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Abstract

In this paper we propose a LM-Type statistic to test the null of coin-
tegration allowing for the possibility of a structural break, both in the
deterministic and the cointegration vector. The test can be used as a com-
plement of the usual non-cointegration tests in order to get stronger evi-
dence of cointegration. We consider both cases, when the break date is
known and when it is not. In this last case, three different procedures
to estimate the date of the break are analysed. We show that the usual
ways to estimate the break date do not produce good results and propose
a new procedure that works. Finally, the behaviour of the tests is studied
through Monte Carlo experiments.

JEL classification: C12, C22
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1 Introduction

The concept of cointegration has supposed a great contribution in the field of economics
giving raise to a huge number of theoretical and applied research. Several methods have
been proposed in the econometric literature to test the stationarity of a linear combina-
tion of non-stationary time series since Granger (1981) and Engle and Granger (1987)
defined the concept of cointegration. Engle and Granger (1987), Phillips and Ouliaris
(1990), Stock (1987), Bossaerts (1988), Johansen (1988, 1991, 1992, 1994, 1995) ,
Ahn and Reinsel (1990), Johansen and Joselius (1990), Perron and Campbell (1993),
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Yap and Reinsel (1995), Saikkonen and Luukkonen (1997), Quintos (1998), Stock and
Watson (1988), Hansen and Phillips (1990), Engle and Yoo (1991), Phillips (1991),
Phillips and Loretan (1991), Saikkonen (1991), Bewley and Yang (1995), Yang and Be-
wley (1995) and Bierens (1997) are some of these proposals. The main characteristic
that share all these procedures is that they specify the null hypothesis of no cointegra-
tion against the alternative hypothesis of cointegration. However, this specification has
been criticised in Engle and Granger (1987), Phillips and Ouliaris (1990) and Engle and
Yoo (1991) where it is argued that the natural specification to be tested should be the
null hypothesis of cointegration instead of the null hypothesis of lack of cointegration.
Papers like the ones of Hansen (1992b), Leybourne and McCabe (1993), Harris and
Inder (1994), Shin (1994) and McCabe, Leybourne and Shin (1997) have addressed
this question reversing these hypotheses and designing tests for the null hypothesis of
cointegration.

In fact, the definition of cointegration cannot be disassociated from the long-run.
The cointegration property implies that a set of variables moves jointly defining an
equilibrium relationship which means that it has to be tested using time series covering
long periods. Practitioners have to be aware to have in mind that the larger sample pe-
riod covering the time series the more probability of appearance of a structural change.
As shown by Perron (1989), this possibility changes the distribution of the standard unit
root tests since the specification for the deterministic component of the time series needs
to be modified to collect the effect of the structural breaks. In these terms, the definition
of cointegration under consideration falls into the classification of deterministic and
stochastic cointegration of Park (1990). The generalization of Perron’s proposal to the
cointegration tests of Engle and Granger (1987) and Phillips and Ouliaris (1990) is done
by Gregory and Hansen (1996a, 1996b). On the other hand, Hao (1996) generalises the
test of Kwiatkowski, Phillips, Schmidt and Shin (1992) to allow for a structural break
that shifts the independent term of the cointegrating vector. In a recent paper, Bartley,
Lee and Strazicich (2001) deal also with the KPSS test but now including a shift in the
mean and in the trend of the deterministic elements of the cointegrating relationship.!
In the present paper we extend the test of the null hypothesis of cointegration to allow
for a structural break in both the parameters of the deterministic component and the
parameters of the stochastic component. Our proposal generalises the previous contri-
butions and develops a test for cointegration around a break-cointegrating relationship.
We remark the differences that can be established between these previous contributions
and the ones proposed here. We also consider the endogenous selection of the time
break, analysing up to three different methods to estimate it.

In section 2 we present the models and test statistics and derive their asymptotic
distribution under two assumptions: (i) the stochastic regressors are strictly exogenous
and (i) the break point is assumed to be known. In section 3 we relax the first assump-
tion and present the way to get efficient estimates of the cointegrating vector. Section 4
deals with the estimation of the break point. Section 5 shows the consistency of the test
statistics proposed in section 2. Section 6 analyses the performance of the tests in finite
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samples. Finally, section 7 concludes. All the proofs of the Theorems are collected in
the appendix.

2 The models and tests

The model we deal with is a multivariate extension of the one specified by Kwiatkowski
et al. (1992) where deterministic and/or stochastic components are allowed to change at
a point of time. Hereafter, we will refer as the structural change models to those models
where only the deterministic component is allowed to shift and, following Gregory and
Hansen (1996a, 1996b) , as the change in regime models to the ones where both the
deterministic and stochastic components suffer a change at a particular time (7}). The
data generating process (DGP) is of the form:

g = o +EE+ a6 + ey (D
Ty = Tyo1+ S, (2)
ar = f(t)+a1+mn, (3)

where 1, ~ iid (O, U%) , o1 1s a k-vector of I(1) processes and cvg = «v, a constant. We
define f () as a function collecting the set of deterministic and/or stochastic compo-
nents. The different models under consideration are specified through the definition of
the function f (¢). Thus, following Perron (1989, 1990), the structural change models
of interest in this paper are:

e Model An, where ¢ =0 and f (t) = 0D (T), ;
e Model A, where € # 0 and f (¢) = 0D (Tp)
e Model B, where £ # 0 and f (t) = vDUy;

e Model C, where & # 0 and f (t) = 6D (Tp,), +yDU;.

where D (1), = 1 for t = T, + 1and 0 otherwise, DU; = 1 fort > T and 0
otherwise, with T, = AT, 0 < A < 1, indicating the date of the break. Notice that the
null hypothesis of cointegration is equivalent to specify that a% = 0, under which the
model given by (1), (2) and (3) turns out to be:

s

ye =i (t) + 18 + e, 4)

where g; (t), ¢ = {An, A, B,C}, denotes the deterministic function under the null
hypothesis. To be exact, gan, (t) = o+ 0 DU, for model An, g4 (t) = o+ 0DU; + &,
9B (t) = a+&t+~vyDT} and g¢o (t) = a+0DU, +Et+~v DTy, where DT = (t — Ty,)
for t > T;, and 0 otherwise. It has to be mentioned that the specification given by the
model An was proposed first in Hao (1996) whereas the one given by model C can be
found in Bartley et al. (2001). Regarding the change in regime models, we have allowed
for two different effects:

e Model D, where £ = 0 and f (t) = 6D (Ty), + 82D (1),



e Model E, where £ # 0 and f (t) = 6D (T), + vDU; + z,8,D (Ty),.

Hence, under the null hypothesis, the model described by (1), (2) and (3) reduces

to:
yr = gi (t) + B8y + 210, DUL + ey, %)

i ={D, E}with gp (t) = a+0DU, formodel D and gg (t) = a+&t+0DU+~vDTy
for model E. Notice that under the alternative hypothesis that 072] > 0, (y¢, 2}) will not
be cointegrated.

With respect to the disturbance terms of the model, let us assume that the long-run
variance and covariance matrix of ¥y = (g4, ¢,,7,)" is given by:

w? 0

2
0 oy,

a block diagonal matrix that ensures, on the one hand, that &, and 7,, and, on the
other hand, that &; and ¢}, are mutually uncorrelated. The assumption of no correlation
between the disturbance terms of (1) and (2) introduces the restriction that x; is strictly
exogenous -see Gonzalo (1994). Section 3 shows how to proceed when this is not the
situation.

The (LM-type) statistic to test the null hypothesis of cointegration against the alter-
native of no cointegration is given by:

T
SC;(\) =T %) S, (6)
t=1

where A = T},/T, S;+ = 23:1 €ij {éi,t}tT:p are the OLS estimated residuals driven
from (4) or (5), depending on the model, and d)f denotes a consistent estimator of the
long-run variance of {5i7t}f:1 ,i={An, A, B,C, D, E} . The asymptotic distribution
of (6) is stated in the following Theorem.

Theorem 1 Let {yt};f:l be generated by (1), (2) and (3), and let {, = ZE:I (5,6
satisfy the multivariate invariance principle of Phillips and Durlauf (1986). If T, =
AT (0<A<1l)andas T — o0, T, — o0, so A remains constant, under the null
hypothesis of cointegration (072] = 0) :

1 1

SC; (\) = )\2/ ViZi (b1) dby + (1 —)\)2/ ViZi (b2) dbs,
0 0

i = {An, A, B,C, D, E}, where = denotes weak convergence and Vj, ; (-) are func-

tions of Wiener process.

The proof of Theorem 1 and the expressions for Vi, g (b1) and Vi g (b2) can be
found in the Appendix (see expressions (A-5) and (A-6)). The expressions for V;, ; (b1)
and Vi, ; (b1), {i = An, A, B, C, D} are omitted although they are particular cases of



these ones. Notice that the test is performed using the upper tail of the distribution so
that the null hypothesis of cointegration is rejected when SC; (\) > critical value,
i ={An, A, B,C,D, E}. Two remarks are in order. First, the asymptotic distribution
of Theorem 1 can be expressed as a weighted sum of two independent functionals of
Wiener processes. As pointed out in Lee (1996) for the univariate KPSS test with one
structural break, the symmetry of the distribution around A = 0.5 is given by the fact
that we can interchange A\ and (1 — \) in the asymptotic distribution and obtain the
same result. Second, notice that the asymptotic distributions of Theorem 1 depends
both on k, the number of elements of x; that involves the model, and on A = T}/ T,
the break fraction parameter. Therefore, they depend on the nuisance parameter A. The
econometric literature has addressed this concern in two different ways. In the first one
the date of the break is assumed to be known and, hence, exogenous with respect to
the model. Thus, in some cases, the date of the break can be assumed to be known so
that the break fraction does not need to be estimated. This situation might be suitable,
for instance, for many German macroeconomic time series for which the reunification
process that took place in 1990 had provoked a shift in the deterministic part of the time
series -see Liitkepohl, Muller and Saikkonen (1999). Hence, it seems desirable to have a
set of critical values that assumes the date of the break to be exogenous. Critical values
computed using 20,000 replications through direct simulation of the Wiener processes
for up to nine values of the break fraction, A = {0.1,0.2,...,0.8,0.9}, and for up
to four stochastic regressors, & = {1,2,3,4}, are collected in Tables 1 to 3. The
observation of these critical values indicates that the asymptotic distributions of the
tests show the symmetric behaviour around A = 0.5 that has been derived analytically.

At this point we would like to introduce a comment regarding the proposal devel-
oped by Bartley et al. (2001). As mentioned above, these authors analyse the specifi-
cations that correspond with models A and C for which they compute the correspond-
ing critical value sets. However, there is no mention anywhere about the fact that the
asymptotic distribution of the test depends on the number of stochastic regressors that
are present in the models. Actually, if we compare their critical values sets with the
ones computed here we see that theirs are almost equivalent to the ones computed here
for k = 1. But as pointed out in Theorem 1, the asymptotic distributions of the tests
relay on the number of stochastic regressors that are present in the cointegrating rela-
tionship and, hence, the percentage points of the asymptotic distributions depend on
k. In fact, it is well known that the more regressors that are included in the static re-
gression the more stationary tend to resemble the residuals of the long-run relationship.
This become apparent if we compare the percentage points of the asymptotic distribu-
tions collected in Tables 1 to 3 for the different values of k. Notice that, for a given A
and percentage point, the critical values diminishes as k increases. Consequently, a size
distortion problem (underrejection of the null hypothesis) is expected when using the
critical values provided by Bartley et al. (2001) for those models with k£ > 1.

