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1. INTRODUCTION

This paper proposes distribution-free goodness-of-fit tests for linear, possibly nonstationary, processes.

The null hypothesis is composite, specifying the functional form of the spectral distribution function,
which depends on some unknown parameters. Tests statistics are continuous functionals of a linear
transformation of Barlett’s 1), — process with estimated parameters, which converges under the null
hypothesis to the standard Brownian motion on [0,1]. Therefore, for the most common testing
functionals, such us the Kolmogorov-Smirnov and Cramer-von Misses criterions, critical values are
already available.

Existing goodness-of-fit tests can be roughly classified in two alternative categories: those based on
sample autocorrelations and those based on the sample spectral distribution function. Pormanteau-
test statistics (e.g. Box and Pierce, 1978) are standardized versions of (weighted) partial sums of
squared residual autocorrelations, and enjoy some practical advantages that justify their popularity.
These tests were originally designed to test for lack of autocorrelation of finite order, and they are
computationally attractive when residuals have a closed form, i.e. when the specification to be tested
is an autoregressive process of finite order. Their practical advantages are sensibly diminished when
innovations do not have a closed expression in terms of observed data. In some situations, such
as specifications exhibiting long memory, e.g. fractional autoregressive moving average (FARIMA)
models, Pormanteau tests are still not justified. On the other hand, these tests only employ infor-
mation on a small number of residual autocorrelations, which may result in a loss of power in the
direction of certain alternatives. Indeed, according to Hong (1996), these tests are unable to detect

—1/2 where n is the sample size. Fur-

contiguous alternatives converging to the null at the rate n
thermore, the outcome of the test can be very sensitive to the choice of the number of components
in the partial sum. This number plays the role of a smoothing parameter which is chosen by the
practitioner, with a large degree of arbitrariness in the absence of a proper theory justifying such a
choice in finite samples.

Goodness-of-fit tests have a long standing tradition. Grenander and Rosenblatt (1957) proved the
usefulness of the periodogram for testing the white noise simple hypothesis. Barlett (1954, 1966)
introduced two processes, the T}, and U, for testing the simple hypothesis of a general specification.
The U, — process is the integrated periodogram of the observed data suitably standardized. The

T, — process can be interpreted as an estimate of the spectral distribution of innovations resulting

from a particular linear specification, which is based on the integrated periodogram weighted by



the spectral density function specified under the null hypothesis. Therefore, neither the 7}, or U,
processes require to compute the innovations of the specified linear process. The asymptotic weak
behavior of these empirical processes has been studied under quite general conditions by Dahlhaus
(1985), see also the more recent references of Anderson (1993) and Kokoszka and Mikosh (1997). The
weak behavior of spectral U, — processes indexed by general classes of functions has been developed
by Dahlhaus (1988). Tests based on continuous functionals of U, or T}, processes use information
on autocorrelations at all lags, and do not depend on the choice of a smoothing number. However
they have a serious disadvantage: they are not asymptotically pivotal when the null hypothesis is
composite, depending on unknown parameters, as it is generally the case with usual goodness-of-fit
tests for composite hypotheses (eg. Durbin, 1973; or Stute, 1997, for a more recent reference).

There have been several attempts to justify goodness-of-fit testing of composite hypothesis based
on spectral distribution estimates. Anderson (1991, 1997) proposed an asymptotically distribution
free test for AR (p) processes using the Cramér-von Misses criterion, where the U,-process is repre-
sented by an infinite weighted sum of independent standard normal random variables, via a principal
components decomposition of the covariance kernel. The asymptotic distribution of the Cramér-von
Misses statistic is tabulated by truncation of the infinite sum and estimation of the weights using
numerical methods, like Imhof, - see Durbin, Knott and Taylor (1975) and Stute (1997) for related
problems. This procedure seems, however, difficult to generalize to other processes. Velilla (1994)
suggested an asymptotically pivotal test for ARM A (p, q) processes based on a smooth version of
the U, — process, which uses an increasing number of standardized residual autocorrelations. Such a
number plays the role of the amount of smoothness needed when estimating a nonparametric curve.
Assuming a suitable rate of convergence on this smoothing number, the resulting U,, — process con-
verges to the standard Brownian Bridge. Prewitt (1998) and Paparotidis (2000) proposed tests based
on smooth estimates of the spectral density. These tests have the disadvantage of depending on the
choice of a smoothing number, like Pormanteau tests, and their application to general specifications,
including those with long memory, is far from being straightforward. One difficulty comes from the
fact that the spectral density estimator is not consistent for frequencies near possible singularities.
Another approach, feasible in a wide range of circumstances, consists of approximating the case
dependent limiting distribution of test statistics by bootstrap methods in the lines suggested by
Chen and Romano (1998), Delgado and Hidalgo (1999) or Hainz and Dahlhaus (2000).

In this paper, we follow a different approach, with the main objective of obtaining tests easy to

implement in practice. Our test procedure is based on the T, — process with estimated parameters,



in order to allow for fairly general specifications, such as long-memory. In order to obtain asymptoti-
cally distribution-free tests, we follow ideas put forward by Khmaladze (1981, 1988), who employed a
martingale decomposition approach for Gaussian processes for constructing a (linear) transformation
with a standard Brownian motion weak limit. The resulting test statistics, continuous functionals of
these transformations, are asymptotically pivotal and able to detect contiguous alternatives converg-
ing to the null at the parametric rate n~/2. The testing methodology presented in this paper can
be straightforwardly applied to other contexts, as testing the specification of non-stationary models
and lack of autocorrelation testing of innovations in general dynamic models.

