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Abstract

This paper makes three contributions to the literature on dynamic factor analysis. Firstly,
we investigate the identification problem for a general class of causal dynamic factor
model and provide conditions under which the model is identified. Secondly, we present
an analytical expression for the information matrix of an autoregressive factor model
which can be computed far more efficiently than the standard numerical expression, and
thirdly we propose an accelerated EM algorithm which has the same convergence
properties as the traditional scoring algorithm but has the same storage and CPU-time
requirements per iteration as the standard EM algorithm. We illustrate the very
significant computational gains over the standard approach with simulations.
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1. Introduction

The theory of static factor analysis is well developed and has a long history. The early
work on the single factor model by Pearson (1901) and Spearman (1904) was generalised
to multiple factors by Thurstone (1947), identification theorems were developed by
Anderson and Rubin (1956) and Reiersøl (1950), inference results established by
Anderson and Rubin (1956) and computationally efficient estimation algorithms
developed by Jöreskog (1967) and Lawley and Maxwell (1971). With the subsequent
development of cheap computing power, factor analysis became a standard analytical tool
in a wide range of physical and social sciences. In the time series context however, the
theory of factor analysis remains in a primitive state. The consequence of this is
particularly stark in economics where, despite the prevalence of latent variables in theory
and the availability of large multivariate data sets, the fact that most economic variables
are time series has meant that applications of factor analysis are rare in comparison to
other disciplines.

Geweke (1977) proposed a model in which an observable vector is a two-sided filter of a
vector of unobservable time series factors, plus coloured noise. This has been applied to
an analysis of business cycles by Sargent and Sims (1977), and has been used by
Singleton (1980) to model the term structure of interest rates. However, a limitation of
this model is that the factors are not restricted to be causal to the observable variables.
The most popular approach to time series factor analysis has been to specify the
observable vector as the sum of a one-sided filter of a vector of autoregressive factors
plus autoregressive noise, write the model in state space form, and base estimation on the
Kalman filter. This was originally proposed by Engle and Watson (1981) and Watson and
Engle (1983). In their 1981 paper they derive an expression for the elements of the
information matrix in terms of only the first derivatives of the filtered state and its
covariance. These are evaluated numerically and a scoring algorithm constructed. In their
1983 paper they construct an EM algorithm and compare its performance with the
scoring procedure. In independent research, Shumway and Stoffer (1982) also proposed
the EM algorithm. The economics literature contains many applications of this model
including work on business cycles by Gregory, Head and Raynauld (1997), Gregory and
Head (1999), Norrbin and Schlagenhauf (1996), and Lebow (1993), the estimation of
business cycle indicators by Stock and Watson (1991) and Stock and Watson (1989), and
the estimation of country risk indexes by Melvin and Schlagenhauf (1986). Subsequent
research has proposed estimation algorithms for dynamic factor models with different
factor specifications. In particular, Kim (1994), Kim and Yoo (1995), Chauvet (1998),
Kim and Nelson (1998) and Harris and Martin (1998) have estimated models in which
the factor follows Hamilton's (1989) Markov-switching process, and Dungey, Martin and
Pagan (2000) have estimated a model in which the factor is autoregressive with GARCH
disturbances. However, as far as we know, there has been no work done to further
develop the Watson and Engle model. If the goal is to develop a complete theory of
factor analysis for time series variables, then most of the work is yet to be done.

In our view there are two main weaknesses of the Watson and Engle approach as it
stands. Firstly, and most importantly, little is known about identification in the model. It
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is well known that the static factor model, itself a special case of the Watson and Engle
model, is unidentified in its unrestricted form. Indeed, the need to place strong
restrictions on the model (e.g. zero restrictions) is often regarded as a weakness of factor
analysis. It is not known whether generalising the model to include filtered dynamic
factors and disturbances creates the need for further identifying restrictions, or whether
the dynamic structure itself helps to identify the model. Until this issue is resolved, the
interpretation of the results of any estimation procedure is problematic and the
development of inference results cannot proceed. The second weakness of the Watson
and Engle approach is that it involves a heavy computational burden. Each iteration of
the scoring algorithm requires r+1 runs of the Kalman filter and the storage of Tpr(p+1)
scalar values where T is the sample size, p the number of variables in the model and r the
number of parameters. Thus, the algorithm is expensive in terms of CPU time, and the
storage requirements are heavy for even quite small models. Since the storage
requirements increase in the order of p3, the number of variables that can be feasibly
included in the model is restricted, even with the massive improvements in available
computing power that have occurred since the publication of their paper. Alternative
programming can reduce the storage requirements to 2Tp(p+1), but requires r2 passes of
the Kalman filter. The iterations of the EM algorithm are not as severely affected by the
size of the model, the storage requirements are far more modest, and only a single pass of
the Kalman filter and a fixed-interval smoother is needed for each iteration. However, it
is often the case that a very large number of iterations are necessary for convergence.
From good starting values the EM algorithm will usually take longer to converge than
scoring even though it computes each iteration far quicker. In any case, the computation
of standard errors still requires the information matrix to be constructed and so the
problems of the scoring algorithm are not entirely avoided by using the EM algorithm.