Up to now we have focused on those situations for which the date of the break is
presumed to be known. Notwithstanding, sometimes the information about an event
that might have caused a break is not clear enough. This situation gives rise to the



Table 1: Asymptotic critical values for the models An and A

Model An
A=01 AX=02 AX=03 AX=04 AX=05 A=06 X=07 AX=08 X=09
k=1

90% 0.1932  0.1583  0.1395 0.1281 0.1256  0.1272  0.1405  0.1603  0.1912
95% 0.2582  0.2087  0.1855 0.1632  0.1553  0.1594  0.1828  0.2148  0.2551
97.5% 0.3367 02676 0.2341 0.1991 0.1855  0.1933  0.2306  0.2731  0.3229
99% 0.4546 03543  0.2948 0.2503  0.2287  0.2435 0.2940 03628  0.4360
k=2
90% 0.1336  0.1157  0.1079  0.1020  0.1029  0.1033  0.1075  0.1179  0.1342
95% 0.1796  0.1557  0.1400 0.1306  0.1292  0.1297  0.1397 0.1566  0.1815
97.5% 0.2325  0.2007 0.1759  0.1622  0.1557  0.1600 0.1772  0.2014  0.2341
99% 03116  0.2631 0.2259 0.2035 0.1903  0.1998  0.2306  0.2643  0.3091
k=3
90% 0.1007  0.0907 0.0856  0.0847 0.0840  0.0852  0.0853  0.0911  0.1015
95% 0.1319  0.1179  0.1094  0.1063  0.1051  0.1067  0.1081  0.1174  0.1337
97.5% 0.1670  0.1490 0.1338  0.1276  0.1271  0.1301  0.1331  0.1463  0.1707
99% 0.2238  0.1989  0.1773  0.1602  0.1594  0.1624  0.1757  0.1956  0.2330
k=4
90% 0.0799  0.0738  0.0712 0.0704 0.0706 ~ 0.0711  0.0719  0.0731  0.0800
95% 0.1037  0.0924  0.0873  0.0878  0.0874  0.0874  0.0902  0.0927  0.1036
97.5% 0.1304 0.1151  0.1091 0.1073  0.1056  0.1060 0.1094 0.1164  0.1328
99% 0.1754  0.1502  0.1385 0.1365 0.1350  0.1355 0.1398  0.1487  0.1717

Model A
A=01 AX=02 X=03 AX=04 AX=05 X=06 X=07 X=08 X=09
k=1

90% 0.0827 0.0736  0.0747 0.0821  0.0840  0.0808  0.0749  0.0736  0.0819
95% 0.1028  0.0885  0.0907 0.1021  0.1060  0.0994 0.0890 0.0893  0.1011
97.5% 0.1228  0.1054  0.1062  0.1229  0.1315  0.1195 0.1035 0.1066  0.1197
99% 0.1537  0.1305  0.1251  0.1508  0.1642  0.1486  0.1219  0.1301  0.1463
k=2
90% 0.0700  0.0630  0.0650  0.0690  0.0693  0.0676  0.0647  0.0638  0.0696
95% 0.0865 0.0759  0.0774  0.0852  0.0858  0.0841  0.0777  0.0778  0.0855
97.5% 0.1033  0.0891  0.0909 0.1023  0.1037  0.1023  0.0927 0.0918  0.1022
99% 0.1273  0.1095 0.1083  0.1254  0.1348  0.1255 0.1103  0.1119  0.1244
k=3
90% 0.0594 0.0554 0.0571 0.0581 0.0584  0.0581  0.0566  0.0556  0.0593
95% 0.0728  0.0670  0.0692  0.0712  0.0725  0.0710  0.0677  0.0667  0.0728
97.5% 0.0871 0.0784  0.0803  0.0843  0.0877  0.0851  0.0788  0.0780  0.0873
99% 0.1064  0.0941 0.0971  0.1035 0.1103  0.1044 0.0961 0.0949 0.1074
k=4
90% 0.0507  0.0490 0.0501  0.0509  0.0510  0.0502  0.0495 0.0489  0.0512
95% 0.0616  0.0588  0.0606 0.0617 0.0621  0.0614  0.0598  0.0592  0.0623
97.5% 0.0729  0.0691  0.0724 60.0728  0.0741  0.0738  0.0702  0.0699  0.0749
99% 0.0898 0.0846 0.0864 0.0886 0.0938 0.0916 0.0852  0.0845 0.0920

Note: Percentage points of the asymptotic distribution are based on n = 20.000 replications using partial sums of
€ ~ 1idN (0, 1) random variables of " = 2.000 observations to approximate the Wiener process. A denotes the break
fraction and k is the number of stochastic regressors in the model.



Table 2:  Asymptotic critical values for the models B and C

Model B
A=01 A=02 AX=03 AX=04 AX=05 AX=06 X=07 X=08 X=09
k=1

90% 0.0842  0.0747  0.0663  0.0614 0.0604 0.0619 0.0670 0.0746  0.0849
95% 0.1059  0.0919 0.0809 0.0730 0.0729  0.0753  0.0824  0.0921  0.1061
97.5% 0.1280  0.1102  0.0973  0.0863  0.0844  0.0883  0.0986  0.1098  0.1289
99% 0.1578  0.1313  0.1197  0.1039  0.1013  0.1086  0.1195  0.1369  0.1580
k=2
90% 0.0723  0.0632  0.0579 0.0542  0.0533  0.0542  0.0575 0.0631 0.0714
95% 0.0892  0.0775 0.0694  0.0651 0.0639 0.0646  0.0706  0.0771  0.0884
97.5% 0.1069 0.0925 0.0825 0.0761  0.0752  0.0756  0.0842  0.0912  0.1065
99% 0.1314  0.1161  0.1019  0.0940 0.0903  0.0915 0.1021  0.1118  0.1335
k=3
90% 0.0602  0.0536  0.0507 0.0475  0.0470  0.0479  0.0503  0.0539  0.0593
95% 0.0740  0.0657 0.0613  0.0575 0.0561  0.0571  0.0608  0.0660  0.0728
97.5% 0.0884 0.0784 0.0724  0.0675  0.0663  0.0675 0.0723  0.0782  0.0875
99% 0.1106  0.0969 0.0888 0.0805 0.0788  0.0816 ~ 0.0881  0.0950  0.1076
k=4
90% 0.0523  0.0472  0.0443  0.0429  0.0421  0.0423  0.0443  0.0470  0.0520
95% 0.0638  0.0574  0.0529 0.0511 0.0498  0.0506  0.0531  0.0567  0.0637
97.5% 0.0757 0.0684  0.0626  0.0596  0.0578  0.0592 0.0622  0.0672  0.0758
99% 0.0921 0.0834 0.0756 0.0711 0.0699  0.0712  0.0769  0.0819  0.0928

Model C
A=01 AX=02 AX=03 AX=04 AX=05 AX=06 X=07 AX=08 X=09
k=1

90% 0.0802  0.0661 0.0559 0.0493  0.0484 0.0493  0.0561 0.0664  0.0802
95% 0.1000  0.0813  0.0673  0.0579  0.0562  0.0581 0.0681  0.0826  0.0994
97.5% 0.1200  0.0973  0.0802 0.0669 0.0645 0.0684 0.0804  0.0987  0.1204
99% 0.1470  0.1208  0.0967 0.0799  0.0746  0.0817  0.0979  0.1182  0.1518
k=2
90% 0.0667  0.0567  0.0487 0.0450  0.0430 0.0450  0.0488  0.0557  0.0665
95% 0.0828 0.0696  0.0583  0.0530  0.0498  0.0533  0.0592  0.0691  0.0822
97.5% 0.0998 0.0824  0.0687 0.0614 0.0574 0.0609 0.0703  0.0820  0.0995
99% 0.1235  0.1010  0.0843  0.0731  0.0680  0.0720  0.0838  0.1014  0.1229
k=3
90% 0.0563  0.0493  0.0430 0.0403  0.0393  0.0405 0.0432  0.0488  0.0567
95% 0.0688  0.0602 0.0518 0.0476  0.0463  0.0478  0.0518  0.0595  0.0695
97.5% 0.0819 0.0716  0.0616  0.0551 0.0527  0.0551 0.0606  0.0706  0.0837
99% 0.1023  0.0887 0.0754  0.0657 0.0618  0.0657 0.0745  0.0883  0.1036
k=4
90% 0.0491  0.0428  0.0389  0.0368  0.0359  0.0367  0.0387 0.0427  0.0491
95% 0.0603  0.0510 0.0464 0.0431 0.0415 0.0430 0.0460 0.0516  0.0600
97.5% 0.0714  0.0614  0.0544 70.0495 0.0474 0.0497 0.0542 0.0615 0.0715
99% 0.0871 0.0748  0.0659 0.0592  0.0559 0.0582 0.0661 0.0745 0.0894

Note: Percentage points of the asymptotic distribution are based on n = 20.000 replications using partial sums of
€ ~ 1idN (0, 1) random variables of " = 2.000 observations to approximate the Wiener process. A denotes the break
fraction and k is the number of stochastic regressors in the model.



Table 3:  Asymptotic critical values for the models D and E

Model D

A=01 X=02 AX=03 A=04 A=05 A=06 A=07 A=08 A=09

k=1
90% 0.1908  0.1547  0.1265 0.1098  0.1044  0.1087  0.1276  0.1502  0.1898
95% 0.2560  0.2067  0.1670  0.1395  0.1309 0.1392  0.1682  0.2041  0.2571
97.5% 03295 0.2631 0.2098  0.1729  0.1603  0.1724  0.2176  0.2657  0.3341
99% 0.4463 03449 02699 0.2224  0.1941  0.2145 0.2862 0.3563  0.4449
k=2
90% 0.1319  0.1087  0.0885  0.0760  0.0735  0.0765  0.0878  0.1064  0.1351
95% 0.1759  0.1459  0.1163  0.0969  0.0922  0.0988  0.1141  0.1423  0.1810
97.5% 0.2288  0.1873  0.1485 0.1198 0.1123  0.1224  0.1464  0.1853  0.2349
99% 0.3068 0.2510 0.1942 0.1578  0.1419  0.1565 0.1950 0.2482  0.3261
k=3
90% 0.0983  0.0803 0.0664 0.0572  0.0542 0.0562  0.0648 0.0793  0.0973
95% 0.1286  0.1049  0.0851  0.0721  0.0672  0.0715  0.0824  0.1037  0.1291
97.5% 0.1638  0.1363  0.1079  0.0883  0.0819  0.0894  0.1043  0.1317  0.1651
99% 0.2307 0.1816  0.1425 0.1145 0.1039  0.1127  0.1367  0.1757  0.2165
k=4
90% 0.0772  0.0616  0.0512 0.0451 0.0423  0.0445 0.0507 0.0620  0.0771
95% 0.0981 0.0791  0.0648 0.0548  0.0514  0.0540 0.0646  0.0799  0.0986
97.5% 0.1225  0.1002  0.0806  0.0658 0.0613  0.0660  0.0804  0.1007  0.1230
99% 0.1579  0.1312  0.1048 0.0852  0.0766  0.0837  0.1028  0.1364  0.1623

Model E

A=01 A=02 AX=03 A=04 AX=05 A=06 A=07 A=08 A=09

k=1
90% 0.0808  0.0654  0.0538 0.0463 0.0436 0.0462  0.0538  0.0648  0.0801
95% 0.1004  0.0804 0.0659 0.0552 0.0512 0.0551 0.0650 0.0799  0.0981
97.5% 0.1205 0.0974  0.0784  0.0645 0.0587  0.0633  0.0780  0.0959  0.1185
99% 0.1480  0.1223  0.0960 0.0763  0.0681  0.0765 0.0938  0.1196  0.1469
k=2
90% 0.0671  0.0540  0.0448 0.0387 0.0363  0.0386  0.0448  0.0536  0.0671
95% 0.0832  0.0661 0.0544 0.0462  0.0423  0.0455 0.0548 0.0668  0.0836
97.5% 0.0994 0.0790 0.0639 0.0534 0.0488  0.0535 0.0658 0.0787  0.1011
99% 0.1218 0.0980 0.0795 0.0641 0.0574 0.0636  0.0815 0.1002  0.1276
k=3
90% 0.0561  0.0457 0.0375 0.0323  0.0309 0.0324  0.0377 0.0458  0.0562
95% 0.0696  0.0559  0.0454 0.0379  0.0360 0.0386  0.0456  0.0566  0.0690
97.5% 0.0828  0.0658  0.0542  0.0444 0.0406  0.0448 0.0542  0.0684  0.0837
99% 0.1040  0.0821  0.0660  0.0529  0.0474  0.0541 0.0666  0.0840  0.1054
k=4
90% 0.0484 0.0391 0.0326 0.0282  0.0266  0.0280  0.0324  0.0397  0.0484
90% 0.0597 0.0476  0.0393  0.0329  0.0308 0.0333  0.0388  0.0483  0.0590
97.5% 0.0719  0.0572  0.0463 80.0379  0.0353  0.0385 0.0462  0.0571  0.0712
99% 0.0899  0.0703  0.0570 0.0454 0.0411  0.0462  0.0557 0.0707  0.0866

Note: Percentage points of the asymptotic distribution are based on n = 20.000 replications using partial sums of
€ ~ 1idN (0, 1) random variables of " = 2.000 observations to approximate the Wiener process. A denotes the break
fraction and k is the number of stochastic regressors in the model.



second way of dealing with the dependency of the asymptotic distributions on the nui-
sance parameter A. Thus, if there is not a strong knowledge about the position of the
structural break, analysts would prefer to consider the date of the break, and hence, the
break fraction, as a parameter to be estimated. The procedures that can be applied to do
so are considered in Section 4.

3 Non strictly exogenous regressors

The previous analysis has been conditioned to the assumption that x; is strictly exoge-
nous, although this assumption might be very restrictive in practice. Instead, we may
be interested in allowing for correlation between the disturbance terms of (1) and (2) so
that the variance matrix of 1, = (&, ¢})’ ought to be specified as:

=rw)=| o 52|

021
with the long-run variance matrix:

2
1 -1 1y | WY w12
Q —TIEI;OT E(cTCT) = [ wor Qoo } )

which can be suitable decomposedas @ = X + A + A’ = A + A’ where:
=~ A A
_ roy | A A2
A= ; E (%1/%7]) [ A21 Ao ] '

When this is the case, the asymptotic results that have been obtained in the previ-
ous section do not longer hold because the estimation of the vector of cointegration
is not efficient. However, several methods such the ones of Phillips and Hansen (1990),
Saikkonen (1991) and Stock and Watson (1993) can be applied to obtain an efficient
estimation of the vector of cointegration and we are going to deal with the first one,
although they are asymptotically equivalent. Following Harris and Inder (1994), the
steps that have to be given to test the null of cointegration in this framework are:

1. Estimate (4) or (5), depending on the model, and store the estimated residuals
{éi,t} ’i = {An’A7B707D7E};

2. Compute ¢, = (&, Az})’ from which is possible to get a consistent estimation
of the long-run variance and covariance matrix:

~2 ~ T l T
| w1 owiz | _ 5 00 ~1 A
S O R SR Swed) 3 (Gt +dibi).
bu 6 : d '
A= | %11 012 :|:T—1 w(s,1 AAi;
i Swie) 3 b

" R S
3. Transform y; as 4" = y; — 12055 Axy and a1 as g = 021 — AopQy Wo1;?

