
Dq H{whqghg Frqvwdqw Frqglwlrqdo Fruuhodwlrq JDUFK Prgho

dqg Lwv Irxuwk0Prphqw Vwuxfwxuh

e|

Fkdqjol Kh dqg Wlpr Whuçvyluwd
Ghsduwphqw ri Hfrqrplf Vwdwlvwlfv
Vwrfnkrop Vfkrro ri Hfrqrplfv

Er{ 9834/ VH0446 ;6 Vwrfnkrop/ Vzhghq

Iluvw yhuvlrq= Iheuxdu| 5335

Devwudfw1 Wkh frqvwdqw frqglwlrqdo fruuhodwlrq JDUFK prgho lv suredeo| wkh prvw

iuhtxhqwo| dssolhg pxowlyduldwh JDUFK prgho1 Lq wklv sdshu zh frqvlghu dq h{whqvlrq wr

wklv prgho dqg h{dplqh lwv irxuwk0prphqw vwuxfwxuh1 Wkh h{whqvlrq lv prwlydwhg e| wkh

uhvxow irxqg dqg glvfxvvhg lq wkh sdshu wkdw wkh vtxduhg revhuydwlrqv iurp wkh h{whqghg

prgho kdyh d ulfk dxwrfruuhodwlrq vwuxfwxuh1 Wklv phdqv wkdw douhdg| wkh �uvw0rughu

prgho lv fdsdeoh ri uhsurgxflqj d zkroh ydulhw| ri dxwrfruuhodwlrq vwuxfwxuhv revhuyhg lq

�qdqfldo uhwxuq vhulhv1 Wkhvh dxwrfruuhodwlrqv duh ghulyhg iru wkh �uvw dqg wkh vhfrqg0

rughu frqvwdqw frqglwlrqdo fruuhodwlrq JDUFK prgho1 Wkh xvhixoqhvv ri wkh wkhruhwlfdo

uhvxowv ri wkh sdshu lv ghprqvwudwhg e| uhfrqvlghulqj dq hpslulfdo h{dpsoh wkdw dsshduhg

lq wkh ruljlqdo sdshu rq wkh frqvwdqw frqglwlrqdo fruuhodwlrq JDUFK prgho1

Nh| Zrugv1 Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/ prphqw vwuxfwxuh ri JDUFK/

pxowlyduldwh frqglwlrqdo khwhurvnhgdvwlflw|/ yrodwlolw| g|qdplfv

MHO Fodvvl�fdwlrq Frgh= F55

Dfnqrzohgjhphqwv1 Wklv uhvhdufk kdv ehhq vxssruwhg e| Mdq Zdoodqghu*v dqg Wrp

Khgholxv* Irxqgdwlrq/ Frqwudfw Qr1 M<<26:1 D sduw ri wkh zrun iru wklv sdshu zdv fduulhg

rxw zkhq wkh vhfrqg dxwkru zdv ylvlwlqj wkh Vfkrro ri Ilqdqfh dqg Hfrqrplfv/ Xqlyhuvlw|

ri Whfkqrorj|/ V|gqh|/ zkrvh nlqg krvslwdolw| lv judwhixoo| dfnqrzohgjhg1
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4 Lqwurgxfwlrq

Xqlyduldwh prghov iru frqglwlrqdo khwhurvnhgdvwlflw| kdyh orqj ehhq srsxodu lq �qdqfldo

hfrqrphwulfv dqg yrodwlolw| iruhfdvwlqj/ dqg d odujh qxpehu ri dssolfdwlrqv kdyh ehhq

sxeolvkhg xvlqj jhqhudo dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| +JDUFK, prghov1

Wkh suredelolw| vwuxfwxuh ri xqlyduldwh JDUFK+s> t, prghov kdv uhfhqwo| ehhq xqghu

vwxg|1 Frqglwlrqv ri wkh h{lvwhqfh ri prphqwv dqg/ lq sduwlfxodu/ wkh irxuwk0prphqw

vwuxfwxuh ri wkhvh prghov kdv ehhq ghulyhg> vhh/ iru h{dpsoh/ Kh dqg Whuçvyluwd +4<<<d/e,

dqg Ndudqdvrv +4<<<,1 Wkhvh uhvxowv duh lpsruwdqw dv wkh| khos wkh xvhu wr �qg rxw krz

zhoo wkh JDUFK prgho dqg lwv h{whqvlrqv duh fdsdeoh ri fkdudfwhul}lqj vw|ol}hg idfwv

w|slfdo ri pdq| kljk0iuhtxhqf| �qdqfldo wlph vhulhv1

Wkhvh prghov kdyh ehhq jhqhudol}hg wr wkh yhfwru fdvh/ exw wkh qxpehu ri dssolfdwlrqv

kdv uhpdlqhg udwkhu olplwhg frpsduhg wr xqlyduldwh prghov1 Pxowlyduldwh JDUFK prg0

hov zhuh vxuyh|hg lq Eroohuvohy/ Hqjoh dqg Qhovrq +4<<7, dqg Jrxulìurx{ +4<<9/ Fkdswhu

9,> vhh dovr Sdop +4<<9, iru d vkruw uhylhz1 Dv |hw uhodwlyho| olwwoh lv nqrzq derxw wkh

prphqw vwuxfwxuh ri wkhvh prghov1 Hqjoh dqg Nurqhu +4<<8, ghulyhg d qhfhvvdu| dqg vx!0

flhqw frqglwlrq iru zhdn vwdwlrqdulw| ri yhfwru JDUFK prghov/ exw uhvxowv iru kljkhu0rughu

prphqwv gr qrw vhhp wr h{lvw lq wkh olwhudwxuh1 Rxu vwduwlqj0srlqw lv suredeo| wkh prvw

iuhtxhqwo| dssolhg pxowlyduldwh JDUFK prgho/ wkh vr0fdoohg Frqvwdqw Frqglwlrqdo Fruuh0

odwlrq Jhqhudol}hg Dxwruhjuhvvlyh Khwhurvnhgdvwlflw| +FFF0JDUFK, prgho ri Eroohuvohy

+4<<3,1 Eroohuvohy*v prgho lv lq wxuq d jhqhudol}dwlrq ri wkh Frqvwdqw Frqglwlrqdo Fru0

uhodwlrq DUFK prgho wkdw dsshduhg lq Fhffkhwwl/ Fxpe| dqg Iljohzvnl +4<;;,1 Lq wklv

sdshu zh frqvlghu dq h{whqghg yhuvlrq ri wkh FFF0JDUFK prgho1 Zh ghulyh d vx!flhqw

frqglwlrq iru wkh h{lvwhqfh ri wkh irxuwk prphqwv iru wklv prgho dqg/ ixuwkhupruh/ lwv

frpsohwh irxuwk0prphqw vwuxfwxuh1 Ehfdxvh ri udwkhu lqyroyhg fdofxodwlrqv zh uhvwulfw
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rxu frqvlghudwlrqv wr wkh vhfrqg0rughu FFF0JDUFK prgho1 Dv prvw ri wkh dssolfdwlrqv

vhhp wr uho| rq �uvw0rughu prghov/ wklv grhv qrw dsshdu wr eh d vhulrxv uhvwulfwlrq1

Dv wr �uvw0rughu prghov/ zh vkrz wkdw wkh vtxduhg revhuydwlrqv ri wkh h{whqghg �uvw0

rughu FFF0JDUFK prgho fdq douhdg| kdyh d uhpdundeo| ulfk fruuhodwlrq vwuxfwxuh deoh

wr fryhu pdq| vkdshv ri dxwrfruuhodwlrq ixqfwlrqv wkdw kdyh ehhq revhuyhg lq sudfwlfh1

Wklv lq idfw prwlydwhv rxu h{whqvlrq ri wkh vwdqgdug FFF0JDUFK prgho1 Lq sduwlfxodu/

wkh dxwrfruuhodwlrqv ri lqglylgxdo surfhvvhv gr qrw qhfhvvdulo| ghfd| prqrwrqlfdoo| iurp

wkh �uvw odj rqzdugv1 E| frpsdulvrq/ wkh dxwrfruuhodwlrqv ri vtxduhg revhuydwlrqv lq wkh

vwdqgdug FFF0JDUFK+4/4, prgho vwloo kdyh wkh vdph surshuwlhv dv wkh| gr lq wkh xql0

yduldwh JDUFK+4/4, prgho1 Wklv lqfoxghv wkh h{srqhqwldo ghfd| ri wkh dxwrfruuhodwlrqv

ri vtxduhg revhuydwlrqv iurp wkh �uvw odj iru doo yduldeohv lq wkh prgho1 Wkh FFF0JDUFK

prgho zh irfxv rq lq wklv sdshu fdq wkxv eh ylhzhg dv d srwhqwldoo| xvhixo h{whqvlrq wr

wkh edvlf prgho ri Eroohuvohy +4<<3,1 Xvlqj dq hpslulfdo h{dpsoh lq Eroohuvohy*v duwlfoh

zh ghprqvwudwh krz wkh xvh ri wkh fruuhodwlrq vwuxfwxuh ri wkh FFF0JDUFK+4/4, prgho

zrunhg rxw lq wklv sdshu khosv rqh wr hqulfk wkh lqwhusuhwdwlrq ri wkh hvwlpdwhg prghov1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Wkh h{whqghg FFF0JDUFK prgho lv lqwurgxfhg

lq Vhfwlrq 51 Vhfwlrqv 6 dqg 7 frqwdlq wkh pdlq uhvxowv rq wkh irxuwk0prphqw vwuxfwxuh ri

wklv prgho1 Vhfwlrq 8 eulh | wdnhv xs d vshfldo fdvh/ d elyduldwh �uvw0rughu prgho1 Vhfwlrq

