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Abstract

In this paper we propose a class of models in which the effect of an innovation may be
permanent or transitory, depending on an unobservable state variable that follows a first
order Markov chain. This model can describe stationary and non-stationary characteris-
tics at different time periods. It also permits shifts in the deterministic trend such that
different trending patterns are associated with innovations having distinct effects. The
process generated from the proposed model is referred to as the semi-nonstationary pro-
cess. We first show some properties of this process and derive an estimation algorithm.
A simulation-based test is then proposed to distinguish between the proposed model and
a random walk. In empirical application, we apply the proposed model to U.S. real GDP
and find that 83 percent of the shocks to real GDP are likely to have permanent effects.
Moreover, the periods that are likely to be in the state of permanent (transitory) shocks

match closely to the expansion (recession) periods identified by NBER.

Keywords: Markov trend, permanent shock, regime switching, semi-nonstationary pro-

cess, transitory shock, trend stationarity, unit root

JEL Classification: C22. C51



1 Introduction

In analyzing the behavior of economic time series, it is important to determine whether
the underlying random shocks (innovations) of an economic system have permanent ef-
fects. While the impact of a transitory shock on the distant future eventually dies
out, that of a permanent shock remains constant through time. Thus, transitory in-
novations induce only short-run fluctuations, and permanent innovations are able to
influence the long-run equilibrium level. This topic has attracted much attention in
the literature. For example, persistent output fluctuations were examined in different
ways by Blanchard (1981), Beveridge and Nelson (1981), Nelson and Plosser (1982),
Watson (1986), Campbell and Mankiw (1987), Clark (1987), Cochrane (1988), Hamil-
ton (1989), Lam (1990), and Beaudry and Koop (1993), among many others.

Based on the dichotomous view of random shocks, the commonly used time-series
models can be classified into two categories — namely, the models whose innovations
all have permanent or transitory effects. In particular, the innovations of a trend sta-
tionary model result in temporary deviations from the trend line, whereas those of a
unit-root model all have a permanent effect. It is, however, conceivable that the shocks
of a system in the periods of no significance are fundamentally different from those in
turbulent periods. Beaudry and Koop (1993) show that positive shocks to U.S. GDP
are more persistent than negative shocks; see also Bradley and Jansen (1997) and Hess
and Iwata (1997). Thus, it may not be necessary to restrict a priori that all innovations
must have the same effect. From an econometric point of view, such a restriction sim-
plifies the model structure but limits the dynamic patterns that can be described by the
existing models. These considerations motivate us to propose models that are able to

accommodate both permanent and transitory shocks.

Researchers have proposed various approaches to incorporating different shocks into
one model (e.g., Evans and Wachtel, 1993; McCabe and Tremayne, 1995; Granger and
Swanson, 1997). In the Evans-Wachtel model, a process is driven by two sets of innova-
tions, and there is a switching mechanism to determine which set should come into force.
A problem with this model is that it is not easy to explain why one set of innovations
dominates in some periods but plays absolutely no role in the other periods. The random-
coefficient models of McCabe and Tremayne (1995) and Granger and Swanson (1997) are
also difficult to interpret when the coefficient switches between the stable and unstable
regions. On the other hand, Perron (1989) argues that only the events that change the
deterministic trend have a permanent effect and that such events occur infrequently; see
also Rappaport and Reichlin (1989) and Balke and Fomby (1991). Note, however, that



for trend-break models, it is the exogenous event that has permanent effects; all the

innovations are still transitory.

In this paper, we propose a class of models in which the effect of an innovation may be
transitory or permanent, depending on an unobservable state variable that follows a first-
order Markov chain. The process generated from the proposed model contains a flexible
stochastic trend and exhibits stationary and non-stationary characteristics at different
time periods. When innovations are state independent, this process simply reduces to
the one with a single type of innovations. Hence, we refer to such a process as the
semi-nonstationry process. These new processes constitute intermediate cases between
(trend) stationary and unit-root processes. The proposed model also permits shifts in
the deterministic trend while permanent shocks are prevailing. This differs from the
existing models, such as the regime switching model of Hamilton (1989), in that there
are smooth transitions between trend segments and that different trending features are

directly linked to the innovations with distinct effects.

In empirical study, we apply the proposed model to U.S. real GDP. It is found that
approximately 83 percent of the shocks have permanent effects. This result suggests
that the innovations with permanent effect occur more frequently than those asserted by
trend-break models. Moreover, the periods that are likely to be in the state of perma-
nent (transitory) shocks match closely to the expansion (recession) periods identified by
NBER. The expected durations of expansion and recession are also close to the averages
of NBER dating. By contrast, Hamilton’s regime switching model fails to provide rea-
sonable parameter estimates for this data set. The finding that the effects of shocks are
different over time is in fact consistent with that of Beaudry and Koop (1993). These

empirical results thus provide us an alternative view of U.S. real GDP.

This paper is organized as follows. In Section 2 we illustrate the basic idea of the semi-
nonstationary process using two simple examples and compare them with existing models.
The general process is then analyzed in Section 3. We discuss an estimation algorithm
and hypothesis testing in Sections 4 and 5, respectively. The empirical analysis of U.S.
real GDP based on the proposed model is presented in Section 6. Section 7 concludes

the paper.

2 Examples of the Semi-Nonstationary Process

The effects of innovations of most well-known econometric models are restricted to be of

the same type. For an ARIMA (m, d,n) model, for instance, all the innovations have per-



manent effects when d > 1 and transitory effects when d = 0. Similarly, trend-stationary
processes are trend reverting and involve only transitory shocks, whereas difference-
stationary processes are trend perverting and have permanent shocks. To introduce
the proposed models, we begin with two simple processes that allow their innovations to

exhibit different effects over different time periods.