2 For models D and E, £ and A are functions of the estimates of the previous step.



4. Compute the fully-modified OLS estimation of the cointegration vector from:

B =) (#yF —exThn)

where z is the (T' x K') matrix of regressors that are present in (4) or (5), ex =
[0,4,,]" is a (K x 1)-vector of zeros and ones, and K is the total number of
regressors in (4) or (5) and ¢,,, = (1, ..., 1)/ being a vector which dimension
equals the number of stochastic regressors, that is, m = k for models An to C
and m = 2k for models D and E;

5. Get the fully-modified residuals 6+ = y* — 2 B+ from which test statistic is
computed as:

T
+ _ =22 +12
SC; (N =T w13 E (Si,t> )
t=1
where @%_2 = zfu% — 12855 (o1 is a consistent estimation of the long-run variance

of {¢;} conditioned to {<;} and S, = >"_, é},,i = {An, A, B,C, D, E}.

It can be shown that the method of Phillips and Hansen (1990) is equivalent to the
estimation of: .

vt =g () + B+ (o0 —dn0z'a) ()

that is to say, (7) is a transformation of (4) where (w12 nglgt) is removed from each

side of the equality. The same applies for (5). The asymptotics concerning these test
statistics are given in the following Theorem.

Theorem 2 Let {yt}?zl be generated by (1), (2) and (3), and let ¢, = S"_, (e4,})’
satisfy the multivariate invariance principle of Phillips and Durlauf (1986) with log-run
variance matrix Q. If T, = X\T (0 < A < 1) and as T — o0, T, — 00, so A remains
constant, under the null hypothesis of cointegration:

1 1
SCH(\) = A2 / V2, (by) dby + (1 — \)? / V2, (b) dbs,
0 0

i ={An,A,B,C,D, E}, being Vj, ; (-) the same function defined in Theorem 1.

Thus, following Gregory and Hansen (1996b) and making a notacional change, if we denote by:

2
~ % ~ %
O = | ¥t Wi2

Ak *
w3 Q3

the long-run variance and covariance matrix estimation that has been obtained
in the previous step, the matrix that has to be used in the correction is:

2

. @1 @iz (I=N) i,
Q= w3 Q35 1-=x Q239
(I=Na@y (1=XQ5 (1-2)Q3,

The same transformation proceeds for A.
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The proof is given in the Appendix. Theorem 2 states that, after the correction
imposed by the method of Phillips and Hansen (1990) is applied, the asymptotic distri-
butions of the test statistics are the same as those assuming that x; is strictly exogenous
and, hence, the critical values presented in Tables 1 to 3 can also be used to test the null
hypothesis of cointegration in this situation.

4 Unknown date of the break

In previous sections we have implicitly assumed that the date of the break was known
a priory. However, far to be known, the break point has often to be estimated in the
empirical applications. There are several procedures in the unit root and cointegration
literature that might be applied to our proposal in order to estimate the date of the break.
Provided that the test statistic we are dealing with is an LM-type test and that the null
hypothesis of stationarity is rejected for large values of the statistic, all the proposals we
consider in this paper relay on the use of the minimum functional as a way to identify
the date that most favours the null hypothesis of cointegration with a structural break.
Thus, if the null is rejected using these procedures then we should conclude that there is
strong evidence against cointegration since the conclusion is based on the break point
that most favours the null hypothesis. From now on we are going to focus on three
different methods to estimate the date of the break. Which of these strategies is the best
one is the question that addresses Section 6, where the procedures will compete in the
arena. These procedures are described as follows.

The first strategy is based on the proposal of Lee (1996) for the univariate KPSS test
with one structural break. Lee applies the minimum functional to the sequence of the
test computed for all possible break points and chooses the argument that minimizes
such sequence as the estimate of the break point. That is,

A= arg min [SC; (N)] -

Then, he assumes the estimated break point as if it was known and test the null hypoth-
esis using the suitable critical values. Thus, the proposal assumes that there has been
a structural break that has shifted the cointegrating relationship and, therefore, that the
estimated break point equals the true break point with probability one. Under these as-
sumptions the minimum functional will provide a consistent estimation of the true date
of the break. Moreover, the test statistics converge to the same asymptotic distribution
that has been derived when the break point is assumed to be known due to the fact that
the break fraction is a relevant parameter under the null hypothesis of cointegration,
that is to say, the distribution conditioned to the fact that there is a structural break.
Hence, the asymptotic critical values collected in Tables 1 to 3 can still be applied. We

denote the tests that are computed using this first strategy as SC; (5\) and SC; (5\),
i={An,A,B,C,D,E}.

The second strategy follows, to some extent, the first one, since the estimation of
the break point is given by the argument that minimizes the sequence of tests as in the

11



first one. The difference between the two approaches relays on the degree of analyst’s
uncertainty about the presence of the break. Sometimes analyst’s believes about the
occurrence of a structural break might be hesitant. This lack of confidence on the
presence of one structural break affecting the cointegrating relationship should be taken
into account when carrying out the test because such indecision changes the asymptotic
distribution of the test. We denote the tests that are computed using this second strategy

as SC; (5\) and SC;F (5\),@ ={An, A, B,C, D, E}. The following Theorem collects
the limiting distribution of the test statistics for this strategy.

!

Theorem 3 Let {yt}?zl be generated by (1), (2) and (3), and let {, = 2221 (g4,6%)
satisfy the multivariate invariance principle of Phillips and Durlauf (1986) with log-run
variance matrix Q. If T, = XT (0 < A < 1) and as T — o0, T, — 00, so A remains
constant, under the null hypothesis of cointegration:

1 1
SCif (A) = inf {/\2 / V2, (b1) dby + (1 — ))? / V2, (bg)dbg},
0 0

eA

i={An,A,B,C,D,E}, where Vi ; (-) is defined in Theorem 1.

The proof of this Theorem, which is outlined in the Appendix, only needs to use
the Continuous Mapping Theorem as in Zivot and Andrews (1992). However, if 2 is a
block diagonal matrix, so that x; is strictly exogenous, it follows that:

AEA

1 1
SCi () = inf [Az/ V2, (bl)db1+(1f>\)2/ V2, (bz)dbg},
0 0

i={An,A,B,C,D,E}.

Contrary to the first strategy, in this approach the existence of one structural break
is not imposed, that is, the analysis is carried out without assuming that there is one
structural break. If one believes that this is the suitable situation under which focus
the analysis, it will be necessary to apply the critical values that have been computed
assuming that there might be one structural break. This second approach was followed
in Hao (1996) where critical values for the model An were computed. The asymptotic
critical values that correspond with this approach are collected in Table 4.

Finally, the third approach is based on Bai and Perron (1998). These authors use
dynamic minimisation techniques to develop an algorithm that estimates the dates of
the break through the global minimisation of the sum of squared residuals. This paper
shows that the estimates of the break points that are obtained using such algorithm are
consistent. Thus, if we assume that there has been a structural break we can select, as an
estimate of the break point, the date that minimizes the sequence of the sum of squared
residuals. Then, we can use the estimated break point to compute the test statistic.
Formally speaking,

A= arg min [SSR(M\)],

12



Table 4: Asymptotic critical values for the SC (:\) tests

Model An Model A
90% 95% 97.5% 99% 90% 95% 97.5% 99%
k=1 0.0594 0.0725 0.0878 0.1075 0.0356 0.0409 0.0465 0.0548
k= 0.0471 0.0564 0.0650 0.0781 0.0311 0.0354 0.0400 0.0471
k=3 0.0389 0.0454 0.0524 0.0606 0.0280 0.0321 0.0363 0.0420
k=4 0.0334 0.0398 0.0451 0.0526 0.0255 0.0289 0.0323 0.0374
Model B Model C
90% 95% 97.5% 99% 90% 95% 97.5% 99%
k=1 10.0451 0.0548 0.0645 0.0753 0.0287 0.0324 0.0364 0.0420
k= 0.0391 0.0458 0.0520 0.0616 0.0258 0.0292 0.0329 0.0369
k=3 0.0340 0.0394 0.0461 0.0539 0.0231 0.0261 0.0292 0.0338
k=4 0.0306 0.0352 0.0403 0.0469 0.0214 0.0238 0.0265 0.0301
Model D Model E
90% 95% 97.5% 99% 90% 95% 97.5% 99%
k=1 10.0525 0.0635 0.0770 0.0939 0.0267 0.0309 0.0349 0.0411
k=2 0.0380 0.0456 0.0533 0.0655 0.0229 0.0261 0.0293 0.0328
k=3 0.0302 0.0356 0.0408 0.0486 0.0197 0.0224 0.0248 0.0280
k=4 0.0245 0.0279 0.0323 0.0380 0.0172 0.0194 0.0215 0.0241

Note: k denotes the number of stochastic regressors that are considered in the cointegrating
regression. Percentage points of the asymptotic distribution are based on n = 5,000 replica-

tions using partial sums of € ~ 44dN (0, 1) random variables of 7" = 1,000 observations to

approximate the Wiener process.

where SSR (A) denotes the sum of the squared residuals of (4) or (5), depending on
the model. We denote the tests that are computed using this strategy as SC; ()\) and

scit ()\), i = {An, A, B,C,D,E}. Notice that the first and this third proposals
assume that there has been a structural break but they apply the minimum functional on
two different sequences of values to obtain the estimation of the break point.

At this point we should introduce a comment regarding the method that use Bartley
et al. (2001) to estimate the break point. These authors select the break point as the
argument that minimizes the sequence of the Bayesian Information Criterion (BIC) that
is obtained when computing the test statistic for all possible break points. Formally
speaking,

A =arg min [BIC (M\)].
Actually, this criteria is equivalent to the third one proposed in this paper. Thus, the use
of whichever information criterion is suitable when selecting between different models
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since they incorporates both the precision of the estimate and a weight for the rule
of parsimony of the model. But notice that this is not the problem here, since when
computing the BIC criterion for all the possible values of A, the model does not change
either the number of regressors and the number of time periods. Consequently, the
penalty for the degrees of freedom lost does not need to be applied. Therefore, the
minimization of the BIC information criterion and the minimization of the global sum
of the squared residuals are two equivalent procedures.

The consistency of the estimated break point is an opened question to be addressed.
The use of the minimum functional on the sequence of tests can only be supported
by the fact that it provides a consistent estimate of the date of the break. Theorem 4
analyses this point.

Theorem 4 Let {yt}tT:l be generated by (1), (2) and (3), where {Qt}tT:1 satisfies the
multivariate invariance principle of Phillips and Durlauf (1986). Also let T, = \T'
(0 < X < 1) be the estimated break point and T} = 7T (0 < 7 < 1) the true break
point, with A # 7. As T — oo, T, — o0, Tg) — 00, S0 that \ and T remain constant, it
can be shown that under the null hypothesis the test statistics arve of order:

SCi (N) = 0, (T,
i ={An, A,B,C,D,E}.

The proof is collected in the appendix. As can be seen, Theorem 4 shows that
the test statistic diverges when there is a misspecification error in the estimation of
the date of the break. Thus, the application of the minimum functional will provide
with a consistent estimation of the break point. This result constrasts with the one
given in Lee (1996) where it is argued that the use of the minimum functionals to
compute the asymptotic distribution of the KPSS test with one structural break produces
an inconsistent estimation of the date of the break.

5 Consistency

The consistency of the test statistics against the alternative hypothesis of no cointegra-
tion is shown through the derivation of the asymptotic distribution of the test statistics
under the alternative. The goal is to show that, under the alternative hypothesis, the
asymptotic distribution of the test statistics diverges, so they are consistent. We state in
the following theorem the limiting distribution of the tests under the alternative hypoth-
esis.

Theorem 5 Let {y:} be generated by (1), (2) and (3) with 072] > 0, and where {Ct};f:l
satisfies the multivariate invariance principle of Phillips and Durlauf (1986). If T, =
AT (0< A< 1)andasT — oo, T, — 00, s0 A remains constant:

(T/l)71 SO (/\) N {fOA K127i <)‘7 b) db + f,\l K22,i (/\7b) db}

K[ W(s)3 b+ [y W(5)3 b
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it = {An, A, B,C,D, E}, where l is the bandwidth of the spectral window used to
estimate the long run variance of €, Ky ; (-) and W (s),.; (k = 1,2) are functions of
standard Brownian motions and of the break fraction that are shown in the appendix.