9 frqwdlqv dq hpslulfdo h{dpsoh/ dqg wkh frqfoxvlrqv fdq eh irxqg lq Vhfwlrq :1

5 Wkh h{whqghg frqvwdqw frqglwlrqdo fruuhodwlrq JDUFK prgho

Frqvlghu wkh iroorzlqj yhfwru vwrfkdvwlf surfhvv=

|w @ �. %w +4,

%w @ Gw}w +5,
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zkhuh Gw @ gldjik4w> � � � > kPwj> dqg k4w lv wkh frqglwlrqdo vwdqgdug ghyldwlrq ri %lw>

l @ 4> � � � >P= Ixuwkhupruh/ wkh vwrfkdvwlf yhfwru }w @ +}4w> � � � > }Pw,
3 lv lqghshqghqw dqg

lghqwlfdoo| glvwulexwhg zlwk phdq 3 dqg srvlwlyh gh�qlwh fryduldqfh pdwul{ U @ ^�lm ` vxfk

wkdw �ll @ 4> l @ 4> � � � >P= Wkh pdlq gldjrqdo hohphqwv ri U duh uhvwulfwhg wr xqlw|

iru lghqwl�fdwlrq uhdvrqv> frpsduh wklv zlwk wkh xqlyduldwh fdvh/ lq zklfk fxvwrpdulo|

H}5w @ 4= Ixuwkhupruh/ kw @ +k4w> � � � > kPw,
3 lv d P � 4 yhfwru ri frqglwlrqdo vwdqgdug

ghyldwlrqv ri %w= Ohw

%
+5,
w @ +%54w> � � � > %5Pw,

3 @ ]5
wk

+5,
w +6,

zkhuh k+5,w @ +k54w> � � � > k5Pw,
3 dqg ]w @ gldji}4w> � � � > }Pwj= Gh�qh wkh yhfwru JDUFK+s> t,

surfhvv

k
+5,
w @ d3.

tS
l@4

Dl%
+5,
w�l.

sS
m@4

Emk
+5,
w�m +7,

zkhuh d3 lv dq P � 4 yhfwru zlwk srvlwlyh hohphqwv/ dqg Dl> l @ 4> � � � > t dqg Em > m @

4> � � � > s> duh P �P pdwulfhv vxfk wkdw hdfk hohphqw ri k+5,w lv srvlwlyh iru hyhu| w= Qrwh

wkdw +7, gh�qhv wkh gldjrqdo hohphqwv ri Gw= Iurp +5, lw iroorzv wkdw

H+%wmIw�4, @ 3 +8,

H+%w%
3

wmIw�4, @ GwUGw +9,

zkhuh Iw�4 lv wkh �0�hog jhqhudwhg e| doo wkh dydlodeoh lqirupdwlrq xs wkurxjk wlph w�4=

Uhpdun 41 D vx!flhqw frqglwlrq iru k
+5,
w A 3 iru doo w lv wkdw doo hohphqwv lq d3 eh

srvlwlyh dqg doo hohphqwv lq Dl dqg Em iru hdfk l dqg m eh qrqqhjdwlyh1 +Qrwh wkdw doo

yhfwru dqg pdwul{ lqhtxdolw| vljqv lq wklv sdshu uhsuhvhqw hohphqw0e|0hohphqw lqhtxdolw|1,

Iurp Qhovrq dqg Fdr +4<<5, zh frqmhfwxuh wkdw wklv frqglwlrq lv qrw qhfhvvdu|/ dw ohdvw

qrw li s A 4 ru t A 4 ru erwk1 Lw iroorzv iurp }w � llg+3>U, wkdw H+%w%3w m Iw�4, lv srvlwlyh

gh�qlwh1
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Uhpdun 51 Wkh yhfwru JDUFK surfhvv gh�qhg e| htxdwlrqv +5,0 +9, lv d pxowlyduldwh

JDUFK prgho zlwk frqvwdqw frqglwlrqdo fruuhodwlrqv1 Wkh frqvwdqw frqglwlrqdo fruuhod0

wlrq JDUFK prgho ri Eroohuvohy +4<<3, lv rewdlqhg e| dvvxplqj wkdw Dl> Em > l @ 4> � � � > t

dqg m @ 4> � � � > s> duh gldjrqdo pdwulfhv1 Lq sduwlfxodu/ vhwwlqj Em @ 3> m @ 4> � � � > s> |lhogv

wkh frqvwdqw frqglwlrqdo fruuhodwlrq DUFK prgho lqwurgxfhg lq Fhffkhwwl/ Fxpe| dqg

Iljohzvnl +4<;;,1

6 Wkh irxuwk prphqw vwuxfwxuh ri wkh vhfrqg0rughu h{whqghg FFF0JDUFK

prgho

Lq wklv vhfwlrq zh frqvlghu wkh yhfwru JDUFK+5> 5, prgho gh�qhg lq +5,0+9, dqg vhw

Flw @ ^fl>mow` @ Dl]5
w . El> l @ 4> 5= Qrwh wkdw iFlwj lv d vhtxhqfh ri l1l1g1 udqgrp

pdwulfhv vxfk wkdw Flw lv lqghshqghqw ri k
+5,
w = E| +6, zh pd| uhzulwh +7, dv

k
+5,
w @ d3 .F4>w�4k

+5,
w�4 .F5>w�5k

+5,
w�5= +:,

Ohw �Fl
@ HFlw dqg �Fl
Fm

@ H+Flw 
Fmw,> l> m @ 4> 5> zkhuh 
 ghqrwhv wkh Nurqhfnhu

surgxfw ri wzr pdwulfhv1 Ohw �+�, ghqrwh wkh prgxoxv ri wkh odujhvw hljhqydoxh ri �= Zh

fdq qrz vwdwh wkh iroorzlqj uhvxow=

Wkhruhp 4 Wkh yhfwru JDUFK+5/5, surfhvv gh�qhg lq +5,0+6, dqg +:, lv zhdno| vwd0

wlrqdu| li dqg rqo| li

�+�F4
. �F5

, ? 4= +;,

Uhpdun 61 Eroohuvohy dqg Hqjoh +4<<6, dqg Hqjoh dqg Nurqhu +4<<8, ghulyhg d qhfhvvdu|

dqg vx!flhqw frqglwlrq iru zhdn vwdwlrqdulw| ri d yhfwru JDUFK+s> t, prgho zlwkrxw wkh

dvvxpswlrq ri wkh frqvwdqw frqglwlrqdo fruuhodwlrq1 Frqglwlrq +;, lv d vshfldo fdvh ri wkhlu

uhvxow1 Zkhq lw krogv/ wkh xqfrqglwlrqdo yduldqfhv ri wkh hohphqwv ri %w lq wkh yhfwru
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JDUFK+5/5, prgho +5,0+6, dqg +:, duh

�5 @ H%
+5,
w @ +LP � �F4

� �F5
,�4d3= +<,

Zh duh qrz uhdg| wr vwdwh rxu uhvxow frqfhuqlqj wkh irxuwk0rughu xqfrqglwlrqdo prphqw

pdwul{ ri prgho +5,0+6, zlwk +:,1 Ohw yhf+D, eh d yhfwru lq zklfk wkh froxpqv ri wkh

P �P pdwul{ D duh vwdfnhg rqh xqghuqhdwk wkh rwkhu1 Wkhq lw lv nqrzq wkdw yhf+D3, @

