not clearly positive in the latter case. They are similar to
their sample means, see table 2.1. The persistence of the dividend yield and the term
premium increases a bit.

3.2.2 Evaluation of Density Forecasts

The density forecasts of stocks, shown in figure 3.1 as the median and the 50 and
95% bands, depend clearly on the assumption about the conditional mean of returns. As
it can be expected, the quantile bands of the forecasts are very stable for the model with
unpredictable mean, while the one with predictable mean shows more time variation.
Nevertheless, the former has two widenings, the first during the first half of the 70’s
and the second during the second half of the 80’s. In both cases, there is clear outlier
in October 1987. Given the big difference between both density forecasts, it is obvious
that there are very different implications in terms of portfolio choice as it is found in the
literature. An important feature of these forecasts is that the bands of the model with
predictable mean are above the corresponding ones of the model with unpredictable
mean in general and only a few times they are below, around 1974 and 1980.

In terms of evaluation of these density forecasts by means of the PIT, the histograms
do not seem very bad. Comparing the model with predictable mean, figure 3.3, and the
model with unpredictable mean, figure 3.5, the left tail of the PIT seems to be lower
in the second case. Anyway, the histograms can be misleading and because of that the
Q-Q plots are also shown. They confirm the previous idea since the first model is above
the 45°line, while the second is very close to it.

On the other hand, the dynamic behaviour of the PIT is shown in terms of the
correlograms of powers of the demeaned PIT. Figure 3.4 shows the results for the model
with predictable mean and figure 3.6 for the model with unpredictable mean. The
correlogram of the level shows only a marginally significant value at the first lag with
predictable mean. The square shows correlation foir both models from the third lag in
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terms of the Ljung-Box test.?* The third power gives the same result as the levels, with
only a marginally significant first lag with predictable mean. Finally, the forth power
shows correlation for both models from the third lag as in the second power.

The density forecasts of the bonds, figure 3.2, can be commented in the same way
as stocks. However, now it is clear that the bands show a widening that starts at the
beginnig of the 80’s and holds for the rest of the period, being very sharp in the case of
the 95% bands. There are clear outliers in the first 80’s due to the sharp change in the
U.S. monetary policy. As in the case of stocks, an important feature of these forecasts
is that the bands of the model with predictable mean are above the corresponding ones
of the model with unpredictable mean in general and only a few times they are below,
around 1974 and 1980.

The histograms of the PIT of bonds are worse with respect to stocks. There are
two clear tails in both models, figures 3.7 and 3.9. This translates into Q-Q plots where
both models start above the 45°line and finish bellow it. The second model cuts before
the line and then falls a bit deeper. The common result for stocks and bonds is that the
left tail of the PIT decreases with an unpredictable mean.

In term of serial dependence of the demeaned PIT, figures 3.8 and 3.10, there is not a
clear serial correlation in levels and the third power. Only the model with unpredictable
mean shows a marginal correlation in the levels of the PIT at the first lag. Now there is
a clearer picture of correlation in the second and forth powers. There is correlation in
the second power of the demeaned PIT from the second lag in terms of the Ljung-Box
test.?> The correlation becomes stronger in the forth power. and it is also found from
the second lag.

To sum up, there are some clear failures of the normal VAR in terms of both the
marginal distribution and dynamics of the PITs. The next sections will try to dimin-
ish them. On the other hand, the model with predictable mean gives too many PIT
realizations on the left tail.

4 Fat Tails: Student-t

This section and the next are devoted to the development and implementation of
extensions to the standard normal VAR model explained in section 3. I will enrich the
previous VAR, specially in terms of the likelihood of the data to abandon the normal
specification. We should be concerned about the use of the normal distribution since it
is known that the returns are not normal due to their fat tails and negative skewness.
Data augmentation in the MCMC is a key tool because it brings us back to the normal
environment as it will be shown. The particular extensions that will be studied are fat
tails and regime switching. The latter will be studied in the following section.

Outliers models are usually specified by means of a Student-t distribution or a
Gaussian mixture. This section will deal with the former approach. The issue of fat tails

34This correlation starts at the same lag with the absolute value of the demeaned PIT instead of
squares.
351n the absoulte value of the PIT, the correlation starts to be signifcative form the 7" lag.
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has been already treated in the stochastic volatility literature. Specifically, Jaquier, Pol-
son and Rossi (2001) introduce fat tails with errors distributed as a Student-t.3% They
add fat tails as

Tt:\/h_t\/)\_tzt
v

ZtNN(O,].), )\t|VN—2

14

where h; is the conditional variance, its logarithm is modelled as an AR(1), and v is
the degrees of freedom of the Student-t. They propose an algorithm that uses data
augmentation with A”. If we condition on )\; then we can work with /v/At, which is
normally distributed. They do not take v as given and estimate it with a uniform prior
on (5,30). It is also estimated in this paper.

4.1 Model

This new model is only a different definition of the distribution of the innovations
in the previous VAR. To define the Bayesian model, we can introduce Student-t errors
with the following specification,?”

Yt =a+ Byi—1 +ug

Jv—2 ~
Ut = ( u’f‘,t ) e Tuﬁt
aa:,t
& | th_l ~ X2 (v)
|yt~ N(0,%)

where ¢, and 1; are independent at all leads and lags®® The Student-t is associated only
to the return innovations in this simple model. This means that, conditioning on &,

(5;2) Srr /%250

Vi) =X*=
. NE=3 .
t
r=21 Y 0 v=21 1/
— gt é-t
r I 0o ¢ 0 I
and that
v—2
Urt = t (Oa Erra V)

30Recall that only moments of order lower than the number of degrees of freedom are defined for the
Student-t and that it converges to a normal as it goes to infinity. For instance, the case of one degree of
freeedom is the Cauchy distribution where no moments are defined.

37This is similar to an extension explained in Kim, Shephard and Chib (1998).

38 The parametrization is such that if x ~ x? (v) then E () = v. In fact, x* (v) = G (v/2,1/2).
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with E (urt) =0, if v > 1, and V (upt) = Xy, if v > 2.. This is why the Student-t is
scaled, as the residual variance is still ¥, and can be directly compared with the normal
model. See for instance Lange, Little and Taylor (1989) for these type of results.

The parameters to estimate are

0= {V, (0117¢7 (I)) ) (77F) 77}'

There is only one additional parameter, the degrees of freedom wv.

As in the normal VAR model, two versions of this model will be estimated and
evaluated, one with a time-varying conditional mean and another with a constant one.
In homoskedastic models like this one, the second option also implies unpredictable
returns in general. The case of unpredictable mean is defined with the same restrictions
on B as in the previous normal model,

0 0
B‘(er Bm>'

The priors are defined for the degrees of freedom

p(v =m) = pm,

for m = 4,6, 8, 10, 15, 20, 30, 60, and similarly to the normal model,

Yo ~ N (/J“v ;)

o1 ~ 1G (a1,51> L o~IC <a2,ﬂ2> B~ IW <g,§>
vy~ N <%,FT) ,  vec (F') ~ N <’ym,I‘x>
™~ T'Nz(|B|<1) <7Tv C)

For ease of computation, this particular prior on v has been chosen. Bawens and
Lubrano (1998) stress the problem with a flat prior on (0,00), since it would give a
nonintegrable posterior. Because of that, they propose a prior of order O (1/*2). Other
alternatives are a flat prior on a bounded support, an exponential prior, etc.

This model is estimated with the Gibbs sampler as it is explained in the appendix.
The key is to condition on &7,

(e )= ((5)(% 2)
u:c,t_rur,t 0 0 @

It is natural to apply data augmentation by means of (§T, yo), and sample from the
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posterior

p(,50.¢" 1y") cxp @) p(wo | 0)p (€ 16,50)p (" | 0,50,¢")
p(yo | 0) =p(yo)
p(E"10,90) =p ("] 0)

p (" 10,90.67) =]1p e | 0,911, &)

=

t

Il
—

because p (y*' | 0, yo, {T) is Normal again. Specifically,
Y | 0,y1-1,& ~ N ((IN ® z¢) m,57) .

The next step is to compute the one-period ahead predictive distribution. Given
that

Erin | (W5, 90,€7,0) ~ X2 (v)
yr1 | (v5,90,€7,0,€041) ~ N (a+ Byr, 2¥),

, where X* is defined as before but now with the corresponding {7, a draw from this
distribution can be computed for each draw from the posterior of (yo, T, 9). These draws
define the desired predictive distribution. The first entries of yr41 are the corresponding
returns.

4.2 Estimation and Out-of-sample Check

Again, the empirical results of each model are shown in two dimensions. First, the
estimation is shown for the whole sample period to interpret the model and compare
it to the usual results in the literature. 15000 iterations were run in the computation
of each posterior distribution and the first 5000 were burnt for convergence reasons.
Second, the evaluation of the density forecasts is shown from the commented recursive
estimation starting with the forecast of January 1970. The evaluation is done separately
for stocks and bonds.