Theorem 5 shows that under the alternative hypothesis the tests diverge at rate
O, (T'/1). This conclusion has also been reached in Harris and Inder (1994) and Shin
(1994) for cointegration test without structural breaks. Two remarks are in order. First,
the results given in theorem 5 are valid independent of the assumption of strictly ex-
ogenous stochastic regressors. Second, the rate of divergence of the statistics depends
on the spectral bandwidth that is used so we expect lag parameter selection to influence
the power of the test statistics. Therefore, we conclude that the test is consistent when
there is no cointegration.

6 Finite sample performance

The DGP that is used in this Section to assess the finite sample performance of the
test statistic is similar to that specified by Banerjee, Dolado, Hendry and Smith (1986),
Engle and Granger (1987), Hansen and Phillips (1990), Gonzalo (1994), Fernandez
and Peruga (1996) and Gregory and Hansen (1996a), among others, and is given by the
triangular system representation of the CI(1, 1) process:

Y — g (t) - /tht = Zt 2t = PRt—1 + €245
a1yt — Ay = Wy, Wy = Wg—1 + €y s

()~ wevl(o) (o )]

This DGP allow us to analyse how the test statistic behaves under different situations.
First, under the null of cointegration, |p| < 1, p accounts for the presence of correlation
in the error of the cointegrating regression. Second, the DGP will be under the alterna-
tive of no cointegration when p = 1. Third, notice that the variance of {e,, } has been
normalised to 1 so that o2 can be interpreted as the signal-to-noise ratio. & denotes the
correlation between {e,,, } and {e., }. Fourth, g (¢) represents the deterministic com-
ponent of the long-run equilibrium relationship. In this simulation experiment we have
considered the model D so that gp (t) = a + 0 DU;. Finally, when a; = 0, 2; will be
strictly exogenous. On the other hand, when a; # 0, x; is no longer strictly exogenous.
It has also to be noticed that the vector of parameter associated to stochastic regressors
depends on time so 3, = (3, fort < T} and 3, = 3, for t > T.

6.1 The break point is assumed to be known

We have considered the parameter space (a1, as, o, 8, 8;, A, p, o, 6) where a; ={0,
oas = —La=10=1{051} 8 = (B.6) = {2 1), 2 4}, A ={0.1,
0.25, 0.5, 0.75, 0.9}, p ={0, 0.5, 0.9}, 0 ={0.25, 0.33, 0.5, 1, 2} and 6 ={-0.5,
0, 0.5}. The sample size has been set to 7' = 200 and an amount of n = 1,000
replications of the DGP have been carried out for each parametrization. Also, for the
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Table 5: Empirical size for test SC'p with strictly exogenous regressors (a; = 0)

Panel A: strictly exogenous regressors SCp ()\)

0=053,=(21) 0=108=(24)

§ o\p 0 05 09 0 05 09
0 025 0049 0075 0140 0041 0073 0.126
0.33 0051 0.066 0.140  0.059 0.071 0.126
05 0054 0065 0.141 0062 0070 0.126
1 0049 0089 0127 0056 0068 0.122
2 0060 0086 0144 0059 0071 0.128

§ To\p 0 05 09 0 05 09
05 025 0052 0075 0140 0.061 0086 0.145
0.33 0066 0081 0.144 0061 0.091 0.155
05 0057 0098 0.139 0064 0.099 0.160
1 0066 0.10 0162 0083 0.122 0.171
2 0084 0.126 0190 0091 0.141 0.171

§ To\p 0 05 09 0 05 09
—0.5 0.25 0051 0090 0152 0059 0093 0.147
0.33 0.067 0080 0149 0065 0.082 0.176
05 0070 0.085 0.53 0056 0.094 0.154
10093 0.22 0163 0077 0115 0.183
2 0094 0.141 0195  0.098 0.132 0.180

Panel B: strictly exogenous regressors SC}, ()\)

0:0~5;ﬁt:(2’1) ezl;ﬂt:(274)

0 o\p 0 0.5 0.9 0 0.5 0.9
0 0.25 0.044 0.065 0.110 0.040 0.058 0.104
0.33 0.047 0.055 0.139 0.058 0.059 0.092
0.5 0.048 0.055 0.111 0.056 0.063 0.103
1 0.044 0.071 0.110 0.052 0.057 0.109
2 0.059 0.068 0.115 0.052 0.060 0.103

0 o\p 0 0.5 0.9 0 0.5 0.9
0.5 025 0.044 0.062 0.117 0.046 0.057 0.119
0.33 0.043 0.045 0.105 0.040 0.076 0.111
0.5 0.040 0.060 0.119 0.051 0.068 0.124
1 0.045 0.041 0.130 0.046 0.062 0.125
2 0.047 0.047 0.133 0.033 0.049 0.125

0 o 0 0.5 0.9 0 0.5 0.9
—0.5 0.25 0.044 0.061 0.101 0.049 0.068 0.111
0.33 0.045 0.053 0.120 0.053 0.062 0.116
0.5 0.047 0.055 0.108 0.037 0.055 0.124
1 0.041 0.063 0.139 0.045 0.066 0.147
2 0.038 0.048 0.146 0.044 0.047 0.140

DGP: y; —gp (t) = B,@t = 245 2t = p2t—1+ €25 01yt — Gt = We; Wi = Wi—1+€wy; gD (1) =

6DUy;e., ~ iidN (0,1);ew, ~ itdN (0,02) ;Covar (ez,, ew;) = 60T = 200,T, = [A\T];n =

1.000 replications; 5% nominal size
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Table 6: Empirical size for test SC'p with non-strictly exogenous regressors (a1 = 1)

Panel A: non-strictly exogenous regressors SCp ()

0=053,=(21) 0=108=(24)

§ o\p 0 05 09 0 05 09
0 025 0966 0764 0481 0967 0.781 0490
0.33 0954 0.696 0442 0962 0.691 0457
05 0947 0611 0373 0926 0587 0.364
1 0773 0412 0287 0730 0423 0299
2 0480 0228 0210 0477 0250 0231

§ To\p 0 05 09 0 05 09
05 025 0959 0.767 0516 0959 0.781 0513
033 0962 0743 0475 0969 0.761 0.482
05 0952 0617 0428 0944 0.644 0404
1 0822 0364 0243 0834 0412 0255
2 048 0.176 0193 0462 0.175 0.169

§ To\p 0 05 09 0 05 09
—0.5 0.25 0959 0804 0543 0953 0809 0.559
0.33 0959 0.804 0528 0966 0.793 0.505
05 0959 0778 0494 0947 0.745 0.490
1 0957 0705 0450 0954 0720 0.455
2 0919 0626 0435 0923 0645 0461

Panel B: non-strictly exogenous regressors SC;, (\)

0:0~5;ﬁt:(2’1) ezl;ﬂt:(274)

0 o\p 0 0.5 0.9 0 0.5 0.9
0 0.25 0.164 0.112 0.365 0.169 0.216 0.531
0.33 0.145 0.920 0.341 0.147 0.171 0.467
0.5 0.118 0.078 0.270 0.118 0.145 0415
1 0.091 0.072 0.222 0.092 0.123 0.367
2 0.056 0.048 0.167 0.069 0.103 0.283

0 o\p 0 0.5 0.9 0 0.5 0.9
0.5 025 0215 0.122 0416 0.334 0.326 0.548
0.33 0.170 0.120 0.374 0.295 0.285 0.491
0.5 0.134 0.094 0.309 0.270 0.280 0.454
1 0.091 0.065 0.207 0.204 0.271 0.405
2 0.061 0.062 0.185 0.123  0.259 0.320

0 o 0 0.5 0.9 0 0.5 0.9
—-0.5 025 0230 0210 0474 0.378 0.400 0.617
0.33 0.183 0.152 0.494 0.342 0.347 0.632
0.5 0.144 0.122 0.408 0.234 0.294 0.582
1 0.128 0.112 0.380 0.231 0.277 0.571
2 0.100 0.098 0.373 0.214 0.284 0.617

DGP: y; —gp (t) = B,@t = 245 2t = p2t—1+ €25 01yt — Gt = We; Wi = Wi—1+€wy; gD (1) =

6DUy;e., ~ iidN (0,1);ew, ~ itdN (0,02) ;Covar (ez,, ew;) = 60T = 200,T, = [A\T];n =

1.000 replications; 5% nominal size
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long-run covariance matrix estimation has been used the quadratic spectral window
with automatic bandwidth selection and initial value [ = 4.

The simulation results for A = 0.5 and strictly exogenous regressor (a; = 0) are
summarized in Table 5. Similar results were obtained for the other values of A so that
they have been omitted in order to save space, although the complete set of results are
available from the authors upon request. When z; is strictly exogenous (a; = 0) and
there is not serial correlation of the error in the cointegrating regression —p = 0— there
are no serious problems of size distortion, independently of the break point position, of
the magnitude of the structural break and of the covariance between disturbance terms
of the model. However, as p approaches 1 the test suffer from some size distortion
problems. It has to be noticed that the values of size distortion are similar to the power
that shows the ADFRC test statistic. As it can be seen in Table 6, if z; is no longer
strictly exogenous (a; # 0) the discrepancy between empirical and nominal size in-
creases, though as the signal-to-noise ratio grows the size distortion tends to decrease.
As expected, in this situation the SC7; (\) test generally outperforms SCp ()). Hence,
test statistics presented in this paper can be seen as complementary tools for no cointe-
gration tests with structural breaks and their use is recommended in empirical research.

6.2 The break point is estimated

In this subsection we analyse the finite sample performance of the test statistic for model
D when the break point is estimated using the three procedures described in Section 4.
Because of the time of computation that is needed to carry out the simulation experi-
ment, we have specified the DGP’s given by § = {0.5,1}, 5, = {(2,1),(2,4)} and
6 = p = 0 with a; = 0 —strictly exogenous regressors— and a; = 1 —non strictly exoge-
nous regressors. As before, the quadratic spectral window with automatic bandwidth
selection and [ = 4 initial lags is used. The sample size has been set equal to 7" = 200
observations and n = 1, 000 replications has been carried out.

The panel A of Table 7 presents the empirical size for the SCp (;\), SCp (/N\)

and SCp () tests, respectively, when the stochastic regressors are strictly exogenous,

whereas the panel B of this table offers the empirical size when the stochastic regressors
are not strictly exogenous. Let us first consider the panel A of Table 7. As can be seen,

the SCp (;\) test presents a serious size distortion that implies an under rejection of

the null hypothesis —it almost never rejects the null hypothesis. The size of SCp (:\)
is also distorted but on the opposite direction. Thus, the second procedure to estimate
the date of the break defines a test that over rejects the null hypothesis. This might
be understood as the price we have to pay if we are not sure about the presence of a
structural break. However, a positive fact is that the size distortion tends to diminish as
the magnitude of the structural break increases. Finally, the simulations indicate that
the best procedure to test the null hypothesis is the third one since the empirical size
of the SCp /\) test is close to the nominal size, irrespective of the magnitude of the

break’s effect.
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The presence of non-strictly exogenous regressors in the model changes the proper-
ties of the tests in terms of the empirical size. Panel B of Table 7 shows that for some
situations the empirical size of the SCE A) test is close the nominal one, although
the prevailing tendency is to under reject the null hypothesis of cointegration. Hence,
it would seems that in some situations the presence of non-strictly exogenous regres-
sors drives the empirical size of the test to approach the nominal size. We will turn
back on this point below. On the other hand, the size distortion of the SCp (5\) test
get worse when the stochastic regressors are non-strictly exogenous pointing to a huge
over rejection of the null hypothesis. Better results are obtained for the SCg A) test,
although the size distortion appears for the lowest values of the signal-to-ratio and for
the break points located at the extremes of the time period. If one wants to establish a
comparison among the three tests it would be concluded that the size distortion is mild
for the SO} (A) test when the signal-to-ratio takes high values.