The reminder of the paper has been organized as follows. Section 2 introduces some notation and
states the testing problem, whereas Section 3 presents the transformation producing asymptotically
pivotal tests. Section 4 discusses the power of the resulting tests, showing that they are able to detect
contiguous alternatives converging to the null at the rate n='/2. Section 5 studies the performance
of the testing methodology by means of a small Monte Carlo experiment. Section 7 suggests some

relevant extensions. Proofs have been placed in Section 6.
2. STATEMENT OF THE PROBLEM

Let X (t) be a covariance stationary time series process observed at times ¢ € Z, with spectral
density function f,, defined from the relation,
Yo (7) 7= Cov(X (7), X (0) = [ fe(N)ePdNj=0,1,..
Assuming that,
JRC AT

f» admits the factorization

0.2

ORI M
where, .
A(z)=) 607,
7=0
for some function 6 : Z — R such that 6 (0) = 1 and 32726 (j)? < co. The function A (&*) is known
as canonical factorization of f;. The relation (1) corresponds to the frequency domain version of the

Wold’s decomposition,

X()=pn+A(L)e), (2)



where p is the mean of the process, L is the lag operator, i.e. LX (t) = X (¢t — 1) and ¢ (¢) is a zero
mean white noise process with variance o2.

Given data, consisting of a record X (1),..., X (n), we are interested in testing a composite null
hypothesis that completely specifies the pattern of linear serial dependence of X (t) up to a set of
unknown parameters. Thus, the specification on the null hypothesis can be expressed in terms of the
autocorrelation function or, alternatively, in terms of its Fourier transform, i.e. the spectral density
function. Also, it could be expressed in terms of the coefficients § in the Wold’s decomposition.

Formally, given a particular function h : [0,7] x © — R, where O is a subset of RP, we are

interesting in testing that,
Hy : |A (e™)|* = h(),00) for all A € [0,7] and some 6 € O,

where & (X, 0) := | D (¢, 6) |2 with D (z,0) := Z;io d(j,0) 27 and d: N x © — R is the parametric

specification of §, which shares its properties. In particular, we consider specifications such that.

Assumption AO For each 6 € ©, Z;‘;Od(j, 0)* < 00, d(0,0) =1 and
/ logh (X, 0)d\ = 0. (3)

Condition (3) implies that o2 is the variance of the one-step-ahead best linear predictor (see
Hannan 1970, pp 157-163), and is functionally independent of 6.

The tests considered in this paper are consistent in the direction of general alternatives, of a
nonparametric nature. Therefore, the alternative hypothesis, H; say, is the negation of the null.

The null hypothesis can be equivalently expressed as

Hy : Fnfo) = for all A € [0,7] and some 0, € O,
where, )\
F >\70 = 2 —d
o o T(u.bo) "

is the spectral distribution of the innovations {eg ()}, which result from applying the filter D~ (L, 9)
to {X (t) — u}, ie.
X(t)=pu+D(L,0)ep(t).

Therefore, the null hypothesis states that there is a parameter value 6y such that the innovations

{eg, ()} are not autocorrelated, i.e. they have a constant spectral density.



A natural estimator of F (), 6) is,

27 Imc j
_?; ey 9

where \; = (27j) /n, for integer j = 1,...,n, with 7 = [n/2], [] denotes nearest integer, and
I ’
I (A) = 5— > X (t) ™™
)= g [ X0

is the periodogram of X (¢). The periodogram I,,, is location invariant, because of the omission
of the zero frequency in the sum. Thus, there is not need to center the data, and we can take
1 = 0 without loss of generality. Barlett (1954) proposed a standardized version of F, (+,0g), the
T, — process, for goodness-of-fit testing of the simple hypothesis (fy given). The T, — process is
defined as,

T (w,0) == Vi _%—w} .

Under Hy, T, (-,00) = T (-) , where,

[ (nw)
T,?(w) .—\/7; _W—w} s

and F2 (\) = F, (\,0p) .
Barlett (1954) also proposed an alternative to the T}, — process TO, the U, — process,

Sl-
=

T 2 [l ) = 218 )]

The empirical process /nF? ()\), and hence T? (w) and UY (w), are random elements of the cadlag
funcional space D [0, 1], which is endowed with the Skorohod’s metric (see Billingsley, 1968).

Under suitable regularity conditions (e.g. Grenander and Rosenblatt 1957, Ibragimov 1963 and,
more recently, Dahlhaus 1985 and Anderson 1993), U2 converges weakly to a Gaussian process with
covariance function depending on the fourth cumulant, but results in Hannan (1973) suggest that
one necessary assumption for the weak convergence is the squared integrability of f,, which avoids
some interesting specifications that we are taking into consideration in this paper, such as process
where f, has singularities, as it is the case in long-memory specifications. However, T converges
weakly to the standard Brownian bridge on [0, 1] under fairly weak regularity conditions (A1l and
A2 below), see Proposition 1 below.

We allow for a much wider class of linear processes described in the following assumption.



Assumption A1 The function |A (ei‘) |2 is continuously differentiable in any open set outside a

neighbourhood of the frequency v € [0, 7], such that

1
=0 as A — v.
(I/\ )

Condition Al allows h(-,0) to posses a singularity at the frequency v, that is, we allow for

‘ 1n|A

processes X (t) exhibiting long memory; e.g.when v = 0, are the FARIM A model introduced by
Adenstedt (1974) and examined in Granger and Joyeux (1980) and Hosking (1981) and when |v| > 0
are the GARM A models (see e.g. Andel, 1980; Gray et al., 1989). This condition is equivalent to
Assumption A6 of Giraitis et al. (2001) and extends Assumption A2’ of Robinson (1995b) and
similar conditions in Giraitis and Surgailis (1990) to allow for v # 0. Although the results below
allow for spectral density functions with more than one singularity, we do not pursuit this for the

sake of expositional simplicity.
Assumption A2 The white noise zero mean innovation process ¢ (t) in (2) satisfies that:
E [s(t)’“\ ft_l} =ty k=1,..,4, and Ele ()" = jup, k =1,..., 8 with p15 < 00,

where u;, k = 1,...,8 are constants and F;_; is the sigma algebra generated by the events

{e(s),s < t}.