4.2.1 Estimation of the Model

The priors are the same as in the normal model. The only additional prior is the
degrees of freedom and a uniform prior over a finite set of values is defined. They range
from 4 to 60. Tables 4.1.1 and 4.1.2 show the estimation of the model with predictable
returns for the whole sample, while tables 4.2.1 and 4.2.2 show the estimation of the
model with unpredictable returns. The Markov chain is again run for 15000 simulations,
burning the first 5000 to avoid the effects of the initial conditions.?’

39The ratio of numerical efficiency in the estimation of the posterior mean is near one for all the
parameters in both tables. That is, the chain is close to i.i.d. sampling in terms of numerical standard
error.
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Table 4.1.1 shows a posterior of the degrees of freedom that is concentrated on the
lowest and highest values, that is, concentrated on evidence of nonnormality and nor-
mality. This can be due to the joint analysis of stocks and bonds or a better description
of returns with a mixture of a normal and a Student-t.*? In table, 4.1.2, the 95% bands
of the residual variance of stocks are a bit wider with respect to 3.1.1, while the median
of the residual variance of bonds decreases a bit. The covariance of stocks and bonds
shifts a bit to the right. In table 4.1.3, it can be seen that the coefficients of stocks
and bonds do not change much with respect to the normal model. The equations of the
predictors are almost equal as the Student-t is modelled only over the returns.

The model with unpredictable mean gives a similar posterior of the degrees of free-
dom. Again, comparing table 4.2.2 and 3.2.1 now, the 95% bands of the residual variance
of stocks are a bit wider, while the posterior of the residual variance of bonds shifts a
bit to the left. Finally, comparing tables 4.2.3 and 3.2.2, the coefficient of stocks shifts
to the right, while the bond one shifts to the left with a twice lower mean and median.
The equations of the predictors are almost equal to the previous model.

4.2.2 Evaluation of Density Forecasts

Again, in terms of the density forecasts of stocks, figure 4.1, the quantile bands of the
forecasts are very stable for the model with unpredictable mean, while with predictable
mean there is more time variation as it can be expected.

There is not a big difference between the forecasts from the normal and the Student-t
models with predictable mean. When the conditional mean is constant, the Student-t
model shows tighter 50% bands and wider 95% bands. This behaviour can be expected
as the Student-t increases kurtosis. In terms of the comparison of the forecasts of the
models with time-varying and constant conditional mean, the comments of the normal
model still hold.

The histograms of the PIT for stocks, figures 4.3 and 4.4, do not seem to change much
with respect to the normal model. The corresponding Q-Q plots reflect this similarity.
Again, the model with unpredictable mean is closer to the diagonal. The comments
about the correlograms of powers of the demeaned PIT for stocks, figures 4.4 and 4.6,
are the same as for the normal model, finding correlation in the second and forth powers
of the PIT.

The density forecasts of bonds are similar to the normal model with a predictable
mean. In the version with unpredictable mean, the 50 and 95% bands are tighter and
the median is lower. In terms of the comparison of the forecasts of the models with
time-varying and constant conditional mean, the comments of the normal model still
hold.

Compared to the normal model, both tails in the histogram of the PIT for bonds
seem to increase, figures 4.7 and 4.9. But the left tail is still fatter with predictable
mean. This is reflected in Q-Q plots, figures 4.8 and 4.10, that start higher and then
fall lower with respect to the diagonal.

10 A Markov-switching between a normal and a Student-t is advocated in Pérez-Quirés and Timmer-
mann (2000Db).
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In terms of correlations of powers of the demeaned PIT, figures 4.8 and 4.10, there
is only a small change in the square. Now the correlation starts a bit later in terms of
the Ljung-Box test, from the sixth lag with predictable mean and the third lag with
unpredictable mean.*!

To sum up, the Student-t does not help much in terms of the marginal distribution
and dynamics of the PITs. Maybe different chi-squares are needed for stocks and bonds.
Anyway, this distribution is often used in models with time-varying volatility such as
GARCH and stochastic volatility, not on its own. Note also that the Student-t does
not allow asymmetry and there is a clear negative asymmetry in stocks and positive in
returns. But this model was only applied to enrich the distribution of the innovations
and does not add anything in terms of dynamics. This is addressed in the following
section. Anyway, the model with predictable mean still gives too many PIT realizations
on the left tail.

5 Nonlinear Dynamics: Markov-switching

Now, time-varying risk is introduced into the picture by means of nonlinear dynamics.
The investment opportunities will vary in terms of conditional means and variances, not
only as conditional means as in the previous sections. Time-varying volatility can be
modelled as in GARCH and stochastic volatility models or as regime switching models.
The second ones are going to be studied.

Hamilton and Susmel (1994) explore the issue of ARCH effects versus regime switch-
ing in variance in U.S. monthly data. It is related to Perron’s idea that unit roots may
reflect mean shifts. They remark that ARCH models show high persistence and poor
predictive performance and that a SWARCH, switching plus ARCH effects, does better.
The persistence comes mainly from the regimes and the high volatility regime is related
with recessions.

This type of models adds an unobserved discrete variable that follows a Markov
chain and which outcome defines, in the context of a VAR, the values of the vector of
constants, the autoregressive matrices or/and the variance matrix. The Markov chain
is used to represent persistence in economic regimes and differentiates this model from
a simple gaussian mixture, which is used to describe fat tails, not nonlinear dynamics.
The unobservability of the state is the approach to take if we want to be able to make
real time forecasts. Hamilton (1989) develops the reference model with an unobserved
state variable that follows a Markov chain, while Kim (1994) translates that idea to
general state-space models and improves some technical issues. Kim and Nelson (1998)
show its implementation in a Bayesian framework to macroeconomic indicators, while
Pérez-Quirés and Timmermann (2000a and 2000b) estimate it for stock returns in a
classical context. Current extensions of the basic setting are time-varying transition
probabilities for instance, where these two papers are also examples.

This type of models lets us separate the asymmetric behaviour of returns in different

*1The absolute value of the demeaned PIT shows correlation from the 8" lag with predictable mean,
while it arrives later with unpredictable mean.
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states as it is emphasized in conditional asset pricing models and modern nonstructural
forecasting procedures in macroeconomics (see Diebold (1998)). In asset pricing, it is
a fact that people seem more risk averse in recessions than in expansions in terms of
a countercyclical Sharpe ratio. Lettau and Ludvigson (2001b) use the consumption
wealth ratio as the state variable to measure different states and implement conditional
asset pricing models with that variable. In macroeconomic applications, for instance, an
economy can be modelled with high or low growth depending on the outcome from the
Markov process. This is a basic part of the modern treatment of business cycles. Kim
and Nelson (1998) is the basic reference in a Bayesian framework. They stress that, in
general, maximum likelihood requires approximations in this context. Therefore, they
advocate the use of the Bayesian approach because it is approximation-free thanks to
the Gibbs-sampler. This is really pseudo-exact inference, exact up to simulation error,
because the estimation relies on MCMC methods.

5.1 Model

The model is defined by two pieces, the distribution of the VAR in each regime and
the evolution of the regime, called s;, as a Markov chain. Only two regimes are allowed,
so that the regime variable s; can take only two values, 0 or 1. The model can be
decomposed as

Yt = Qs + B, Yp—1 + 1wy

s, = ( “;’: ) , B, = < Bé::t Béz;ft )
ug |yt st ~ N (0,%,)

E — 27’7’7515 ET’T’,StF/
TN\ I @ 4TI

> . 011,s; Vs, O11,s¢
’I"’I’"St - 2
Vs:O1lse  Ps, T V5,011,

where the distribution of u; is conditional on the regimes. In this model, the switch-
ing is mostly concentrated to returns to avoid increasing the number of parameters
unnecessarily.

Therefore, this model focus on regime switching of the returns, in their relation with
the predictors and in their variance. The unobservable regime follows a binary Markov
chain,

st=j~p(st=7|s-1=1) =py, 4,j=0,1
which captures the idea of persistence in Economics instead of a Gaussian mixture only.
The transition probabilities can be expressed in a compact way as

P:< Doo 1—p11)'
1—po0 p11
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The identification of regimes will be defined by the variance of the first term of the
VAR, calling regime one the one with a higher value for that variance,

o1t = 0?1 (1+ hsy)

h=1+h, h>1

and that is why the residual variance is parametrized this way from the first model. On
the other hand the regime switching in 7 will be defined as

_.0
Tr,s, = Ty + 08¢
where 0 is a vector with the same dimension as 7, s, and then

Tt = Qrsy + Br,st Yi—1 + Uprt = (12 ® Zyit) Ty + Ut
Ty = az + Bpyp—1 + Uyt = (IQ & Zw,t) Ty + Uzt

where
)
01 1
S
e pry Z. = Z t®
T ﬂ-g ) 7t T, S
2

which let us define the system of equations as

r o IQ & Z;? 0 Ty + Uy
x| 0 I, ® Z, Ty Ug,

and we are back to the SURE context again. Although there is a difference, the residual
variance changes over time. The way to estimate this model is shown in the appendix.
The parameters to estimate are now

0= {(p007p11) ) (0(1)1’(;50’(;51’ (b) 7771, (70771711) 77T} .