The properties of the test can also be analysed in terms of its ability to estimate the
break point. Tables 8 and 9 show the mean and the standard deviation of the estimates
of the date of the break when the null hypothesis of cointegration is not rejected for
the DGP’s with strictly and non-strictly exogenous regressors, respectively. Let us first
focus on the results collected in Table 8. If we compare the three tests using these

statistical tools we see that the SCp (A ) test is the best one. Not only the mean of the
estimates of the break point tends to be around the true date, but also the accuracy on

the estimation of the break point increases with the magnitude of the break and with
the signal-to-noise ratio. Notice that for the higher magnitude of the break the mean

of the estimates equals the population parameter. The results for the SCp ( A) test

indicate that the estimation of the break point might be understood as reasonably good
only for those situations for which the true break point is far from the extremes of the
time period. Moreover, the performance of the procedure when estimating the break
point does not seem to depend on the magnitude of the structural break and on the
signal-to-noise ratio since the results are similar for the two situations that have been

considered. Similar results are obtained for the SCp () test although the precision on

the estimation of the break point is the lowest in all situations. The consideration of non-
strictly exogenous regressors damages the accuracy of the procedures when estimating

the date of the break. As before, the best results are obtained for the SC, ()\) test

for those situations where the size distortion is mild. Thus, it can seen that the mean
of the estimates of the break point collapses around the true date when the signal-to-
noise ratio is high and when the magnitude of the break is also high. The accuracy on
the estimation also follows this pattern. Finally, we showed that the empirical size of

the SC} (5\) test equalled the nominal size for some situations. However, we wish to

emphasize that the good results in terms of empirical size for the SCE \) test does
not correspond with the performance showed by this test when estimating the break
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Table 7: Empirical size for the SCp test
Panel A: strictly exogenous regressors
0=0506,=(21);6=0;a1=0
sCo (A) ¢ () ¢ (1)

oA\X 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9
0.25 0.01 0.00 0.00 0.01 0.01 024 0.20 0.15 0.21 0.19 0.07 0.04 0.05 0.06 0.05
0.33 0.00 0.00 0.00 0.00 0.00 022 0.18 0.15 0.19 0.16 0.05 0.04 0.06 0.07 0.05
0.5 0.01 0.00 0.00 0.00 0.00 0.19 0.18 0.13 0.18 0.12 0.06 0.05 0.05 0.07 0.05

1 0.00 0.00 0.00 0.00 0.00 0.16 0.12 0.13 0.15 0.08 0.06 0.04 0.05 0.06 0.05
2 0.00 0.00 0.00 0.00 0.00 0.08 0.12 0.13 0.13 0.06 0.06 0.04 0.05 0.06 0.05
0=18,=(24);6=0;a,=0
sCo (A) ¢ () $Cp (1)

oA\X 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9
0.25 0.00 0.00 0.00 0.00 0.00 0.05 0.08 0.11 0.12 0.03 0.06 0.05 0.05 0.07 0.05
0.33  0.00 0.00 0.00 0.00 0.00 0.05 0.09 0.12 0.11 0.02 0.05 0.04 0.06 0.08 0.06
0.5 0.00 0.00 0.00 0.00 0.00 0.03 0.10 0.12 0.11 0.01 0.07 0.04 0.05 0.05 0.05

1 0.00 0.00 0.01 0.00 0.00 0.02 0.10 0.13 0.10 0.01 0.06 0.04 0.05 0.06 0.05
2 0.00 0.00 0.01 0.00 0.00 0.01 0.10 0.15 0.11 0.00 0.05 0.04 0.05 0.06 0.05
Panel B: non-strictly exogenous regressors
0=0508,=(2,1);6=0;a; =1
sch (A) sct (3) sct (4)

oA\X 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9 0.1 025 0.5 0.75 0.9
0.25 0.02 0.03 0.05 0.04 0.04 041 0.46 0.43 0.46 0.55 041 0.22 0.11 022 0.32
0.33 0.02 0.02 0.02 0.04 0.04 0.36 0.40 0.33 0.47 048 0.31 0.18 0.08 020 0.29
0.5 001 0.02 0.02 0.02 0.02 037 0.35 0.29 039 0.44 0.23 0.14 0.07 0.15 0.20

1 0.01 0.01 0.02 0.01 0.01 032 0.30 0.23 033 0.35 0.17 0.10 0.08 0.10 0.12
2 0.01 0.01 0.01 0.01 0.01 029 0.27 0.19 0.26 0.25 0.11 0.08 0.07 0.09 0.08
0=108,=(24);6=0;a1 =1
SO (/\) SO (A) SCp (A)

o \A 0.1 025 0.5 075 09 0.1 025 0.5 0.75 09 0.1 025 0.5 0.75 0.9
0.25 0.02 0.03 0.04 0.03 0.05 0.55 047 0.41 0.53 0.56 041 0.25 0.15 0.25 031
0.33 0.01 0.02 0.03 0.02 0.03 0.47 043 0.36 0.46 0.51 0.33 0.21 0.14 0.20 0.26
0.5 0.01 0.01 0.01 0.01 0.01 0.41 0.35 0.32 0.37 0.44 0.27 0.14 0.14 0.15 0.20

1 0.00 0.01 0.01 0.00 0.01 026 0.26 0.25 0.26 0.30 0.12 0.07 0.10 0.12 0.11
2 0.01 0.00 0.00 0.00 0.00 0.18 0.21 0.18 0.18 0.15 0.11 0.07 0.07 0.09 0.08

DGP: ys — gp (t) — B,@t = 2¢; 2t = pzi—1 + €2,; A1yt — A2t = Wi; Wt = Wi—1 + €w,; 9D (£) = a+ 0DU; ez, ~
1@dN (0,1);ew, ~ dN (0, 02) ;Covar (e, ew,) = 60;T = 100, Ty = [A\T];n

nominal size

2.000 replications; 5%



Table 8: Breakpoint estimation for the SC'p test with strictly exogenous regressors

0=05;6,=(2,1);6=0;a1 =0

o2\A 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9 01 025 05 075 09

025 — 45 56 100 145 165 15 54 100 146 167 24 50 100 150 179
(37.61) (1843) (9.57) (1635) (2449)  (37.97) (15.67) (8.93) (15.10) (24.06)  (20.17) (4.90) (3.28) (3.36) (10.32)

033 40 54 100 146 166 39 53 100 147 168 21 50 100 150 179
(33.61) (15.12) (8.87) (1548) (23.63)  (33.26) (14.28) (8.40) (12.87) (22.19)  (12.30) (3.85) (2.91) (2.14) (8.97)

0.5 40 55 100 146 167 39 54 100 147 168 21 50 100 150 180
(3322) (15.79) (9.48) (12.84) (23.48)  (33.88) (13.89) (8.72) (11.50) (22.99) (830) (2.65) (1.98) (2.01) (1.73)

1 36 54 99 146 169 36 54 99 147 170 20 50 100 150 180
(28.03) (12.88) (11.13) (13.06) (20.14)  (28.47) (11.28) (845) (10.67) (19.17) (3.81) (1.25) (142) (1.49) (1.70)

2 36 55 100 146 169 35 55 100 146 170 20 50 100 150 180

(2621) (14.69) (10.89) (12.74) (19.66)  (25.23) (14.24) (9.48) (11.45) (18.25) (5.10)  (1.05) (0.92) (0.73) (0.79)

0=1;8,=(2,4);6 =0;a1 =0

o2\A 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9 01 025 05 075 09

025 ~ 33 55 101 146 71 32 55 100 146 172 20 50 100 150 180
(21.66) (15.03) (947) (12.19) (1542)  (21.56) (14.87) (927) (11.73) (15.01) (0.99) (0.80) (0.50) (0.57) (0.62)

033 33 56 100 145 171 33 56 100 145 172 20 50 100 150 180
(1.86) (15.94) (11.57) (13.31) (1646)  (21.78) (15.77) (11.21) (12.04) (16.00) (0.85)  (0.66) (0.44) (0.40) (0.44)

0.5 31 55 100 146 173 31 55 100 146 173 20 50 100 150 180
(19.85) (13.01) (9.72) (11.18) (13.38)  (19.73) (12.21) (9.60) (11.17) (12.45) 0.66)  (0.49) (0.35) (0.35) (0.35)

1 29 54 100 146 174 29 54 100 147 174 20 50 100 150 180
(16.84) (12.40) (10.78) (10.69) (10.85)  (16.70) (12.11) (10.31) (10.33) (10.83) (0.40)  (0.25) (0.21) (0.33) (0.18)

2 27 54 100 146 175 26 54 100 147 175 20 50 100 150 180
(1037) (13.19)  (9.79) (11.01)  (8.56) (10.31) (13.08) (9.64) (10.40) (8.56) 0.24)  (024) (0.17) (0.19) (0.19)

DGP: ys — gp (t) — B¢ = 2452t = p2s—1 + €2,; G1Ys — Q2T¢ = Wi; Wt = Wi—1 + €w,; g0 (8) = a+60DUs ez, ~
idN (0,1);ew, ~ @dN (0,07);Covar (ez,,ew,) = 60;T = 100,T, = [AT];n = 2.000 replications; 5%
nominal size



Table 9:  Breakpoint estimation for the SC; test with non-strictly exogenous regressors
0=050=(21);6=0;a1 =1

oA\ 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9

0.25 81 73 103 131 137 81 75 103 128 127 71 80 104 125 126
(44.89) (36.07) (21.15) (33.59) (45.77) (44.14) (36.53) (21.40) (36.62) (49.46) (51.51) (40.98) (33.99) (43.08) (54.38)

0.33 78 70 104 134 140 79 71 105 134 135 70 75 107 127 136
(46.65) (32.62) (20.89) (30.94) (42.98) (45.40) (31.91) (21.02) (32.56) (45.95) (49.34) (37.21) (31.50) (42.77) (50.47)

0.5 68 67 103 140 149 69 67 103 141 147 58 71 108 137 144
(45.28) (30.05) (17.93) (24.82) (39.87) (45.47) (29.71) (17.81) (24.48) (41.88) (45.40) (33.43) (25.79) (37.26) (49.75)

1 58 62 102 143 155 58 62 102 144 155 42 62 105 145 157
(43.76) (26.60) (14.13) (20.40) (35.75) (43.80) (25.47) (13.48) (19.69) (37.61) (37.20) (25.22) (16.87) (27.78) (43.92)

2 49 59 100 145 160 49 57 101 146 161 31 55 103 150 169
(38.77) (21.15) (12.02) (16.95) (32.56) (39.78) (18.65) (11.54) (15.39) (33.73) (25.41) (13.29) (10.75) (14.93) (34.60)

0=1;68,=(2,4);6=0;a; =1

oA\ 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9 0.1 0.25 0.5 0.75 0.9

0.25 64 66 100 132 146 64 65 102 133 147 44 65 108 138 144
(43.12) (30.71) (22.96) (34.33) (40.98) (41.06) (27.94) (20.97) (34.27) (42.51) (34.28) (26.68) (22.53) (35.59) (47.07)

0.33 60 66 100 136 146 60 64 102 137 146 37 63 107 143 151
(41.68) (30.63) (19.99) (29.02) (40.15) (40.96) (25.60) (19.03) (28.98) (41.99) (27.02) (24.11) (16.55) (30.19) (43.55)

0.5 54 63 99 138 151 55 61 101 139 153 30 57 104 148 160
(38.36) (28.69) (18.10) (26.30) (37.94) (39.00) (23.40) (15.80) (26.34) (36.28) (17.67) (15.88) (12.92) (20.43) (38.45)

1 49 61 101 141 157 48 60 101 142 158 25 53 102 151 173
(36.51) (26.86) (17.80) (21.05) (32.84) (35.62) (25.09) (14.85) (19.86) (31.87) (11.15)  (7.67)  (6.95) (8.74) (26.98)

2 46 59 99 143 161 45 59 100 143 161 22 51 101 151 178
(36.42) (24.65) (16.05) (18.64) (27.09) (34.64) (23.11) (15.15) (18.35) (27.13) 474 (322) (3.36) (414 (13.87)

DGP: y¢ — gp (t) — Byt = 2¢; 2t = pae—1 + €z,; 1Yt — G2t = We; W = We—1 + €wy; g0 (t) = @+ 0DUs; e, ~
#6dN (0,1);ew, ~ @dN (0,07);Covar (ez,,ew,) = 60;T = 100,T, = [AT];n = 2.000 replications; 5%
nominal size



date, since the mean of the estimates is far from the true date of the break for these
cases. This contradiction indicates that the use of the SCE (5\) test is inadvisable in
applied research.

Therefore, the main conclusion that arise from these simulation experiments is that
the best procedure to perform the tests when the date of the break is unknown is the

third one, that is, the one that defines the SCp ( \) test and which is based on the
minimization of the sequence of the sum of squared residuals. It has been shown that the
SCp () test, which picks out the argument that minimizes the sequence of tests and
applies the critical values that were computed assuming the date of the break as known,
almost never rejects the null hypothesis. Finally, the size distortion of the SCp (5\)
test might be due to the uncertainty on the presence of a structural break.

7 Conclusions

This paper has focused on testing the null hypothesis of cointegration allowing for
one structural break. Since previous proposals in the literature have only considered
structural breaks in cointegration tests based on the unit root test, our approach can
be understood as a complementary way to ensure the presence of cointegration around
a break-cointegrating relationship. In order to provide analysts with a complete tool
set to test the null of cointegration with one structural break, the paper has focused on
six different possibilities of structural break. The test statistic that is used in the paper
is a multivariate extension of the KPSS test, which was first proposed in Harris and
Inder (1994) and Shin (1994) to test the null hypothesis of cointegration. As shown
in the paper, this test is not invariant to the presence of a structural break affecting
the deterministic and/or the stochastic components since the asymptotic distribution
depends on the specification of the model under the null hypothesis and on a nuisance
parameter, the break fraction parameter A. It has also been shown that the asymptotic
distributions of the tests are symmetric around A = 0.5, that is, the middle point of the
range allowed for this parameter. As a consequence, a different set of critical values
has to be used when a break is suspected to be occurred and we want to test the null
hypothesis of cointegration.

The computation of these critical values and, consequently, the application of the
test, is conditioned on the assumption that can be made about the value of A\. Thus,
a first set of critical values for which the date of the structural break is assumed to be
known are offered in the paper. However, for those situations for which practitioners
are not confident on the date of the break we recommend to proceed to the estimation
of the date of the structural break using three different procedures, all of them based
on the application of the minimum functional. The use of such functional defines a set
of new tests with asymptotic distributions free of any nuisance parameter. The paper
also offers the critical values for this tests. The consistency of the procedures when
estimating the break date follows after it has been proved that the test diverges when
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there is a misspecification error in the date of the break.