To obtain the asymptotic distribution of parameter estimates, Robinson (1995b) uses only four
constant conditional moments in his Assumption A3’, as Velasco and Robinson (2000), while Giraitis
et al. (2001) further require sup,>; F'|e (t)|*"” < oo for some p > 0. This will suffice also for the
convergence of the finite dimensional distributions (fidis) of T, as stated in next Proposition. The
extra moment assumptions are needed for tightness. This could be relaxed at the cost of further
conditions on ¢ (t) (as idd, see Kokoszka and Mikosch, 2000), but is not much stronger than the
assumptions of Dahlhaus (1985), which assumes only constant conditional moments of order three,

allowing for more general specifications in our Assumption Al.
Proposition 1 If A1 and A2 are satisfied, then,
T? converges in distribution to B in the Skorohod’s metric space D0, 1],

where B is distributed as the standard Brownian Bridge; i.e. B (w) 4B (W) —wB (1), with B distrib-
uted as a standard Brownian Motion on [0,1], a Gaussian process centered at zero with covariance

function E [B (w1) B (w2)] = min (w1,ws).



This proposition and the rest of results are proved in the last section. The convergence of the finite
dimensional distributions follows straightforwardly from results in Robinson (1995a) and Giraitis et
al. (2001), and tightness is proved using standard arguments.

Since the null hypothesis is composite, and 6 is unknown, T is unsuitable in practice for testing

Hy. A natural estimator of 8y is the Whittle’s estimator,

0, = argminF,, (r,0),
0cO

which admits a first order asymptotic linearization under certain assumptions on h (+;-). In partic-

ular, we need the following assumption.

Assumption A3 For a generic finite constant K

A3.1
- 1 B\ 0)
(Aol (o}, 0:0—b0)|<Ecn-1/2} | 1og [N — o] - [0 = Bo||* LT (A, 0o)

—1+¢(\0) (60— 90)]

where ¢ : [0, 7] x © — R is such that,

1

sup lo (A0 < K,

{(relom)/ v}, 0:10—00l|<Kn-1/2} 108 A = ]|

A=
sup
(A0 (o}l <IA—ol/2; 0:10—00 <Kn-1/2} K

A3.2 ¢ (.,0) is squared integrable, with

1
Ay = /0 6 (mu, 00) & (u, 60) du

nonsingular.
A3.3 Also R(1) =0, sup,,¢p 1) [R ()| < 0o, where,

R(w) = /Ow o (mu, 0p) du.

Part A3.2 and A3.3 are standard in Whittle estimation. Part A3.2 is an identification condition,
whereas part A3.3 matches (3) in A0. Part A3.1 needs more explanation; however, it is satisfied
for most models used in practice, such as ARMA, Bloomfield (1973), and ARFIMA. A sufficient
condition is that the spectral density function, i.e. h(-,0), is twice continuously differentiable in
6 for each A\ € [0,7] /{v} and for A — v, the derivative of the logarithm of the spectral den-
sity is O (log |\ — v|). Similar conditions in a different format were given in Giraitis et al. (2001)

Assumption Al.

<K,



Assumption A4 Under Hy),

2 na (N) _
0, = 00 — Ay (A, 0) 2z ( 1/2).
n 0 Z d) K 0 /\]7 00) O n
Though 6,, is most widely employed, there are other estimators based on robust proposals (e.g.
Taniguchi, 1981), which may yield different asymptotic linearizations. Sufficient conditions for A4,
assuming also that A1 to A3 hold, can be found in Fox and Taqqu (1986), Hosoya (1997) and Giraitis
et al. (2001).

Thus, a feasible version of T (w) under Hj is,

with F), (A) = F, (\,0,,) , and an asymptotic expansion of TV is an immediate consequence of Propo-

sition 1 and Assumption A3, as stated in the following proposition.
Proposition 2 Assuming A0-A3, under Hy,

sup |1, (w) = LT (@)| = 0, (1),
wel0,1]

where, for any generic function g : [0,1] — RT,
1
£9@) = 9() = R 45" [ o(av.00)g (@),
with R () := [, ¢ (mv,00)d

Therefore, T}, and LT? share the same limiting distribution. Next Corollary is an straightforward

consequence of Propositions 1 and 2.

Corollary 1 Assuming A0-A3, under Hy,

T, converges in distribution to LB in the space D[0,1].

Tests based on continuous functionals of T}, are not asymptotically pivotal, since the transforma-
tion £ depends on the unknown parameter 6y. Next Section introduces a linear transformation of T,
which converges weakly, under Hy, to the standard Brownian Motion and, hence, the corresponding

critical values can be easily tabulated.



3. DISTRIBUTION FREE TESTS

We are interested in a linear transformation, £ say, such that £1}, converges weakly to B. Fidis

convergence of LT, to those of Lo LB is a consequence of Corollary 1. Notice that,

o tsw-cw | (0 Vs,

with G (-)' := (-, R(-)) . Therefore, the linear transformation £ satisfies

LoLB(w)<B (W),
if
WZL[lopu LG (w)“ =0, (4)
and
LB (W)L B(w). (5)

Reasoning as in Khmaladze (1981), we suggest the transformation,

D) = g [ 2S[O0, G, g, ,

ou ov ov ov

-1
B g(w)_/o <¢(mlt,90)> —1R_(:)’ ;f((;) L((b(wi,@o))g(dv)du’

where Ag (w) := fj & (mu,0o) ¢ (mu, g)" du. The transformation is applied, on one hand, to functions
of bounded variation and, on the other hand, to the Brownian motion B.

Next assumption is needed for implementing the transformation.
Assumption A4. There exists a wg < 1 such that Ay (wp) is nonsingular.

For many specifications, e.g. ARFIMA models, we can take wy = 1.

Next theorem states that £1), converges weakly to B, and will be proved in Section 6 using the
following arguments. Notice that (4) is trivially satisfied, and a necessary and sufficient condition for
(5) is that E [(LB (w1)) (LB (w2))] = min (wy,ws) , which can be proved reasoning as in Stute et al.
(1998) Lemma 3.1. Also, it can be shown that, if A1-A4 hold, sup,, ’Z (Tn (W) — TO (w))’ = 0, (1).
The convergence of the finite dimensional distributions of LT to those of B is an immediate conse-

quence of Proposition 1, (4) and (5); tightness of LT is established applying standard arguments.

