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1 Introduction

Simultaneous equations models are of great interest in econometrics, and identification
and inference in such models in settings with instrumental variables has received con-
siderable attention. Recently interest has focused on identification under weak assump-
tions without functional form or distributional restrictions (e.g., Roehrig 1988; Newey
and Powell, 1988; Newey, Powell and Vella, 1999; Darolles, Florens and Renault, 2000;
Pinkse, 2000b; Blundell and Powell, 2000; Heckman, 1990; Imbens and Angrist, 1994;
Vytlacil, 2001; Das, 2000).

Most of the work on instrumental variables has maintained additive separability of
the disturbances and the regression functions. In this paper we make two contributions.
First, we present two identification results that do not require additive separability of the
disturbances in either the first stage regression or the main outcome equation. Instead
we consider three key assumptions beyond the independence between instrument and
disturbances that underlies much of the work in this area: (i) the relation between the
endogenous regressor and the instrument is monotone in the unobserved component; (i7)
the relation between the outcome of interest and the endogenous regressor is monotone in
the unobserved component; (iii) the instrument has sufficient power to move the endoge-
nous regressor over its entire support. The first identification results states that given
the first and the third of these assumptions (and the instrumental variables assumption),
the average structural function, introduced by Blundell and Powell (2000) is identified.
The second identification results states that under the first two assumptions (plus the
instrumental variables assumption) both the entire relation between the endogenous re-
gressor and the outcome of interest and the joint distribution of the disturbance and
the endogenous regressorn are identified on the joint support of the disturbance and the
endogenous regressor. Together these allow us to estimate the effect of many policies of
interest.

Our second contribution is the development of a framework for inference in these

models. Using a series approach we develop a consistent estimator for the unknown func-
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tions. The series estimator consists of two steps. The first step estimates the conditional
distribution function of the endogenous regressor given the instrument. Evaluating this
at the observed values gives an estimated regressor in a control function approach (e.g.,
Heckman and Robb, 1984; Newey, Powell and Vella, 1999). The second step regresses
the outcome on the endogenous regressor and the estimated residual from the first step.
This gives us the behavioral relation of interest. We can then also estimate the average
structural function through averaging over the marginal distribution of the first stage
residual. We give convergence rates for both the first and second step of the estimation

procedure and for the averaging in the average structural function.

2 The Model

We consider the following triangular simultaneous equations model involving two equa-
tions:
Y = g(X,n,v), (2.1)
X =h(Z,n). (2.2)
The interest is in the effect of X on Y, as well as in the joint distribution of X and (n,v).
The regressor X is endogenous, because 7, the disturbance or unobserved component in
the first equation and therefore correlated with X, enters in the second equation. The
instrument Z will be assumed to be independent of the pair of disturbances (n, v).

A special case of this model arises when we replace the first equation with:
Y =g(Xe), (2.3)

with unrestricted dependence between € and n. To see that this model is more restrictive,
consider the model described by the equations (2.2) and (2.3). Define in this case v =

r(e,n), where r(e,n) = F.,(¢|n), with inverse ¢ = r~*(v,n). Then we can write

Y = g(X,f—:) = g(X7T_1(V777)) = Q(X,U,V).

The second model characterized by (2.2)-(2.3) is more restrictive than (2.1)-(2.2) because

it restricts the way in which the two disturbances interact with X in the function that
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determines Y. It corresponds closely, however to many models considered in economics,
and in the examples we focus on this special case. The identification strategy in the
general model is more transparent, however, and for the formal results we therefore focus
on the general model. The following example provide some motivation for such models

without additivity, and will be used to discuss some of the assumptions we consider later.

Example: (PRODUCTION FUNCTION)

Consider a production function, as a function of an input x and an unobsered component
e: y = g(z,e). Unlike the additive case with g(z,e) = g(x) + €, the marginal return to
the input z, dg/0x(x,¢€), is allowed to differ by firm. The level of the input x is choosen
by the firm, whereas ¢ is an input which is not under the control of the firm, and not
observed by either the firm or the econometrician. The firm chooses the value of x by
maximizing expected profits based on a noisy signal of €, denoted by 7. Profits are the
difference between production times price (normalized to equal one), and costs, which

depend on the value of the input and an observed cost shifter z:
m(z,z,€) = g(x,e) — c(x, 2),
so that

X = argmame{ﬂ(aj, Z,e)n, Z} = argmax, {E {g(m,e)m} —c(x,Z)

Thus, X = h(Z,n), so that equations (2.1) and (2.2) are satisfied. To illustrate the
importance of relaxing the additivity of the production function in € in this model, note
that if g(x,e) were additive in ¢, the optimal level of the input would be the solution to
max,g(z) — c(x, Z). In that case the optimal solution X = h(Z,n) would not depend on
n and all firms with the same level of the instrument Z would choose the same level of

the input.

To motivate our interest in both the production function g(z,e) and Fx.(x,¢), the
joint distribution of the input and disturbance (X,¢), consider the effect on average

output of various interventions or policies that may be contemplated by policymakers.
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Similar to the binary endogenous regressor case there is a variety of parameters of interest
(e.g., Heckman and Vytlacil, 2000; Pearl, 2000). Here we discuss three examples of
policies of interest and how their effect depends on g(z,¢) and Fx .(z,¢).