Again, two versions of this model will be estimated and evaluated, one with a time-
varying conditional mean and another with a constant one. Even in the last case, returns
are predictable in this model since the conditional second moment is still time-varying.
The case of unpredictable mean is defined as

ayr B 0 0
aSt_<ax>7 BSt_<Ba:r Bcccc)7

where there is not switching in the intercept, which implies

1
T =
72

and the system is again like the original VAR with unpredictable mean

()= we ) () + (1),
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but with a time-varying conditional variance of the innovations.
The priors have the following structure,*?

so ~ Bernoulli (po)
poo ~ B <n00,n01> , pun~DB <n11,n10>

Yo~ N <u, §>

0(1)1 ~1G (04_1075_10> ) ¢0 ~I1G (a_20,5_20> ) ¢1 ~1G <Of_21,5_21> ;o e~ IW <Za§>
h ~ TIGI(E>1) <a_11,ﬁ_11>
¥~ N <710ar_1*0> , 7' ~N <721,F11> , wvec(I') ~N <'v_x,F_m>
7~ TNz pojj<1 3t <1) (W’ C)

where the distribution of h is denoted by T'I GI(}—L>1) (+), this means a truncated inverse

gamma with support®® h > 1. Now the truncation of the prior of 7 to the stationarity
region is made in terms of both implied B® and B!, which are equal in the case of
unpredictable mean. Note that the initial condition of the regimes sg, like yg, is not
drawn form the stationary distribution. Informative priors are needed in these type of
models because it could be the case that some regimes are not visited in some iterations.

The estimation is based on Kim and Nelson (1998). Data augmentation with regimes
(so, sT, yo) is the key element,

p (eayOaSOaST ‘ yT) OCP(Q)}?(SO | e)p(ST | 9780)19 (2/0 ‘ 97 SOaST)p (yT | 97 8078Tay0)
p(so|0)=p(so|po)
p(yO | 97SO7ST) :p(yo | 9)
T

p (yT ‘ 95 5078T7y0) = Hp(yt | ‘97.%71,516) :
t=1

The vector gy is defined as independent of sg. The main point in this method-
ology is to construct a filter that serves as an algorithm to infer probabilities about
the underlying state. It is similar to the Kalman filter, but it is nonlinear and is de-
fined for a discrete variable. As well, as a by-product, it enables us to evaluate the
log-likelihood and compute the maximum likelihood estimator in a classical framework.
Kim (1994) generalizes this methodology to state-space models**. He allows switching in
the measurement and transition equations and develops the corresponding filtering and

2 The parametrization is such that if z ~ B (e, §) then E (z) = o/ (a + B).
**The notation Z (h > 1) refers to the indicator function that gives 1 if A > 1 and 0 otherwise.
180 that we can handle MA terms for instance.
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smoothing algorithms. In a general context, this filters are only an approximation since
there are two unobservable variables, the state variable in the transition equation that
defines the dynamics of the system and the variable that rules the Markov-switching.
This is why normality is lost for the state variable and the Kalman filter that he uses
no longer gives the conditional expectation.

Finally, the one-period ahead predictive distribution is computed from

p(sri1 | y", s0,87.0) =p(s741 | 57,0)

Yr+1 | (yTv 50, STv 0, 3T+1) ~ N (a5T+1 + BST+1yT7 E8T+1)

for each (yg, 50,57, 9) from the Gibbs sampler.

A different implementation of regime switching is developed in Chauvet and Potter
(2001) by means of a factor model as a nonlinear proxy to market risk premia. They use
regime switching to study the joint behaviour of mean and variance of monthly excess
returns of stocks, introducing the switching in the factor mean and variance. They
identify two regimes, a bear market regime with negative mean and high volatility, and
a bull market regime with positive mean and low volatility, which has a longer duration.

5.2 Estimation and Out-of-sample Check

Now, there is not the possibility of unpredictable returns since at least the conditional
variance will be time-varying. But a model with a predictable mean will be faced with
a model with an unpredictable mean as in the previous sections. Again, the empirical
results of each model are shown in two dimensions. First, the estimation is shown for the
whole sample period to interpret the model and compare it to the usual results in the
literature. 15000 iterations were run in the computation of each posterior distribution
and the first 5000 were burnt for convergence reasons. Second, the evaluation of the
density forecasts is shown from the commented recursive estimation starting with the
forecast of January 1970. The evaluation is done separately for stocks and bonds.

5.2.1 Estimation of the Model

The chosen priors are not too tight. The prior of the residual variance matrices, table
5.1.0, is such that the median of the stock variance is twice higher in the high-volatility
regime, while it is a bit less in the case of bonds. A model with identification of the
regimes in terms of bonds has also been estimated and the results are very similar. The
Markov chain is again run for 15000 simulations, burning the first 5000 to avoid the
effects of the initial conditions.?

The probability of the high-volatility regime is shown in figure 5.1 for the model
with predictable mean and in figure 5.2 for the model with unpredictable mean, jointly
with the NBER recession index. The regimes are similar and very persistent. The high-
volatility regime is roughly related to recessions until the end of the 70’s, but the figures

45The ratios of numerical efficiency in the estimation of the posterior means are near one in general.
There are some exceptions close to two.

30



show evidence of that regime since the end of the 70’s. It is mainly driven by the bond
volatility.

Tables 5.1.1. and 5.1.2 show the results for the model with predictable mean. As
it can be inferred from the previous graph, both transition probabilities are very high.
The switch is clear in the residual variances of stocks and specially bonds. The numbers
in the table increase roughly twice from one regime to the other in the case of stocks,
but they increase ten times in the case of bonds. Their residual covariance goes from an
undefined sign to a positive sign. The numbers corresponding to the residual covariance
of the dividend yield with stocks turn to be twice more negative in the high-volatility
regime, while with bonds go from an undefined sign to a negative one. The residual
covariance of the them premium and the bonds increases its bands and its mean and
median become ten times more negative in the high-volatility regime.

The intercepts and slopes are shown in table 5.1.2. There is not a clear evidence
of switching in any parameter. In the case of stocks, the results for the normal model
are closer to the high-volatility regime, while in the other regime the signs of the lagged
bond return and the term premium are not clear. In the case of bonds, the results
for the normal model are again closer to the high-volatility regime, while in the other
regime there are not clear signs. The equations of predictors do not change much with
respect to the normal case as it should be expected from the model, where there is not
switching in those coefficients.

Tables 5.2.1 and 5.2.2. show the results for the model without unpredictable mean.
Looking at the transition probabilities, both regimes are again very persistent. The
comments about the residual variance matrix are similar to the model with predictable
mean. The intercept of stocks is positive and similar to the normal model while the
sign for bonds is still undefined, but it shifts to the left now and both the mean and the
median are negative. The coefficients of the predictors do not change much with respect
to the normal case as it should be expected from the model.

5.2.2 Evaluation of Density Forecasts

The density forecasts of stocks are very similar to the normal model in the version
with predictable mean, figure 5.3. If the conditional mean is constant then the bands are
wider and the median is higher in general, depending on the widenings and contractions
of the bands. Recall that now there is a high volatility regime. The comparison between
the two versions of regime switching, predictable and unpredictable mean, is defined
by the same comments as in the normal model. Nevertheless, the unpredictable mean
model shows more time variation than in the normal or the Student-t cases since the
volatility changes over time. There is a series of widenings and contractions of the bands
until a final widening from the beginnig of the 80’s, being sharper for the 95% bands.

The histograms of the PIT for stocks are similar to the normal model, figures 5.5 and
5.7. Although now there is one bin on the left side that is clearly too high. Anyway, we
should trust more on Q-Q plots and they confirm the similarity with the normal model.
The correlograms of powers of the PIT are very similar the normal model too, figures
5.6 and 5.8. Therefore, switching does not help much with respect to the normal model
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in the case of stocks. But this is different with bonds.

There is a clear change in the density forecasts of bonds, figure 5.4. The predictable
mean version has wider 95% bands than the corresponding normal model, although the
50% bands are similar. With a constant conditional mean, the median is lower and
the 95 and 50% bands are wider, the latter a bit less, but there are lots of cuts with
the bands of the normal model. Comparing the two versions of regime switching, the
movements in the bands are similar, although they are not so sharp for the 50% bands
with unpredictable mean. The tendencey of the predictable model to give higher bands
still holds from the 80’s.

The histograms of the PIT for bonds seem to improve with respect to the normal
model, as both tails decrease, figures 5.9 and 5.11. Again, the left tail of the model with
predictable mean is higher than the model with unpredictable mean. But histograms
can be misleading and the Q-Q plots show that there is not a big difference with the
normal model in general terms. Anyway, the difference on the left tail between both
regime switching models is confirmed by these plots.