2.1 Two Simple Processes

Let {v;} be a sequence of independent and identically distributed (i.i.d.) random vari-
2

ables with mean zero and variance o;. Suppose that the process y, is the sum of two

components — namely, ¥, = y; ; + Yo, The first simple process is such that

Yig = Y1—1 1 StV

Yor = V1Yor—1 + (1= sp)vy, | <1,

and the second simple process is such that

Y16 = Y141 T 5V
(2)

Yor = (1= s)vp, —p1 (1 = 84_9)vy_y, lo1] < 1,

where s, is the unobserved state variable at time ¢ that assumes the value one or zero.
In these processes, the component y, , is of a random-walk type but accumulates v; only
when s; = 1, whereas y,, has an AR(1) or an MA(1) structure driven by those v; such
that s; = 0. Thus, y; ; and y,, can be viewed as the long-run and short-run components
of y,, respectively; the state variable s, determines which component an innovation should
enter. The processes (1) and (2) are in effect two intermediate cases between a random

walk and a weakly stationary process.

To illustrate, Table 1 gives the moving-average representations of the two y, processes
fort =1,...,7 with {sy,...,8} ={0,0,1,1,1,0} and y;, = O fort <O and i = 1, 2. In
the table, the process on the left is based on Eq. (1), and the one on the right is due to
Eq. (2). In both cases, it can be seen that the effects of some innovations last forever, but
those of the other innovations die out eventually. For the process based on Eq. (1), the
effects of v, vy, and vg on future y, decay exponentially in a manner similar to that of a
stationary AR(1) model, whereas the effects of vs, v, and v5 are permanent and stay in
the system eternally. By letting ¢ tend to infinity, the short-run component vanishes, but
the long-run component y, ., remains and includes only the innovations with permanent

effect; see the last row of Table 1.



Table 1: Moving-average representations of the proposed processes.

MA representation of Eq. (1) MA representation of Eq. (2)
U1 U1 U1
Y2  P1v1 +v2 — 101 + U2
ys  Yiur +P1va + us 0 —pivz+us
ya Yo +iug + s+ v 0 + 0 +wvg+uy
Ys Yivg + Pvg +vg + vy + vs 0 + 0 4vs+wvg+us
ye  Yiur 4+ ptug +vs +vg 4 vs + Vs 0 + 0 +wv3+wvs+wvs+us
yr Yo +Pfus+ustuatus+Pivg+or 0+ 0 4 us+ s+ s — p1v6 + U7
Yoo O0+0+vz+ovg+vs+0+--- 0+04+vs+vs+vs+04...

These two processes are conceptually different from that of Evans and Wachtel (1993)
which allows for switching between a random walk and an AR(1) process and can be

written as

Yy = 5114 + (1- St)yO,t7

where ¥y, = y1,1 + v, Yo = Vi¥o1 + Uy with U] < 1, and {u;} and {v;} are
two sequences of random variables. A problem with this process is that its switching
mechanism, by construction, changes the entire process and hence all the underlying
innovations. Thus, one set of innovations may prevail in some periods but does not
play any role in the other periods. When a switching takes place, in particular, two
consecutive observations are resulted from completely different sets of innovations. This
is difficult to interpret in practice and creates drastic changes of the time path. Clearly,
this problem is due to the random mechanism which changes the effects of all previous
innovations. This is somewhat ironic because such a switching mechanism is supposed
to affect what will happen in the future but turns out to influence only the past. By
contrast, the state variable s, of the proposed process determines only the subsequent

effects of v, and has no influence whatsoever on the previous innovations v; with ¢ < ¢.

Let B denote the back-shift operator. We can write the model in Eq. (1) as

(1-=B)(1 - B)y, = (1 =9y B)s;vy + (1 — B)(1 — s)vy, (3)

which implies the following random-coefficient representation for y,:

Y=L+ )y 1 — V1Yo — &, V1 + Uy,



with

wlv if St—1 = 1,
fSt—l = {

1, otherwise.

Similarly, we can also write Eq. (2) as
(1 =By, = s+ (1= B)(1 =1 B)(1 = sy)vy, (4)
which yields the random-coefficient representation:

Y = Y1+ 51,st,1vt—1 + 52,&,2“1:—2 + Uy,

with

51,st,1 = { 52,&,2 = {

—1— ¢, otherwise, ©y, otherwise.

Note that in these (reduced-form) representations, only the MA coefficients are random,

and only the previous (but not the current) state variables may affect y,.

These two simple processes are different from the standard random coefficient pro-
cesses that involve random AR coefficients only (e.g., McCabe and Tremayne, 1995). A

simple AR(1) process with random coefficient is

Yp = QY1 T Uy,

where a; are random variables, typically assumed to be exogenous. The stochastic unit-
root process of Granger and Swanson (1997) is such that a, = exp(«;) with o, being a

weakly stationary process with zero mean. Setting the initial value y; = u;, we can write
t—1 -1
ye=u Y (H at—j)“t—z"
i=1 j=0

Similar to the Evans-Wachtel process, such processes may not be easy to interpret when

the product Hj;% a;_; switches from the stable region to the explosive region.

A similar but fundamentally different process is the STOPBREAK process proposed
by Engle and Smith (1999). The simplest STOPBREAK process is

o
Yt = Z Qt—iVp—i T Vg, (5)
i=1

where ¢,_; = vZ_;/(y + v2_,) with the parameter v > 0. When v is very small, as in the

empirical example of Engle and Smith (1999), ¢, ~ 1 so that this process is not much



different from a pure random walk. When v, has a continuous distribution, ¢, = 0 occurs
only with probability zero. Thus, this process cannot exhibit stationary behavior. As
0 < ¢, <1 with probability one, this process is in effect an I(1) process with nonlinear

moving-average terms.