NPPyhf+D,> zkhuhNPP lv wkhP5�P5 frppxwdwlrq pdwul{/ vhh/ iru h{dpsoh/ Pdjqxv

+4<;;/ ss1 6806:,1 Zh kdyh wkh iroorzlqj wkhruhp=

Wkhruhp 5 Frqvlghu wkh yhfwru JDUFK+5/5, prgho +5,0+6, dqg +:,1 Dvvxph wkdw �5

lq +<, dqg �]
] @ H+]5
w 
]5

w , h{lvw= Wkhq wkh irxuwk0rughu prphqw pdwul{ H^%
+5,
w %

+5,
w
3` ri

i%wj h{lvwv li

�+�, ? 4 +43,

zkhuh

� @ +�F4
F4
. �F5
F5

,

.+LP5 .NPP,^+�F4

 LP ,+LP � �F5


 �F5
,�4�F4
F5

.+�F4

 �F5

,+LP � �F5

 �F5

,�4�F5
F4
`=

Xqghu +43,/

yhfH^%
+5,
w %

+5,
w
3` @ �]
]+LP5 � �,�4iyhf+d3d33, . ^

5S
l@4

+�Fl

 d3 . d3 
 �Fl

,

.+LP5 .NPP ,+�F4

 LP ,^+LP 
 �F5

,+LP5 � �F5

 �F5

,�4+d3 
 LP,

.+�F5

 �F5

,+LP5 � �F5

 �F5

,�4+LP 
 d3,``

�+d33 
 LP ,yhf+LP � �F4
� �F5

,�4`j= +44,

Surri1 Vhh wkh Dsshqgl{1
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Uhpdun 71 Vhwwlqj P @ 4 lq +43,0+44, |lhogv wkh frqglwlrq iru wkh h{lvwhqfh ri wkh

irxuwk0rughu prphqw iru wkh xqlyduldwh JDUFK+5/5, prgho

� @ +�f4�f4 . �f5�f5, . 5�f4�f4�f5+4� �f5,
�4 ? 4 +45,

zkhuh �fl @ dl>44 . el>44> �fl�fl @ e5l>44 . 5dl>44el>44 . d5l>44H}
7
4w> l @ 4> 5> dqg �f4�f5 @

e4>44e5>44.d4>44e5>44.d5>44e4>44.d4>44d5>44H}74w> dqg wkh h{suhvvlrq iru wkh irxuwk xqfrq0

glwlrqdo prphqw ri %4w =

H%74w @
d53+H}

7
4w,^+4 . �f4 . �f5,+4� �f5, . 5�f4�f5 `

+4� �f4 � �f5,+4� �,
=

Erwk zhuh ghulyhg lq Kh dqg Whuçvyluwd +4<<<d,1

Ohw �5 @ +�54> ===> �5P ,3 @ H%
+5,
w dqgP5 @ gldji�54> ===> �5Pj= Gh�qh wkh pxowlyduldwh

�uhvfdohg irxuwk0prphqw pdwul{� ri i%wj lq +5,0+7, dv

N @ P�4
5 ^H+%

+5,
w %

+5,
w
3,`P�4

5 =

Wkh mwk gldjrqdo hohphqw ri N lv wkh nxuwrvlv ri %mw> m @ 4> � � � >P=

Fruroodu| 41 Dvvxph wkdw �]
] h{lvwv dqg +43, krogv iru wkh yhfwru JDUFK+5/5, prgho

+5,0+6, dqg +:,1 Wkhq

yhf+N, � yhf+N+}w,, +46,

zkhuh wkh lqhtxdolw| vljq uhihuv wr hohphqw0e|0hohphqw lqhtxdolw| dqg N+}w, lv wkh �uhvfdohg

irxuwk0prphqw pdwul{� ri i}wj=

Lqhtxdolw| +46, iroorzv iurp Mhqvhq*v lqhtxdolw|1 Wr looxvwudwh/ li }w kdv d pxowlyduldwh

qrupdo glvwulexwlrq/ wkh xqfrqglwlrqdo glvwulexwlrq iru %w lv ohswrnxuwlf lq wkh vhqvh ri

+46,1

Wkh furvv0prphqw pdwul{ �Fl
Fm
> l 9@ m> lv uhtxluhg lq wkh frqvlghudwlrqv li wkh yhf0

wru prgho ri kljkhu0rughu wkdq rqh1 H{suhvvlrqv lq Wkhruhp 5 vlpsoli| iru wkh yhfwru

JDUFK+4/4, prgho1 Wklv lv vhhq iurp wkh iroorzlqj uhvxow=

:



Fruroodu| 51 Ohw wkh dvvxpswlrqv ri Wkhruhp 5 krog dqg dvvxph F5w @ 3 lq +:,1 Wkhq

wkh irxuwk0rughu prphqw pdwul{ H^%
+5,
w %

+5,
w
3` ri i%wj iru wkh yhfwru JDUFK+4/4, prgho

+5,0+6, dqg +:, h{lvwv li

�+�F4
F4
, ? 4= +47,

Xqghu +47,/

yhfH^%
+5,
w %

+5,
w
3` @ �]
]i+LP5 � �F4
F4

,�4^yhf+d3d
3

3,

.+�F4

 d3 . d3 
 �F4

,+d33 
 LP,yhf+LP � �F4
,�4`j= +48,

7 Dxwrfruuhodwlrq ixqfwlrq ri vtxduhv iru wkh h{whqghg FFF0JDUFK prgho

Lq wklv vhfwlrq zh vkdoo ghulyh wkh pxowlglphqvlrqdo fruuhodwlrq ixqfwlrq ri i%+5,w j iru

rxu yhfwru JDUFK+5/5, surfhvv1 Ohw �5 @ H%
+5,
w dv ehiruh dqg �P +q, @ ^�lm+q,` @

H^+%
+5,
w � �5,+%

+5,
w�q � �5,

3`= Ixuwkhupruh/ ohw GP @ gldji�4@544 +3,> ===> �
4@5
PP +3,j= Wr �{

qrwdwlrq/ zulwh wkh qwk rughu dxwrfruuhodwlrq pdwul{ ri i%+5,w j iru wkh yhfwru JDUFK+5/5,

surfhvv dv

UP +q, @ G�4
P �P +q,G�4

P +49,

iru q � 4=

Wkh lwk gldjrqdo hohphqw ull+q,> l @ 4> ===>P> ri UP +q, lq +49,> lv wkh qwk dxwrfruuh0

odwlrq ri wkh vtxduhg revhuydwlrqv iru wkh lwk frpsrqhqw i%lwj zkloh ulm+q,> l> m @ 4> ===>P>

l 9@ m> wkh r�0gldjrqdo hohphqwv ri UP +q,> uhsuhvhqw wkh furvv0fruuhodwlrqv ehwzhhq %5lw

dqg %5mw�q=

Lq rughu wr rewdlq UP +q,> zh pxvw �qg dq h{suhvvlrq iru h�P +q, @ H^%
+5,
w %

+5,
w�q

3`= Wklv

fdq eh grqh e| dsso|lqj +:, wr %
+5,
w uhfxuvlyho| xs wr wkh qwk vwhs dqg ixuwkhu dsso|lqj

Wkhruhp 5 wr H^%
+5,
w %

+5,
w
3`= Wkh �qdo uhvxow dsshduv lq wkh iroorzlqj wkhruhp=

;



Wkhruhp 6 Dvvxph wkdw �]
] dqg �5 lq +<, h{lvw dqg frqglwlrq +43, krogv iru wkh

yhfwru JDUFK+5/5, prgho +5,0+6, dqg +:,1 Wkhq wkh qwk rughu dxwrfruuhodwlrq pdwul{

UP +q, ri i%+5,w j kdv wkh vwdfnhg irup

yhf+UP +q,, @ +G�4
P 
G�4

P ,yhf+�P +q,, +4:,

zkhuh

yhf+�P +q,, @ yhf+h�P +q,,� yhf+�5�
3

5, +4;,

vxfk wkdw iru q @ 4> 5>

yhf+h�P +4,, @ +LP 
 d3,�5 . �]
F4
yhf+h�P , . yhf+

hh�P , +4<,

yhf+h�P +5,, @ +LP 
 d3,�5 . �]
F5
yhf+h�P ,

.+LP 
 �F4
,yhf+h�P+4,,= +53,

Ixuwkhupruh/ iru q � 6>

yhf+h�P+q,, @ +LP 
 d3,�5 . +LP 
 �F4
,yhf+h�P +q� 4,,

.+LP 
 �F5
,yhf+h�P +q� 5,, +54,

zlwk

yhf+h�P, @ +�]
],
�4yhfH+%

+5,
w %

+5,3
w ,= +55,

Lq +4<,/

yhf+
hh�P , @ ^+LP 
 �F5

,+LP5 � �F5

 �F5

,�4+d3 
 LP ,

.+�F5

 �F5

,+LP5 � �F5

 �F5

,�4+LP 
 d3,`

�+d33 
 LP,yhf+LP � �F4
� �F5

,�4

.^+LP5 � �F5

 �F5

,�4�F4
F5

.+�] 
 �F5
,+LP5 � �F5


 �F5
,�4�F5
F4

`yhf+h�P , +56,

<



zkhuh �]
Fl
@ H+]5

w 
Flw,> l @ 4> 5=

Surri1 Vhh wkh Dsshqgl{1

Li wkh dvvxpswlrqv ri Wkhruhp 6 duh vdwlv�hg dqg wkh �uvw wzr dxwrfruuhodwlrq pdwulfhv

UP +4, dqg UP +5, duh nqrzq zh fdq frpsxwh wkh qwk dxwrfruuhodwlrq pdwul{ UP +q,

uhfxuvlyho| wkurxjk htxdwlrqv +4:,0+56,1 Wkh dxwrfruuhodwlrq vwuxfwxuh vlpsol�hv iru wkh