In terms of correlograms of powers of the demeaned PIT, figures 5.10 and 5.12,
the level and the third power show no correlation, similar to the normal model. But
now there is a clear improvement in terms of the second and forth powers. There is not
correlation in the square® of both switching models at any lag in terms of the Ljung-Box
test. About the forth power, there is not correlation in the model with predictable mean
while it only appears at long lags in the model with unpredictable mean. Therefore, in
terms of PIT dynamics, the switching model represents an improvement with respect
to the normal model. It has been stressed that there is not a direct relation between
the marginal and dynamic properties of the PITs and the returns, but in this case a
richer specification of the conditional variance of returns has killed the correlation in
the second and forth moments of the corresponding PIT.

To sum up, Markov-switching has improved only the performance in terms of the
PIT dynamics in second and forth moments. But there is no improvement with stocks.
Maybe the identification of a common regime is bad in terms of mixing outliers of both
returns or the transition probabilities should be modelled to track the business cycle.

6 Conclusions

This paper shows that the use of predictors, where predictors are taken as the state
variables that define the conditional mean of returns, produces different density forecasts
as they vary much more over time than in a model with unpredictable mean. This
translates into significant effects on portfolio choice as it is well known in the literature
on predictability. However, the development of out-of-sample checks gives some new
insights about predictors. Using a model with a time-varying conditional mean in the
computation of density forecasts does not improve the forecast evaluation and gives too
many realizations on the left tail of the density forecast with respect to a model with

" Neither in the absolute value of the demeaned PIT. Only the first lag is marginally significant in
the model with unpredictable mean.
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unpredictable mean. Predictors are too optimistic and, although in terms of density
evaluation this is as bad as too many realizations on the right tail, this can be a problem
if the investor is concerned about losses. Recall that losses are the main concern in Value-
at-Risk models. But this must be stated carefully since the data that has been used in
the paper ends in 1994. The boom in the stock market during the second half of the
90’s, which has decreased the predictive power of the dividend yield, may change this
conclusion. Anyway, this situation has been corrected in the last years.

Some conclusions can also be drawn in terms of the different models that are imple-
mented. Compared to the normal model, the Student-t does not improve the forecast
evaluation of bonds and stocks. The Markov-switching improves the forecast evaluation
of bonds, since it captures better the dynamics than the normal model. However, there
is no improvement for stocks with Markov-switching. This could be expected since the
correlation in the second moment is clearer for the bond series.

Specifically, the evaluation results for stocks have shown that the three models and
both versions of conditional means give a similar dynamic behaviour of the Probability
Integral Transform (PIT), with a clear failure in its second and forth moments. The
Q-Q plots of the PIT are similar among the models but different between each ver-
sion of the conditional mean. A predictable mean gives a Q-Q plot above the 45°line,
which indicates too many realizations on the left side of the density forecast, while an
unpredictable mean gives one very close to the diagonal.

On the other hand, the evaluation results for bonds reflect a bad performance of
all the models at the tails, with too many realizations on them. Anyway, a constant
conditional mean decreases the left tail of the PIT as in the case of stocks. In terms
of the dynamic behaviour of the PIT, there is no difference in using a time-varying or
constant conditional mean. However, the Markov-switching model kills the correlation
that is found in the second and forth moments with the normal and Student-t models.
It was noted in the paper that conclusions about dynamics in returns cannot be directly
drawn form the dynamics of the PIT, but this is an example where the correlation in
the second moment of the PIT has been solved by means of a richer specification of the
volatility of returns. This may suggest that stochastic volatility could be introduced to
solve the correlation in the square of the PIT of stocks since Markov-switching did not
help on this dimension.

Future avenues of research are described in the following paragraphs. First, the data
should be expanded to the second half of the 90’s and other countries?’. Second, in
terms of the Bayesian framework, Bayes factors can be computed as they represent the
standard way of Bayesian comparison of models. This would give quantitative results
instead of the qualitative ones that have been explained.

Finally, in terms of the models that have been implemented, the fat tails model with
Student-t may be used with different degrees of freedom for each return and /or combined
with nonlinear dynamics.*®* The models with nonlinear dynamics, say time-varying

4TIn this direction, differnt types of stocks could also be studied, say growth and value stocks. In
addition, housing and labor income could be introduced.

"8 The Student-t is usually found as the distribution of the innovation in GARCH or stochastic volatility
models.
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volatility, can be expanded in two ways. The regime switching model in this paper
could be enriched with time-varying transition probabilities to track the business cycle
instead of outliers. For instance, Pérez-Quirés and Timmermann (2000a and 2000b)
introduce this variation as dependence of the transition probabilities on the composite
leading indicator, as a variable that measures the state of the economy. Generally, a
model with constant transition probabilities track low and high volatility states as in this
paper. After an outlier is observed, the model usually assigns that observation to the
high volatility regime and this may decrease its predictive power. Another approach may
be the introduction of stochastic volatility given that the time dependence in the PIT
of the bonds has disappeared by means of regime switching but this has not happened
with stocks. Recent papers on stochastic volatility are Aguilar and West (2000) and
Chib, Nardari and Shephard (2001).%"

It can be seen that the development of a joint model of stocks and bonds is a difficult
task, but it is the necessary object for portfolio management, and this paper has tried
to shed some light on the directions to follow.

9 They use a factor structure to deal with multivariate models.
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Appendix

A Gibbs Samplers
The Gibbs samplers that have been used to approximate the posterior distributions

for the different models are developed in the following pages. The conditional posteriors
of the blocks of parameters on which the Gibbs sampler iterates are described.

A.1 Normal VAR

e Sampling yo:
Its conditional posterior follows from

p(yo|y",0) <p(yo)p(y1|0,v0),

which gives
ol (y".0) ~ N (1,5)
L=y [E_l,u +B'S (i - a)}
) 1
5= [21 + B’ElB} :
e Sampling (011, ¢, P):

We can define a block 0g = (011, ¢, P) and given that we can write

Upy url,t
uw=y—(IN®@z)T = ( " ) = Ury t
Ug t
Ug t
Upy t id 0 oci1 0 O
Upy,t — Ylry ¢t NN 01, 0 ¢ O ,
ua:,t - Fur,t 0 0 0 &

conditioning on the rest of parameters and the data, each element of the block can be
sampled independently of the others. The variance of the first return is sampled as

o | (y",y0,025) ~ IG (ay, By)

T - ulu
m=at o, ﬁ1:51+mea

the residual variance of the second returns as
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o1 (y",y0,025) ~ IG (a2, By)
T iy, U
=02+, 52:@"‘272

Upy = Upy — YUry,

and finally the residual variance of the predictors as

@ | (y",y0,0.5) ~ IW (,5)
p=v+T, 5= {Sl +U;U4l
Uy =U, — U, T
e Sampling (v,I):
Defining 0 = (,I"), we can use the same idea of independence and focus on

Upgt — YUrq t d N 0 ¢ 0
Ug,t — Fur,t 0 ’ 0 & ’

conditioning on the rest of parameters and the data. The coefficient of the projection
of the second return is drawn from

vy | (yTay07‘97éG) ~N ('77*7]-:‘7')

Vr = T, {1:1’7 + ¢1u;~1ur2:|

-1
Fr = |:Fr1 + ¢1u;1uT1:| )

while the matrix of the projection of the predictors is sampled from

vece (F,) | (yTayaniG) ~ N (7}/93,]_:“%)

Y, =T [Fx_lvx + vec [U;Ux(b_l]}

-1
T, = P}1+(®1®(HUJ} :

e Sampling m:
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Since the likelihood implies the following kernel for 7
exp 1 (y - Z7T>IV71 (y - Zﬂ') X exp 1 (r—#) Z'V1Z(x —7)
2 2
. N
= (Z’V‘1Z> (Z’v—ly) L vil=xlel

we can sample it as

| (yT7y079;é7r) ~ TNz|<1) (7,C)
7=C [(_]17_T + Z’Vly]
_ 5 5 —1
C = [Cl + Z’Vlz]

Of course, this is only a compact way of expressing the terms, because the dimension
of V1 would make it infeasible. In the case of predictability, Z, = Z,, the computations
are easier as in a SURE where the right hand variables are the same in all equations.

A.2 Fat Tails: Student-t
e Sampling (y,gT):
The block (V, §T) can be decomposed as

p (V7£T | yT7y079751/) =P (V ‘ yT7y07975U)p (gT | yTay()ve)

because it turns out that it is better to integrate out ¢ when sampling v. See Chib,
Nardari and Shephard (2001b).