To illustrate, we simulate the random walk, the STOPBREAK process (5) with v = 1,
and the process (1) with ¥; = 0. In our simulations, these processes are generated from
the same innovations, and the process (1) is such that s, = 0 for ¢ € [21,40], [61,80],
[101,120], [140,160] and [180,200] and s, = 1 otherwise. The simulated paths are plotted
in four panels of Figure 1, where the thick line is the random walk, the line with “”
is the STOPBREAK process, and the thin line is the process (1). It is easy to see that
the STOPBREAK process always mimics the random walk, yet the process (1) exhibits

flexible dynamic patterns.

2.2 Properties of the Simple Processes

Setting (vy,v_;,...) to zero, we can easily derive properties of the simple processes

introduced in the preceding subsection. First, by Eq. (3), we have

t ¢
Yy = Zsivi + Z%ﬂ'(l — 5;)v;. (6)
i=1 i=1

Thus, y, becomes a pure AR(1) process when s; = 0 with probability one for all i, and
it is a pure random walk when s; = 1 with probability one for all . Other than these
two extreme cases, y, behaves like an AR(1) process for certain time periods and like a
random walk for the other periods, when s; assumes different values across 4. Similarly,
it follows from Eq. (4) that

t

Yy = Zsivi + (1 =1 B)(1 = s)vy, (7)

i=1

which differs from Eq. (6) by the second term on the right-hand side. This process may
exhibit the behavior of an MA(1) process and a random walk; it is a pure MA(1) series
when s; = 0 with probability one for all i and a pure random walk when s; = 1 with
probability one for all . As long as s; assumes different values over time, these two
processes contain a flexible stochastic trend, in the sense that only those v; with s, =1
enter the stochastic trend component. From Egs. (6) and (7) we can also see that the
impulse response function of the model depends on the realization of s;. The function
is a constant when s; = 1 but becomes the same as that of an AR(1) or MA(1) process

when s; = 0.
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Figure 1: Simulated random walk process, STOPBREAK process and the first simple
process in Eq. (1).

Let St = {s;,8,_1,...} denote the collection of all state variables up to time t.
Suppose that {v,} is a sequence of random variables such that IE(v;|S?) = 0, var(v,|S?) =
02 and IE(v,v,_;|S?) = 0, for all i > 0. By invoking the law of iterated expectations, it
is easy to verify that {v,} is a white noise. Moreover, IE(s,v;) = IE[s, [E(v,]S?)] = 0,

var(syvy) = IB[sf IE(v7|S")] = o7 (s, = 1),

and for i > 0, cov(s,vy, 8,_;v;_;) = IE[s;s,_; [E(v,v,_;]SY)] = 0. Thus, {s,v,} is also a

white noise when IP(s, = 1) is a constant. Similarly,
cov (v, (1= 5,_)vy_) = IB[sy(1 = 5,_;) B(v,0,_]S)] = 0,

for ¢ > 0.



In view of Eq. (6), it is now straightforward to show the process (3) has the following

properties: IE(y,) = 0 and

t

var(y,) = 02 Y P(s; = 1) + 02 > ()21~ P(s; = 1)].
=1

i=1
When y, are generated by Eq. (4), it follows from Eq. (7) that IE(y,) = 0 and

t
var(y,) = op »_IP(s; = 1) + (1+ )i [l — IP(s, = 1)].

i=1
Consequently, var(y,) varies with ¢ for both cases. In particular, when IP(s;, = 1) =«
is a constant between zero and one, var(y;) grows linearly with ¢, but its magnitude is
proportional to that of a random walk. These processes would have a bounded variance
provided that > ;2 IP(s, = 1) < co. By the Borel-Cantelli lemma, this condition implies
IP(s, = 1 infinitely often) = 0, i.e., s, = 1 for at most finitely many ¢ with probability
one. In this case, this process is eventually an AR(1) (or an MA(1)) process. In view
of these variance properties, we refer to the proposed process as a semi-nonstationary

process, so that it can be distinguished from the unit-root nonstationary processes.

When ¢ tends to infinity, the first term on the right-hand side of Egs. (6) and (7) is

o0

Y100 = E 5 U5,

i=1
which may be interpreted as the “long-run stochastic trend.” The presence of a particular

innovation v, in y; ,, depends on the state variable s;,. Let F* denote the information

set up to time ¢ and

IE
5, = tim 200l

denote the long-run effect of v, on the optimal forecast of y,, ;. Recall that the long-run
effect 9, is one for a random walk and zero for a weakly stationary process. For the
simplest STOPBREAK process,

2vv?

9q,
=+ =+ ——.
t q; t a; (7+Ut2)2

ov,

When v; has a continuous distribution, v, is zero with probability zero. It follows that
0, is positive with probability one. For the proposed processes, we can see from Egs. (6)

and (7) that §, = s, which may be one or zero.



Let z, = (1 — B)y,. If y, are generated from Eq. (1) and IP(s;, = 1) is a constant T,
it is easily verified from Eq. (3) that

Z¢1 =D =5 v o (8)

Thus, z, has mean zero and

var(z) = b+ (1 = m)(1 = o) oo
The autocovariances are
= —(1— 1 2t—1 ¢1 2
cov(2y, 2p-1) = —( m)(1+ Y] ) Ty Oy

cov(zy, ) = V' cov(zy, 4q), 022

see the Appendix for details. These autocovariances depend only on ¢ as ¢ goes to infinity.
Thus, the first difference of y, is asymptotically a covariance stationary process. When

m =1, 2, is simply a white noise, as originally postulated.
If y, are generated by Eq. (2) and IP(s; = 1) = 7, it follows from Eq. (4) that
=0 — (o1 + D)1 = s )v 1+ 11— 5,9)v, o (9)

Therefore, z, has mean zero and

var(z;) = o7 + (1 —m)[pi + (o1 +1)%]os
The autocovariances are

cov(2y, 2zp—1) = —(1 =) (g + 1)202
1 — )02,

cov (2, 2p_9) =

(
0, >3

COV(zta Zt—i)

The derivation of these results are also given in the Appendix. In this case, z; is covariance
stationary, and it is again a white noise when m = 1. Moreover, these autocovariances
agree with those of a non-invertible MA(2) process if and only if # = 0. Thus, z is

invertible provided that = > 0.