�uvw0rughu prgho1 Zh vwdwh wklv uhvxow lq wkh iroorzlqj fruroodu|=

Fruroodu| 61 Dvvxph wkdw dvvxpswlrqv ri Wkhruhp 6 krog dqg F5w @ 3 lq +:,1 Wkhq

wkh yhfwruv +4<,0+54, lq wkh gh�qlwlrq ri wkh dxwrfruuhodwlrq pdwul{ UP+q, ri i%+5,w j iru

wkh FFF0 JDUFK+4/4, prgho +5,0+6, dqg +:, duh

yhf+h�P+4,, @ +LP 
 d3,�5 . �]
F4
yhf+h�P, +57,

yhf+h�P +q,, @ +LP 
 d3,�5 . +LP 
 �F4
,yhf+h�P+q� 4,,> q � 5 +58,

zlwk

yhf+h�P , @ +LP5 � �F4
F4
,�4^yhf+d3d

3

3,

.+�F4

 d3 . d3 
 �F4

,+d33 
 LP,yhf+LP � �F4
,�4`= +59,

D qxpehu ri wkhruhwlfdo surshuwlhv ri wkh dxwrfruuhodwlrq pdwul{ iUP+q,j> q @

4> 5> � � � > iru wkh �uvw0rughu prgho/ rewdlqhg wkurxjk Fruroodu| 6/ duh olvwhg ehorz=

41 UP +q, $ 3 dv q $ 4=

Lw iroorzv iurp Fruroodu| 6 wkdw zh fdq zulwh

yhf+h�P +q,, @ ^
q�5S
l@3

+LP 
 �F4
,l`+LP 
 d3,�5

.+LP 
 �F4
,q�4yhf+h�+4,,= +5:,

Xqghu frqglwlrq +43,/ olp
q$4

yhf+h�P +q,, @ ^+LP5�+LP
�F4
,`�4+LP
d3,�5= Wklv lpsolhv

yhf+�P +q,, $ 3> dv q $ 4=
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51 Wkh dxwrfruuhodwlrq pdwulfhv UP +q, vdwlvi| wkh \xoh0Zdonhu htxdwlrqv1

Vxssrvh wkdw yhf+h�P+4,, lv nqrzq vr wkdw yhf+UP +4,, lv nqrzq/ vhh +4:, dqg +4;,1

Lw iroorzv iurp htxdwlrq +58, wkdw yhf+UP+q,,> iru dq| q � 5> fdq eh vroyhg e| UP +4,

dqg +LP 
 �F4
, wkurxjk

yhf+UP +q,, @ +G�4
P 
G�4

P ,i^
q�5S
l@3

+LP 
 �F4
,l`+LP 
 d3,�5j

.+G�4
P 
G�4

P ,i+LP 
 �F4
,q�4yhf+h�P +4,,� yhf+�5�

3

5,j=

+5;,

Lq sduwlfxodu/

yhf+UP+5,, @ +G�4
P 
G�4

P ,i+LP 
 d3,�5j. yhf+UP +4,,=

61 Wkh �uvw0rughu dxwr0 dqg furvv fruuhodwlrqv ulm+4, iru l> m @ 4> ===>P> lq UP +4,

duh srvlwlyh li wkh srvlwlylw| uhvwulfwlrqv d3l A 3> do>lm dqg eo>lm � 3> l> m @ 4> ===>P> o @

4> ===>pd{is> tj> phqwlrqhg lq Vhfwlrq 5/ duh vdwlv�hg1

71 Wkh ghfd| udwh riUP +q, dv d ixqfwlrq ri q ghshqgv rq wkh hljhqydoxhv ri +LP
�F4
,=

ZkhqP @ 5 wkh dxwrfruuhodwlrqv lq U5+q, zloo h{klelw d pl{wxuh ri ghfd|lqj h{srqhqwldo

ghfd|/ ehfdxvh +LP 
�F4
, rqo| kdv uhdo urrwv1 Zkhq P � 6 wkh dxwrfruuhodwlrqv glvsod|

d pl{wxuh ri h{srqhqwldo ghfd| li wkhuh h{lvwv d grplqdqw uhdo urrw lq +LP 
 �F4
, dqg

gdpshqlqj vlqxvrlgdo ehkdylrxu li wkh prgxol ri wkh frpsoh{ frqmxjdwh sdluv ri hljhqydoxhv

duh vx!flhqwo| odujh1 Dq h{dpsoh ri wkh odwwhu fdvh lv ghslfwhg lq Iljxuh 41 Zkhq P @ 4>

wkh ghfd| udwh ri wkh dxwrfruuhodwlrq ixqfwlrq ri wkh vtxduhg revhuydwlrqv iru wkh xqlyduldwh

JDUFK+4/4, prgho lv h{dfwo| +L4
�F4
, @ �f4 @ H+d4>44}5w .e4>44,= Lq wklv fdvh wkh ghfd|

lv h{srqhqwldo dv u+q, @ �q�4f4 u+4,> q � 5= Wklv surshuw| dovr krogv zkhq P A 4 dqg D4

dqg E4 duh gldjrqdo pdwulfhv dv lq Eroohuvohy +4<<3,1 Wkxv rxu h{whqvlrq ri wkh FFF0

JDUFK prgho doorzv d frqvlghudeo| ulfkhu dxwrfruuhodwlrq vwuxfwxuh wkdq wkh ruljlqdo
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FFF0JDUFK prgho1

8 Elyduldwh JDUFK+4/4, prgho

Lq rughu wr looxvwudwh wkh jhqhudo fruuhodwlrq uhvxowv zh frqvlghu wkh elyduldwh JDUFK+4/4,

surfhvv +5,0+6, dqg +:,1 Wkh fruuhodwlrq pdwul{ ri i%+5,w j iru wklv surfhvv lv rewdlqhg dv d

vshfldo fdvh ri Fruroodu| 6=

Fruroodu| 71 Ohw P@5/ F5w @ 3 dqg f4>45w @ f4>54w @ 3 lq +:,1 Ixuwkhupruh/ ohw �F4
@

^�lm ` zkhuh �lm @ Hf4>lmw iru l> m @ 4> 5> �F4
F4
@ +�lm�no, zkhuh �lm�no @ H+f4>lmwf4>now, iru

l> m> n> o @ 4> 5> dqg/ �qdoo|/ �]
F4
@ ^�}lf4>mn ` zkhuh �}lfmn @ H+}5lwf4>mnw,> iru l> m> n @ 4> 5=

Dvvxph wkdw } @+}4w> }5w,
3 �QLG+3>U, dqg/ ixuwkhupruh/ wkdw frqglwlrq +43, krogv iru

wkh elyduldwh JDUFK+4/4, prgho +5,0+6, zlwk +:,1 Wkhq U5+q, @ ^ulm+q,` lq +4:, iru

l> m @ 4> 5 kdv wkh vlpsol�hg irup

u44+q, @
�q�444 ^�}4f44+4� �544,� �44+4� �44>44,`

6+4� �544,� +4� �44>44,
>

u54+q, @
�q�455 ^+4� �44>44,+4� �55>55,`

4@5^�}4f55+4� �44�55,� �55+4� �44>55,`

i^6+4� �544,� +4� �44>44,`^6+4� �555,� +4� �55>55,`j4@5
>

u45+q, @
�q�444 ^+4� �44>44,+4� �55>55,`

4@5^�}5f44+4� �44�55,� �44+4� �44>55,`

i^6+4� �544,� +4� �44>44,`^6+4� �555,� +4� �55>55,`j4@5
>

u55+q, @
�q�455 ^�}5f55+4� �555,� �55+4� �55>55,`

6+4� �555,� +4� �55>55,
=

Dffruglqj wr Fruroodu| 7/ wkh hohphqwv lq U5+q,> q � 4> ghfd| h{srqhqwldoo|1 Wkh

dxwrfruuhodwlrqv u44+q, dqg furvv0fruuhodwlrqv u45+q,> q � 4> kdyh wkh ghfd| udwh �44>

zkloh u54+q, dqg u55+q, dovr kdyh d frpprq ghfd| udwh �55= Wkh h{srqhqwldo ghfd| udwhv

jhqhudol}h wr wkh fdvhP A 5 dqg duh d fkdudfwhulvwlf ihdwxuh ri wkh vwdqgdug FFF0JDUFK

prgho1
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9 Dq hpslulfdo h{dpsoh

Wkh sxusrvh ri wklv vhfwlrq lv wr looxvwudwh sudfwlfdo xvhixoqhvv ri rxu wkhruhwlfdo uhvxowv1

Eroohuvohy +4<<3, �wwhg wzr FFF0JDUFK prghov zlwk qrq}hur frqvwdqw frqglwlrqdo fru0

uhodwlrqv wr d vhw ri �yh zhhno| h{fkdqjh udwh uhwxuq vhulhv1 Klv sxusrvh zdv wr dqdo|}h

wkh g|qdplf ehkdylrxu ri wkhvh uhwxuqv ehiruh wkh lqwurgxfwlrq ri wkh Hxurshdq Prqhwdu|

V|vwhp +HPV, dqg wkhuhdiwhu1 Wkh �uvw shulrg udq iurp Mxo| 4<:6 wr wkh vhfrqg zhhn ri

Pdufk 4<:< +5<< revhuydwlrqv, dqg wkh vhfrqg/ HPV/ rqh iurp wkh wklug zhhn ri Pdufk