In this paper we make three contributions to the literature on time series factor analysis.
Firstly, we discuss the identification problem in the time series setting and prove global
identification under certain conditions. The focus of our attention is the Watson and
Engle model, but the theorems are sufficiently general to also apply to a range of other
factor specifications, including models with switching means and conditionally
heteroscedastic factors. Secondly, we derive an analytical expression for the information
matrix in the Watson and Engle model that generally requires much less CPU time and
storage space to be computed. Thirdly, we propose an accelerated EM algorithm which
has the same convergence properties as the scoring algorithm, but computes all but the
first iteration in the same time as the standard EM algorithm. We illustrate the
computational gains with simulations.

2. The Model

Modern economists have at their disposal an enormous and growing number of time
series which measure various aspects of economic activity. However, economic theory
suggests that these variables are driven by a relatively small, typically unobservable set of
influences, e.g. aggregate demand, expectations various prices, willingness to pay, etc.
Informal empirical analysis typically supports this view. Eigenvalue decompositions of
autocovariance matrices often find a relatively small number of large eigenvalues and a
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large number of eigenvalues which are relatively close to zero. This suggests that models
with a large number of measured variables, but a relatively small number of important
sources of variation might be useful. However, standard multivariate econometric
techniques such as VAR models are not well-suited to anything other than small-
dimensional data sets, necessitating significant aggregation with the possible loss of
information.

We propose the following model.

ttty ε+ξ= ,  t = 1,..,T (2.1)

where yt is a p-vector of observed stationary time series, εt is an unobserved Gaussian
stationary process with diagonal spectral matrix ε

ωS , ξt is an unobserved Gaussian
stationary signal. Thus, the correlation structure of yt is determined solely by ξt. A fairly
general model would have (with L the lag or backshift operator) 

tt )L(T η=ξ

where T(L) = [Tij(L)] is a p×k matrix of rational transfer functions and ηt is a Gaussian
white noise of variance σ2Ik. In general we would have k=p, but in light of the previous
discussion, it seems reasonable to allow k<<p. 

We write

)L(a
)L(b

)L(T
ij

ij
ij =

where bij(L) and aij(L) (which is monic) are coprime (see Appendix 4) polynomials in L.
In the control theory literature when a state-space representation of a strictly proper (see
Appendix 4) transfer function is required, it is assumed that degree(bij(L)) <
degree(aij(L)). However, such an assumption is not required in what follows so we place
no restriction on the degrees of the polynomials other than finiteness. There are a number
of routes one might attempt to follow to investigate the identifiability of (2.1). Even if ηt
was observed, the identification theory of (2.1) is not straightforward (Hannan and
Deistler, 1986). It can, for instance, be developed through minimal dimension state space
theory. Because we are not yet able to develop a completely general theory, we take an
intermediate route. For j = 1,…,k, let dj(L) be the least common multiple of aij(L), i =
1,…,p. We can then write

[ ] [ ]
)L(d

)L(c)...L(c
)L(d
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)L(T)...L(T
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j

j
pjj1 =

′
=′ (2.2)
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where ∑
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 ηη= − (2.5)

Our model is then (2.1), (2.4) and (2.5). This specification is well-known in the
engineering literature (Bennett 1980, Rosenbrock 1973) and, as is shown below, the
construction of a state-space representation is straightforward. 

In what follows we will refer to ft as the factor vector, β(L)ft as the common component
of the model, εt as the disturbance vector, and to ηt as the factor innovation vector.
Denoting nj = degree(dj(L)), the number of parameters in the common component of the

model is ∑ ∑
= =









+

k

1j

p

1i
ijj qm .

3. Identification

Consider the causal dynamic factor model

M: yt = β(L) ft + εt

where yt is a p-vector of observable variables, β(L) is a p×k finite-order one-sided or
causal matrix polynomial in which L is the backshift operator, ft is a k×1 vector of
unobservable factors and εt is a p×1 vector of unobservable disturbances. The elements of
ft and εt are mutually independent but may be serially correlated. That is, the spectrum of
ft is diagonal and the spectrum of εt is diagonal. It is assumed that the autocorrelations of
ft and εt are absolutely summable so that their spectra are bounded. The spectrum of the
observable variables may be written as

ε
ωωωωω +ββ= SSS Hfy
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where H denotes the complex conjugate transpose and fSω  and ε
ωS  are the spectra of ft and

εt respectively, which again are diagonal. We will consider second-order conditions only
and accordingly make the following definition.

Definition: We define two factor models M and M * to be observationally
equivalent if their spectra ySω  and *ySω  are equal for all frequencies ω, 
- π ≤ ω ≤ π. 

In the case where β(L) is of zero order and ft and εt are Gaussian white noise it is well-
known that a rotational indeterminacy exists in the model which may be eliminated by
imposing fairly strong restrictions, such as zero-restrictions, on the model (see, for
example, Howe, 1955). Two questions are of interest in the causal time series case.
Firstly, can identifying zero-restrictions from the static case be generalised to the causal
dynamic case, and secondly are there features of the causal dynamic model which allow
for identification under weaker restrictions than are generally applied in the static case?
Our objective is to find conditions under which the elements of the set of observationally
equivalent models differ in only a trivial way such as sign changes or changes in the
scaling or order of the factors.

Our first result, a dynamic extension of a static result in Anderson and Rubin (1956),
gives conditions under which the process spectrum is identified.