10



Theorem 1 Assume A0-A4. Then, under Hy,
LT, converges in distribution to B on the space D [0, wo] .

The transformation £ is infeasible, as it depends on the unknown parameter 6y, but in practice

we can take the sample counterpart,

-1
_ o) 1 ! 1—u  —R,(u) 1A1 o
where R, (w) := (1/2) 2020 6, (Aj) and A, (@) 1= (1/7) X0_ 5y & (A7) & (A) with &, () 1=

Theorem 2 Assuming A.0 — A.4, under Hy,

sup
w€[0,wo]

and consequently,
LT, converges in distribution to B in the Skorohod’s metric space D [0, wo] .

This theorem justifies asymptotic consistent tests based on continuous functionals of Z,,LT,L, as

stated in the following Corollary.
Corollary 2 For any continuous functional ¢ : D [0,wo] — RT, under Hy and assuming A0-A/,
% (ZT") converges in distribution to ¢ (B) .

The distribution of ¢ (B) can be tabulated by Monte Carlo. For the main goodness-of-fit propos-
als, Kolmogorov-Smirnov and Cramér-von Misses, ¢ (B) is already tabulated. Notice that, when
wo € (0,1], for any constant ¢ > 0,

Pr( sup |B(w)|>c\/w_0> = Pr(sup |B(w)|>c>,

w€[0,wo] wel0,1]

Pr(/OWDB(w)de>cw§> _ Pr(/olB(w)zdw>c>,

and the values of the right hand side of the above expressions, which correspond to the critical values

with wg = 1, can be found, for instance, in Shorack and Wellner (1980) pp. 34 and 748.

11



4. POWER CONSIDERATIONS: LOCAL ALTERNATIVES AND CONSISTENCY

Consider contiguous alternatives of the form,
Hap | A = h (), 6)) (1 +nl2 (A)) for some 0 € © (6)

where [ : [0,71] — (—nl/z, oo) for all n > 1. Under the set of assumptions in the last section, the

proposed test does not have trivial power, as stated in the following theorem.
Theorem 3 Assuming A0-A4, under Hgy,
LT, converges in distribution to B+ LS on the space D[0,wo],

where,
S (W)= L(w) —wL (1) — R(w) Ag /(;S)\H

fo ur) du, and S is different than zero uniformly in w in a set with Lebesgue’s measure

greater than zero.

Therefore, for a suitable functional ¢ : D[0,wo] — RT, e.g. the Crdmer-von Misses or the
Kolmogorov-Smirnov criterion, Pr [p (B+ S) > ¢ (B)] = 1, and the test will detect contiguous
departures from the null of the form H,,.

The test is consistent in the direction of general fixed alternatives. A formal justification of this
statement under precise regularity conditions is beyond the scope of this paper, we just sketch the
argument. Assuming certain regularity conditions, A3 and A4 are satisfied under the alternative, Hy,
where now, 0y := arg mingeo F (7, 0) is a pseudo-parameter that does not satisfy the null hypothesis,
see Dahlhaus and Wefelmeyer (1996) for an study of the Whittle’s estimator under misspecification.
Reasoning as in Dahlhaus and Wefelmeyer (1996), we shall have that, for each w € [0, 1],

Ty, (w) = LT, (w,00) + 0, (1),

The consistency of the test is justified taking into account that,

[Aw]

i ] 2

2L, (A) A () 2 INC9]

T, 0o) E -1 Vi g — ,
(«,60) \/_ (7, 00) | A (€% h(Aj,60) < Iy (,00) h (A5, 00) .

where the first term is an O, (1) under suitable regularity conditions, while the second term is an

O, (n*/?).
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5. MONTE-CARLO EXPERIMENT

A small Monte-Carlo study was carried out to investigate the finite sample performance of the test,
as well as its relative performance compared to Box-Pierce tests. To that end, we have considered
two models. Specifically, an AR(1) with a sole parameter 6y = p, and a FARIMA(0,dy,0) with
parameter 0y = dy, given by

(1-poL) X (t) = £(t) (7)

and

(1- Ly X (1) = (1) (8

respectively, where the innovations ¢ (t) are iid N (0, 1), for sample sizes n = 200 and 500 and different
values of the parameter. For model (7), we have considered p, = —.8,—.5,0.0,.5 and .8, whereas
for model (8), dg = 0.1,0.2,0.3,0.4. The FARIMA model is simulated exactly by the algorithm of
Hosking (1984).

For both models (7) and (8), and the different values of 0y, we have computed the proportion
of rejections in 50,000 generated samples for both samples sizes. We only report the results for 5%
tests using the Cramer-von Misses criterion, i.e. the test statistic C,,

0]
= — o | £ ,
Ut n
(the results with the Kolmogorov-Smirnov criterion were very similar). We also report, as a bench-

mark, the proportion of rejections using the infeasible test statistic
12 j 2
0 ._ 0
Cn = % ZTn <5> )
j=1

suitable for testing simple hypotheses, which converges in distribution to fol B (w)2 dw under Hy (for
a tabulation see e.g. Shorack and Wellner, 1986, pp. 147). Also, for the sake of comparison, we
provide results for the popular Pormanteau test statistic proposed by Ljung and Box (1978)
mooa 2
Qm=n(n+ Q)ZM,

—
= Y

for several values of m, where



are the sample autocorrelations of residuals € (¢). In the AR(1) case,
3 (t) = (1 - anL) X (t) )

with X (¢t) =0 for ¢t <0, and in the FARIMA(0, 65,0) case

t
E(t) = (i 0n) X,
§=0
where (4, 0,,) are the coefficients in the formal expansion (1 — L)% = > 0 ¥(4,0,) L7, and equal

to
o T(G-6)) S
W60 = g STy D= ) o

The values of Q,, are compared against the critical value of the x2,_; distribution.