Having defined the general framework, the paper has accounted for two different
situations depending on the properties of x;, the set of stochastic regressors. First, the
analysis has focused on the assumption that x; is strictly exogenous. However, when
this is not the fact, OLS estimation of the cointegrating vector is not efficient. Hence,
the paper has also focused on the situation where x; is no longer strictly exogenous
and has outlined the corrections that have to be done to get an efficient estimation of
the cointegrating vector. The correction is given by the fully-modified OLS estimation
procedure of Phillips and Hansen (1990).

The simulations that have been conducted to assess the finite sample size of the
test suggest that there might be some size distortion problems when x; is no longer
strictly exogenous. Notwithstanding, for those specifications with strictly exogenous
regressors the empirical size of the test approaches the nominal one. This might be
understood as the general conclusion. These results suggest that further research on
alternative methods to estimate the cointegrating vector when x; is no longer strictly
exogenous. But the Monte Carlo experiments have given rise to some important facts.
The first one is that among the different procedures that have been proposed in the
literature in order to estimate the date of the break, the one that, on the first stage,
estimates the date of the break through the minimization of the sequence of the sum of
squared residuals and, on the second stage, performs the test assuming such estimate as
the true break point is the best one. As a consequence, the procedures that estimates the
break point minimising the sequence of tests should not be applied in applied research
provided the size distortion that induce.
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Appendix A. Proofs of the Theorems

In this appendix we carry out the proof of the Theorems that have been proposed along
the paper. Some intermediate results are needed in order to proceed to such proofs.
Throughout, we use the following lemmas.

Lemma 1 The assumption of multivariate invariance principle of Phillips and Durlauf
(1986) states that in the limit {Ct};f:l, ¢ =0, (ei,s}), converges to:

T2u S e Wi (r)
_ _ Ly = =Wi(r); t/T<r<(t+1)/T
TQQI/QQQQI/Q Sy i [ W (r) } ) / ( )/

t =1,...,T, where = denotes weak convergence of the associated probability measures
and W (r) is the (k + 1)-vector of standard Wiener processes defined on C [0, 1]kJrl
with )
s -1 1y | W1 W2
0= lim 7B (CrCr) = [ o O }
as the covariance matrix.

Proof: see Herrndorf (1984) and Phillips and Durlauf (1986).

Lemma?2 Let {xt}tT:l be generated by (2) and {¢ t}thl a (k + 1)-vector of stochastic
processes that satisfies the multivariate invariance principle of Phillips and Durlauf
(1986). Therefore, it can be shown that:

T 1
T=3/2 Z:pt = 9542/ War () dr;
t=1 0

T 1
732" 0 DU, = ) / Woag (r) dr;
A

t=1

T 1
Ty aie = w13 / Wap (1) dWhy (1) + 6215
t=1 0

T 1
723 i = 0 [ W (1) W (1) ar 0337
t=1 0
where W (r) is the (k + 1)-vector of unit Wiener processes defined in lemma 1 and 6,
denotes the correlation between the components of (.

Proof: see Perron (1989), Park and Phillips (1988), Phillips (1988) and Hansen (1992a).

For short we denote the integrals involving Brownian motions like | ; Woay, () dr
by [ ; Woay, and the stochastic integrals like fol Way, (r) dWyy (r) by fol WopdWii.
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Lemma3 Let A\ = T, /T be the break fraction at the estimated break point and
T="T / T the break fraction associated to the true break point. Thus, if A\ > 7 :

(@) zt L (DU (A) = DU (1)) = (A +7)T
(b)zt (DT (A) = DTy (1)) = (=14 A) (A —7) T?

(c) zt L (DU (A) (DU; (X) — DUy (7)) = 0

(d) Zt 1(DUt( )(DUt( ) DU; (7')) 0

(e)zH(DUt ) (DT (A) = DTy (7)) = <1+A)<A—T>T2

0 St (DU, (\) (, (DU, (A) — DU, (1)))) =

(@ S1_, (t(DU (\) = DUy (1)) = —3T (A — ><AT+1+TT>
(h)ZtTl((DT*(A) DTy (7)) = =3T* (A =7) (T +1)

(i) zt , (tz, (DU, () — DU, T>>>=ZZ*TT+1t:ct

() S, (DTy (M) (DU, (A) — DU (7)) =

() 31, (DT () (DT} (\) = DT} (1)) = =372 (=1 4+ A) (A= 7) (AT = T — 1)

(T
U

1) Y, (DT} (N &} (DU (\) — DU; (1 ))) 0
(m) S0 @t (DU, (\) — DU (1)) = — 02 oy @
(n) 23:1 zy (DT} (A) — DT (1)) = Z;TATT-‘,-I try—TA Zt TA+1 x+7T Zt Tr41 Lt

(©) i (w2} (DU (A) — DU (7)) = — 02 s 2o}
() 31—, 2 DU, () (DU (A) — DUy (7)) =0
(@) Y, (22, DU (A) (DU; (\) = DU (7))) = 0

Proof: These results were obtained by direct calculations and we are going to sketch
the steps that were followed in order to obtain them. Thus, it can be shown that these
statements are computed as:
@ Xy (DU (N) = DU (1) = (1=NT = (1=1)T = (-A+7)T
(b) 23:1 (DTt* ()\) — DTy 7')) = Zf:,\TH ((t - )‘T) - (t - TT)) = (‘1 + )‘) <)\ - 7') T2§

(
(), (dand () 3°{_, (DU, () (DU, (\) — DU, (1)) = S{_, DU, \)-X{_, DU, (\) =
0;

(e)
D (DU(N) (DT (\) = DTy (1)) = D ((t=AT) = (¢t —7T))
t=1 t=\T—+1
= T?(-1+AN)(A-1)
(8)
> (DU (N) = DU(7))) = (1/2)(T(T +1) = AT (AT + 1))

~(1/2) (T (T+ 1) — 1T (+T + 1))
= ST =) AT+ 14+77);
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(h)

M=

Y (t(DIy (V) = DIy (1)) = (t((t =AT) = (t —7T)))

t=1

H
Il

N|— =

T>AN=7)(T+1);

(1) 23:1 (tzy (DU (N) — DU (7)) = Zt Tat1t Zt Tr+1 try = ;D\TT+1 try;

. (and (1) 32,7, (DT} (A) (DU (A) = DU, (7)) = Zt:l DTy (N =3y DT (V) =

(k)
T T
S (DT ) (DT (W) = DT (7)) = Y. ((t=AT)° = (t = AT) (t = 77T))
t=1 t=TX+1
= —%TQ(—I—&-)\)()\—T)()\T—T—I);
(m) ZtT:1 x (DU (\) — DU (7)) = ZtT:T,\Jrl mt*z;[:ﬂmrl Tt = — tT:)\TT-‘rl Tt
(n)
T T T
> m (DT; (\) = DTy (1) = > (=)= > a(t—7T)
t=1 t=TA+1 t=T7+1
X T T
Z try — TA Z e + 1T Z Z¢;
t=17T+1 t=TA+1 t=T71+1

(©) Yimy (e} (DU (A) = DU (7)) = Yot g o= —pr g Th = = Y42y T
(P) Xor_, 2 DU, () (DU (A) — DU, (7)) = S2/_ @ (DU (A) — DU (X)) = 0;
. (@ X1, (2:2,DU; (A) (DU (A) = DU, (7)) = Y1, 222y (DU (A) — DU (\)) =

Lemma 3 has taken into account the situation in which A > 7, although the reverse
situation in which A < 7 can also be encountered. We have only collected in Lemma
4 the differences that arise when we reverse the inequality. In order to make easy
comparisons, the numeration of the statements presented in Lemma 4 follows the one
in Lemma 3.

Lemmad4 Let A\ = T /T be the break fraction at the estimated break point and
7 =T, /T the break fraction associated to the true break point. Thus, if A < T :

(©) Y1y (2, DU (A) (DU; (A) — DU, (7)) = X1l sy 74
(@ S°L, (DU, (\) (DU, (\) — DU, (7)) = (- A7) T
0 S, (DU (N) (} (DU (A) — DU (1)))) = Sy 2y 4
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(i) 3", (tz} (DU; (N) — DU, (7)) = ?TTAH tz}

() S_y (DT (X) (DU; (X) = DU (1)) = Sy DT (M)

) S (DT (\) 2 (DU (A) — DU (7)) = X1t DT* (\) )

(m) Y1y ¢ (DU, () — DU, (7)) = 72 Tw oy

(n) Z?:l xy (DTy (\) — DTy (7)) = Zt T)\+1 twy—TA Z?:T)\Jrl 7T Z?:de Lt
(0) Yi—y (@i} (DU; () = DUy (7)) = Y1y g TeTh

®) Yi—1 DU, () (DU, (\) — DU, (7)) = 12 i1 Tt

(q) 23:1 (z2p DU () (DU (A) — DU (7)) = ZI:TTAH Ty

Proof: These results were obtained by direct calculations following the steps sketched
in Lemma 3. Consequently, the proof is omitted in order to save space.

Lemma S Let us denote 0 < r < X as the index that defines the standard Brownian
motion. T hus, by the properties of the Brownian motions it can be shown that:

(@) W (r) = VAW (b1),

®) f; ng 5)ds = >\3/2 o Wy (s1) dsn,

(© fo)\ sWay (s)ds = \°/2 fol s1Wi, (s1) dsq,

() fo/\ Wor (s) Wy, (s) ds = \° fol Way (1) Wy, (s1) ds1,

(e) f(j sdWhy (s) = A3/2 Ji s1dWhy (s1)

" fo War (s) dWi1 (s )\fo Woy (s1) dWiy (s1) ,
with by —r/)\ O<b1 <1

Proof: The first statement follows from the properties of the Brownian motions. Thus,
for the statement (a):

W (r) = VAW (5) = VAW (b1),
for (b):

A A/ s s
s = [ (3)4((3))

for (c):

A AA S\ \1/2::, (S s
|| oW oas = /OM A3 (5) 2 (A (3))



for (d):

/0 W (5) Wi () ds = /OXA W () A (5) 4 (A (3))
= X\ /01 Wy, (s1) Wy (s1) ds1,

for (e):

[ = [ a0emma (3)
2\3/2 /1 $1dWh1 (s1),
0

for (f):

/0)\ Wa (s) dWhy (s) = /Oj:)\ Y290, (;) d ()\1/2W11 (;))
/\/01 War (s1) dWh1 (s1) .

Thus, Lemma 5 has been proved. B

Lemma 6 Let us denote A\ < r < 1 as the index that defines the standard Brownian
motion. Thus, by the properties of the Brownian motions it can be shown that

(@ W (r) =v1—=2W (by),

(B) [y W, (s)ds = (1= N)*/? [12 W}, (52) dso,

(© [x sWhy (s)ds = (1= N)*/? [} saWhy (s2) dsa + A (1 — N2 [L W5, (s2) dsa,
(d) [y W (5) Why, (s) ds = (1= N)* [ War (s2) Wi (s2) dsa,

() Wi1 (1) — W11 (\) = (1 = N2 Wy (1),

0 [y sdWiy (s) = (1= N/ f& s2dWiy (s2) + A (1= 0 Wy (1),

(@ [x War (8) W11 (s) = (1= A) [y} War (s2) dWi (s2),

h) [ Wi () ds = [} ng s)ds — (1= N2 [Y W, (s) dso,

(i) fo)\ sWh (s)ds = fo sWih (s)ds — ((1 — )\)5/2 fol saW35, (s2) dsa

AL = NP2 [ Wy (s2) dsz),

() Ji War () Wiy, (s)ds = [y Wa (5) Wiy, (s) ds—(1 = N) [ Wax (52) Wy, (52) dso,
(k) W11( ) = 0

W) [ sdWhy (s) = —fo Wit (s)ds + (1= N [ Wiy (s2) dso,

(m) fo Wy )de fo Wy, (s) dWi1 (s) — (1 = A) fol Wy, (s2) dWi1 (s2)
Wilhbgz( )\)/(1—)\)0<b2<1
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Proof: The first statement follows from the properties of the Brownian motions. Thus,

for the statement (a):

W () = VI AW <;_i> — VI AW (by),
for (b):
= Y Y
/A Wi (s)ds = /u 1-NY2w), (‘; ~ A) d <‘i A) (1-\)
ba
= (1- /\)3/2/ Wiy (s2) dso,

0

for (c):

//\ISWQ’k(s)ds = //\l(s—)\—l-)\)WQ’k(s)ds

1 1
= / (s = X\) Wy, (s)ds + /\/ Wa (s) ds
A by

1 1
_ (1—)\)5/2/ SQWQ’k(SQ)d82+)\(1—)\)3/2/ Wi, (s2) dss,
0 0

for (d):

A Wak (5) Wiy, (s) ds

for (e):

Wi (1) =W (\) =

for (f):
1
/ sdWii (s) =
A

= s—A
o am e (323 a- v

_ (1—)\)2/0 Wk (52) Wy, (52) dsa,

1-A A=A
=0V (155) - 00w (13

>

1
(1—=N"2w (1),

/1(5/\+/\)dW11(s)
A

/: (5= \)dWhy (s) + A/A AWy (s)