3 General Semi-Nonstationary Processes

The simple processes (1) and (2) can easily be extended to allow for more general dynamic

behavior. We first consider the following generalization:

Ye = Y16 T Yo
(1- B)yl,t = Qg + Sy, (10)
\IJ(B)yo,t = ®(B)(1 — s)vy,

where s, are state variables taking the value one or zero, ¥(B) =1—¢;B—---—1,,B™
and ®(B) =1— ¢, B—---—, B" are finite-order polynomials of the back-shift operator
B such that they have no common factors and their roots are all outside the unit circle.

Setting (vg,v_q,...) to zero, it can be seen that
(1= B)y, = ag + 5,0, + (1 = B)¥(B) ' @(B)(1 — s,)v,

or equivalently,

ye =gt + Y s+ U(B)T(B)(1 — s)uy. (11)
i=1

This process now contains three components — namely, a deterministic trend ogt, a

long-run stochastic trend

and a weakly stationary process ¥(B)~'®(B)(1 — s,)v, that gives rise to short-run fluc-
tuations. The process (10) is referred to as an SN(1;m,n) process with a linear trend.
When a4 = 0, it is an SN(1;m,n) process without a linear trend. Clearly, the models in
Egs. (1) and (2) are, respectively, SN(1;1,0) and SN(1;0, 1) processes without a linear

trend.

Similar to the simple processes discussed before, not all v; of this process enter its
stochastic trend component. In view of Eq. (11), the long-run effect of v; on ¥y, is also
0, = s, which may be one or zero. The general process thus constitutes intermediate
cases between a random walk with drift (when s, = 1 with probability one for all ¢) and
a trend-stationary process (when s, = 0 with probability one for all ¢). This process
exhibits large swings and tends to drift away from the trend line during the periods that

s; = 1, but it induces only temporary fluctuations around the trend while s, = 0.

10



The process (10) has an ARMA representation with MA random coefficients:

r+1
U(B)(1 = By, = V(1) + Zfz se_iVt—i TV (12)

where r = max{m,n},
—1q, ifs, =1, =y, if s,_; =1,
Sses = { —1— ¢y, otherwise, S = { ¢i—1 — i, otherwise,
for i = 2,...,r, and the last coefficient is
0, ifs . 4=1,
Srilsirs = { ©,, otherwise;

Y, = 0 for i > m and ¢; = 0 for ¢ > n. For the dynamic behavior of y,, only the past state
variables s,_;,...,s;_,_; are relevant; the current state s, does not affect y, because s,v,

and (1 — s;)v, are both present at time ¢.

We again assume that {v,} is a sequence of random variables such that IE(v,|S?) = 0,
var(v,|S?) = 02, and IE(v,v,_;|SY) = 0 for all i > 0. For simplicity, we maintain the
assumption that IP(s, = 1) = =, a non-zero constant. Thus, var(s,v;) = 7o2 and
var((1 — s;)v;) = (1 — 7)o2. Moreover, s,v, and (1 — s;)v, are serially uncorrelated and
pairwise uncorrelated at all leads and lags. It is then easy to verify that IE(y,) = ot

and

var yt =0y ZIP +U2Z % Si 1)]7

where 1} are the coefficients of ¥(B)* = ¥(B) '®(B) = (1—¢{B —¢5B*—---). When
Y} are square summable, var(y,) grows linearly with ¢ as o2nt which is proportional to

that of a pure random walk. The autocovariance generating function of z, = (1 — B)y, is

g(a) = 7'('0'12) +(1-m1—-a)(l- a_l)\ll(a)_l\Il(a_l)_l@(a)q)(a_l)oz

v

see the Appendix. From this generating function, all the autocovariances of z; obtained
in the preceding section can also be derived straightforwardly. Note that when 7 > 0, 2,

is invertible.

We may also extend Eq. (10) to allow for breaking trends. Setting v, = a; + ¢,
Eq. (10) becomes

Ye = Y16 T Yo
(1- B)yl,t = (g + 8p01) + 8454, (13)

‘I’(B)yo,t = ®(B)(1 - sp)ay + P(B)(1 — sp)e.

11



This process can be expressed as

Yy = apt + Z s;+a,U(B)'@(B)(1 - s,)
= (14)

+ Z sig;+ U(B) ' ®(B)(1 - s)ey,
i=1

which differs from Eq. (11) by its nonlinear deterministic trend component. The nonlinear
trend component includes a “fundamental” linear trend « ¢ which is not affected by s,
a trend-shift component oy Zle s; that alters the fundamental trend when s, = 1, and
a perturbation component a; ¥(B)~1®(B)(1 — s,) based on those s; = 0. When o = 0,
there is no fundamental trend, so that a trend occurs when s, = 1. When a; = 0, there
will be no trend shift, and the fundamental trend prevails. If s, follows the first-order
Markov chain, as we subsequently assume, the first two components of Eq. (14) form the
“Markov trend” of Hamilton (1989). Thus, the process (14) will be referred to as the
SN(1;m,n) process with a Markov trend.

Note that Eq. (14) differs from Hamilton’s regime switching model in several ways.
First, the innovations with permanent (transitory) effect are associated with the shifted
(fundamental) trend. This is because the state variables s, in (14) simultaneously de-
termine the effect of innovations and the pattern of the trend line. In particular, the
fundamental trend has a level shift when there is a one-time permanent shock, and its
slope changes to o+ when permanent shocks are present consecutively. Second, while
Hamilton’s model yields a kinked trend line, the perturbation component of (14) induces
smooth transitions between trend segments. This can be seen from Figure 2, where the
trend of (14) is simulated with ¥(B) = 1, ®(B) = 1+ 0.4B + 0.2B% oy = 1, a; = 2
and s, = 0 for ¢ € [6,15] and [26,35]. This trend will then be referred to as the “smooth
Markov trend.” Third, a key condition for Hamilton’s regime switching is a;; # 0, yet it

is not a necessary condition for semi-nonstationarity.