In our experiment, both tests showed sizes close to nominal, in many cases improving with respect
to those based on the infeasible T}, — process TY. The asymptotic approximation improves noticeably
when the sample size increases from n = 200 to n = 500, being this improvement uniform for all the
models. For the choices of m implemented, @,, over-rejected Hy. We have also tried non-Gaussian
innovations. In this case, although there is some loss of accuracy, as expected, this is not very
noticeable (negligible). These results are not reported here.

Next, we study the empirical power of the tests. For the previous set up, we analyse the power
of the 5% tests for the null of AR(1) against the alternative of fractional integration and viceversa.
These two models describe parsimoniously low frequency behaviour and are often competitive in
applied modeling of time series. The empirical power is reported in Tables 2 and 3.

Tests based on £, 1), showed reasonable power for series on length 200 for most values of the
parameters, while for n = 500 they distinguish without trouble both classes of linear models. Here,
we found that the Crédmer von Mises test was uniformly more powerful that the Kolmogorov-Smirnov,
surely because the low order parameterizations under the null causes a bad fit in a wider interval
around zero frequency. Here @,, is often superior to distinguish autorregresive data with large 6q
from fractional models, though both type of tests have problems when moving closer to a unit root
(8p = 0.8). However for n = 500 C,, test has more power than @, when 6y = 0.2 for all m, and for
larger 0y, C,, has power comparable to @, for large choices of m. For fractional data, CvM tests

are more powerful than @, for all d and most choices of m.
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6. SOME EXTENSIONS

In this section we discuss two extensions of the proposed methodology. The first deals with the
specification of possibly nonstationary processes when the analyst has no prior knowledge on the
required number of differences to achieve stationarity, as it is the case when one applies the Box
and Jenkins (1976) methodology. The second application investigates the consistent specification of

dynamic regression models.

Nonstationary Processes

The parameterization of h(\; ) can also describe models for nonstationary or integrated models
without a priori assumptions about the possible stationarity of the time series. We focus on difference
stationary series by means of a generalized spectral density. Thus, if the increments Y (t) = (1 —

L)X (t), t € Z, are covariance stationary with zero mean and spectral density f, such that
lim IAPED (0 =G >0,
for some d € [0.5,1.5), we can define the pseudo spectrum of the observed X (t) as
Fo)=I1 = €72, (0). (9)
If X (¢) is stationary, then f, is simply the usual spectral density and when
lim [A**fo(A) = G >0,

for some d € (—0.5,0.5), as happens for many long memory time series, the parameter d describes the
persistence properties of the original series in a continuous way. This fact allows consistent estimation
of an appropriate parameterization of f, without previous specification of whether d > 0.5 or d < 0.5
(see Velasco, 1999a, b and Velasco and Robinson, 2000).

The pseudo spectral density f, can be interpreted as the limit of the expected sample periodogram
as suggested by Solo (1992) and Hurvich and Ray (1995). However, for highly nonstationary series,
d > 1, tapering is an essential tool to improve the properties of the periodogram I,,, and to con-
struct parameter estimates with uniform properties in d € (—0.5,1.5). The tapered discrete Fourier

transform (DFT) of X (t) for a taper sequence p (t) is defined as
sy = PO X O
xT : 1/2°

(2 (0)?)
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and the tapered periodogram as I2(-) := |wP(-)|*>. The usual DFT has p(t) = 1 all . Typically
p downweights the observations at both extremes of the sequence, leaving almost unchanged the
central part of the data. We use throughout the full cosine bell taper,

p(t):%<1—005@>,

n

because of its desirable properties and because in this case the asymptotic analysis is only slightly
complicated. The basic effects of tapering are a reduction of periodogram bias, even for nonstationary
data, and an increase of variance and correlation among periodogram ordinates, which will lead to
a different standardization of T}, (w) and related statistics. There are other alternatives, but similar
results may be expected for many data tapers (see Velasco, 1999a).

With the cosine tapering, assuming that the singularity is at frequency v = 0 in assumption
Al, we exclude the first Fourier frequency, A1, in all statistics because of its different asymptotic
properties for nonstationary data, so in this case,

[\ /7]

2w
n

D, (\)

Fy(\,0) = WL

j=2

The Whittle’s estimate, 6,,, minimize this F, (7, 0) with the tapered periodogram, and a similar
linearization than in A3, substituting I, by I?, will also hold in this case, which with A1 and A2
are sufficient conditions for Proposition 2 and 3, as well as, Corollary 1 and 2, where the T}, —process

T, (+,-) should be standardized by +/7/P7, rather than by V1, where,

n 4
t 35
P42 = lim —nthlp( ) 5 = 1_8
n—oo n 2
(Zip )

Dynnamic Models

Other direct extension of the linear model considered in Section 2 is the ARX parameterization
when the vector of explanatory variables Z (t) = (Zy (t), ..., Z, (t))" are linear in an autoregressive

model,
X () =po+ 000X (t=1) 4 +00pX (t =p) + Bo1 21 (t) + ... + oy Zq (t) +(t),  (10)

where the p+ ¢+ 1 vector of parameters v, = (1, 0o, 0y) is identified as the solution of the p+q+1
moment conditions,

E[W (t) (X (t) =v'W (1))] =0, (11)



where W ()" = (1, X (t—1),...,X (t —p), Z(t)), assuming that E (W () W(t)/] is non singular.
Moving average terms could be considered, but the previous form is interesting enough, since it
permits to illustrate an alternative construction of our distribution-free tests when residuals can be
easily calculated for a given estimate ,,, typically obtained by ordinary least squares.

The null hypothesis is again that the model is correctly specified, in the sense that innovations

are not autocorrelated. That is,
Hy : 7. (j;79) =0, for all 7 > 1 and for some vy, € [' C RP*Y satisfying (11),

with
Ve (7:0) = E [(X () ='W (1)) (X (¢ +[4]) ='W (t+|5])] -

The alternative is the negation of the null. The set I' = © x R%*! is chosen such that for 6 € ©,
®(2,0) =1 — 012 —--- — 0,2" has no roots inside or on the unit circle. Note that least squares
estimation is inconsistent if Hy fails.