(1— )32 /1 s0dWh1 (52)+/\/ AWy (s)
0 A

1
(1— >\)3/2/ $0dWh1 (s2) + A (1= N2 Wiy (1),
0

30

s—A
1-X




=2

R RN =y

(1—)\)/0 Wk (52) dWi (53)

1 1
Wi (s)ds = / Wi, (8) ds — / Wi, (s)ds
0 A

1 1
/Wz’k(s)ds—(l—/\)?’/z/ W}, (s2) dsa,
0 0

1 1
/ sWiy (s)ds — / sWiy. (s)ds
0 A

S—
>
n )

S

S

—

=

QL

v,

Il

1 1 1
_ /sWQ’k(s)ds—<(1—)\)5/2/ SQWQk(sz)dSQ+A(1—A)3/2/ ng(sz)d52>,
0 0 0
Jor (j):

/o Wak (5) Wiy, () ds = /o Wk (5) Wiy, (s) ds — /A Wk (5) Wiy (5) ds

1 1
/O Wor (8) Wa,, (s)ds — (1 = \)? /O Wop (52) Wi (s2) dss,
for (k):

Wi () = (1=)0Y2wy, ((i_;))

Jor (1): -
’ SdW11 (S) = 1 SdW11 (S) — 1 SdW11 (S)
0 0 A
_ (Wu (1) —/01 Wiy (s) ds) - ((1 SN2 W (1) — (1= NP2 /01 Wi (sz)dSQ)

1 1
—/ W11 (S) dS + (1 — )\)3/2/ W11 (82) dSQ,
0 0

for (m):

A
/(; Wzk (S) de (S)

1 1
/ ng (S) qu (S) — / Wzk (S) dW11 (S)
0 A

/ War (5) AW () — (1 \) / Wak (2) AWy (52)
0 0
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Thus, Lemma 6 has been proved. B

A.1 Proof of Theorem 1

Here we only sketch the proof of Theorem 1 for model E —the most general model
considered in the paper— provided that the proof for the other models follows the same
reasoning and are particular cases of that one. The OLS estimated residuals of (5) can
be computed as:

~ roN—L

ér =1 — 2z (2'2) " Ze,
where z; = [1, DUy, t, DT}, x}, 2, DU,] is the (T’ x (2k 4 4))-matrix of regressors.
Let P = diag(T /2, 7-Y2, 7-3/2, 7=3/2 7= T Yand A = diag(l, 1, 1, 1,
92_21/ 2, 92_21/ 2) be scaling ((2k+4) x (2k+4))-matrices. Hence, the partial sum processes

S = Z;Zl é; can be computed from:

t t
TY201 8, = T 20t Z gj —T7V2071 Z 2, PA(A'P2zPA)"" A'PYe.
j=1 j=1
Using lemmas 1 and 2 is straightforward to see that, in the limit, the cross-product ma-
trix A’ Pz’ 2P A converges in distributionto a (6 x 6)-symmetric matrix, A’ Pz'2PA =
H, with elements given by: h1; = 1, hio = hay = (1 — /\), his = 1/2, his = hoy =
(1=X)?/2, hys = fol Wi, hie = has = hog = fj Wi has = (1 — )\2) /2, hgs =
1
1/3, h34 = (2 -3+ /\3) /6, h35 = fO TWQIk, h36 = f; TWQI]C’ h44 = (1 - /\)3 /3’
1
has = hag = f; (r—=A) Wy, hss = fol WarWiys hse = hes = [\ War W3, Also,
it is easy to see that, in the limit, the product between matrix regressors and distur-
bance term ¢ converges to the (6 x 1)-vector J, Pz'e = J, with elements given

by: Ji = wiWii (1), Jo = w1 (W1 (1) — Wit (V), J5 = wn (f01 rqu), Jy =
w1 ( Sy rdWis — A (Wi (1) — Wiy (A))), Js = w105” [ WardWiy, Jg = w1085

f /\1 WadW11. The partial sum process of matrix regressors for ¢ < T; converges to:
t
TN 5PA = [r 0 5 o0 Wy 0]
j=1

= Ki, (A-1)
whereas for t > T:

t
T_l/zzszA = {r (r=2) é r_2A2 Jo W fxrwzlk}
j=1

= K. (A-2)
Using these results, for ¢ < Tj, we have that in the limit partial sum process converges

to:
2

TS = W11(7”)*{r 0 % 0 [y Wi O}H*IJ
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Wi (r) — K1H™'J
= Lk,El (T, )\) . (A-3)
On the other hand, we have that for ¢ > T, partial sum process converges to:

2

TS s Wa) = [ e-n 5 SR g fTwg [H0
Wiy (r) — KeH™'J
= Lk,EQ (’f’, /\) (A'4)
Appealing to the Continuous Mapping Theorem (CMT), we obtain:

2
T t

SCe(\) = T2072) (D¢
t=1 j=1

2

2
Ty t T t
— —2 =2 5 5
= T % g g e | + g E €;
t=1 \ j=1

t=Tp+1 \ j=1

A 1
= / Lk,El (7“, )\)2 dr + / Lk7Eg (T, )\)2 d?“,
0 A

where Ly g1 (7, \) and Ly go (7, A) have been defined above and &7 is a consistent
estimate of the long-run variance of {e;} . The symmetry of the asymptotic distribution
needs some additional algebra calculations. To show the symmetry of the asymptotic
distribution, we write the equation that is used to compute the test statistic as:

y¢ = oDy + Doy + B, DTy + Bo DTy + vy, Dy + oy Doy + €4
= 1Dy + B, DTy + v 2, D1y + o Doy + Bo DTy + oy Doy + €4,
where Di; = 1 and DTy = t for t < Tp, and 0 otherwise, Doy = 1 and DTy, =

(t = Tp) for t > T, and 0 otherwise. Notice that now the model can be expressed in
terms of a block matrix of the regressors:

y=2z0+¢,

4l 0
=[5 5]
z1 being a (T x (2 + k))-matrix with row vectors given by z1; = (1,¢,2}), 1 <
t < Ty, and 2 being a ((T' — Tp) %X (2 + k))-matrix with row vectors given by zo; =
(1,¢,2,), T, <t < T. In these terms, the partial sum processes for ¢t < T}, are given
by:

with

t

TN e = Wa) = 5 [T W (s)ds 0 0 0 | x

j=1
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W11 ()\)
fol\ sdWhi (s)
1(Zz) 0 I3 Wag (5) dWiy (s)
0 () Wi (1) — Wi (\) |
f/\l sdWhy (s)
| Sy Wak (5) dWha (s) |

with
[ A A2/2 (AW, (s)ds
l(z2121) = /2 \3/3 Jo sW3, (s)ds
N Wi (s)ds [ sWar (s)ds [ Wy, (s) Wy, (r) ds
I=X)  (1=X)/2 (W (s)ds
[(2529) = (1-X%) /2 (1—-X%/3 \ W5, (s)ds
|\ War(s)ds [y sWar (s)ds [} War (s) Wy (s) ds

Using the results from Lemma 5, we can write this expression in terms of b1 = /) and
reduce the partial sum processes to:

t
T71/2w1_1 ZéJ = \/XWH (bl) - |: Aby /\Zg /\3/2 Obl WQIk (51) dsy :|
j=1
\/IXW}1 (1)
/\i’/2 Jo s1dWi1 (s1) ;
A Jo Wag (s1) dWhy (s1)

X [(Zzizl)sl]_l

0 <b <land 0 < s; < 1 and where (lz{zl)s1 denotes the matrix {2}z, written
using s; = s/ as the index of the Brownian motions as shown in Lemma 5. After
some calculations, it can be established that the partial sum processes converges in
probability to:

T*1/2w1*1 Z é] = \/>_\ <W11 (bl) - ﬁf (bl)) (A-S)
j=1
= VAVig(b)

where
1 1 1
A (bl) = / ng (Sl) WZ/k (81) d81 — 12/ 81W2/k (Sl) dSl / 81W2k (Sl) dSl
0 0 0
1 1 1 1
+6/ WQIk (51) dsq / s1Wap (51) ds1 + 6/ Work (81) dsy / 51W2/k (81) dsy
0 0 0 0

1 1
*4/ ng (51) d$1 / Wzlk (51) d$1
0 0
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and

1

81W2k (81) d81> bl

1
(( 3/ Way, Sl)Wzk (sl)dsl +6 ng Sl)dsl/
0 0

1 1 1
4/ ng S1 W2k (Sl) dSl — 12/ 81W2/k. (81) d81 / 81W2k (81) d81> bl
0 0

+/b1 (s1)dsy < /01 s1Woy (s1) dsy — 4/1 Wy, (81)d51>> Wi1 (b1)

-|—< / s1dWi1 (81 / Woar (51) Wy, (s1) dsy

0

1
—6/ Slde (Sl) / ng (81) d81 / WQ/k (81) d81
0 0 0
1 1
*6/ Way, (s1) dWi1 (51)/ s1Woy, (s1) ds1
0 0
1 1
+3/ ng (81) dW11 (81) / Wzlk (Sl) d81> b%
0 0
1 1
+ <—4/ ng (Sl) dW11 (81)/ W2/k: (81) d81
0 0
1 1
—6/ sldWH (Sl) ng (81) Wzlk (Sl) dSl
0 0
1 1 1
+12/ s1dW11 (s1) Wi, (51)d51/ s1Wag (s1) dsy
0 0 0

1 1
+6/ Way, (s1) dW1y (51)/ 51 Wy, (51)d$1> b1
0 0

b1

1 1
—12/ Slde (Sl) WQ/k (81) d81 / 81W2k (Sl) d81
0 0 0

b1

1 1
+6/ s1dWi1 (Sl) Wzlk (Sl) dsy / Wor (Sl) dsy
0 0 0

by

1
+/ Woap (s1) dWi1 (s1) Wy, (s1) dsi.
0 0

Notice that Vj, g (b1) is the residual from a projection of a standard Wiener process
W11 (b1) onto the subspace generated by the deterministic regressors (properly rescaled)
and the Wy, (1) defined in 0 < b; < 1. The expression that can be obtained for the
partial sum processes when ¢ > Ty, is similar to the previous one. Now we use the trans-
formation given by be = (r — \) / (1 — \), transformation that allow us to compute the

35



partial sum processes as:

t
T71/2w1—1 Z éj = Vv1-— AW (bg)

j=1
L a=nn B ()b (1 Y2 [P W (s2) dss |
(1—=N"2wy (1)
x [(12522),,] 7 | (1= Y2 [ s2dWin (s2) + A (1= N2 Wi (1) |
(1= X) fy War (s2) dWii (s2)

where we have applied the results collected in Lemma 6. After some algebra manipula-
tions, we can achieve the following expression for the partial sum processes for ¢t > Tj,
are given by:

T Pwity e = V1= (Wn (by) — @f (b2)> (A-6)
= V1-AVig(b),

with A (b2) and f (bs) as before but with by instead of by and s, instead of s1. As
before, Vi, g (b2) is a residual projection.

The test statistic SC'g (\) is given by:

Ty T
SCp(\) = T2072) S +T7%0% Y Sk,
t=1 t=Ty+1

= /0A (\/XVkE (bl))er—i-/: (kaE (bz))QdT
1
_ A/O (\/Xvk,E (bl))zdbl +(1—/\)/ (MVM (z>2))2db2

1
0
1 5 1
— >\2/ Viip (br)dby + (1= X) / Vi g (b2) dba,
0 0

that is, the asymptotic distribution of the test statistic can be expressed as a weighted
sum of two independent detrended Brownian motions. Then, Theorem 1 has been
proved. H

A.2 Proof of Theorem 2

As for the proof of the Theorem 1 we concentrate on the model E. The transformation
proposed by Phillips and Hansen (1990) on the DGP given by (1), (2) and (3) under
the null hypothesis reduces to (7) that, in matrix notation, can be expressed as y; =
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203 + €}, where, for the model E, z; = [1, DUy, t, DT}, x, ,DU;]. The fully-
modified OLS residuals can be computed through:

5 - +
& = (ztﬁ + 82‘) — 2z (2'2) Ly (y+ — eKTézl)

-1 .
ef —z(Z2)” 2 (5+ — eKTégl) :

Provided that:

t
T-1/2 Z 5;r = wi2Wia(r);
j=1

T 1

_ 1/2

71 } xté—z" = WLZQQé /0 WordWi o + 53_1,
t=1

where W15 (r) = Wiy () — why Q55 Way, (1) is a standard Brownian motion indepen-
dent of the vector Brownian motion Way, (r) and where 65, = 821 — Agzﬂgzlwgl, it
can be established that:

[ Wi (1) 7
(Wi2 (1) = Wiz ()
(W1.2 (1) - fol W1.2)
(1 =2 W12 (1) = Wae (V) = fy Waz) |
fol WordWi 2
f; WordWi .2