Theorem 1:  For the set of models M, if β(L) can be partitioned into two k×k full-rank
polynomial matrices, a 1×k polynomial vector, and a (p-2k-1)×k polynomial matrix, then
the disturbance spectrum ε

ωS  is identified.

Proof: See Appendix 1.

Note that the theorem requires that p≥ 2k+1, providing us with a lower bound on the
number of observable variables if our identification results are to apply. However, it is
not sufficient to simply have a large number of variables relative to the number of
factors; we also have restrictions on the linear independence of the filtering. For example,
if it was the case that the data set consisted of time series observations of a panel of firms
or individuals who have identical characteristics, then it may be the case that they all
react to changes in the common factors in the same way, in which case, the rank of β(L)
may be insufficient for the theorem to apply, even if there are a large number of
variables. Thus, loosely speaking, theorem 1 says that it is insufficient to have a large
number of variables; they must also be sufficiently diverse.

The next result shows that the number of factors is uniquely determined under the
conditions of theorem 1.

Theorem 2:  For the set of factor models M, if β(L) can be partitioned as in theorem 1,
then the dimension of the factor vector is identified.
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Proof: See Appendix 1.

With the disturbance spectrum and factor dimension identified, all that remains is to
determine conditions under which βω and fSω  are uniquely determined by βω

fSω βω
H. The

following lemma, which is an extension of a static result by Reiersøl (1950), provides a
useful representation of the set of observationally equivalent models which will be used
subsequently.

Lemma 1:  Under the restrictions of theorem 1, the set of observationally equivalent
dynamic factor models has the spectral representation 

ε
ωωωωω +ββ= SSS

H**f*y

where 1* M −
ωωω β=β  and Hf*f MSMS ωωωω =

and Mω is a k×k non-singular polynomial operator in e-iω. Furthermore, if β(L) is
irreducible (see Appendix 4), then Mω is unimodular.

Proof: See Appendix 1.

We now show that the factor spectrum and the filter β(L) are identified under a particular
pattern of zero-restrictions on the factor loading matrix β(L). 

Theorem 3: If β(L) can be partitioned into a k×k lower-triangular matrix, a k×k full-rank
matrix, a 1×k row vector and a (p–2k–1)×k matrix, then β(L) is identified and the factor
spectrum fSω  is identified up to a re-ordering of the factors, a rescaling of the factors, and
a sign change on each factor.

Proof: See Appendix 1.

Note that Theorem 3 does not require β(L) to be irreducible. In fact its proof requires Mω
to be non-singular, but not necessarily unimodular. Theorem 3 generalizes to the time
series context the well-known result that an appropriate pattern of zero-restrictions
identifies a static factor model. Thus, it tells us that identification is no more of a problem
in the causal time-series setting than it is in the static case. It states that a k-factor model
is identified if k-j variables are independent of j of the factors for j=1,..,k-1. While useful,
the factor-exclusion assumptions that the theorem requires are strong and may not be
satisfied in many applications. This is often considered a serious drawback of static factor
analysis. In theorem 4 we show that under fairly general conditions, the results of
theorem 3 hold without zero-restrictions.
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Theorem 4: Write the factor-filter as ∑
=

β=β
ij

j,i
qmax

1r

r
rL)L( . If 

1. β(L) may be partitioned as in theorem 1;
2. rank(βr)=k, r=0,..,q;
3. β(L) is irreducible (see Appendix 4);
4. the factor spectra are linearly independent functions, i.e.

0},..,0{0)S(diag f =λ⇒π∈ω∀=λ ω for any 1×k vector λ;

then β(L) is identified and the factor spectrum fSω  is identified up to a re-ordering of the
factors, a rescaling of the factors, and sign changes of the factors.

Proof: See Appendix 1.

Suppose that assumption 3 of theorem 4 was not satisfied. In this case, if N(L) is a k×k
full rank polynomial matrix common factor, the model ttt f)L(  y ε +  β=  where

)L(N)L()L( β=β and t
1

t f)L(Nf −=  is observationally equivalent to yt = β(L) ft + εt.
Assumption 4 is automatically satisfied in some, but not all cases. The most simple case
in which the factor spectra are not linearly independent functions is the static factor
model in which all factors are unit-variance white noise. Indeed, any model in which the
factors follow exactly the same processes including having the same parameter values,
fails to satisfy assumption 4. Furthermore, if the factors are drawn from any set of
processes which is closed under addition and scalar multiplication (e.g. ARMA
processes), then assumption 4 could be violated even if the factors are all different. Note
that we have also introduced an extra rank restriction on β(L).
It should be noted that the above theorems provide conditions under which the spectra of
the factor and disturbance processes are identified. However, our real interest is in the
identification of the parameters of these processes. Such identification follows for any
process for which the parameters are identified by their spectra. Thus, our theorems
provide identification conditions for factor models in which the factors and disturbances
follow invertible, irreducible, stationary ARMA processes. This includes the Watson and
Engle model, which is the focus of interest in this paper, as a special case. However, in
addition to this, our theorems apply to a range of other models. For example, models with
factors which follow the Markov-switching process of Hamilton (1989), as estimated by
Kim (1994), Kim and Yoo (1995), Chauvet (1998), Kim and Nelson (1998) and Harris
and Martin (1998), are identified under the conditions set out above. Similarly, the multi-
factor model of bond yields of Dungey, Martin and Pagan (2000), which features factors
and disturbances which are autoregressive filters of GARCH processes is also identified
under these conditions. However, these theorems do not guarantee identification for
models in which the factors and/or the disturbances follow pure GARCH processes or
pure stochastic volatility processes since the parameters of such processes are not
identified by their unconditional second moments.
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4. State Space Representation

While it is possible to write state space representations of factor models with ARMA
factors and restricted ARMA disturbances, this involves a much larger state dimension
than is necessary for autoregressive factors and disturbances. Since the algorithm that we
present in the next section involves a computational load that is related to the state
dimension, there are significant computational advantages in restricting attention to
models in which both the factors and the disturbances are purely autoregressive. We
begin by considering the dynamic factor model with autoregressive factors and white
noise disturbances.