To obtain feasible tests of Hy we assume that estimates v/, = (u,,, 0, 3,,) are available such that

the following condition, analog to A3, holds,

Assumption A3’ : )
12T _
T W R ]
J:
where ¢(\,0) = (9/90) log |®(e,0)| %, with
1
Ao = [ ol Bu)o(mu. ' du >0,

0

B, =By + Op(n—l/Z) and p,, = g + O, (n—l/z) _
Given the particular form of the model (10) we can calculate residuals
E(t) =X (t) =7, W (1),

and residual periodograms I,z(\;), and set directly

Fa0r) =2 S Le(),

n

while 7}, is defined as before in terms of Fj,(\,7,). In this set up, minimization of F,(r,~) is

alternative to least squares estimation if initial observations X (1 —p),..., X (—1) are available.

17



The cross spectral density of (e (¢),z(t)), fe» is equal to zero on A € [0,7], and under suitable

regularity conditions,
o [wn]
T )l =op(1 12
wsel[lopl] 7 Z n,ez ) OP( )7 ( )

where, for two processes Vi (t) and V5 (¢),

Immvz ()\) = % (Zvl (t) eit>\> (sz (t) e—z‘t)\)

is the cross-periodogram of Vj (t) and Vs (¢). This fact, together with the rate of convergence of
B,, — By, is enough to show that the inclusion of exogenous regressors in the linear model does not

affect the asymptotic distribution of T, Define, I, cz(1,p) (A) = (I,L,E,Ll Ay Inea_, ()\))/ , were

Lnew_; (N) = %Ln (Z m) (ZX m)

t=1

Assuming A1, A2 and A3’, under Hy, uniformly in w,

[w]

N 2w

Ty(w) = T (wifo) —2= D Tcotip) () (Bn = 60)
j=1

[wn]

—2—ZIW ) (B = By) + 0p(n %)

[wn]
27 _
= Ty (@300) =22 3" Loty (A) (6 — B0) +0,(n ™),
j=1
and reasoning as in Proposition 2,

) () = LT (w,00)] = 0, (1),

The transformation £ is identical to that suggested in the last section, and using similar arguments

to those in the proof of Theorem 1, it is established that LT, converges weakly to .
7. PROOFS

Henceforth, &(u)’ := (1,¢ (ru,00)") , u € [0,1].
Proposition 3 Assume A1, A2 and A3 hold, then,

{/ E(u)T? (du) : w € [0, 1]} converges in distribution to {/ &(u)B (du) : w € 0, 1]} in the space D1 [0,1].
0
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Proof: For simplicity we take v = 0 in Al and A3. Reasoning as Robinson (1995b, proof of
Theorem 2), for each w € [0,1],

[f£w>HQQM>—Tﬁww]opu» (13)
where,
_ = [FY (wr) = _2m i/
TO (w) :=Vn { 79 0 —w} with FO (-) := 3 Lne (M),

and I, is the periodogram of € () . Also, it follows, from Robinson (1995b) the weak convergence of
{J57€W)TY (du) : w € J} for each finite set J € [0, 1]. Therefore, fidis convergence of [ & (u) Ty (du)
is a fairly straightforward consequence of results in Robinson (1995b). In fact, A2 is sufficient for

Corollary 3.7 in Dahlhaus (1985) to hold, that is,
T? converges in distribution to B in the space D[0,1].

Then, it suffices to prove tightness. The process T is a random element of D[0, 1], but the process

T'(w) = T2 (w) + ﬁw;g“‘}] [I"(;gﬁ(;l)“) — [nw] — 1] , constructed by interpolation is an element of the

functional space of continuous functions in [0, 1], C[0,1]. Therefore it suffices to check Chernoff’s
criterion (see Billingsley 1968, Theorem 12.3), that is, for 0 < w; < we < 1 and some 6 > 1,

' <K (wg—w1), (14)

H\/_ /w u) FO (mdu)

where K is a generic constant not depending on n or wq,w;. Write,

/f Y(rdu) = /wa(u) 7rdu /§ Y (wdu) — E[Fg (Wdu)])

= H,(w)+ W, (w).

Then, applying triangular inequality,

4
<K [HHn (1) = Ho (@2)[|" + E [ Wa (1) = Wi (w2)]*

A [ e FO (rdu)

and sufficient conditions for (14) are that, there exists a ¢ > 1 such that,

1Hn (1) = Ha (@2)|* < K (w2 —w1)”, (15)

E[W, (1) = W (@2)]* < K (w2 —w1)’. (16)

In order to simplify notation, let consider £(x) as a scalar, and 771 < wg — wy because otherwise

the result is immediate. Henceforth, n will denote an arbitrarily small positive constant. To prove
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(15), notice that,

[Aws] [fiwo]

[Ho(wn) — Halr)] < %S_Mﬂ(s(g)\ Pl 2] 4 g %_2 <(3)-
K [m] 1 g e (s+1)/7
< ﬁs—[nwl]-i- ’5( ) og s \/ES:WIHI /S/ﬁ {f (%)—ﬁ(m)}dz
[fiws] 1
<

log® nJrj{_b Z ;

ILw 1

§|N

< Klwsg —w1|1/2 ",

using Theorem 2 of Robinson (1995a), A3, and taking into account that 7~ ! < ws — w;. We prove
(16) reasoning as in the proof of Theorem 3.3. in Dahlhaus (1985). The ¢-th cumulant, £ = 2,4, of
the difference W, (w2) — W, (w1), is

¢ ¢
1 s
cumy (W, (we) — Wy (w1)] = i Z Hg (%) Z M, .. s, (m)
[Aw1]<s1,...,80<[Awz] =1 m=1
where
‘ 2
M) = 3 [ wa s [ 1A0)
i.p.(m) a j=1
1 20—m
X E D (A, = ;) D (A, = By, ) X (d5),
and the summation in .p.(m) runs for all indecomposable partitions {Py, ..., P} of the £ x 2 table

{a;,b; }] 1, and D(A) = Y7 e Writing A(8) := A(e™’), the |Pg|-th order spectra f|p,| under
Al is equal to, up to a constant,

| Py | | P | By |

[Taw.) =a({-> 6. | []a®.)
r=1 r=1 r=1

for P, ={c1,...,¢/p} and Py = {c1,...,¢p,|—1}, where ﬁclP = le"l ., and ¢, € {aj,bj}§:1
Then 3= (Bp,,...,0p, ), with |P;| > 2 because we can take Ex; = 0 as s; # 0modn.