AP (5+ — eKT(AS;l) =

so that asymptotic distributions that have been derived under the strictly exogenous
stochastic regressors assumption still hold. The only thing we have to modify is the
notation. Thus, instead of W11 (1) we have to write W7 2 () and instead of w? we have
to write w? ,. Hence, Theorem 2 has been proved. B

A.3 Proof of Theorem 3

To proof this Theorem we have followed the developments in Zivot and Andrews
(1992). The strategy expresses the test statistic as a function of composite functions.
Therefore, the continuity of a composition of continuous functions allow the applica-
tion of the Continuous Mapping Theorem (CMT). The asymptotic distribution of the
test given by 3 can be reexpressed as the composite functional g (7~/2wi"S,, 2PA,
A'PZ'e, w}) defined by:

g (Tfl/walSt, zPA,A’Pz’s,wf) = h* (h[Hy[e] , Hy [e]]),

(o) = (T712w 'S, 2PA, A'P2'e,w?), with the functionals h* (m) = infiea m (\)
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and

Ty T
himy,mg) =T 'Y “muy (N +T70 > mar (M),
t=1 t=T,+1

The functionals H; and Hs are defined as the square of the partial sum process com-
puted using the OLS estimated residuals of (5) for 0 < ¢t < Ty and for T, < t < T,
respectively:

N\ 2
H, [T’l/zwflSt,zPA,A’Pz’a,wﬂ - (T*l/%;lst) :

i = {1,2}. Notice that as shown by Zivot and Andrews (1992) and Perron (1997), the
elements that involve H; and Hy are continuous at (W11 (1), K1, J, w%) and (Wyq (1),
Ko, J, w?), with K, defined by (A-1) and K> defined by (A-2), since their elements
are bounded over [0, 1] with W -probability 1. The continuity of g (e) is provided by
the fact that g (e) is a composition of continuous functions. Finally, Lemma A.4 of
Zivot and Andrews (1992) shows that the function ~A* is continuous at all functions m
on A, the closed subset of [0, 1] to which A belongs. Therefore, the result collected in
Theorem 3 follows from Theorems 1 and 2. Thus, Theorem 3 has been proved. B

A.4 Proof of Theorem 4

The OLS disturbance term can be written as:

)B‘*‘%(ﬂﬁ

= a2\ EN2zN) N () B+e) +2()B

= a—zNENzN) Ve
fGMM@%MMMYU%Mdﬂf%hD&

where 7 denotes the true break fraction and A the estimated break fraction. Using this
formulation, the partial sum process of the numerator of the test is computed as:

€ = & — 2

(A
(A

5= De= AW E W) (M) )

o D 1 CAC RO VA CVETCO B A Co N I
Jj=1 j=1

Let us define the difference between the matrix of regressors using the estimated break
fraction parameter and the matrix computed using the true break fraction as d (\) =
z(A) — z (7). Thus, the partial sum process given by (A-7) can be alternatively ex-
pressed as:
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Z N E N 2) T NdA) =D d () | B

If we rescale this partial sum process as:

Tﬁl/zgt = 71/2515 (A'8)

1/22,2 A) PA(A'PZ (\) z(\) PA) " A'P2' (\)e

t

+1771/? Z A) PA(A'PZ (X) z(A\) PA) " APz (\)d()\)

—Zdj ()] 8,

we get an expression where the convergence or divergence can be analysed. Notice that
the elements associated to € converge at the suitable rate so that the divergence is due
to the elements related to d (A\). The order of probability of the partial sum process
depends on the model we are dealing with. Consider, for instance, the specification
that corresponds to the model E, that is, the most general model we have specified
in this paper. It can be established that for the model E the difference between the
true and estimated matrix of regressors is equal to d (\) = [0, DU (A\) — DU (1),
0, DT*(\) — DT* (), 0, (DU (A) — DU (7))]. Our analysis has to distinguish
between two relevant situations. The first one arises when A\ > 7, whereas the second
one is given by \ < 7.

Let us first consider that A > 7. Using the statements collected in Lemma 3, it can be
shown that Pz’ (A\) d (\) isa (6 x 6) matrix with the first, third and fifth columns of ze-
ros and the rest of the columns defined by the following elements: Pz’ (A)d () [1,2] =
( A+ 7)TY2, P2 (\)d(N)[2,2] =0, P2 (\)d(\) [3, 2} —1TV2 (AN —1) (AT + 1+ 77),

2 (N d(N)[4,2] =0,P2 A\ d(\)[5,2) = -T~Y2 Y2 1 2, P2 (A) d (V) [6,2] =
0 Pz’( )yd (A )[1,4}f(—1+>\)(>\77)T1/2,Pz N dN) 2,4 = (=1 + N (N—7) T2,
Z (N d(N)[3,4] = —3T2 (A= 7) (T + 1), P2’ (A\)d(\) [4,4] = —3T2 (=1 + )

( 7) (/\T T—1),PZ (NdN) [5,4] = -T2 2 ) tw=T7VAYE Ly @t
T2 o PN AN [6,4] = (A +7) T2y 2 P2 () d(V) [1,6] =
P2 () d(A)[2,6] = 0, P2' (\)d(N) [3,6] = =T~ 3,2y by, P2/ (V) d (M) [4,6] =

0. P2/ (N d(N) [5.6) = ~T-' 7 1wy P2/ (A)d(A)[6,6] = 0. It is easy to

see that for the model E: Pz’ (\)d (X\) = O, (T®/?). Notice that depending on the

model we are interested in and, consequently, on the set of regressors included in the
estimation, the rate of divergence of the matrix Pz’ (\)d (\) can change. Thus, it is

easy to see that for the models An and A: P2’ (;\) d(\) = O, (T/?); for the model
D: P2/ (/\) d(\) = O, (T) and, finally, for the models B, C and E: P2’ (/\) d(\) =
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0, (T%?).
Let us now deal with the situation in which A < 7. It has to be mentioned that the
differences between the statements in Lemmas 3 and 4 do not change the order of the

probability of the matrix Pz’ (5\) d (\). If we consider the specification given by the

model E, is straightforward to see the second column of the matrix Pz’ (3\) d(N) is
O, (T*/?), the fourth column is O, (T%/2) and the sixth column is O, (T'). Hence,
Py (5\) d () is Oy, (T?/?) for the model E. For the models An and A: Pz’ (5\) d(\)

is O, (T''/?); for the model D: P2’ (5\) d(X)is O, (T") and, finally, for the models B
and C: Pz’ (5\) d () is O, (T®/?). Consequently, we have the orders of probability of

Pz (;\) d (X) are the same irrespective if A > 7 or A < 7.

On the other hand, we can see that for 7 # X and min {\, 7} < t/T, the partial sum
process T~ 1/2 2221 dj () is defined by the following elements:

Tﬁl/zi(DUa‘(A)*DUj(T)) = T7Y2((t—AT)— (t—7T))

‘ - ().
(o) (1
- o(r)

TI/QZt:w}(DUj(A)—DUj(T)) = 0,(T).

1123 (D13 () - DT (1)

Thus, for the models An and A we get that T~1/25;, = O, (T/2), for the model D
we have that 7~/ 2§t = O, (T), whereas for the models B, C and E we have that
T-128, = 0, (T%/?).

Provided that the numerator of the test statistics involves the squared sum of the
partial sum processes, we can conclude that the numerator of the test diverges at a rate
of O, (T') for the models An and A, at a rate of O, (T'?) for the model D and at a rate
of O, (T3) for the models B, C and E.

Now we are going to fix our attention in the denominator of the test statistic. The
estimation of the long-run variance that is frequently used in applied research is a func-
tion of the variance and covariances of the disturbance term. From previous derivations,
we have that the variance of the disturbance term is equal to:

67 = T (=2 E W0 F W= (2 E W) F Nz - 2() B)
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The order of probability of the variance depends on the model. Let us first consider
the model An for which the order of probability of the variance is given by the third
and fourth element of the last equality. It has been shown that for the model An the
matrix Pz’ () d ()) is O, (T*/?) and, hence, the third element of the last equality is
O, (T). Since this term is scaled by 7! we have that it converges to an expression that
is function of the parameters that involves the model. This is also true for the fourth
element of the variance. Thus, 62 is O, (1) for the model An. The same argument can
be applied for the model A since the structural change only affects the independent term
of the relationship. Therefore, 62 is also O,, (1) for the model A.

For the models that allow for a shift in the trend of the relationship, that is, for the
models B, C and E, the third and fourth elements are O,, (T®), and after rescaling by
T~1, they provoke that 67 is O, (T?). Finally, for the model D we can see that both
elements of the previous expression are O,, (T?) so that &7 is O, (T).

The covariance of order s > 1 of the disturbance term can be computed from:

Cov (é64—s) = T Z ((st — 2 (\) B+ 2 (1) ﬁ)/ (€t—l — 2 V) B+ 21— (1) ﬁ))
t=s+1
T
= 7 Z (gtgt—s —&t2t—s (A) B +ez—s (1) 5 — B/zé (N er—s
t=s+1

2 (N 2tms N B = B2 (V) 21s (1) 8
8% () e1ms = B2 () 2y (V) B+ 82 (7) 21 (1) B)
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Following the reasoning adopted for the variance, we can see that it is the last element
of the previous expression the one that gives the rate of divergency depending on the
model under consideration. Thus, for the models that do not include a shift in the
deterministic trend, the models An and A, this element diverges at a rate O, (1). For
those models that allow for a shift in the trend, that is, for the models B, C and E the
covariances diverges at a rate O, (TQ). For the model D the covariances diverges at a
rate O, (T'). Therefore, taking into account these and the previous results it has been
proved that the estimation of the long-run variance diverges at O, (1) for the models
Anand A, at arate O, (T) for the models D, and at a rate O,, (T?) for the models B, C
and E.

Using these results it can be established that the test statistic behaves according to
the following statements:

SCan () = T = 0n D)
SCA(N) = gf;(g))zop@);
SCp(\) = g’; gzgzop(’f);
s = 28 —o0,m);
SCh(N) = O(;’p((T;)) —0,(T);
SCp(\) = %:opm,

that is to say, the test diverge when the break point is incorrectly estimated at a rate
O, (T'). Therefore, this shows that using the minimum functional provides a consistent
estimation of the break point. Thus, Theorem 4 has been proved. B

A.5 Proof of Theorem 5

The model defined by (1), (2) and (3) can be alternatively expressed in the following
way:

yw = ¢i(t)+aB+ o +ey (A-9)
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Ty = Tt—1 -+,

ap = Qg1+ Ny,
with g; (t),i = {An, A, B,C, D, E}, given as in section 2. Estimated residuals of
(A-9) can be computed from:

" " -1 -1
=y — G =ap — 2 (2'2) Za+e —z(22) e,
where v; = 7 + ;. Once the suitable rescaling matrix has been defined, the limit
distribution of partial sum process only depends on the terms involving {a } . Thus, is
straightforward to see that:

(6T (bT]
T7328, =T33 a; —T732N " 2jPA(A'PZ2PA) A'PZa+o0,(1),
j=1 j=1
where S; = nyl] ;. Notice that since we are under the alternative hypothesis 7—3/2 nyl] a; =
oy fob W (s) ds. For the model E and for those moments of time such that 0 < b < A,
the partial sum process of the matrix of regressors tends to:
(bT]
TN PAS [ b 0 B2/2 0 [IWg(s)ds 0 ],
j=1
whereas for A < b < 1:
[bT]
T-2N " 2 PA= [ bo(b—N) b2/2 (b— >\)2/ 2 [PWh (s)ds [ W}, (s)ds } .
j=1

Notice that in the limit, T~ A’ Pz’« converges to the (6 x 1)-vector noted as J, that

is, "' A’Pz’a = J, now with clements defined by J; = o, fol W (s)ds, Jo =

oy fj W (s)ds, J3 = oy, fol sW (s)ds, Js = oy f; (s =N W (s)ds, Js = oy, fol Way (s) W (s)ds
and Js = oy, |, ; Way (s) W (s) ds, provided that {;} and {n,} are mutually indepen-

dent. Using these results, we have that the partial sum processes when 0 < b < A

converge to:

b
7328, = oy (/ W(s)ds—[b 0 b2/2 0 fobWQIk(S)dS}H_1J>
0

= U'r]Kl (/\a b) )

whereas for A < b < 1:

T-328, = an</bW(s)d5[b (b—X) b2/2 (b—/\)Q/z IN 5k(s)ds}H—1J>
0

= Ur,]KQ ()\, b) .
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Now is easy to see that under the alternative hypothesis:

T A 1
T4y St=o) V Kf(/\,b)db+/ KS(A,b)db],
0 A

t=1

so that the numerator of (6) is O, (T?). Consider now the denominator of (6). As
shown by Kwiatkowski et al. (1992), the long-run variance estimator under the alterna-
tive hypothesis is O, (1) provided that:

(IT) "2 = Ko? Ukm(s)’;’dm /lm(s)gdb] :
0 A

where
W(s), = W) =[b 0 82 0 [IWg(s)ds | HJ;
W(s), = W<s)—[b (b—A) b2/2 (b—>\)2/2 fobwgk(s)ds}ﬂ—lj,

and K = LI1 k (s) ds. Hence, under the alternative hypothesis (6) converges to the
expression given in Theorem 5. H
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