Since
Fe o (8) (5 4)
Ugt — Fur,t 0 0 ®

conditioning on the rest of parameters and the data, only u,; gives information about v

v—2

Uyt = t (07 Y V)

and it can be drawn from

p(v=m|y",v0,04) < Tmp (y" | yo,04,v=m)
m+2

T
I (232) 1 - | i
Ocpm[ vy | (L e )

t=1
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where I"(+) is the gamma function. After that, we can see that the conditional distrib-
ution of the series of chi-squares is given by

p (€ 1 y",y0,0) ocp (€7 10)p(y" |6,¢7)

5 (v/2)-1 1 1 1
<L e (56 ) e oo (56|
t=1

1
I oy—1
Uy 20 Up g
V_2 T,t )

qt =

and each one can be sampled as

1 1
&1 (7.0)~ G (5 +2.50+a)
independently of the rest.
e Sampling yo:

Recalling the definition of ¥* in the paper, the conditional distribution of interest is
proportional to

e {3 (=) = (=) bew {5 0= By (=) (-0 B}

and therefore we can sample from

Yo | (yT7€T79) ~ N (laa 2)

p= S5 B ) - 0)

e Sampling (011, ¢, P):

Again, we can sample the block 0g = (011, ¢, ®) as three independent pieces. Defin-

ing
* _ gt * _ gt
url,t - \/ U 2u7‘17t> u?“g,t - \/ v _ 2u1"27t

we can return to a similar structure to the normal model,

U, 4 id 0 cinr 0 O
up, =y | N 0], 0 ¢ 0 ,
Ug,t — Fur,t 0 0 0O ¢
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conditioning on the rest of parameters and the data. Therefore, we can sample
011 ‘ (yT7 Yo, §T7 Q#S) ~1G (ah Bl)

!
T _ uk ) uk
=+ 3=+ UL

and

¢ | (yTvaaETve#S) ~1G (a‘QvBQ)

T - ar ) ar
G2 =at g, 52252+%

~k % *
u7'2 - uT‘Q - ’.Yurla

while the last variance does not need any adjustment in the residuals,

@[ (y",y0,&",025) ~ IW (v, 5)
v=v+T, 5= [51 +U;Ux}1
U, =U, - U,I".
e Sampling (v,T):

Defining g = (v,T"), we can use the previous adjusted residuals and write

U:Q,t - fyu;k'l,t %i N 0 (;5 0
Ug,t — F’U,T,t 0 ’ 0 & ’

conditioning on the rest of parameters and the data. Therefore, similar to the previous
model,

Y | (yTa y07£Ta e;éG) ~ N (’77'71?7’)
-1
f‘r - |:Fr_1 + ¢_1 (U:l)lu;1:| ,
and
vee (I') | (4", 90,€".026) ~ N (3, Tx)

3, =T% [lefya, + vec [U;Uxtl)l]}

-1
T, = P}‘1+(®‘1®(KUJ} :
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e Sampling 7:
The original system
r=Iy®Z)m + uy
=l @ Zy) Ty + uy
can be transformed as it has been shown in the previous draws into
r*=(lL®Z) T +u,
x= Iy ® Zy) Ty + uy

< Urt > ~ N (0,%)

Ug,t

to return to a normal model. Note that only the equations of the returns need to be

adjusted
gt ft
Tf:\/V_QTt, Zop = ST

This is a SURE with different variables even in the case of predictability in the
conditional mean. Then, defining

e (7 s_(DBezZ 0
vy=\z ) - 0 L®Z,

we can finally draw from

7| (4", 0, €7, 04x) ~ TNz pj<1) (7, C)

7=C [glf + (Z*)I Vly*}
C = [(_71 + (Z*)lvlé*} 71.

A.3 Nonlinear Dynamics: Markov-switching
e Sampling s

The sample regimes are drawn following Carter and Khon (1994) who advocate the
use of a multimove sampler instead of a singlemove one since it is more efficient and the
convergence is faster. The required distribution is

T-1
p(s" 1y",y0,50) o<p (s | 4", w0, 50) [] p (St | yT,yo,SO,{Sj}JT:tH)
t=1
T-1
=p (ST | yTaymSo) H p (St \ yt,y0,80,8t+1)
t=1

p (St =7l yt,y0,8078t+1) xXp (St =7l yt,yO,SO)p(8t+1 | st =7)
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where, for ease of notation, 6 has been suppressed from all the conditioning sets.

To implement that sampler, the filter developed by Hamilton (1989) must be run
before. The inference about the unobserved regime can be computed for given parameter
values by iterations , t =1,...,T, on the system

p(se|y™) =p(se|s—1)p(se—1 | ')
p(sely)ocp(se |y ") p(ye | se.y'™)

where we are conditioning on (yo, s9) and . Finally, it is easy to sample from sz to s;
given the previous computed probabilities.

e Sampling so:

To sample the regime in t = 0 is easy since we condition on the rest of regimes

p(50:j|yTay078T79) :p(50:j|8179)
xp(so=7|0)p(s1]0,s0=7)xpjp(s1]0 s0=7).

e Sampling (poo, p11):
Defining the block 0p = (pgo, p11), the sampler of probabilities is based on
p(0p | y" yo. 50,57 ,02p) =p (0p | 50,87) <p(Op)p (s’ | Op,s0) -

For instance, in the case of pgg, the kernel is

npo—1 P

0 01—1 _
Poo (L—poo) = pps (1 —poo) "

where n;; is the number of transitions from s; =i to s¢1 = j.
Therefore,.we can draw it from

T T -
poo | (¥, 90,50, 8" ,0.p) ~ B (figo, 7io1)
npo = noo + oo, No1 = no1 + No1

By a similar argument,

P11 | (yT,ymSo,ST,@;sP) ~ B (711, 710)

n11 = N11 +N11, N0 = N1o + N1o-

e Sampling yo:
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Noting that

p(yo|y",s0,5",0) =p(yo|y1,s1.0) ccp(yo | 0)p(yr|0,s1,90)

then for s; = j,

Yo | (yTvsoaSTaQ) ~ N (,ZL, S)

L=% [Zl,u + B;E;l (y1 — aj)]
_ -1
5= {21 + B',zrlBj] :

_ i J

o Sampling (09y,¢", ¢', ®):

For the variance, we can get independence again in the sampling of the block g =
(01170,¢0,¢1,¢'), now between o9, (¢0,q§1), and ®. The distribution of u;; given s”
can be decomposed as

um’t iid 0 Ull,st O 0
Urg,t = Vg Urt | ~ N 0/, 0 ¢, 0 :
um,t — Funt 0 0 0 P

conditioning on the rest of parameters and the data. Given that

'U/T’l,t ~ N (07 Ull,st)
o116, = 09 (14 hysy)

0'%1 = O-(l)lila B >1

it is easy to see that
U
i, = =N (0,09))

1t V1+ hysg

Therefore,

U(l)l ‘ (yT7y0a807 STae;ﬁS) ~1G (@107310)

* / *

T
Q10 = a0 + 7, B10 = B1o + 9

2

The residual variance of the second return needs the division of the sample by means

of the regime variable s; = 0 and 1. We can split the sample in (YO,ZO, UO) and

(Yl, Z1, Ul), where U/ = Y7 — ZJTI7. This splits the information from the likelihood

for the parameters in each regime. If all the realizations of the regimes are equal in a

particular iteration, the parameters for the other regime are sampled directly from the
posterior.
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¢J ‘ (yTay()aSOaSTae#S) ~1G (a2]7/82])

. !/ .
T - (ui"’) s
Qgj = ag; + 5 52j=52j+T
~7 o d A
U7.2 = U7.2 ’Y U7.1 .

On the other hand, the draw of the residual variance of the predictors uses the whole
sample
® | (y",y0,50,5",045) ~ IW (7, 5)
v=v+T, §= {S‘l +U;ny1
Uy =U, — U, I
e Sampling h:

By similar arguments as in the sampling of 0¥, , conditioning on the rest of prameters,

Urq t

Kk T1,

Upy = o=~ N (0,14 hysy),
011

with 1 4 hi1s; equal to 1 or h. Then, we can draw from

h(y" y0, 50,87, 05) ~ TIGI(7L>1) (au1, B11)

*k ! kk
( Upy 1 ) Uy 1

_ 11
a1 = a1+ —, 511—511+ 5 ;

2

where T} is the number of observations such that s; = 1 and u;7; ; is the corresponding
part of uy¥. If s; = 0 for every ¢ in a particular iteration of the Gibbs sampler then we
would sample directly from the prior.

e Sampling (fyo, v, F):

Defining 05 = (fyo, v, I‘), the coefficient of the projection of the second return relies
also on the division of the sample as seen for ((bo, (bl) and is drawn from

T ("m0, 026) ~ N (34> Lrj)

T, {r byt () 1(ug;1)’ug;2]
[ G ) )]
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while the matrix of the projection of the predictors is drawn from the whole sample

vec (T) | (yT’yo’e;éG) ~ N (35, T2)

Ny = T4 [Fz_l% —+ vec [U;qu)_l]}

-1
[, = {Fﬁl +(@'® U,/,Ur)} .