4<:< wloo wkh vhfrqg zhhn ri Dxjxvw 4<;8 +666 revhuydwlrqv,1 Wkh hvwlpdwhg frqvwdqw fru0

uhodwlrqv iurp wkh suh0HPV dqg HPV prghov dsshdu lq Wdeoh 41 Wkh sdudphwhu hvwlpdwhv

duh qrw uhsurgxfhg dqg fdq eh irxqg lq Wdeohv 4 dqg 5 ri Eroohuvohy +4<<3,1 Wkh h{0

fkdqjh udwhv wkdw duh udwhv djdlqvw wkh XV groodu duh lqgh{hg dv iroorzv= 4 @ _GHP% +wkh

Ghxwvfkpdun,/ 5 @ _IUI%> +wkh Iuhqfk iudqf, 6 @ _LWO% +wkh Lwdoldq olud,> 7 @ _FKI%

+wkh Vzlvv iudqf, dqg 8 @ _JES% +wkh Eulwlvk srxqg,1 Eroohuvohy frqfoxghg/ dprqj rwkhu

wklqjv/ wkdw wkh frqglwlrqdo fruuhodwlrqv zhuh vljql�fdqwo| kljkhu iru wkh HPV shulrg wkdq

iru wkh shulrg suhfhglqj lw1

Xvlqj soxj0lq dxwr0 dqg furvv fruuhodwlrq hvwlpdwhv edvhg rq wkh gh�qlwlrqv ri wkh wuxh

txdqwlwlhv ghulyhg lq wkh suhylrxv vhfwlrqv zh duh deoh wr frpsohwh Eroohuvohy*v dqdo|vlv1

Krzhyhu/ lq wkh suh0HPV prgho/ e�66 A 4> vr wkdw wkh LWO surfhvv grhv qrw kdyh d

�qlwh yduldqfh1 Dv wklv zrxog lqydolgdwh rxu vpdoo h{dpsoh/ zh vkulqn wkh hvwlpdwh ri

d66 wr 315;: lq rughu wr vdwlvi| wkh irxuwk prphqw h{lvwhqfh frqglwlrq iru wkh suh0HPV

v|vwhp1 Hvwlpdwhg dxwr0 dqg furvv fruuhodwlrqv ri wkh vtxduhg revhuydwlrqv iurp wkh wzr

prghov diwhu wklv dgmxvwphqw fdq eh irxqg lq Wdeoh 51 Wkh lqglylgxdo dxwrfruuhodwlrqv duh

uhodwlyho| kljk dqg shuvlvwhqw iru IUI dqg FKI dqg/ ri frxuvh/ yhu| kljk dqg shuvlvwhqw

iru LWO +wkh dgmxvwhg e�66 uhpdlqv mxvw ehorz xqlw|,1 Rq wkh rwkhu kdqg/ wkh| duh orz iru
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GHP1 Lw pd| dovr eh qrwhg wkdw prvw furvv0fruuhodwlrqv duh qhjoljleoh1

Wklv fdq eh frpsduhg zlwk wkh uhvxowv iurp wkh prgho iru wkh HPV shulrg1 Wkh

dxwrfruuhodwlrq vwuxfwxuh ri GHP lv sudfwlfdoo| xqd�hfwhg e| HPV1 Exw wkhq/ wkh wkuhh

udwhv zlwk suhylrxvo| odujh dxwrfruuhodwlrqv ri vtxduhg uhwxuqv duh qrz pxfk pruh zhdno|

dxwrfruuhodwhg wkdq ehiruh1 Wkh dxwrfruuhodwlrqv lq wkh JES qrw lqfoxghg lq wkh HPV

lqfuhdvh voljkwo|1 Wkxv/ zkloh wkh frqglwlrqdo fruuhodwlrqv ehwzhhq wkh uhwxuqv ri HPV

fxuuhqflhv lqfuhdvh dv d uhvxow ri wkh HPV/ wkh dxwrfruuhodwlrqv ri vtxduhg uhwxuqv ghfuhdvh1

Wkh dqfkru fxuuhqf| ri wkh prqhwdu| v|vwhp/ GHP/ frqvwlwxwhv dq h{fhswlrq1 Rq wkh

rwkhu kdqg/ furvv0fruuhodwlrqv dsshdu zkhuh qrqh zhuh revhuyhg ehiruh wkh HPV= qrwh

wkh rqhv ehwzhhq GHP dqg LWO dqg IUI dqg LWO1 Lw vhhpv wkdw lq wkh HPV shulrg/

wkh fkdqjhv lq wkh yrodwlolw| ri GHP dqg IUI kdyh g|qdplf h�hfwv rq wkh yrodwlolw|

ri LWO1 Wklv pd| qrw eh xqh{shfwhg dv wkhvh fxuuhqflhv ehorqj wr wkh HPV gxulqj wkh

revhuydwlrq shulrg1 Ilqdoo|/ derxw wkh rqo| qrq0qhjoljleoh suh0HPV furvv0fruuhodwlrqv/ wkh

rqhv ehwzhhq JES dqg GHP/ sudfwlfdoo| ydqlvk lq wkh HPV shulrg1 Dv JES kdv qrw

ehhq d sduw ri wkh HPV gxulqj wkh revhuydwlrq shulrg/ wklv pd| qrw eh dq xqh{shfwhg

uhvxow hlwkhu1

Wkh deryh uhvxowv vkrxog eh ylhzhg zlwk fdxwlrq ehfdxvh rqh sdudphwhu hvwlpdwh zdv

dgmxvwhg lq rughu wr doorz wkh hvwlpdwhg suh0HPV surfhvv wr kdyh �qlwh xqfrqglwlrqdo

irxuwk prphqwv1 Ehvlghv/ wkh xqfhuwdlqw| lq wkh sdudphwhu hvwlpdwhv lv qrw dffrxqwhg iru

lq wkh glvfxvvlrq1 Zh zrxog olnh wr hpskdvl}h/ krzhyhu/ wkdw wkh pdlq sxusrvh ri wklv

h{dpsoh lv wr ghprqvwudwh sudfwlfdo xvhv ri wkh wkhruhwlfdo uhvxowv ri wkh sdshu1 Wkh h{0

dpsoh vkrzv wkdw wkh irxuwk0prphqw uhvxowv duh xvhixo douhdg| lq wkh fdvh ri wkh vwdqgdug

�uvw0rughu FFF0JDUFK prgho/ dqg wkh vdph fdq eh vdlg derxw pruh jhqhudo vlwxdwlrqv

dv zhoo1
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: Frqfoxvlrqv

Lq wklv zrun zh kdyh ghulyhg wkh irxuwk0prphqw vwuxfwxuh iru d frqvwdqw0fruuhodwlrq

JDUFK prgho wkdw frqwdlqv dv d vshfldo fdvh wkh FFF0JDUFK prgho ri Eroohuvohy

+4<<3,1 Zh ghprqvwudwh wkh idfw wkdw douhdg| wkh �uvw0rughu yhuvlrq ri wklv prgho lv

fdsdeoh ri fkdudfwhul}lqj surfhvvhv zlwk udwkhu jhqhudo dxwrfruuhodwlrq vwuxfwxuhv1 Wklv

h{whqghg prgho frxog wkhq eh d yldeoh dowhuqdwlyh wr wkh vwdqgdug FFF0JDUFK prgho1

Ghvslwh wkh dsshdolqj wkhruhwlfdo surshuwlhv ri wkh h{whqghg prgho/ pruh zrun lv

qhhghg wr �qg rxw zkhwkhu ru qrw wkh prgho lv xvhixo lq sudfwlfh1 Dv d �uvw vwhs/ d whvw

ri wkh vwdqgdug FFF0JDUFK prgho djdlqvw wkh h{whqvlrq/ lq zklfk lw lv qhvwhg/ vkrxog

eh ghyhorshg1 Vxfk d whvw vkrxog suhfhgh dq| dssolfdwlrq ri wkh pruh jhqhudo prgho/

vlqfh rqh ri wkh yluwxhv ri wkh vwdqgdug FFF0JDUFK prgho lv wkdw wkh hvwlpdwlrq ri

sdudphwhuv lv txlwh vwudljkwiruzdug1 Pd{lpxp olnholkrrg hvwlpdwlrq ri sdudphwhuv lq wkh

h{whqghg prgho dqg wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwruv kdyh wr eh frqvlghuhg dv

zhoo dv wkh hydoxdwlrq ri wkh hvwlpdwhg prgho1 Doo wklv/ krzhyhu/ lv eh|rqg wkh vfrsh ri

wkh suhvhqw sdshu dqg lv ohiw iru ixuwkhu uhvhdufk1
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Uhihuhqfhv

Eroohuvohy/ W1 +4<<3, Prghoolqj wkh frkhuhqfh lq vkruw0uxq qrplqdo h{fkdqjh udwhv= D

pxowlyduldwh jhqhudol}hg DUFK prgho1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :5/ 7<;0