Notice that, neither f|p, |(85,) nor fip,|(85,) H§:1 !A()\Sj)‘_z are uniformly bounded (in (), since
we have not assumed any integrability conditions on A()), we can not adapt the rest of the proof
of Theorem 3.3. of Dahlhaus (1985). Instead we use the results of Robinson (1995a, b).

For £ = 2, and m = 2 all partitions have |P;| = 2, k = 1,2, and there are two type of combinations

in M, 5,(2), depending on whether there is a restriction on the frequencies s; and sy (variance

20
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terms) or not (covariance), so for a generic positive constant K,
log(max (s1, 52))?

|M517S2 (2)‘ < K1{51:32} +K 5159

)

where we have used Theorem 1 of Robinson (1995a), part (a) when s1 = s2 and P1 = {a1,bo},

P, = {a2,b1}; and parts (¢) and (d) for s; # s9 and for any other partition, where retracing his

proof we can check for the discrete Fourier transform w,(\s, ) that
E |:wx(/\51)wx(_>\s2):| < [(log(rlla)((‘117282))7 51782 — 17..",71“ (17)
A()‘51) A(_)‘Sz) (8182) /

When m = 1 the unique partition has a single component with |P;| = 4 involving f4, and using

that 1 ,
o /H HlD (A = 8a,) D (X, = B, ) Xo(a3) = 1,
=

noting the restriction Z?Zl(ﬁaj + B;,) =0 on B, we obtain that

|M51782 (1)‘ S 5} / |4| A(ﬂcr) |2| ;2 1 |2| D ()\57- ﬂa.) D( )\S]. ﬂb) )\3(d ) .
113 r=1 j=1 ‘A(AS7)‘ i F J j /6
(18)

Now (18) is bounded using the methods of Robinson (1995b, pp. 1649-51), factorizing the term in
curly brackets in combinations of products of [A(3, JA(£As,) "t — 1], obtaining that

K 1
MW < =+ K> ][5

a; 1=1 Sai
uniformly in s, s2, where for each 3-tuple (a1, ag, as), a; € {1,2}, a particular s,, € {s1, s2} appears

at most twice -and at least once.
Therefore, collecting terms for m = 1,2, for n > 0 arbitrarily small,

|cums (W, (w2) — Wiy, (w1)]]
K s s log(max (s1,82))? 1 S
S EE ) e L

[ﬁw1]<51752§[ﬁw2

2 2 K . K o, (1 i\ M2 1
> () K e (b () (£2)

[Aw1]<s<[Aw2]

S K ‘wg —wl\l_"

IA
==

using A3, |¢ (s/7) | < Klogn, n~! <ws —wi, and that

~ o\ 1/2 wa
n 1 K
(‘) ‘/ ) S T S Kley —a

S1 w1

1/2

1
" [nw1]<s1<[nRws)]
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so for g(u) = 2u'/? it holds that

wo 1
——du
/W1 u1/2

For £ = 4 and m = 1 there is a single partition in fg, such that

‘ S15.- ,54 ‘<KZH 1/27

alzl

< |g(wa) — glwa)| < K |wy —wy |2,

generalizing the treatment for (18) in Robinson (1995b) to higher dimensions. Note that the con-
tribution of this term for certain linear restrictions among the s;, such that > ;S = Omodn, is
O(n™3), so it is included in the bound given. Similarly for £ = 4 and m = 2 the partitions {P;, P>}
involve pairs of cumulant spectra like f2fs, f3f5, ( f4)2. Each of the m = 2 integrals in | Py| = | Py| —

dimensions is similar to expression (18), using that

%wmAw [T D(r —8,) D (A, ) N7 8),

i b EPy

is either 1 if there is linear restriction among the sj, i.e. Zaj,bjePk s; = Omodn, or either 0,

otherwise. Thus for |P;| = 1 the integral corresponding to fo involve a typical term like

1 A(B)|?
%/H {A(iisi()i)liksj) - 1} D (£Xs, — B) D (£, + 3) dB, (19)

whose contribution is bounded using (17), and in higher d = |P;| > 2 dimensions the integral is,

uniformly in s;, less than K pldt+1)/2 H?Zl s;.l/ 2 using the same technique as for the integral involving

fa in (18). Considering all these cases we obtain that

1M KKZHIW

a; 1=1 (Lz

where any factor s, € {s1,..., 54} in the summations in a; appears at most twice in each summand.

For m = 3, reasoning in the same way, with typical contributions ( f2)2 fa and ( f3)2 f2, we obtain

log(max (8q,, Sp; )
My @l <K Y] T

ai,bi,ci i=1 Sazsb Sc;

so each s; € {s1,...,84} appears at most twice in each combination a;, b;, ¢;. Finally for m = 4, the

typical partition with ( f2)4 has contribution

log(max (8q,, Sp,;))
‘Msl’ Z H )1/2 ’

i,bi i=1 (Sa;Sb;
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since the corresponding integrals are bounded if there is a restriction in the frequencies a;,b; € Py, ,
while otherwise, the integrations are similar to (19) and bounded using (17).

Therefore, collecting the bounds for |Mj, s, (m)|, m =1,...,4, and for some 1 > 0 arbitrarily
small,

lcumy [Wy(w2) — Wi (w1)]] < % Z ﬁ ‘ﬁ (#)’ ﬁ (10g mi};;: = ))>

[ﬁw1]<81,“4784§[ﬁwz]j:1 a;i,b; i

K. - 1\ (1 n\ Y2\’
K 1 ’
| 7 - -1 1

1 _
< K—log10n|w2—W1\ SK\MQ—WHQ ",
n

@
Il
—

using that |£(s/n)| < K |log A\s| < K logn uniformly in s.