Anyway, note that U, must be computed with the switching given by s”.
e Sampling

Since the likelihood can be decomposed for 7 as

exp {5 (1 = 27) (V) (4 = 27) bexo {5 (o = 2'w) (1) (v - 2'w)}.

we have something like two different SURE systems and the sampling is

7| (¥", 90,50, 8", 02x) ~ TNz poj<1,5<1) (7: C)
PRy [917_T+ (Zo)' (VO)—lyO I <21>’ (Vl)_l y1:|

o [gl w2 )2 (2) ) 21]

B Tables

Table 2.1: Descriptive statistics of excess returns in monthly percentage
Stocks  Bonds
Mean 0.480 0.047
Median 0.721 —0.053
Maximum 15.007 9.081
Mintmum —24.751 —7.182
S.D. 4.169 1.721
Skewness  —0.549 0.248
Kurtosis 5.900 6.998
Jarque — Bera  197.111 332.808
(0.000)  (0.000)
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The priors used for tables 3.1.1 and 3.1.2 are

Yo ~ N (04, I4)
o1 ~IG(3,30), &~IG(3,3), ®~IW (5 L)
v~ N(0,0.25), wvec(I') ~ N (04,0.2514)
7 ~ T Nz( ) <1) (020, I20)

which translates into the following prior of X,

Table 3.1.0: Prior of &
Mean SD Median 95% Bands

vech (¥X) 15.115 15.553 11.187 4.190 47.798
0.067 11.369 0.025 —18.998 18.172

5.286  9.077 2.919 0.648 23.189

0.057 12.298 0.007 —20.042 21.427

—-0.034 7190 -0.010 -12.085 11.061

5.577 11.305 2.481 0.278  28.343

0.247 11.264 —0.013 —-19.645 21.560

0.011 7.010 -0.023 -—-11.719 12.075

—-0.021  6.524 —0.010 —-11.291 11.631

5.437  9.963 2.405 0.290 28.326

!/

Where ’uech (E) = (0'11, 021,022, ..., 0N1,0ON2, ...,UNN)
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Table 3.1.1: Posterior - Normal model and predictable mean

Mean SD Median 95% Bands

i) 0.212 0.992 0.216 —1.692 2.161
0.168 0.984 0.164 —1.756 2.070

5.613 0.111 5.612 5.396 5.832

0.811 0.599 0.817 —-0.373 1.977

vech (X) 16.474 1.049 16.431 14.559 18.615
1.294 0.319 1.288 0.688 1.930

2.853 0.182 2.844 2.518 3.231
—0.638 0.045 —0.637 —0.730 —0.556
—0.049 0.015 —0.049 -0.078 —0.021
0.035 0.002 0.035 0.031 0.040
—0.224 0.116 —0.222 —-0.456 —0.001
—0.072 0.049 —0.072 —-0.168 0.022
0.006 0.005 0.006 —0.005 0.016

0.393 0.025 0.392 0.347 0.445

where Uech (E) = (0‘11,0‘21,0‘22, ...,O’Nl,O'NQ,...,O'NN)

Table 3.1.2: Posterior - Normal model and predictable mean

!/

Mean SD Median 95% Bands

m —1.591 0.680 —1.595 —2.940 —0.245
0.003 0.045 0.003 —0.085 0.090

0.324 0.109 0.323 0.114 0.539

0.393 0.170 0.394 0.061 0.730

0.494 0.153 0.493 0.195 0.791

m  —0.277 0.363 —0.279 —0.968 0.444
—0.059 0.019 —0.059 —-0.096 —0.021
0.107 0.045 0.107 0.016 0.196

0.031 0.089 0.031 —-0.143 0.202

0.196 0.065 0.196 0.069 0.322

T3 0.111 0.035 0.111 0.043 0.179
0.039 0.002 0.039 0.035 0.043
—0.010 0.005 —0.010 —-0.020 0.000
0.972 0.009 0.972 0.955 0.989
—0.024 0.007 —-0.024 —-0.038 —0.010

T4 0.198 0.146 0.200 —0.087 0.483
—0.014 0.007 —-0.014 —-0.028 —0.001
0.093 0.017 0.093 0.060 0.126

0.000 0.035 0.000 —0.069 0.069

0.839 0.024 0.839 0.793 0.887
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The priors for tables 3.2.1 and 3.2.2 are

yo ~ N (04, 14)
o1 ~I1G(3,30), é~IG(3,3), ®~IW (5 D)
v~ N(0,0.25), wvec(I') ~ N (04,0.2514)
7 ~ TNz B|<1) (012, [12)

which translate into the same prior of ¥ as in table 3.1.0.

Table 3.2.1: Posterior - Normal model and unpredictable mean
Mean  SD Median 95% Bands
20 0.210 1.000 0.210 —-1.736 2.215
0.105 0.995 0.114 —-1.878 2.011
5.613 0.111 5.614 5.396 5.824
0.765 0.601 0.772 —0.434 1.922
vech (¥) 17.366 1.101 17.328 15.343 19.616
1.536 0.334 1.532 0.883 2.203
2.960 0.187 2.954 2.610 3.348
—-0.672 0.047 —0.671 —-0.771 —0.586
—0.058 0.015 —0.058 —0.089 —0.028
0.037 0.002 0.036 0.032 0.041
—0.240 0.124 —0.239 —0.485 0.002
—0.076 0.0560 —0.076 —0.176 0.022
0.006 0.006 0.006 —0.005 0.018
0.394 0.025 0.393 0.347 0.446

!/

where vech (E) = (0‘11,0‘21,0‘22, ...,O’Nl,O'NQ,...,O'NN)

Table 3.2.2: Posterior - Normal model and unpredictable mean

Mean  SD Median 95%  Bands

T 0.462 0.183 0.462 0.100 0.823
T 0.045 0.076 0.045 —0.104 0.195
T3 0.031 0.024 0.031 -0.014 0.079
0.039 0.001 0.039 0.037 0.042

0.002 0.003 0.002 —0.003 0.008

0.987 0.006 0.988 0.976 0.998
—0.005 0.004 —0.006 —0.013 0.003

T4 0.169 0.146 0.168 —0.117 0.452
—0.015 0.007 —0.015 —0.030 —0.002
0.099 0.017 0.099 0.065 0.133

0.005 0.035 0.005 —0.064 0.073

0.849 0.025 0.848 0.800 0.897
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The priors used in tables 4.1.1, 4.1.2 and 4.1.3 are

Yo ~ N (04, I4)
o1 ~IG(3,30), &~IG(3,3), ®~IW (5 L)
v~ N(0,0.25), wvec(I') ~ N (04,0.2514)
7 ~ T Nz( ) <1) (020, I20)

which translate into the same prior of ¥ as in table 3.1.0, plus a prior on v that is
shown in table 4.1.1.

Table 4.1.1: Degrees of freedom - Student-t model and predictable mean
v Prior Posterior

4 0.125 0.232
6 0.125 0.231
8 0.125 0.164
10 0.125 0.000
15 0.125 0.001
20  0.125 0.030
30 0.125 0.223
60 0.125 0.118
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Table 4.1.2: Posterior - Student-t model and predictable mean

Mean SD Median 95% Bands

Yo 0.199 1.005 0.193 —1.768 2.171
0.220 0.987 0.226 —1.720 2.153

5.638 0.120 5.636 5.407 5.878

0.841 0.597 0.842 —-0.334 2.006

vech (X) 16.732 1.726 16.454 13.965 20.744
1.339 0.340 1.332 0.697 2.038

2.610 0.220 2.600 2.208 3.074
—0.648 0.070 —0.638 —0.809 —0.535
—0.051 0.015 —0.051 —-0.082 —0.023
0.036 0.003 0.035 0.031 0.043
—0.230 0.118 —0.227 —-0.473 —0.005
—0.067 0.044 —0.067 —0.156 0.017
0.006 0.005 0.006 —0.005 0.017

0.393 0.025 0.392 0.347 0.446

where Uech (E) = (0‘11,0‘21,0‘22, ...,O’Nl,O'NQ,...,O'NN)

Table 4.1.3: Posterior - Student-t model and predictable mean

!/

Mean SD Median 95% Bands

m —1.602 0.645 —1.600 —2.849 —-0.324
—0.009 0.045 —0.009 —0.098 0.082
0.304 0.108 0.303 0.096 0.519

0.413 0.162 0.414 0.092 0.720

0.473 0.146 0.471 0.189 0.759

m  —0.272 0.329 —0.269 —-0.921 0.372
—0.046 0.019 —0.046 —0.083 —0.011
0.112 0.045 0.112 0.024 0.200

0.018 0.082 0.017 —-0.142 0.180

0.211 0.062 0.211 0.091 0.330

T3 0.118 0.035 0.119 0.049 0.188
0.040 0.002 0.040 0.036 0.044
—0.010 0.005 —0.010 -0.020 —-0.001
0.970 0.009 0.970 0.953 0.987
—0.023 0.007 —0.023 —0.037 —0.009

T4 0.200 0.145 0.203 —0.086 0.481
—0.014 0.007 —-0.014 —-0.028 —0.001
0.093 0.017 0.093 0.060 0.126

0.000 0.035 —0.001 —-0.067 0.069

0.839 0.024 0.839 0.790 0.886
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The priors used in tables 4.2.1, 4.2.2, and 4.2.3 are

Yo ~ N (04, I4)
o1 ~I1G(3,30), é~IG(3,3), ®~IW (5 D)
v~ N(0,0.25), wvec(I') ~ N (04,0.2514)
7 ~ T Nz(B|<1) (012, [12)

which translate into the same prior of ¥ as in table 3.1.0, plus a prior on v that is
shown in table 4.2.1.