8381

Eroohuvohy/ W1 ) U1I1 Hqjoh +4<<6, Frpprq shuvlvwhqfh lq frqglwlrqdo yduldqfhv1 Hfrqr0

phwulfd 94/ 49:04;91

Eroohuvohy/ W1/ U1I1 Hqjoh ) G1E1 Qhovrq +4<<7, DUFK prghov1 Lq= U1I1 Hqjoh dqg

G1O1 PfIdgghq/ hgv1 Kdqgerrn ri Hfrqrphwulfv/ Yro1 7/ ss1 5<8<0636;1 Dpvwhugdp=

Hovhylhu1

Fhffkhwwl/ V1J1/ U1H1 Fxpe| ) V1 Iljohzvnl +4<;;, Hvwlpdwlrq ri wkh rswlpdo ixwxuhv

khgjh1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :3/ 95609631

Hqjoh/ U1I1 ) Nurqhu +4<<8, Pxowlyduldwh vlpxowdqhrxv jhqhudol}hg DUFK1 Hfrqrphwulf

Wkhru| 44/ 45504831

Jrxulìurx{/ F1 +4<<:, DUFK Prghov dqg Ilqdqfldo Dssolfdwlrqv1 Qhz \run= Vsulqjhu1

Kh/ F1 ) W1 Whuçvyluwd +4<<<d, Irxuwk prphqw vwuxfwxuh ri wkh JDUFK+s> t, surfhvv1

Hfrqrphwulf Wkhru| 48/ ;570;791

Kh/ F1 ) W1 Whuçvyluwd +4<<<e, Surshuwlhv ri prphqwv ri d idplo| ri JDUFK surfhvvhv1

Mrxuqdo ri Hfrqrphwulfv <5/ 4:604<51

Ndudqdvrv/ P1 +4<<<, Wkh vhfrqg prphqw dqg wkh dxwrfryduldqfh ixqfwlrq ri wkh vtxduhg

huuruv ri wkh JDUFK prgho1 Mrxuqdo ri Hfrqrphwulfv <3/ 960:91

Pdjqxv/ M1U1 +4<;;, Olqhdu Vwuxfwxuhv1 Orqgrq= Jul!q1

Sdop/I1F1 +4<<9, JDUFK prghov ri yrodwlolw|1 Lq J1V1 Pdggdod ) F1U1 Udr +hgv1,/

Kdqgerrn ri Vwdwlvwlfv/ Yro1 47/ ss1 53<05731 Dpvwhugdp= Hovhylhu1
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Qhovrq/ G1E1 ) F1T1 Fdr +4<<5, Lqhtxdolw| frqvwudlqwv lq wkh xqlyduldwh JDUFK prgho1

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43/ 55<05681

4:



Dsshqgl{1

Ohw Ll eh dq lqglfdwru ixqfwlrq gh�qhg iru qrq0qhjdwlyh lqwhjhuv l vxfk wkdw

Ll @

;AA?
AA=

4> li l @ 3> 5> ===

3> li l @ 4> 6> === 1

Ohppd 4 Ohw n � 4= Iru wkh yhfwru JDUFK+5/5, prgho +5,0+6, dqg +:,/

yhf+F5>w�5k
+5,
w�5k

+5,3
w�4F

3
4>w�4, fdq eh h{suhvvhg lq whupv ri k

+5,
w�l> yhf+k+5,w�mk

+5,3
w�m, dqg

yhf+k+5,w�lk
+5,3
w�m, dv iroorzv=

yhf+F5>w�5k
+5,
w�5k

+5,3
w�4F

3

4>w�4,

@
nS

m@4
i+F4>w�4 
 LP ,^

mT
l@4

+Ll�4+LP 
F5>w�+l.4,, . Ll+F5>w�+l.4, 
 LP ,,`

�^Lm�4+d3 
 LP , . Lm+LP 
 d3,`jk+5,w�+4.m,

.
nS

m@4
i+F4>w�4 
 LP ,^

mT
l@4

+Ll�4+LP 
F5>w�+l.4,, . Ll+F5>w�+l.4, 
 LP,,`

�^Lm�4+F4>w�+4.m, 
 LP , . Lm+LP 
F4>w�+4.m,,`jyhf+k+5,w�+4.m,k
+5,3
w�+4.m,,

.+F4>w�4 
 LP ,
nT

m@3
^Lm+LP 
F5>w�+5.m,, . Lm.4+F5>w�+5.m, 
 LP,`

�^Ln.4yhf+k
+5,
w�+4.n,k

+5,3
w�+5.n,, . Lnyhf+k

+5,
w�+5.n,k

+5,3
w�+4.n,,`= +D14,

Surri1 Dsso|lqj +:, wr k
+5,
w�4 lq k

+5,
w�5k

+5,3
w�4 |lhogv

yhf+F5>w�5k
+5,
w�5k

+5,3
w�4F

3

4>w�4, @ +F4>w�4 
F5>w�5,+d3 
 LP ,k
+5,
w�5

.+F4>w�4 
F5>w�5,+F4>w�5 
 LP ,yhf+k
+5,
w�5k

+5,3
w�5,

.+F4>w�4 
F5>w�5,+F5>w�6 
 LP ,yhf+k
+5,
w�5k

+5,3
w�6,=

+D15,

Dsso|lqj +:, wr k
+5,
w�5 lq k

+5,
w�5k

+5,3
w�6 rq wkh uljkw0kdqg vlgh ri +D15, dqg frqwlqxlqj wkh

lwhudwlrq xqwlo wkh n0wk vwhs jlyhv +D14,1

4;



Ohppd 5 Dvvxph wkdw i%wj gh�qhg lq +5,0+6, dqg +:, lv vwulfwo| vwdwlrqdu|/ �]
] h{lvwv

dqg frqglwlrq +;, krogv1 Wkhq

Vw�n
d=v=$ 3 dv n $ 4 +D16,

zkhuh

Vw�n @ +F4>w�4 
 LP,
nT

m@3
^Lm+LP 
F5>w�+5.m,, . Lm.4+F5>w�+5.m, 
 LP ,`

�^Ln.4yhf+k
+5,
w�+4.n,k

+5,3
w�+5.n,, . Lnyhf+k

+5,
w�+5.n,k

+5,3
w�+4.n,,`=

Surri1 iLm+LP 
 F5>w�+5.m,, . Lm.4+F5>w�+5.m, 
 LP,j lv d vhtxhqfh ri l1l1g1 udqgrp

pdwulfhv1 Wklv dqg wkh idfw wkdw �+H+LP 
F5>w�m, ? 4 iru dq| m ohdg wr olp
n$4

Vw�n @ 3

doprvw vxuho| zkhq wkh dvvxpswlrqv ri wkh ohppd krog1 Wkhq

Hi+F4>w�4 
 LP ,
4T
m@3

^Lm+LP 
F5>w�+5.m,, . Lm.4+F5>w�+5.m, 
 LP ,`j

@ �F4

4T
m@4

H+LP 
F5>w�5m,
4T
m@4

H+LP 
F5>w�+5m.4,,

@ 3=

Rq wkh rwkhu kdqg/ dv i%wj lv vwulfwo| vwdwlrqdu| zh fdq dvvxph wkdw vhtxhqfh i%wj vwduwhg