Further generalizations of the model are possible. For example, we may postulate y;
as an ARIMA process to allow for more general short-run dynamics when s, = 1. We may
also consider switching between long-memory and transitory shocks. This can be done
by setting y, ; as a fractionally integrated process or a more complex ARFIMA process.
The seasonal component can also be easily incorporated into the model. Moreover, it is
possible to specify a different switching mechanism for s;, e.g., a threshold mechanism
resulting in a generalization of the threshold-disturbance moving-average (TDMA) model

of Elwood (1998). We will not pursue these possibilities in this paper, however.

12
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Figure 2: Simulated Markov trend and smooth Markov trend.

4 Model Estimation

The SN(1;m,n) model in Eq. (12) can be estimated either by the maximum likelihood
method or Markov chain Monte Carlo methods. We use the former in this paper. To
allow for state persistence, we follow Hamilton (1989) and postulate that s, follows a

two-state Markov chain with the transition matrix

IP(s, = 0 5,4 = 0) 1P<st=1|st_1=o>]:[poo pm]
P(s;,=0]s,_y=1) IP(s,=1]s,_1=1) Pio P11

where the two-state structure is consistent with our classification of innovations. The
derivation below is similar, but not identical, to those of Hamilton (1989, 1994) and
Kim (1993) because y, depends only on the past (but not the current) state variables, as
can be seen from the ARMA representation in Eq. (12).

From Eq. (12) we see that the past r + 1 state variables affect y,. Following Hamilton
(1994), we define the new state variable s;_; = 1,2,...,2" such that each of these

values represents a particular combination of the realizations of (s;,_;,...,s,_,_;). For

13



example, when r = 2,
* _ : _ _ _
s =1if s, | =5,_9=5,._53=0,
X .
s;_1=2ifs,_1 =0,5_5=0, and 5,_5 =1,

s 1 =3ifs,_; =0,5,_9=1, and s,_3 =0,

* . : . . .
s;_1=8if s, | =58,_9=5,_53=1.

It is easy to show that s} also forms a first-order Markov chain with the transition matrix

P*. This transition matrix can be expressed as

POO 0
0 P
P* — 10 ,
Py, 0
0 Pll

with Pj; (j,i = 0,1) being a 27~ % 2" block diagnoal matrix given by

pji pj 0 0 -0
0 0 pi pi
ji Fji
sz' = .. .o
Also let v,y = (Vy_q,-++ ,Vp_p_1) and for sf | =€, £=1,2,... 2" let
St—l,f = (51751&71’52,51&72’ tee 757‘-‘,—1,8,5,,«,1),7
where the realizations of s;_;,...,s;_,_; are such that s;_; = ¢. Then,
r+1
5271,21%71 = ij,st,jvtfj'
j=1

When r = 2 and ¢ = 3, for example, the realization of (s;_;, S;_9,5;_3) is (0,1,0) so that

§i130V1 = —(1+@©1)v_1 — oo + p30;_3.

We first discuss the optimal forecasts of the state variable s; based on the information

up to time t: Z* ={z,,2,_1,...,2}, where z;, = (1 — B)y,. This amounts to calculating

14



the filtering probabilities IP(s, | Z*). Under the normality assumption, the density of z,

conditional on s} ; = ¢ and 2! is
Fla | s =02"710)

: { — (2 = X ¥z — &) } v

2
20

0= ("ﬂla"' 7¢m7()017"' v@naavvpooapll)/'

Although the innovations v; depend on s;_;,t = m+1,...,T, we, in accordance with
Gray (1996), compute v, (t=m+1,...,T) as

vy =2z — [E(2 | Zt_l)

m ortl (16)
=% = Z¢jzt—j - Z IP(si_y = 1| A 0) 52—1,[‘%—1,
j=1 =1
with the initial values v,,, ... ,v; being zero, where IP(s}_; = ¢ | Z!71; ) is the filtering

probability of s;_; = ¢ based on the information up to time t — 1.
Given IP(sj_; = ¢ | 2t71:0), the density of z, conditional on Z!~! alone can be
obtained via (15) as

27‘+1
| 2750) =) TP(si_ =L 2750) f(z | s =£,2'70). (17)
/=1

To compute IP(s; = £ | Z%;0), note that

P(s;j =L 2"150) f(z | 571 =.2""96)
7 1 20530)

We also assume that the (j,4)th element of P* is such that

(s, =] 2%:0) = . (18)

pyi=T(s; =i| sy =j) =P(s; =i | si1=35,2");

the second equality would hold if {s,} and {v,} are independent. These results in turn
yield
gr+1
P(s;=10]2%0)=) P(s;_,=j|2,0)IP(s; =¢| s}, =3,2";0)
j=1

(19)

27‘+1

=Y e P(s; =7 246).
j=1
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Thus, with the initial value IP(s}, | 2™;6), we can iterate the equations (15)—(19) to
obtain IP(sj = ¢ | Z4;0) for t = m + 1,...,T. Then for each t, the desired filtering
probability is

P(s,=1]20)=> TP(s; =(| 2"0),
and IP(s, =0 | 250) =1 —IP(s, = 1| 2% 6), where the summation is taken over all ¢
that associated with s, = 1.

From the recursions above we also obtain the quasi-log-likelihood function
T
n£(6) = Y In f(z | 27:6).
t=1

from which the quasi-maximum likelihood estimator 9T may be found via a numerical-
search algorithm. The estimation program is written in GAUSS which employs the BFGS
(Broyden-Fletcher-Goldfarb-Shanno) algorithm. Following Hamilton (1989, 1994), we set
the initial value IP(s¥, | Z™;0) to its limiting unconditional counterpart: the (2"*! +1)th

column of the matrix (A’A)~tA’, where

I- P
1/
I is the identity matrix and 1 is the 2"*!-dimensional vector of ones; see Hamilton (1994,
p. 684) for details.