White noise disturbances:

yt = β(L) ft + εt

ft = a(L)-1ηt

E(εt) = 0, E(ηt) = 0, kjjtt I)E( δ=η′η − , R)E( jjtt δ=ε′ε −

0)E( jtt =ε′η −  for all j

where β(L) is a p×k FIR operator of order q, a(L) is a k×k diagonal FIR operator of order
m, R is a p×p diagonal matrix, and δj is Kronecker’s delta. A minimum-dimension state-
space representation of a scalar autoregressive factor is, for i=1,…,k

it1it Z~ef ′=

1it1itiit eZ~A~Z~ η+= −

where 
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is a so-called companion matrix (Kailath, 1980) and e1 is an mx1 vector with 1 in the first
element and zeros elsewhere.

Let 


















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)m,1qmax(it
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it

it

z
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Z
M

If qi+1<mi, define  ii A~A =  and ( )00BBB iq0ii LL= . Otherwise, let
( )iq0ii B...BB = and let Ai be the (qi+1)×(qi+1) matrix defined as  
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If the vector of observed variables yt is modelled in terms of k independent
autoregressive factors, then we may write the model as

(3.1) ttt BZy ε+=
(3.2) t1tt AZZ η+= −

where 















=

kt

t1

t

Z

Z
Z M , 



















=

k

1

A00
0

0
00A

A

L

OM

MO

L

, ( )k1 BBB L= , 
















η

η
=η

1kt

1t1

t

e

e
M .

Autoregressive disturbances:

Models with autoregressive disturbances are accommodated by quasi-differencing.
Consider the model

ttt f)L(x ε+β=

( )′εε=ε ptt1t K

t
1

iit )L(g δ=ε −

t1tt Aff η+= −

where xt is now the p×1 observable vector, gi(L) is a monic scalar polynomial of degree
vi, and δt is a white noise sequence. Construct the matrices ( )pjj1j ggdiagP K=  for

)v(max,...,1j ii
= where gij is the jth coefficient of the polynomial gI(L) if i≤vi, or is zero if

i>vi. Let P=[P1wp,…,Pvwp] where wp is a p-vector of ones. If we define

∑
=

−−=
v

1j
jtjtt xPxy  and 
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[ ]],0[P...]0,,0[P]0,,0[P]0,[B vpv)2v(p2p2)1v(p1p1vp β−−β−β−β= ×−××−×××

then the model may be written in the above state-space form (3.1) and (3.2). Note that the

state dimension of the model is ∑∑
==

+
p

1i
i

k

1j
iji

vqmax which is independent of the number of

observable variables in the model.
 

5. Parameter Estimation

In their 1983 paper, Watson and Engle suggest estimation of the model by either the EM
algorithm or scoring based on numerical differentiation. Both algorithms have attractive
and unattractive features. The EM algorithm is robust to poor starting values and, since
each iteration requires only a single run of the Kalman filter and a fixed-interval
smoother, the iterations can be computed relatively quickly and with modest storage
requirements. However, convergence can be extremely slow once the algorithm has
moved into the neighbourhood of the maximum. Furthermore, the EM algorithm does not
easily produce standard error estimates1. On the other hand, the scoring algorithm
converges rapidly from good starting values and produces standard error estimates. For
this reason, Watson and Engle (1983) wisely recommend that the EM algorithm be used
initially to provide starting values for the scoring algorithm. However, the most pressing
problem with the scoring algorithm is that it requires the Kalman filter to be executed

∑∑ ∑
== =

+







+

p

1i
i

k

1j

p

1i
ijj vqm  times in each iteration of the algorithm and for the output to be

stored. The computational load of the algorithm, both in terms of CPU time and storage
space, is therefore high. Furthermore, the computational cost is increasing in p, placing
severe practical limitations on the number of variables that may be included in the
analysis. We propose that this problem be avoided by replacing the scoring algorithm
with an accelerated version of the EM algorithm. 

Let ( )T1 y...yY =  and ( )T1 Z...ZZ = . θ,θ0 ∈  Θ where Θ is the parameter space. Following
the literature on the EM algorithm (e.g. Dempster, Laird and Rubin, 1977) we define

[ ]0Z0 ,Y|)|Z,Y(flnE),(Q θθ=θθ  

where ∑∑∑
=

−
==

− −′−−′−−−=θ
T

1t

2
1tjt2

k

1j

T

1t
tt

1
tt )ZaZe(

2
1)Zy(R)Zy(

2
1Rln

2
T)|Z,Y(fln

and aj is a row vector containing the first row of Aj and e2 is a k.max(q+1,mj)-vector
containing zeros with a 1 in the first entry. Note that f(Y,Z|θ) is the likelihood function

                                                
1 In general, estimates of the information matrix can be derived from the EM algorithm. For example, Oakes (1999) shows how the
Hessian may be derived from the complete data likelihood. However, in the current application, this would involve differentiation of
the Kalman filter and the smoother – a heavier computational burden than the Watson and Engle procedure.
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for a model with the same structure as the dynamic factor model except that the factors
are assumed to be observed. Note also that the expectation is taken over Z given θ0, i.e.