dw d �qlwh ydoxh lq wkh lq�qlwh sdvw1 Wkhq +D16, krogv1

Surri1 ^Wkhruhp 5` Iurp +:, zh kdyh

yhf+k
+5,
w k

+5,3
w , @ yhf+d3d

3

3, . +F4>w�4 
 d3 . d3 
F4>w�4,k
+5,
w�4

.+F5>w�5 
 d3 . d3 
F5>w�5,k
+5,
w�5

.+F4>w�4 
F4>w�4,yhf+k
+5,
w�4k

+5,3
w�4, . +F5>w�5 
F5>w�5,yhf+k

+5,
w�5k

+5,3
w�5,

.+LP5 .NP5,+F4>w�4 
F5>w�5,yhf+k
+5,
w�5k

+5,3
w�4,= +D17,

Qrwlqj wkdw +F4>w�4 
F5>w�5,yhf+k
+5,
w�5k

+5,3
w�4, @ yhf+F5>w�5k

+5,
w�5k

+5,3
w�4F

3
4>w�4, dqg dsso|lqj

Ohppdv 4 dqg 5 |lhogv/ diwhu uhzulwlqj +D17,/ dv n $ 4> jlyhv

�+O,yhf+k
+5,
w k

+5,3
w , @ yhf+d3d

3

3, .�+O,k
+5,
w +D18,

4<



zkhuh �+O, +P5�P5, dqg �+O, +P5�P, duh lq�qlwh0rughu pdwul{ sro|qrpldov lq wkh

odj rshudwru O vxfk wkdw �+O, @
4S
l@3

�lO
l dqg �+O, @

4S
l@4

�lO
l= Lq sduwlfxodu/

�3 @ LP5

�4 @ �+F4>w�4 
F4>w�4,

�5 @ �^+LP5 .NP5,+F4>w�4 
F5>w�5,+F5>w�5 
 LP,

.+F5>w�5 
F5>w�5,`

�n.4 @ �+LP5 .NP5,
nS

m@4
i+F4>w�4 
 LP ,^

mT
l@4

+Ll�4+LP 
F5>w�+l.4,,

.Ll+F5>w�+l.4, 
 LP ,,`� ^Lm�4+F4>w�+4.m, 
 LP ,

.Lm+LP 
F4>w�+4.m,,`j

iru n @ 5> 6> � � � > dqg

�4 @ F4>w�4 
 d3 . d3 
F4>w�4

�5 @ F5>w�5 
 d3 . d3 
F5>w�5

.+LP5 .NPP ,+F4>w�4 
F5>w�5,+d3 
 LP,

�n.4 @ +LP5 .NPP ,
nS

m@4
i+F4>w�4 
 LP ,^

mT
l@4

+Ll�4+LP 
F5>w�+l.4,,

.Ll+F5>w�+l.4, 
 LP ,,`^Lm�4+d3 
 LP , . Lm+LP 
 d3,`j

iru n @ 5> 6> � � � =

Vlqfh iFlwj> l @ 4> 5> lv d vhtxhqfh ri l1l1g udqgrp pdwulfhv dqg �+�F4
. �F5

, ? 4> lw

iroorzv wkdw

H+�+4,,

@ olp
n$4

nS
l@4

H+�l,

@ +�F4
F4
. �F5
F5

,
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.+LP5 .NPP ,^+�F4

 LP,+LP � �F5


 �F5
,�4�F4
F5

.+�F4

 �F5

,+LP � �F5

 �F5

,�4�F5
F4
`

@ �= +D19,

Frqglwlrq +43, lpsolhv wkdw H+�+4,, @ +LP5 � �, lv �qlwh dqg wkdw H+�+4,, lv lqyhuwleoh1

Vlploduo|/

H+�+4,,

@ olp
n$4

nS
l@4

H+�l,

@
5S

l@4
+�Fl


 d3 . d3 
 �Fl
,

.+LP5 .NP5,+�F4

 LP ,^+LP 
 �F5

,+LP5 � �F5

 �F5

,�4+d3 
 LP ,

.+�F5

 �F5

,+LP5 � �F5

 �F5

,�4+LP 
 d3,` ? 4 +D1:,

Dvvxph wkdw H+�+4,, dqg H+�+4,, kdyh qr frpprq hljhqydoxhv1 Lw iroorzv iurp +D19,

dqg +D1:, wkdw yhf+k+5,w k
+5,3
w , lq +D18, kdv d irxuwk0rughu zhdno| vwdwlrqdu| vroxwlrq dqg

H+yhf+k
+5,
w k

+5,3
w ,, lv �qlwh1

Xqghu frqglwlrq +43,/ wdnlqj h{shfwdwlrqv rq erwk vlghv ri +D18, jlyhv

H+yhf+k
+5,
w k

+5,3
w ,, @ ^H�+4,`�4iyhf+d3d33, . ^H�+4,`^H+k

+5,
w ,`j=

Dv H+yhf+%+5,w %
+5,3
w ,, @ H+]5

w 
]5
w ,H+yhf+k

+5,
w k

+5,3
w ,,> zh kdyh vhhq wkdw htxdwlrq +44, krogv1

Ohppd 6 Dvvxph wkdw �]
] h{lvwv dqg frqglwlrq +43, krogv iru wkh yhfwru JDUFK+5/5,

prgho +5,0+6, dqg +:,1 Wkhq

Hyhf+F5>w�5k
+5,
w�5k

+5,3
w�4]

5
w�4,

@ +�] 
 LP,^+LP 
 �F5
,+LP5 � �F5


 �F5
,�4+d3 
 LP ,
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.+�F5

 �F5

,+LP5 � �F5

 �F5

,�4+LP 
 d3,`

�+d33 
 LP ,yhf+LP � �F4
� �F5

,�4

.^+�] 
 LP ,+LP5 � �F5

 �F5

,�4�F4
F5

.+�] 
 �F5
,+LP5 � �F5


 �F5
,�4�F5
F4

`Hyhf+k
+5,
w�5k

+5,3
w�4,= +D1;,

Surri1 Htxdwlrq +D1;, iroorzv iurp Ohppd 4 dqg Wkhruhp 51

Ohppd 7 Dvvxph wkdw �]
] h{lvwv dqg frqglwlrq +43, krogv iru wkh yhfwru JDUFK+5/5,

prgho +5,0+6, dqg +:,1 Ohw n � 6= Wkhq

H+k
+5,
w k

+5,3
w�n, @

�
d3 �F4

�F5

�
�n�4
� Hk�w�n +D1<,

zkhuh �� @

3
EEEEEEC

4 3 3

d3 �F4
�F5

3 L 3

4
FFFFFFD

dqg k�w�n @

3
EEEEEEC

k
+5,3
w�n

k
+5,
w�nk

+5,3
w�n

k
+5,
w�+n.4,k

+5,3
w�n

4
FFFFFFD

=

Surri1 Uhzulwh +:, dv

k
+5,
w @

�
d3 F4>w�4 F5>w�5

�
3
EEEEEEC

4

k
+5,
w�4

k
+5,
w�5

4
FFFFFFD

= +D143,

Dsso|lqj htxdwlrq +:, wr k+5,w�4 rq wkh uljkw0kdqg vlgh ri +D143, dqg frqwlqxlqj wkh lwhudwlrq

xqwlo wkh n0wk vwhs |lhogv

k
+5,
w @

�
d3 F4>w�4 F5>w�5

�
F�w�5F

�

w�6 � � �F�w�n

3
EEEEEEC

4

k
+5,
w�n

k
+5,
w�+n.4,

4
FFFFFFD

+D144,

zkhuh F�w�l @

3
EEEEEEC

4 3 3

d3 F4>w�l F5>w�+l.4,

3 L 3

4
FFFFFFD

= Qrwh wkdw H+F�w�lF
�
w�m, @ �5

� iru l 9@ m=
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Ohiw0pxowlso|lqj +D144, e| k
+5,3
w�n dqg wdnlqj h{shfwdwlrqv |lhogv +D1<,1

Surri1 ^Wkhruhp 6` Zh suryh Wkhruhp 6 e| lqgxfwlrq iru q1

+l, Zh vkdoo vkrz wkdw +4:,0+54, krog iru q @ 6=

Iluvw zh vkrz wkdw +4:,0+4<, krog iru q @ 4=1 Frqvlghu

%
+5,
w %

+5,
w�4

3 @ ]5
w +d3 .F4>w�4k

+5,
w�4 .F5>w�5k

+5,
w�5,k

+5,3
w�4]

5
w�4= +D145,

Wdnlqj h{shfwdwlrqv rq erwk vlghv ri +D145, dqg zulwlqj wkhp lq wkh yhf irup |lhogv

yhfH^%
+5,
w %

+5,
w�4

3` @ +LP 
 d3,�5 . �]
F4
yhfH+k

+5,
w k

+5,3
w ,

.yhfH+F5>w�5k
+5,
w�5k

+5,3
w�4]

5
w�4,= +D146,

Vhw yhfh�P @ yhfH+k
+5,
w k

+5,3
w , dqg yhf

hh�P @ yhfH+F5>w�5k
+5,
w�5k

+5,3
w�4]

5
w�4,= Uhzulwlqj +D146,

xvlqj wkhvh gh�qlwlrqv dqg dsso|lqj Wkhruhp 5 dqg Ohppd 6 |lhogv

yhfH^%
+5,
w %

+5,
w�4

3` @ +LP 
 d3,�5 . �]
F4
yhfh�P . yhf

hh�P

@ yhfh�P +4,= +D147,

Wkxv/ +4:,0+4<, krog iru q @ 4=

Vlploduo|/ iru q @ 5>

yhfH^%
+5,
w %

+5,
w�5

3` @ +LP 
 d3,�5 . �]
F5
yhfH+k

+5,
w k

+5,3
w ,

.+LP 
 �F4
,^+LP 
 d3,�5 . �]
F4

yhfH+k
+5,
w k

+5,3
w ,

.yhfH+F5>w�6k
+5,
w�6k

+5,3
w�5]

5
w�5,`

@ +LP 
 d3,�5 . �]
F5
yhfh�P . +LP 
 �F4

,yhfh�P +4,`=

@ yhfh�P +5, +D148,

vr wkdw +4:,0+53, duh ydolg iru q @ 51
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Zh vkdoo qrz vkrz wkdw +54, krogv iru q @ 61 Zh kdyh

yhfH^%
+5,
w %

+5,
w�6

3` @ +LP 
 d3,�5 . +LP 
 �F4
,i+LP 
 d3,�5

.�]
F5
yhfH+k

+5,
w k

+5,3
w , . +LP 
 �F4

,^+LP 
 d3,�5

.�]
F4
yhfH+k

+5,
w k

+5,3
w , . �]
F5

yhfH+F5>w�7k
+5,
w�7k

+5,3
w�6]

5
w�6,`

.+LP 
 �F5
,^+LP 
 d3,�5 . �]
F4

yhfH+k
+5,
w k

+5,3
w ,

.yhfH+F5>w�7k
+5,
w�7k

+5,3
w�6]