We also follow the approach of Kim (1994) to calculate the smoothing probabilities
IP(s, | ZT) for t < T, which are the optimal forecasts of s, based on all the information

in the sample. Observe that

P(s; = 0| sj =4, 27)

B IP(s; = £ |57 =4, ZH) P (2, . .. s | 87 =4, 8t = j, 2t

IP(2p,... 2043 | 871 = j, Zt+1)

In the current context,
* * o t+1\ __ * . t+1
Pzp, - zps | sp =lsi = 5,27 ) =P, 243 8531 =5, 27),

so that IP(sj =€ | sj,q = 4, Z7) =IP(sf = £ | sj,q = j, Z"T'). Note, however, that the
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condition above does not hold in Kim (1993). It follows that

P(s;=¢]27)

27‘+1

= Z ]P(Srﬂ =7 ZT) IP(sy =¢| 5r+1 =17, ZHI)
j=1

or+1 * - * * 20
X g Pl = s =62 P =0 2 0)

J=1

27‘+1

* TP(s* — ZT

P(spy =72

j=1

Using the filtering probability IP(s% = ¢ | ZT) as the initial value we can iterate the
equations (18), (19) and (20) backward for t =T —1,--- ,p+ 1. Consequently, for each
t, the desired smoothing probability is

P(s,=1]2") =) IP(s; =] 27),

and IP(s;, = 0 | Z2T) = 1 —P(s;, = 1 | 2T), where the summation is taken over all ¢
that associated with s, = 1. Similar to the filtering probabilities derived earlier, the
smoothing probabilities are also functions of 8. Plugging the quasi-maximum likelihood
estimate 0 into these probabilities we obtain the estimated values for the filtering and

smoothing probabilities.

5 Hypothesis Testing

As it is widely accepted that many economic and financial time series contain a unit
root, an interesting hypothesis of the proposed model is whether the data are indeed
a random walk. This amounts to testing p;; = 1. Under this null hypothesis, the
stationary component does not enter the model so that its parameters (the parameters
of ¥(B) and ®(B)) are not identified. In this case, standard likelihood-based tests, such
as the Wald, LM, and likelihood ratio tests, are not applicable; see Davies (1977, 1987)
and Hansen (1996). The problem that certain parameters are not identified under the
null hypothesis also arises in other regime switching models. In contrast with Hamilton’s
model, whether a; = 0 is not of primary concern here. A process may still be semi-
nonstationary even when «; = 0. Once we exclude the possibility that the process is a
pure random walk, hypothesis testing of other parameters is standard and can be done

using likelihood-based tests. Therefore, we focus on testing the null hypothesis of p;; = 1.
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Figure 3: Empirical powers of the Dickey-Fuller and KPSS tests.

Since the data are a random walk when py; = 1, it is of interest to study the per-
formance of the Dickey-Fuller (DF) test of Dickey and Fuller (1979). We simulate y,
according to Eq. (14) with ag,aq =0, 02 =1, ¥(B) = 1 — 0.5B, ®(B) = 1, and various
combinations of the transition probabilities p;; and pgy,. In the simulations, the nominal
size is 5%, sample size is 120, and the number of replications is 5000. The resulting
rejection frequencies of the DF test are plotted in the left panel of Figure 3. We see that
the DF test is not powerful against semi-nonstationary alternatives, except when p;; is
small and pgq is large. For example, given p;; = 0.9, when pyy = 0.8 and 0.2, the powers
are 14.9% and 7.6%, respectively; given p;; = 0.1, when pyy = 0.8 and 0.2, the powers
are 55.8% and 23.7%, respectively. A detailed table of rejection frequencies is available

upon request.

On the other hand, the KPSS test of Kwiatkowski et al. (1992) is more powerful
against semi-nonstationary data, as shown in the right panel of Figure 3. The rejection
frequencies are quite stable and around 70% when p;; and py, are between 0.1 and 0.9.
This shows that the KPSS test has power against semi-nonstationarity. When the KPSS
test rejects the null of stationarity, it is, however, difficult to decide whether the series
being tested is a semi-nonstationary process or a pure random walk (a unit-root process).

Further study is needed to justify semi-nonstationarity.

In this paper, we propose using a simulation-based test and a simple specification test
to determine whether a process is a random walk. For the former test, we assume that
the proposed semi-nonstationary model is the model under the null hypothesis. Given
the empirical data, we first estimate an array of SN(1;m,n) models and choose an ap-
propriate specification based on an information criterion (e.g., AIC or SIC). Denote the

selected model as SN(1;m*, n*) and its estimated transition probability as pj;. With the
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estimated parameters, the selected SN(1;m*, n*) model is then taken as the data generat-
ing process to generate simulated samples. For each simulated sample, we re-estimate an
SN(1;m*,n*) model and obtain an estimate of p;;, denoted by p;;. Replicating this pro-
cedure many times yields a simulated distribution of p;;. We reject the null hypothesis

that p;; = pj; if the p-value of pj; is small, say, less than 5%.

For the specification test, we simply take the random walk model as the null hypothe-
sis and notice that z;, = y;, —y;_; is uncorrelated with all past z;,_; under the null. We can
regress z, ON z;_1,...%_ for any positive k and test the null hypothesis by invoking the
standard Wald statistic for joint significance of the coefficients of z;_;. Note that there
will be no unidentified nuisance parameters under this framework. A similar approach is

also taken by Tsay (1989) to test for threshold autoregressive models.