∫
ψ∈

θθ=θθ
Z

00 dZ),Y|Z(h)|Z,y(fln),(Q

where h(Z|Y,θ0) is the likelihood of the state and ψ is the state space. Denoting the
likelihood of Y as )|Y( θl  we have

∫∫
ψ∈ θ=θψ∈ θ=θθ=θ θθ∂

θ∂=
θ
θ

θ∂
θ∂=

θ∂
θθ∂

Z 0Z 0

00

)|Y(
1dZ)|Z,Y(fdZ

)|Z,Y(f
),Y|Z(h)|Z,Y(f),(Q

000
l

00

)|Y(ln
)|Y(

1)|Y(

0 θ=θθ=θ θ∂
θ∂=

θθ∂
θ∂= l

l

l

Thus, rather than computing the gradient numerically, as in Watson and Engle (1981) we
derive the following analytical expressions

(5.1) [ ]∑
=

−−−
′θ′−θ′=

φ∂
∂ T

1t
0t1t1t0t1tt ),y|ZZ(AE),y|ZZ(Evec

)A(
l

(5.2) [ ]∑
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−− ′θ′−θ=
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∂ T

1t
0ttt

1
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1 ),y|ZZ(BER),y|Z(EyRvec
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(5.3)

( )[ ]∑
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′∂

∂ T

1t

11
0tttt0tt0ttttt

1 TRRB),y|ZZ(BEBy),y|Z(E),y|Z(EByyyRdiag
2
1

)R(diag
l

where φ(.) is a function which stacks the free parameters of its matrix argument into a
column vector and the necessary expectations are computed using a fixed-interval
smoother such as that presented in Shumway (1988) and Shumway and Stoffer (1982).
This approach to computing gradients has been noted by Fisher (1925), Louis (1982),
Meilijson (1989), Ruud (1991) and Oakes (1999). Koopman and Shephard (1992) have
also derived this result in the context of a state-space model.

Since the computational load of the smoother is related to the state dimension, whereas
the computational load of numerical differentiation is related to the number of parameters
in the model, this approach offers significant computational gains. All that remains is to
choose a computationally efficient method to approximate the Hessian. 
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Engle and Watson (1981) propose an element-by-element construction of the information
matrix and show that this requires only first derivatives of the state vector and state-
covariance matrix which may be carried out numerically. While effective, this approach
involves a heavy computational burden, which increases cubicly as the number of
variables in the model, is increased. Large improvements in computational efficiency
may be had if an alternative procedure may be found. Since we have an efficient
procedure for constructing the gradient vector, the obvious approach is to use a quasi-
Newton method in which the Hessian is approximated by a function of the gradient. After
some experimentation, our experience is that the best approach is to start the algorithm by
computing the information matrix at the initial parameter vector and to then use the rank-
two update of the Davidson-Fletcher-Powell algorithm to approximate the Hessian in
subsequent iterations. This requires the information matrix to be computed only twice
during the algorithm – once to start the algorithm, and once to compute standard errors –
rather than once every iteration.

The information matrix may be computed from the Kalman filter outputs as
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
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2
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)()(
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j

t1
t

i

t

j

t1
t

1
t

T

1t i

t

ji

2

where ξt = yt - BZt
t-1 ,  Ωt = BPtt

t-1B′ + R,  Zt
t-1=Et-1(Zt), Ptt

t-1=Et-1(Zt - Zt
t-1)(Zt - Zt

t-1)′, θi

and θj are B, A or R, Zt is the state variable, and φ(.) is a function which creates a
column-vector from the free parameters of its matrix argument. This is a matrix version
of the element-by-element expression for the information matrix given as equation (3.12)
in Engle and Watson (1981). The term with the Kronecker product in the above
expression has dimension p2×p2. Thus, for anything other than small values of p the
storage requirements of the algorithm will be high. This problem may be avoided and the
information matrix for models with quite large numbers of variables may be feasibly
computed by differentiating Ωt with respect to each of the coefficient matrices and
multiplying out the terms in the information matrix. The resulting expressions are in
appendix 2. While inelegant, they are straightforward to program. Of particular
importance is the fact that the necessary derivatives are all of the state dimension, rather
than the model dimension, and that the largest Kronecker product terms have dimension
of order p rather than p2. The derivative terms could be approximated by numerically
differentiating the Kalman filter, however it is usually computationally more efficient to
differentiate the Kalman filter analytically to produce derivative filters. These are
presented in appendix 3.

Thus, our algorithm is as follows.

1. Estimate the model using the EM algorithm with a coarse convergence criterion to
provide starting values for the parameter vector θr. This will usually require only
a handful of iterations.

2. At θr execute the Kalman filter and the smoother and store the outputs.
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3. Compute and invert the information matrix using the expressions in Appendices 2
and 3. Denote the inverted information matrix Hr.