5
w�6,`j= +D149,

Dsso|lqj +D147, dqg +D148, wr +D149, jlyhv

yhfh�P+6, @ +LP 
 d3,�5 . +LP 
 �F4
,yhfh�P +5,

.+LP 
 �F5
,yhfh�P+4,=

+ll, Dvvxph wkdw +4:,0+54, krog iru doo q � n=Zh vkdoo vkrz wkdw wkh| krog iru q @ n.4=

Iurp wklv dvvxpswlrq rqh rewdlqv

h�P+n, @ d3�
3

5 . �F4

h�+n � 4, . �F5

h�P +n � 5,

@

�
d3 �F4

�F5

�
3
EEEEEEC

�35

h�+n � 4,

h�P +n � 5,

4
FFFFFFD

@

�
d3 �F4

�F5

�
3
EEEEEEC

4 3 3

d3 �F4
�F5

3 L 3

4
FFFFFFD

3
EEEEEEC

�35

h�+n � 5,

h�P +n � 6,

4
FFFFFFD

@ � � �

@

�
d3 �F4

�F5

�
�n�6
�

3
EEEEEEC

�35

h�+5,
h�P +4,

4
FFFFFFD

= +D14:,
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Rq wkh rwkhu kdqg/ xvlqj Ohppd 7 rqh rewdlqv

H^%
+5,
w %

+5,
w�+n.4,

3` @ �]H+k
+5,
w k

+5,3
w�+n.4,]

5
w�+n.4,,

@ �]

�
d3 �F4

�F5

�
�n�5
�

�H

5
9999997
F�w�nF

�

w�+n.4,

3
EEEEEEC

4

k
+5,
w�+n.4,

k
+5,
w�+n.5,

4
FFFFFFD

k
+5,3
w�+n.4,]

5
w�+n.4,

6
::::::8
=+D14;,

Dsso|lqj +D147,0+D148, wr wkh uljkw0kdqg vlgh ri +D14;, jlyhv

H

5
9999997
F�w�nF

�

w�+n.4,

3
EEEEEEC

4

k
+5,
w�+n.4,

k
+5,
w�+n.5,

4
FFFFFFD

k
+5,3
w�+n.4,]

5
w�+n.4,

6
::::::8
@

3
EEEEEEC

�35

h�P +5,

h�P +4,

4
FFFFFFD

= +D14<,

Lw iroorzv iurp +D14:, dqg +D14<, wkdw

�n�5
�

3
EEEEEEC

�35

h�P +5,

h�P +4,

4
FFFFFFD

@ �n�6
�

3
EEEEEEC

�35

h�P +6,

h�P +5,

4
FFFFFFD

@ � � �

@

3
EEEEEEC

�35

h�P+n,

h�P +n � 4,

4
FFFFFFD

= +D153,

Dsso|lqj +D14<, wr +D153, dqg uhzulwlqj lw lq wkh yhf irup frpsohwhv wkh surri ri htxdwlrq

+54, zkhq q @ n . 4=
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Iljxuh 41 Dxwr dqg furvv fruuhodwlrqv ri vtxduhg revhuydwlrqv ri d wkuhh0glphqvlrqdo

h{whqghg FFF0JDUFK+4/4, surfhvv/ odjv 40;1

u44+q,

0.08

0.1

0.12

0.14

0.16

0.18

1 2 3 4 5 6 7 8
x

u45+q,

0.1

0.15

0.2

0.25

0.3

0.35

1 2 3 4 5 6 7 8
x

u46+q,

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

1 2 3 4 5 6 7 8
x

u54+q,

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

1 2 3 4 5 6 7 8
x

u55+q,

0.08

0.1

0.12

0.14

0.16

0.18

0.2

1 2 3 4 5 6 7 8
x

u56+q,

0.1

0.15

0.2

0.25

0.3

0.35

1 2 3 4 5 6 7 8
x

u64+q,

0.1

0.15

0.2

0.25

0.3

0.35

1 2 3 4 5 6 7 8
x

u65+q,

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

1 2 3 4 5 6 7 8
x

u66+q,

0.08

0.1

0.12

0.14

0.16

0.18

0.2

1 2 3 4 5 6 7 8
x

Qrwh= �F kdv d sdlu ri frpsoh{ frqmxjdwh hljhqydoxhv zlwk prgxoxv @31765 dqg d uhdo urrw @31;8;1

Wkh sdudphwhu ydoxhv duh d34 @ 3=4> d35 @ 3=5> d36 @ 3=58>

d44 @ 3=38> d45 @ 3=58> d46 @ 3=39> d54 @ 3=3:> d55 @ 3=3;> d56 @ 3=58> d64 @ 3=58> d65 @ 3=3;> d66 @ 3=3;>

e44 @ 3=38> e45 @ 3=7> e46 @ 3=38> e54 @ 3=38> e55 @ 3=3:> e56 @ 3=6> e64 @ 3=58> e65 @ 3=3;> e66 @ 3=3;=

Wkh fruuhodwlrq pdwul{ ri wkh vwdqgdug qrupdo huuru surfhvv i}wj kdv wkh iroorzlqj qrqgldjrqdo hohphqwv=
�45 @ 3=5> �46 @ 3=6> �56 @ 3=56
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Wdeoh 4 Wkh hvwlpdwhg frqvwdqw fruuhodwlrqv e�lm > l> m @GP/II/LO/VI/ES/ iurp

wkh wzr hvwlpdwhg FFF0JDUFK prghov +HPV shulrg dqg Suh0HPV shulrg,

ri Eroohuvohy +4<<3,

HPV Suh0HPV

l

e�GPl

e�IIl
e�LOl
e�VIl
e�ESl

GP II LO VI ES

4 31<65 31;;9 31<4: 319:7

0 4 31;:9 31;99 319:9

0 0 4 31;49 31955

0 0 0 4 31968

0 0 0 0 4

GP II LO VI ES

4 3193: 31758 31:47 31776

0 4 31774 3184: 317;;

0 0 4 31669 31678

0 0 0 4 31638

0 0 0 0 4

Vrxufh= Wdeohv 4 dqg 5 ri Eroohuvohy +4<<3,

5:



Wdeoh 51 Dxwr0 dqg furvv fruuhodwlrqv ulm+q,> l> m @GP/II/LO/VI/ES/

q @ 4> 5> 8> 43> duh frpsxwhg iurp wkh wzr hvwlpdwhg FFF0JDUFK

prghov +HPV shulrg dqg Suh0HPV shulrg, ri Eroohuvohy +4<<3,

HPV Suh0HPV4

4 5 8 43 4 5 8 43

u44+q, 313795 313774 3136;7 313638 3138;7 313895 313835 313749

u45+q, 31353: 313538 313534 3134<6 3138:: 3137<4 313634 313466

u46+q, 31449: 313<:: 3138:6 313568 31338< 313387 313374 313359

u47+q, 31396; 313966 313949 3138;; 31384< 31383: 3137:8 313758

u48+q, 313794 313777 3136<< 313667 31354: 3134:3 3133;6 313358

u54+q, 3136:3 313686 31363: 313577 313567 313559 313534 31349:

u55+q, 313483 31347; 313477 31346; 31536< 314:66 314397 3137:5

u56+q, 3143;; 313<44 313867 31354< 3133:7 31339; 313384 313365

u57+q, 313887 31387< 313868 313844 31358; 313585 313569 313544

u58+q, 31373: 3136<5 313686 3135<8 31363< 313576 31344; 313369

u64+q, 313734 3136;6 31366; 313598 313353 31334< 31334: 313347

u65+q, 313539 313537 3134<< 3134<4 313383 313375 313359 313344

u66+q, 313539 314;54 31439: 31376; 317<6< 317843 316765 3154::

u67+q, 3137;4 3137:: 313797 313776 313355 313354 313353 31334;

u68+q, 313755 31373; 313699 313639 313353 313349 31333: 313335

u74+q, 3137:3 31377< 3136<4 313644 31363: 3135<8 313597 31354;

u75+q, 313637 313634 3135<7 3135;5 3135:3 31355< 313347 313395

u76+q, 313;74 313:37 313745 31349< 31335< 313359 313353 313345

u77+q, 315448 3153<9 315373 314<7< 316865 316787 316564 315;<4

u78+q, 3137<: 3137:< 313764 313694 313393 31337: 313356 31333:

u84+q, 313598 313586 313554 3134:8 313;<7 313;94 313:9< 31396:

u85+q, 31346; 31346: 313466 31345: 3136<6 313667 313538 3133<4

u86+q, 3138<3 3137<7 3135;< 31344< 313373 313369 31335; 31334:

u87+q, 31376: 313767 313755 313736 3133:4 31339< 313398 31338;

u88+q, 314:45 314985 3147;7 314575 314664 314437 313844 313487

4 ulm+q,/ q @ 4> 5> 8> 43> duh frpsxwhg iurp wkh hvwlpdwhg suh0HPV prgho e|
uhgxflqj wkh hvwlpdwh ri d66 wr 315;: lq rughu wr vdwlvi| frqglwlrq +43, iru
wklv suh0HPV v|vwhp
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