Table 4.2.1: Degrees of freedom - Student-t model and unpredictable mean
v Prior Posterior

4 0.125 0.249
6 0.125 0.259
8 0.125 0.079
10 0.125 0.000
15 0.125 0.002
20 0.125 0.043
30 0.125 0.255
60 0.125 0.114
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Table 4.2.2: Posterior - Student-t model and unpredictable mean
Mean  SD Median 95% Bands
Yo 0.192 1.009 0.196 —1.813 2.137
0.100 0.985 0.088 —1.818 2.018
5.640 0.122 5.638 5.403 5.883
0.766 0.597 0.769 —0.422 1.930
vech (¥X) 17.519 1.761 17.260 14.751 21.539
1.569 0.358 1.556 0.905 2.302
2.712  0.220 2.700 2.321 3.184
—-0.675 0.071 —0.666 —0.838 —0.561
—0.059 0.016 —0.059 —0.091 —0.030
0.037 0.003 0.036 0.031 0.044
—0.242 0.125 —-0.239 —-0.497 —0.004
—0.072 0.046 —0.071 —0.163 0.017
0.006 0.006 0.006 —0.005 0.018
0.394 0.025 0.392 0.348 0.447

!/

Where Uech (E) = (0‘11,0‘21,0‘22, ...,O’Nl,O'NQ,...,O'NN)

Table 4.2.3: Posterior - Student-t model and unpredictable mean

Mean  SD Median 95% Bands

T 0.497 0.170 0.498 0.157 0.830
T 0.021 0.070 0.022 —0.113 0.160
T3 0.038 0.026 0.037 —0.012 0.089
0.040 0.001 0.040 0.037 0.042

0.000 0.003 0.000 —0.006 0.006

0.986 0.006 0.987 0.974 0.998
—0.006 0.004 —0.006 —-0.014 0.003

Ty 0.170 0.145 0.172 —-0.111 0.456
—-0.015 0.007 —0.015 —0.029 —0.002
0.098 0.017 0.098 0.065 0.131

0.005 0.035 0.004 —0.065 0.074

0.849 0.024 0.848 0.800 0.897
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The priors used for tables 5.1.1 and 5.1.2 are

o9 ~ IG (3,20),

7% ~ N (0,0.25),

which translate into the following prior of 0 and X!

so ~ Bernoulli (0.5)

Poo NB(lal)v

Yo ~ N (04, I4)
o' ~1G (3,3),
h o~ TIGy(51) (3,4)

¢° ~ IG (3,3),

7% ~ N (0,0.25),

pu ~ B(1,1)

™ ~ TN (Boj<1, 51 <1) (030, L30)

Table 5.1.0: Prior of X% and 2!

&~ IW (5,15)

vec (') ~ N (04,0.2514)

Mean SD  Median 95% Bands
vech (%) 10.052  14.096 7.452 2.733  32.156
—0.108  6.441  —0.037 —12.498 12.335
3.861  4.761 2.383  0.614 15.843
—-0.025  7.401 —0.004 —13.995 13.701
0.026 4.395  0.016 —8.071  8.404
3.981  6.784 1973  0.261 19.778
—0.044  7.399 —0.062 —14.553 14.278
—0.002  4.431 0.004 —7.940  8.061
—0.007  4.247  —0.012 -7.975  7.844
4.041 6554  2.002  0.264 21.349
vech (1) 23.673 34.725  14.535 4.034  98.650
0.047 20.204  0.019 —31.841 32.506
7441 17440 3289  0.665 37.803
—0.140 20.855 —0.056 —37.105 35.365
0.127 12.829  0.011 -18.235 17.768
8.247 19.013  3.009  0.291 47.908
0.175 22.043 —0.056 —36.131 37.315
—-0.213 13409  0.013 —19.578 18.344
—0.036 12.587  0.007 —18.793 18.431
8.427 19.811 3.090  0.301 49.264

where vech (X) = (011, 021, 022,

o6

«+sON1,ON2, '-~7UNN)
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Table 5.1.1: Posterior - Markov-switching model and predictable mean
Mean  SD Median 95%  Bands
S0 0.218 0.413 0.000 0.000 1.000
Doo 0.927 0.026 0.929 0.868 0.969
p11 0.946 0.025 0.951 0.885 0.982
Yo 0.180 0.994 0.172 —1.778 2.122
0.196 0.998 0.203 —1.776 2.142
5.611 0.111 5.612 5.397 5.830
0.850 0.596 0.848 —0.324 2.029
vech (%) 10980 1.340  10.885 8579 13.845
—-0.026 0.208 —0.033 —-0.415 0.394
0.480 0.093 0.467 0.348 0.687
—0.426 0.0b3 —0.423 —-0.542 —0.332
0.001 0.008 0.002 —0.015 0.016
0.027 0.002 0.027 0.023 0.032
—0.131 0.080 —-0.129 —-0.291 0.024
—0.009 0.009 —0.009 —0.028 0.008
0.002 0.004 0.002 —0.006 0.010
0.390 0.025 0.389 0.344 0.441
vech (X')  20.725 2.075  20.551 17.219  25.152
2.300 0.628 2.267 1.150 3.597
4.562 0.507 4.513 3.761 5.637
—-0.803 0.084 —0.796 —0.980 —0.660
—0.087 0.027 —0.086 —0.143 —0.036
0.042 0.004 0.041 0.035 0.049
—-0.294 0.150 —0.292 —-0.602 —0.006
-0.119 0.078 —0.117 —-0.280 0.028
0.008 0.006 0.008 —0.004 0.021
0.396 0.026 0.395 0.348 0.448

!/

where vech (E) = (0'11, 021,022,...,0N1,0N2, ...,(TNN)
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Table 5.1.2: Posterior - Markov-switching model and predictable mean

Mean  SD Median 95% Bands

) —1564 0.682 —1.573 —2.876 —0.218
—0.042 0.059 —0.042 —-0.161 0.073
0.235 0.237 0.228 —0.211 0.718

0.456 0.182 0.456 0.086 0.808

0.416 0.244 0.415 —0.053 0.902

79 —0.181 0.265 —0.186 —0.678 0.354
—0.014 0.016 —0.014 —0.045 0.017
0.056 0.090 0.0563 —0.114 0.243
—0.007 0.074 —0.005 —0.157 0.131
0.134 0.100 0.131 —0.051 0.337

T3 0.114 0.035 0.113 0.046 0.183
0.039 0.002 0.039 0.034 0.043
—0.010 0.005 —0.010 —0.021 0.000
0.970 0.009 0.970 0.953 0.986
—0.023 0.007 —0.023 —0.037 —0.008

Ty 0.188 0.145 0.190 —0.097 0.472
—0.015 0.007 —0.015 —0.028 —0.001
0.093 0.017 0.093 0.059 0.126

0.002 0.035 0.002 —0.066 0.071

0.840 0.024 0.840 0.792 0.888

71 —1.675 0.850 —1.678 —3.332 —0.004
0.051 0.053 0.0561 —0.053 0.157

0.330 0.122 0.331 0.090 0.569

0.446 0.206 0.444 0.040 0.844

0.469 0.174 0.470 0.130 0.804

s —0.166 0.560 —0.166 —1.242 0.943
—0.070 0.029 —-0.069 —-0.126 —-0.014
0.118 0.062 0.118 —0.003 0.240