4. Iterate the following steps:
- Using the output from the smoother, compute ),Y|ZZ(E rtt θ′ ,

),Y|ZZ(E r1tt θ′− , and ),Y|Z(E rt θ for t=1,..,T;
- Evaluate the gradient vector gm using expressions (5.1), (5.2) and (5.3);
- Compute θr+1 = θr + λrHrgr for step size λr;
- Compute the Davidson-Fletcher-Powell update of the Hessian

approximation:

)gg(H)gg(
H)gg)(gg(H

)gg()(
))((HH

r1rrr1r

rr1rr1rr

r1rr1r

r1rm1r
r1r −′−

′−−−
−′θ−θ

′θ−θθ−θ+=
++

++

++

++
+

- At θr+1 execute the Kalman filter and the smoother and store the outputs.

Note that this is a quasi-Newton algorithm and so we would expect convergence to occur
in fewer iterations than the standard EM algorithm. However, once the initial inverted
information matrix has been computed, the computation of the algorithm is the same as
for the standard EM algorithm except that the OLS regressions of the ‘M-step’ are
replaced by the update of H and a line-search. If the line search increases the likelihood at
its first attempt then the computational load is similar to the standard EM algorithm.
Thus, the accelerated EM algorithm combines the superior convergence properties of a
Newton-type algorithm with the computational efficiency of the standard EM.

6. A Comparison of Computing Times

We have made two as yet unsubstantiated claims for our work in the preceding section –
that our expression for the information matrix is generally quicker to compute than the
Engle and Watson expression, and that our accelerated EM algorithm converges in
approximately the same number of steps as the scoring algorithm. We now verify these
claims using simulated data. Our first exercise was to compare the computation times of
the Engle and Watson (1981) element-by-element construction of the information matrix
with the analytical approach described above. To do this we generated simulated data for
models with different orders and compared the CPU time using both methods for the
same data. The results are shown in table 1. The computations were made using a
Pentium 3 with 256Mb RAM and were programmed in Matlab. For simplicity we have
set qij=q, mj=m and vl=v for all i=1,..,p, j=1,..k and l=1,..,p.

Table 1 – Computation times for the information matrix

Model (T=100) Engle and Watson Analytical
p=10, q=0, k=1, m=1, v=0 23.45s 1.65s
p=10, q=4, k=1, m=1, v=0 176.58s 7.04s
p=10, q=0, k=4, m=1, v=0 138.36s 4.51s
p=10, q=0, k=1, m=4, v=0 30.42s 4.56s
p=10, q=0, k=2, m=1, v=4 172.8s 13.3s
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p=20, q=0, k=1, m=1, v=0 161.7s 1.97s
p=100, q=0, k=1, m=1, v=0 not computed 27.52s

p=the number of observable variables; q=the number of lagged factors; k=the number of factors; m=the order of the factors; v=the
order of the disturbances.

We started by computing the information matrix for a simple model with a single AR(1)
factor, no lagged factors, and white noise disturbances, using both methods. We then in
turn raised one of the orders of the model and recomputed the information matrix. For all
the models examined the analytical information matrix was computed much faster than
its numerical counterpart. The relative efficiency of the analytical approach is reduced
when the order of the factor is raised, but for all other changes of order the relative
efficiency is either the same as, or better than, that for the simple model. Most striking is
the relative efficiency when the number of observable variables (p) is raised to twenty. In
this case, the numerical approach takes over two minutes and forty seconds to compute
the information matrix, while the analytical approach requires less than two seconds. We
had insufficient RAM to compute the information matrix numerically for the model with
p = 100, but were able to compute it analytically in less than thirty seconds. In each case
we compared the standard errors implied by each information matrix. We found that the
approximation provided by the numerical approach is quite accurate.

The next exercise was to compare the number of iterations to convergence taken by the
scoring algorithm and the accelerated EM algorithm. In these simulations we generated
100 data sets for each model, and estimated the model for each data set using both
algorithms with the same starting values and the same convergence criterion. The results
are in table 2.

Table 2 – The average number of iterations to convergence used by the scoring and
accelerated EM algorithms

Model Scoring Accelerated EM
P=5, q=0, k=1, m=1, n=0 7.03 7.17
P=5, q=2, k=1, m=1, n=0 8.47 5.99
P=5, q=0, k=1, m=3, n=0 7.3 4.91
P=5, q=0, k=1, m=1, n=1 13.26 10.07
P=5, q=0, k=2, m=1, n=0 11.3 9.8
P=30, q=0, k=1, m=1, n=0 6.48 5.1

The figures in this table are the average over 100 simulated data sets of the number of iterations taken by the scoring algorithm and the
number of iterations taken by the accelerated EM algorithm to satisfy the same convergence criterion. Starting values were generated
using the standard EM algorithm. The iterations of the standard EM algorithm are not included in the table.