6 Empirical Study

To assess the empirical relevance of the proposed model, we apply the model (13) to
U.S. real GDP. Leading models for GDP (or GNP) include the trend-stationary models,
unit-root models, and regime switching models. For example, Blanchard (1981), Kydland
and Prescott (1980) and Clark (1987) suggest that the logarithm of real GNP is trend
stationary, whereas Nelson and Plosser (1982) and Campbell and Mankiw (1987) argue
that real GNP contains a unit root. On the other hand, Hamilton (1989) uses the
Markov trend and an ARIMA model to describe GNP; Lam (1990) employs the same
model without imposing a unit root. Kim and Nelson (1999) also apply the regime
switching model to GDP. As the proposed model constitutes intermediate cases between
the trend-stationary and unit-root models while allowing for a smooth Markov trend, it
would be interesting to know if this model is capable of accounting for the fluctuations
of U.S. real GDP.

Our data are seasonally adjusted, quarterly U.S. real GDP from 1947:1 through 1999:11
with 210 observations. The data set is taken from the AREMOS databank of the Ministry
of Education in Taiwan. We take log GDP as the variable y, in the SN(1;m,n) model
(13) and estimate an array of SN(1;m,n) models with m and n no greater than 4. The
parameters,

9 = (¢17 e 7¢m7 Prs--- 790n7o-vap007p11)/7
are estimated using the algorithm described in Section 4. This algorithm is initialized by
a broad range of random initial values. The covariance matrix of 6 is —H (9)_1, where
H (é) is the Hessian matrix of the log-likelihood function evaluated at the QMLE 6.
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Table 2: Quasi-maximum likelihood estimates of the proposed model.

Parameter Estimate Standard error t-statistic
Qo —0.01166 0.00118 —9.88135*
a1 0.02247 0.00153 14.68627*
T 0.39963 0.07597 5.26036*
o —0.63773 0.08396 —17.59564*
©1 0.05715 0.07920 0.72159
V2 0.43084 0.08585 5.01852*
Ov 0.00813 0.00141 5.76595*
Poo 0.80601 0.06084
P11 0.95053 0.01682

AR roots: 0.19981 £0.773187 MA roots: —0.02857 & 0.65576%
Log-Likelihood=668.99 AIC=-1319.98 SIC=-1289.90

Note: t-statistics with an asterisk are significant at the 5% level.

Among all the models considered, both AIC and SIC select the SN(1;2,2) model,
the estimation results are summarized in Table 2. The estimated transition probabilities
are py; ~ 0.95 and p, ~ 0.80. We first apply the simulation approach described in
Section 5 to examine the parameter p,;. Simulated data are generated using the estimated
parameters in Table 2. We then re-estimate the SN(1;2,2) model using the simulated
data and obtain a new estimate p;;. With 5000 replications we obtain a simulated
distribution of p;;. The mean of this distribution is 0.938, and the p-value of 0.95 is
0.19606. We thus do not reject the null hypothesis that p;; = 0.95. We also regress z;
on z,_q,...,%_y for k =1,--- 4 with a constant term. The resulting Wald statistics
for the joint significance of the associated coefficients are 90.96, 83.45, 93.49 and 114.32,
respectively, which are all significant at the 1% level under x2(k) distribution. We thus

reject the null hypothesis that the data series is a pure random walk.

Given that the data are not a pure random walk, we now proceed to test other
hypotheses using the Wald test. In particular, as discussed in Engel and Hamilton (1990),
the proposed model would be a simple mixture model if the probability that s, = 0 or
1 is independent of the previous state. This amounts to testing the null hypothesis
Doo + P11 = 1. The Wald statistic of this hypothesis is 148.794 which is also significant at
the 1% level under the y?(1) distribution. The rejection of this hypothesis justifies our

Markovian specification of the state variable.
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Figure 4: Estimated filtering and smoothing probabilities of s, = 0.

In Figure 4 we plot the estimated filtering and smoothing probabilities of s, = 0 in
the left and right figures, respectively. The shaded areas denote the recession periods
identified by NBER, where the solid (dashed) lines label the peaks (troughs). Among
these probabilities, there are 28 periods (about 14% of the sample) with the filtering
probability IP(s, = 0 | £%;0) > 0.5 and 35 periods (about 17% of the sample) with the
smoothing probability IP(s, = 0 | Z7;6) > 0.5. That is, more than 80 percent (but
not all) of the innovations are more likely to have permanent effects. The finding that
permanent shocks occur quite frequently is different from the assertions of trend break
models, such as Perron (1989) and Balke and Fomby (1991). Moreover, the periods that
are more likely to be in the state of transitory (permanent) shocks match the NBER
recession (expansion) periods very closely. The shocks in recessions (expansions) are
therefore more likely to have transitory (permanent) effect. Beaudry and Koop (1993)
found that positive shocks to GDP are more persistent than negative shocks. As negative
(positive) shocks are closely related to the shocks in recessions (expansions), our result
is compatible with that of Beaudry and Koop (1993).

From Table 2 we find that the estimated quarterly growth rates of U.S. real GDP are
ap = —1.16% during the state of transitory shocks (recessions) and (o + ;) = 1.08%
during the state of permanent shocks (expansions). The expected durations of recession

and expansion can be calculated from the transition probabilities: 1/(1—0.8) = 5 quarters
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Figure 5: The expected trend line in U.S. real GDP.

for recession and 1/(1 — 0.95) = 20 quarters for expansion. According to NBER dating,
the average growth rates for recession and expansion are, respectively, —0.38% and 0.93%,
and the average durations are, respectively, 3.6 and 19.3 quarters. We also apply the
model of Hamilton (1989) to the data set. The estimation Gauss program used is from

C. R. Nelson’s web site and is initialized by 100 initial values.'

Unfortunately, the
estimation results fail to provide reasonable parameter estimates for the data. Thus, the
data cannot be properly classified into two regimes. This is in contrast with the result
of Hamilton (1989).2 For example, the estimated p;; is close to one so that almost all
the filtering or smoothing probabilities of s, = 1 are near unity. Kim and Nelson (1999,
p. 78) reported a similar problem when a smaller data set was used; Boldin (1996) also

noticed that Hamilton’s result is sensitive to the sample period.