Then the theorem follows using the product theorem of cumulants, i.e.
E W, (w1) — Wy, (w2)|* = cumy [W, (wa) — Wi (w1)]” + cumy [W, (wa) — Wi (w1)],

because E[W,, (w1) — W, (w2)] = 0. O
PROOF OF PROPOSITION 1: Immediate from the last proposition.

PROOF OF PROPOSITION 2: A4 implies that, uniformly in w € [0,1],

2 L ) [ 1 0) 16 = 6ol ()
v Dt e on RO ] B b vy

. %),

by A3. This last inequality and A3 guarantee that, uniformly in w € [0,1],

—F (1) E, (mw) E, ()
a0 { s |

VLUJ

A

;ﬂ>
£
|

Fy (m)
= T (w) — Ay ViR, (1) + 0, (1),
where
- VLUJ ( )
)= ey 20 o 00 5,5

After taking into account that, by Propos1t10n 3, sup,c(o1) [ Bn (@) — R(w)|| = Op (n7/2), and
using the fact that 1/ﬁZ Lo (N, 00) = fo ¢ (7, 00) dA+O (n~*logn) , where fol & (X, 00)d\ =0
by A0, and F? () = 0% + 0, (1) by Robinson (1995b) proof of Theorem 2.
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PROOF OF COROLLARY 1: Proposition 1 and squared integrability of ¢ (-,0q) ensures fidis con-
vergence of LT°. Tightness of LT?. follows from tightness of T and continuity of R.
PrOOF OF THEOREM 1: Since it is trivially satisfied that sup,, ||£R H = sup,, |£w| = 0, the

Theorem is a consequence of the following facts,

E[LB(r)LB (s)] = min(r,s), (21)
sup [T (%, () ~ LT ()| = 0, (1) (22

w€[0,wo]

LT? converges in distribution to B in the space D [0,wp)] . (23)

We prove (21) reasoning as Stute et al. (1998, Lemma 3.1). Define,

N(r)/orau)’ 1mu —R /g ) Bldv)d

—R(u)

E EB (r) L (s)] =F [B (r)B (5)] —F [B (r) N (s)] - F [B (s) N (7“)] + E[N(r)N(s)].

E[B(r)N(s)] = E[B(s)N(r)]
min(r,s) . 1—u —R
N /o £() R (u)/ / ¢ (v) dvdu,
and
-1
E[N (r)N(s)] = / / 1—u —R(u) 1 —max (u,v) —R(max (u,v))
—R(u)" Ao (u) —R (max (u,v)) A (max (u,v))

1—-v —R(v) -
X . ¢ (v) p dvdu
R Ao(v) }
—1
B min(r,s) , 1—u -R (U) 1
= ewr| ) (u)} | ¢ v

because by Fubini’s theorem, [ [5 ¢ (u,v)dudv = [ [o' g (u,v) dvdu+ [; [, g (u,v) dudv.
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Now, we prove (22),

Z(Tn(w)_ﬁT’? (w)) B [T () — LT3 (w )} /Owg(u)’ R(u)  Ap(u)
- 0

/ ¢ () (T (dv) ET,?(dv)) du}.

Proposition 2 implies that the first term of (25) is 0p (1) uniformly in w € [0, 1]. Thus, it suffices to

1—u —R(u)}1 (25)

prove the uniform convergence of the second term, which follows by,

0
| 6o [ —eran
= 2_71’ Imc (/\j) B [nx (/\J)
wil[lo}’)l] \/771 Jj= 1;[%;] § F ( ) (>\ja an) Fr? (ﬂ-) h ()‘ja 00)
< mc /\
= op(1)

applying A3 and Proposition 1 and (20). The proof is completed by proving (23). Fidis convergence
follows by Proposition 1, (21) and (22). Then, it suffices to prove tightness of LT?. Since T}, is tight,

we only have to prove tightness of the term,

/ H (u

3'*

where,

-R (u)/ Ap (u)

Now, for r > s, reasoning as in the proof of Proposition 3,

2
X T () € ) dus

< K [ [ 1 @)l 1 @)l durdus
= K|L(r)-L(s)[",
where L (-) = [; ||H (u)|| du is a monotonic continuous function.
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Table 1. Size of 5% Tests.

n = 200 n = 500

Co €0 Qo Qu  Cu C° Qs Qs
¢, AR(1)
-0.8 491 5.07 559 6.18 5.09 5.05 547 6.13
-0.5 4.82 510 527 5.92 5.15 5.02 5.23 6.00
0.0 439 516 513 5.66 5.14 497 524 593
0.5 3.85 5.14 5.22 5.58 481 493 529 595
0.8 337 511 533 5.79 449 498 541 6.02
d, I(d)
0.0 3.74 516 529 5.79 4.70 497 471 431
0.1 3.714 515 5.27 5.77 4.70 497 537 597
0.2 3.76 521 525 5.75 470 498 536 5.97
0.3 3.75 534 525 5.72 473 5.09 538 5.99
0.4 3.714 552 539 5.73 4.73 528 540 6.03

Table 2. Power of 5% Tests. Hy : I(d). Hy : AR(1), ¢.

n = 200 n = 500
o Cn Q1o Q20 Ch Q15 Q35
0.2 11.01 14.64 12.78 34.85 26.81 20.07
0.5 26.23 41.60 32.02 74.75 83.11 59.50
0.8 9.45 26.66 21.62 32.53 65.20 46.12

Table 3. Power of 5% Tests. Hy : AR(1). Hy : I(d).

n = 200 n = 500
d Cn Q1o Q20 Ch Q15 Q35
0.1 8.42 7.69 7.60 17.46 14.26 12.33
0.2 20.35 18.51 16.04 53.10 50.26 40.53
0.3 36.66 35.28 29.95 83.03 83.04 73.47
0.4 49.41 48.21 41.87 94.64 94.98 89.15
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