Note that in these simulations, the accelerated EM algorithm generally finds the
maximum in slightly fewer iterations than the scoring algorithm. It should be
remembered that, with the exception of the first, the iterations of the accelerated EM
algorithm require only a single pass of the Kalman filter and a smoother. Thus, models
that might take several minutes to estimate using the traditional scoring method are
usually estimated in seconds by the accelerated EM algorithm.
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7. Conclusions

Dynamic factor analysis is potentially a useful analytical tool in economics, but its use
has been limited by a lack of structural theory and computationally efficient estimation
algorithms. Our work shows that the zero-restrictions that are identifying in the static
case generalise to the dynamic model. Furthermore, under fairly general conditions such
as linear independence of the factor spectra and irreducibility of the filter, the dynamic
factor model is identified without further restrictions. While being quite general, our
assumptions are clearly not necessary. For example, in the standard signal extraction
problem an observable scalar is a multiple of an unobservable AR(1) factor plus white
noise. This model is known to be identified, but its identification is not proved by our
theorems. This raises the possibility that future research could uncover a more general set
of sufficient conditions for identification. The issue of necessary conditions is another
worthwhile topic for future research. We have also presented a maximum likelihood
algorithm that is much more efficient than the standard approach in terms of CPU time
and storage space. Future research might look at the topic of statistically inefficient
estimation approaches which have even greater computational efficiency. Stock and
Watson (1998) and Forni, Hallin, Lippi and Reichlin (2000) have taken just such an
approach by using principal components to consistently estimate factors in models with
infinite dimension. Similarly, simple methods to consistently estimate factors in small
models would be extremely useful.

Appendix 1 – Proofs of Theorems

Proof of Theorem 1: Consider the spectral representation of two dynamic factor models
M and M *. Without loss of generality, assume that k*≤ k. Under the stated conditions we
may write
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for each value of ω, where β1 and β2 are full-rank k×k matrices, βk + 1 is
a 1×k vector, β1

* and β2
* are k×k* matrices and βk+1

* is a 1×k* vector. The subscript ω is
suppressed in order to simplify the notation.
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where ω is again suppressed, and we may write βω
* fSω

*βω
*H in a similar fashion.

Consider the (k+1)×(k+1) submatrix of βω
fSω βω

H occupying block rows 1 and 2 and
block columns 2 and 3.
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Since βω
fSω βω

H is of rank k, V being (k+1)×(k+1) must be singular.  Hence,

|V|  =  (-1)k βk+1 Sf βk+1
H | β1 Sf β2

H | + f (β, Sf) = 0 (2.1)

where f(.,.) is a bounded, real-valued function of the elements of its matrix arguments. 
If M and M * are observationally equivalent then ySω  = *ySω . Since ε

ωS  and *Sε
ω are diagonal

it follows that the off-diagonal elements of βω
* fSω

*βω
*H are equal to the corresponding

elements of βω
fSω βω

H. Thus, H
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*
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Similarly, since V* is a (k+1)×(k+1) submatrix of a matrix of rank k* ≤ k we have

|V*| = (-1)k H*
1k

*
f

*
1k S ++ ββ   |β1Sf β2

H | + f(β, Sf) = 0     (2.2)

Since β1, Sf, and β2 are of full rank, |β1 Sf β1
H| ≠ 0.  Thus, equations (2.1) and (2.2) yield

H*
1k

*
f

*
1k S ++ ββ   =  H

1kf1k S ++ ββ .

Similarly, it may be shown that the other diagonal elements of βω
* fSω

*βω
*H are equal to

the corresponding elements of βω
fSω βω

H for all ω. Thus, ε
ωS  = *Sε

ω  for all ω.    #

Proof of theorem 2: Consider two factor models M and M *. Without loss of generality,
assume that k*< k. From theorem 1 we have βω

fSω βω
H = βω

* fSω
*βω

*H. Let β1ω be a k×k
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full-rank sub-matrix of βω and β1ω
* the k×k * matrix of corresponding rows from βω

*.
Then we have β1ω

fSω β1ω
H = β1ω

* fSω
*β1ω

*H. Since β1ω is of full rank |β1ω
* fSω

*β1ω
*H| =

|β1ω
fSω β1ω

H | > 0 ⇒ k*≥ k, a contradiction. #

Proof of lemma 1:  From theorems 1 and 2, ε
ωS  and k are identified. Therefore, if M and M

* are observationally equivalent, it must be true that
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H = βω
* fSω

*βω
*H 

Under the restrictions of theorem 1 we may partition βω into a full-rank k×k matrix β1ω,
and a (p–k)×k matrix β1ω, and partition βω

* similarly.  Thus, we have
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a set of four matrix equations, two of which are
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H = β1ω
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*β1ω
*H

(2.4) β2ω
fSω β1ω

H = β2ω
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from (2.3) we can write
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*
2 M −

ωωω β=β . Stacking (2.3c) and (2.3d) gives 

(2.5)  1* M −
ωωω β=β . 

Since β and β* are irreducible and β1 and β1
* are constructed from rows of β and β*

respectively, it follows that β and β1 are right coprime and that β* and β1
* are right

coprime. Thus, from the Simple Bezout Identity (Kailath 1980, section 6.3) there exist
polynomial matrices X1ω, X2ω, X3ω, X4ω such that 
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(2.6) X1ωβω + X2ωβ1ω = I
(2.7) X3ωβω

* + X4ωβ1ω
* = I

Substituting (2.5) and (2.3b) into (2.6) and (2.7) yields Mω
-1 =  X1ωβω

* + X2ωβ1ω
* and 

Mω =  X3ωβω + X4ωβ1ω. Since X1ω, X2ω, X3ω, X4ω, βω, β1ω, βω
*, and βω

* are polynomial
matrices, Mω and Mω

-1 are polynomial matrices. It follows that Mω is unimodular. #

Proof of theorem 3: We define a permutation matrix as a square matrix in which each
column and each row has exactly one element with a value of unity. All other elements
are zero.