We compute the expected trend line (smooth Markov trend) as

t
dgt+a, > P(s;=1|27:0) + &, U(B)'®(B)(1 - P(s, = 1 | Z7;6)),
i=1
where the stochastic trend component is weighted by the estimated smoothing probabil-
ities. This trend line captures the trend behavior of log(GDP) quite well, as can be seen

from Figure 5.

'C. R. Nelson’s web site is www.econ.washington.edu/user/cnelson/SSMARKOV .htm; the program

is HMT4_KIM.OPT.
2In Hamilton (1989), the estimated positive (negative) growth rate is 1.16% (—0.36%); the duration

of high (low) growth periods lasts for about 10 (4) quarters. Our results thus suggest a longer duration

for expansion and “deeper” recessions.
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Examining the filtering and smoothing probabilities more carefully, we find that there
are 14 periods with IP(s, = 0 | 2%0) < 0.5 but IP(s, = 0 | Z7;0) > 0.5. That is, the
likelihood of s, = 0 may differ significantly when information sets change. This is not
unreasonable. A shock may seem very significant at time ¢, but its significance may
subsequently diminish when more information is taken into account. To illustrate this
point, we calculate the smoothing probabilities based on the filtration {Z7,7 > t}, i.e.,
IP(s;, = 0| 27;0) for 7 = t,t +1,---,T. Figure 6 shows the dynamic pattern of
IP(8,990up = 0 | 27;0) for 7 = 1990:I11, 1990:1V, ..., 1999:I1. This figure clearly shows
how 1990:111 changes from the state of permanent shocks to the state of transitory shocks

as information set expands.

7 Conclusions

In this paper we proposed a class of models with the many interesting features. First,
the effect of each innovation in the model may be either permanent or transitory. This
results in a flexible stochastic trend. Second, the model can generate a smooth Markov
trend so that smooth transitions of the deterministic trend are allowed. Third, different
trending characteristics are directly linked to the shocks with distinct effects. This class
of models constitutes intermediate cases between (trend) stationary and unit-root models
and therefore can accommodate both trend-reverting and trend-perverting behavior. The

empirical application of the proposed model suggests that it is a useful analytical tool.
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In particular, we find that for U.S. real GDP data, the shocks in recession (expansion)
periods are more likely to be transitory (permanent) and that the shocks with permanent
effects occur more frequently. The former result is consistent with that of Beaudry
and Koop (1993), whereas the latter finding differs from the conclusions of trend-break
models, such as Perron (1989) and Balke and Fomby (1991). The proposed model thus

serves as a useful alternative to analyze economic and financial time series.

Appendix

The variance and autocovariances of z, = (1 — B)y,.

When y, is generated as Eq. (1), recall from Eq. (8) that z, = (1 — B)y, is

Z% _1 1_st1z)vtlz+vt

Note that for each i > 0,
var((l - Stflfi)vtflfi) = 012; E(1 - Stflfi)Q = 012; 1 —=1P(S,_y_; = 1)],

and that (1 — s;_;_;)v;_;_; are uncorrelated with v,. It follows that IE(z,) = 0 and for

= ]P(St =1),

|
)

t

var(z,) = o2 + (1 — 7)(1 —¢y)? ZWl) Ty
1=0
1 22
— o2 (-1 v g
— Y
=0+ (1= m) (1 - ),
v LTapy "

Writing 2z, = ¢z, + v, — 15,101 — (1 — 84_1)vy_;, we have

cov(zy, 2p_1) = Yy var(z,_q) — ¢17T02 —(1- 77)012;

— (1 —m)(1 - )2 (1 - 1)o?

1+
(1—1y) o2—11 =1 o2
—(1—7T)T¢1%—(1—7T) 1 1+¢1
e 21 (0 o2.
(1 —m)(1+ 97 )1+¢1

Similarly, it can be seen that

cov(zy, 2p_9) = cov (1241, 2p_9) = 1y cOV(24_1, 24_2)-
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Consequently, cov(z;, z,_;) = i~ cov(z, 2,_;) for i > 2.

When y, is generated as (2), recall from (9) that

zp=v;— (o1 + 1)1 = 8;_1)ve_q + 01 (1 = 8;_9)vp_o.

It follows that z, has mean zero and for 7 = IP(s, = 1),

var(z,) = op + (py + 1)*(1 = m)or + 1 (1 — 7)o

= oy + (1=t + (01 +1)%]oy.
The autocovariance cov(z;, z,_;) is
cov (= (1 + (1 = 8_1)vy_1 + @1 (1 = 59)vp_9, Vg — (91 + 1)(1 = 5_9)v_5)
= —(p1 + V(1 = m)os — o1 (o1 + 1)(1 — 7)o
= —(1=m)(py +1)%0.
Similarly,
cov(zy, 2_9) = (1 - W)‘Plaga

cov(z, z_;) =0, i> 3.

The autocovariance generating function of z, = (1 — B)y,.

We consider the process (10): y, = y; ; + Yo, With
(1= B)yy s = ag + spvy,
‘I’(B)yo,t = ®(B)(1 — sp)vy.
Write z, as the sum of two components:
Zp = 214+ 294,

where 2, ; = ag+s,v; and 29, = (1-B)U(B) " 1®(B)(1—s,)v;. Since cov(svy, (1—s;)v;) =
0, 29 is uncorrelated with z, . for all £ and 7. Let g, and g,, denote the autocovariance
generating functions of z; and z,, respectively. Thus, the autocovariance generating

function of z, is
9(a) = g.,(a) + g.,(a)

=702+ (1—7m)(1—a)(l —a H(a) ' T(a ) ®(a)®(a)o?.

v
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