0.031 0.132 0.030 —0.229 0.290

0.191 0.092 0.190 0.010 0.371
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The prior for tables 5.2.1 and 5.2.2 are

so ~ Bernoulli (0.5)
poo ~ B(1,1), pu~B(1,1)
Yo ~ N (04, I)
o ~1G(3,20), ¢°~1IG(3,3), &' ~IG(3,3), ,®~IW (5 1)
h~ TIG 51y (3,4)
7~ N(0,0.25), 4°~N(0,0.25), wvec(I') ~ N (04,0.251)
™~ T'Ng(|B|<1) (012, T12)

which translate into the same prior of X° and X! as in table 5.1.0.
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Table 5.2.1: Posterior - Markov-switching model and unpredictable mean
Mean  SD Median 95%  Bands
S0 0.141 0.348 0.000 0.000 1.000
Doo 0.937 0.023 0.939 0.884 0.974
p11 0.959 0.020 0.962 0.911 0.986
Yo 0.212  0.996 0.214 —1.733 2.154
0.120 0.991 0.111 —1.786 2.080
5.611 0.110 5.611 5.394 5.830
0.766 0.596 0.771 —0.407 1.935
vech (%) 11.489 1.315  11.398  9.107  14.277
—0.041 0.193 —0.042 -0.418 0.340
0.450 0.068 0.442 0.343 0.606
—0.445 0.0b3 —0.442 —-0.557 —0.351
0.002 0.008 0.002 —0.013 0.016
0.028 0.002 0.028 0.024 0.033
—-0.139 0.083 —0.137 -0.307 0.018
—0.008 0.008 —0.008 —0.025 0.008
0.002 0.004 0.002 —0.006 0.011
0.390 0.025 0.389 0.345 0.443
vech (X')  21.331 1.928  21.158 18.017  25.450
2.555 0.609 2.533 1.412 3.805
4.612 0.439 4.571 3.852 5.587
—-0.826 0.079 —0.820 —-0.994 —-0.691
—0.098 0.027 —0.097 —-0.153 —0.048
0.043 0.004 0.042 0.036 0.050
—0.308 0.152 —0.308 —-0.611 —0.019
-0.119 0.078 —0.119 -0.277 0.031
0.009 0.007 0.009 —0.004 0.022
0.396 0.026 0.395 0.350 0.450

!/

where vech (E) = (0'11, 021,022,...,0N1,0N2, ...,(TNN)
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Table 5.2.2: Posterior - Markov-switching model and unpredictable mean

Mean  SD Median 95% Bands

T 0.490 0.179 0.492 0.138 0.844
ma  —0.049 0.050 —0.050 —0.148 0.052
T3 0.030 0.024 0.029 —0.016 0.079
0.039 0.001 0.039 0.037 0.042

0.002 0.003 0.002 —0.003 0.008

0.988 0.006 0.988 0.976 0.998
—0.005 0.004 —0.005 -—0.013 0.003

T4 0.167 0.148 0.167 —0.124 0.452
—0.015 0.007 —0.015 —-0.029 —0.002
0.099 0.017 0.099 0.066 0.132

0.006 0.036 0.006 —0.064 0.076

0.849 0.024 0.849 0.800 0.896
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Figure 2.1: Excess stock returns in monthly percentage.
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Figure 2.2: Correlograms of powers of the demeaned excess stock returns. The top left
figure corrresponds to the level, the top right figure corrresponds to the square, the
bottom left figure corrresponds to the third power, and the bottom right figure
corrresponds to the forth power.
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Figure 2.3: Excess bond returns in monthly percentage.
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Figure 2.4: Correlograms of powers of the demeaned excess bond returns. The top left
figure corrresponds to the level, the top right figure corrresponds to the square, the
bottom left figure corrresponds to the third power, and the bottom right figure
corrresponds to the forth power.
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Figure 2.5: Dividend yield in percentage.
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Figure 2.6: Term premium in annualized percentage.
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Figure 3.1: Density forecasts of excess stock returns from the normal model. The solid
lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the dashed line
is the corresponding realization. The figure on the left corresponds to the model with
predictable mean, while the figure on the right corresponds to the model with
unpredictable mean.
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Figure 3.2: Density forecasts of excess bond returns from the normal model. The solid
lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the dashed line
is the corresponding realization. The figure on the left corresponds to the model with
predictable mean, while the figure on the right corresponds to the model with
unpredictable mean
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Figure 3.3: Histogram and Q-Q plot of the PIT for excess stock returns from the
normal model with predictable mean.
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Figure 3.4: Correlograms of powers of the demeaned PIT for excess stock returns from

the normal model with predictable mean. The top left figure corrresponds to the level,

the top right figure corrresponds to the square, the bottom left figure corrresponds to
the third power, and the bottom right figure corrresponds to the forth power.

66



30 4

0.8

0.6

0.4

0.2

0.0 0.2 0.4 0.6 0.8

0

0 0.2 0.4 0.6 0.8 1

Figure 3.5: Histogram and Q-Q plot of the PIT for excess stock returns from the
normal model with unpredictable mean.
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Figure 3.6: Correlograms of powers of the demeaned PIT for excess stock returns from
the normal model with unpredictable mean. The top left figure corrresponds to the
level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth
power.
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Figure 3.7: Histogram and Q-Q plot of the PIT for excess bond returns from the
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Figure 3.8: Correlograms of powers of the demeaned PIT for excess bond returns from

the normal model with predictable mean. The top left figure corrresponds to the level,

the top right figure corrresponds to the square, the bottom left figure corrresponds to
the third power, and the bottom right figure corrresponds to the forth power.
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Figure 3.9: Histogram and Q-Q plot of the PIT for excess bond returns from the
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Figure 3.10: Correlograms of powers of the demeaned PIT for excess bond returns
form the normal model with unpredictable mean. The top left figure corrresponds to
the level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth

normal model with unpredictable mean.
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Figure 4.1: Density forecasts of excess stock returns from the Student-t model. The
solid lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the
dashed line is the corresponding realization. The figure on the left corresponds to the
model with predictable mean, while the figure on the right corresponds to the model
with unpredictable mean.
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Figure 4.2: Density forecasts of excess bond returns from the Student-t model. The
solid lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the
dashed line is the corresponding realization. The figure on the left corresponds to the
model with predictable mean, while the figure on the right corresponds to the model
with unpredictable mean.
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Figure 4.3: Histogram and Q-Q plot of the PIT for excess stock returns from the
Student-t model with predictable mean.
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Figure 4.4: Correlograms of powers of the demeaned PIT for excess stock returns from
the Student-t model with predictable mean. The top left figure corrresponds to the
level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth
power.
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Figure 4.5: Histogram and Q-Q plot of the PIT for excess stock returns from the
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Figure 4.6: Correlograms of powers of the demeaned PIT for excess stock returns form
the Student-t model with unpredictable mean. The top left figure corrresponds to the
level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth
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Student-t model with unpredictable mean.
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Figure 4.7: Histogram and Q-Q plot of the PIT for excess bond returns from the
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Figure 4.8: Correlograms of powers of the demeaned PIT for excess bond returns from
the Student-t model with predictable mean. The top left figure corrresponds to the
level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth
power.
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Figure 4.9: Histogram and Q-Q plot of the PIT for excess bond returns from the
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Figure 4.10: Correlograms of powers of the demeaned PIT for excess bond returns
from the Student-t model with unpredictable mean. The top left figure corrresponds to
the level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth

Student-t model with unpredictable mean.
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Figure 5.1: Probability of high-volatility regime from the model with predictable
mean. The shaded regions are defined by the NBER recession indicator.
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Figure 5.2: Probability of high-volatility regime from the model with unpredictable
mean. The shaded regions are defined by the NBER recession indicator.
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Figure 5.3: Density forecasts of excess stock returns from the Markov-switching model.
The solid lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the
dashed line is the corresponding realization. The figure on the left corresponds to the
model with predictable mean, while the figure on the right corresponds to the model

with unpredictable mean.
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Figure 5.4: Density forecasts of excess bond returns from the Markov-switching model.
The solid lines are the 2.5, 25, 50, 75, and 97.5% quantiles of the forecasts, while the
dashed line is the corresponding realization. The figure on the left corresponds to the
model with predictable mean, while the figure on the right corresponds to the model

with unpredictable mean.
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Figure 5.5: Histogram and Q-Q plot of the PIT for excess stock returns from the
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Figure 5.6: Correlograms of powers of the demeaned PIT for excess stock returns from
the Markov-switching model with predictable mean. The top left figure corrresponds
to the level, the top right figure corrresponds to the square, the bottom left figure
corrresponds to the third power, and the bottom right figure corrresponds to the forth

Markov-switching model with predictable mean.
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Figure 5.7: Histogram and Q-Q plot of the PIT for excess stock returns from the
Markov-switching model with unpredictable mean.
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Figure 5.8: Correlograms of powers of the demeaned PIT for excess stock returns from
the Markov-switching model with unpredictable mean. The top left figure
corrresponds to the level, the top right figure corrresponds to the square, the bottom
left figure corrresponds to the third power, and the bottom right figure corrresponds to

the forth power.
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Figure 5.9: Histogram and Q-Q plot of the PIT for excess bond returns from the
Markov-switching model with predictable mean.
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Figure 5.10: Correlograms of powers of the demeaned PIT for excess bond returns
from the Markov-switching model with predictable mean. The top left figure
corrresponds to the level, the top right figure corrresponds to the square, the bottom
left figure corrresponds to the third power, and the bottom right figure corrresponds to
the forth power.
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Figure 5.11: Histogram and Q-Q plot of the PIT for excess bond returns from the
Markov-switching model with unpredictable mean.
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Figure 5.12: Correlograms of powers of the demeaned PIT for excess bond returns
from the Markov-switching model with unpredictable mean. The top left figure
corrresponds to the level, the top right figure corrresponds to the square, the bottom
left figure corrresponds to the third power, and the bottom right figure corrresponds to
the forth power.
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