From theorem 2 and part of lemma 1 we need only consider k-factor models of the form

ε
ωωωωω +ββ= SSS
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where 1* M −
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and Mω is a k×k non-singular operator.
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lower triangular and fSω  and fSω
* diagonal we have Hf*f1 MSSM ωωω
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ω =  where the left-hand

side is lower triangular and the right-hand side upper triangular. It follows that Mω is

diagonal. Accordingly, we may write u2
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d MMM ωωω =  where Mω
d is a k×k non-singular

diagonal operator and Mω
u is a k×k unitary operator. We then have *fdHufu SMMSM ωωωωω = .

If follows that the right-hand side is a diagonal matrix of eigenvalues of fSω  and Mω
u the

corresponding matrix of eigenfunctions. Since fSω  is diagonal it follows that the absolute
value of Mω

u is a permutation matrix and Mω
d has absolute value Ik. It follows that the

absolute value of Mω is a permutation matrix.   #

Proof of theorem 4: From lemma 1 we may write ω+−

= =

ω−

=
∑ ∑∑ β=β )lj(i

l

s

0l

qmax

0j
j

ij

qmax

0j

*
j eMe

ij
j,i

*
ij

j,i

for

finite, non-negative s. Since M is of full-rank it is non-zero so the transformation of βω

cannot reduce its order. Thus, ijj,i

*
ijj,i

qmaxqmax ≥ . The unimodularity of Mω under the

assumed conditions allows us to similarly argue that *
ijj,iijj,i

qmaxqmax ≥ . Therefore

ijj,i

*
ijj,i

qmaxqmax =  and we may match the terms in the above equation and solve using

assumption 2 to find that Mω = M, a real constant. The factor-spectra of the set of
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observationally equivalent models are therefore MMSS f*f ′= ωω . For this equality to hold,
we require ( )( ) 0MMSdiag ji

f =ω o for i ≠ j, where Ml is the lth row of M and ° is the
Hadamard product. Under assumption 3 we therefore have ( ) 0MM ji =o  for i ≠ j. Thus,

MM′ is diagonal. This allows us to write o2
1

d MMM =  where Md is a k×k non-singular

diagonal matrix and Mo is a k×k orthogonal matrix. We then have *fdHofo SMMSM ωω = .

The diagonality of the right-hand side implies that *fdSM ω  is the matrix of eigenvalues of
fSω . Since fSω  is diagonal, Md = Ik and *fSω  is the spectrum of a permutation of the factor

vector ft.     #

Appendix 2 – The information matrix

The derivation of the information matrix is described on p.11. The elements are as
follows.
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where o  is the Hadamard product, Wj is a j×1 vector of ones, s is the state dimension, Kij

is the commutation matrix for an i×j matrix (Magnus and Neudecker, 1991), and φ(.) is a
function which stacks the free parameters of its matrix argument into a column vector.

If the model includes autoregressive disturbances, then the extra elements of the
information matrix are as follows.
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Where diag(βj) is a p×p diagonal matrix in which the diagonal is the jth column of β.

Appendix 3 – Derivatives of the Kalman filter

Consider the state space model yt = BZt + εt, Zt = AZt + ηt where yt is the p×1 observable
vector, Zt the s×1 state vector, E(εtεt′) = R, E(ηtηt′) = Q. The Kalman filter is then
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where Zj
i = Ei(Zj) and Pjj

i = Ei(Zj-Ei(Zj))(Zj-Ei(Zj))′. The starting value for the expected
state is 0Z0

0 = . In principle the starting value for the state covariance 0
00P  should be

found by solving the Lyapunov equation. However, in practice we have found starting
from the identity matrix to work better. By differentiating we derive the following filters.
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Derivatives with respect to B:
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where Kij is the ij commutation matrix, but Kt always refers to the Kalman gain matrix.

Starting values for the filters are 0
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∂  for θ = B, A, R, 0
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Appendix 4

Definitions:

° A scalar polynomial is said to be monic if and only if its leading term has a value of
unity.

° A polynomial matrix (i.e. a matrix of polynomials) is said to be unimodular if and
only if its inverse is also a polynomial matrix. It follows that a polynomial matrix is
unimodular if and only if its determinant is a non-zero constant.

° If P(L) is a p×k rational transfer function matrix (i.e. a matrix of rational transfer
functions), and if 1

R )L(D)L(P)L(P −=  where )L(P  and )L(DR are p×k and k×k
rational transfer function matrices respectively, then )L(DR  is a right divisor of P(L).
If )L(P)L(D)L(P 1

L
−=  where )L(DL  is a k×k rational transfer function matrix, then

)L(DL  is a left divisor of P(L).
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° Two matrix polynomials P(L) and Q(L) of dimensions p×k and q×k respectively, are
said to be (left or right) coprime if and only if they only have unimodular common
(left or right) divisors.

° A rational transfer function matrix P(L) is said to be proper if ∞<
∞→

)L(Plim
L

and

strictly proper if 0)L(Plim
L

=
∞→

.

° A polynomial matrix of full column rank is said to be irreducible if and only if its
rows are right coprime.
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