(I) Blundell and Powell (2000) focus on the identification and estimation of what they
label the average structural function (ASF), the average of the structural function g(z, ¢)
over the marginal distribution of . A policy maker may consider fixing the input at a
particular level z, either at x = xg or x = x;. Evaluating the average outcome at this

level requires knowledge of the function

u(w) = Blg(w,)] = [ g(z,)ar(e), (24)

at © = xo and x = 1. Note that p(x) is not equal to the conditional expectation of Y
given X = x,

E[Y|X =1] = /g(x,a)dFE|X(£|x),

because of the dependence between X and e. If the production function is linear and
additive, that is, g(z, &) = Gy + (1 - x +¢, the average structural function is Gy + f; - x, and
so the effect of fixing the input at x; versus xg is (1 - (1 — zo). This slope coefficient (3;
is typically taken as the parameter of interest in linear simultaneous equations models.

(IT) A second policy of interest is increasing for all units the value of the input by a small

amount. The per-unit effect of such a policy on average output is

E [%(X, g)] - / / %(w, e)dFx.(z,¢). (2.5)

This average derivative parameter is similar to those studied in Stoker (1986) and Powell,
Stock and Stoker (1989) in the context of exogenous regressors. Again, if the production
function is linear and additive, that is, g(x, €) = By+ 1z +¢, this effect can be expressed
in terms of the coefficients of the linear model. The marginal effect of a unit increase
in x would be i, the coefficient on the input. Note that this average derivative cannot
be inferred from the ASF p(z). In particular, it is in general not equal to the expected
value of the derivative of the ASF,

o [280] - o - | Bt
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unless X and ¢ are independent.
(IITI) A third policy of interest is imposing a minimum on the value of the input at z.

The average outcome under such a policy would be

E{g(maX(X,g),e)} ://g(max(x,g),6)dFmvE($,6). (2.6)

An example of such a policy would be an increase in the compulsory schooling age,
with the interest in the effect of such a policy on average earnings. Note that even in
the context of standard additive linear simultaneous equations models knowledge of the
regression coefficients would not be sufficient for the evaluation of such a policy-this

would also require knowledge of the joint distribution of (X, ) unless X is exogenous.

3 Identification

We consider the following four assumptions. First, the instrument is assumed to be

independent of the disturbances.

Assumption 3.1 (INDEPENDENCE)

The disturbances (v,n) are jointly independent of Z and of each other.

Note that as in, for example, Roehrig (1988) and Imbens and Angrist (1994), full in-
dependence is assumed, rather than the weaker mean-independence as in, for example,
Newey, Powell and Vella (1999) and Darolles, Florens and Renault (2001). This is part
of the price paid for relaxing the additivity assumption.

The second assumption requires the strucural relation between the endogenous re-

gressor and the instrument to be monotone in the unobserved disturbance.

Assumption 3.2 (MONOTONICITY OF ENDOGENOUS REGRESSOR IN THE UNOBSERVED
COMPONENT)

The function h(z,n) is strictly monotone in its second argument.

This assumption is trivially satisfied if this relation is additive in instrument and dis-

turbance, but clearly allows for general forms of non-additive relations. Matzkin (1999)
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considers nonparametric estimation of h(z,n) under this assumption and independence of
n and Z in a single equation framework. Pinkse (2000b) refers to a multivariate version of
this as “weak separability”. Das (2001) considers a stochastic version of this assumption
to identify parameters in single index models with a single endogenous regressor.

It is interesting to compare this assumption to the monotonicity assumption used
in Imbens and Angrist (1994) and Vytlacil (2001). In terms of the current notation,
Imbens-Angrist and Vytlacil focus on monotonicity of h(z,n) in the observed component,
the instrument z rather than in the unobserved component, the disturbance | e. With
a binary x and binary instrument z weak monotonicity in z and weak monotonicity in
n are equivalent. However, in the multivalued regressor case, e.g., Angrist and Imbens
(1995), the two assumptions are distinct, with neither one implying the other.

Assumption 3.2 has only weak testable implications. A slightly weaker form, requiring
h(z,e) to be monotone in n rather than strictly monotone has no testable implications
at all. The testable implications for strict monotonicity version arise when Z and X are
discrete. With both Z and X continuous, there are no testable implications.

Das (2001) discusses a number of examples where monotonicity of the decision rule
is implied by conditions on the economic primitives using monotone comparative statics
results (e.g., Milgrom and Shannon, 1994). In the same vein, consider the production
function example introduced in Section 2, and assume that the production and cost
function are twice continuously differentiable. Suppose that the production function is
strictly increasing in the unobserved input €, and that the return to the observed input
is also increasing in the unobserved input, so that dg/0e > 0 and 0%g/dxds > 0. If in
addition the signal  and the unobserved input € are affiliated, the decision rule h(z,n)
is monotone in the signal.

The third assumption requires monotonicity of the production function in the second

unobserved component.

Assumption 3.3 (MONOTONICITY OF THE OUTCOME IN THE UNOBSERVED COM-
PONENT)

The function g(x,n,v) is strictly monotone in its third argument.

[6]



Finally, the fourth assumptions requires the conditional support of X given 7 to be

independent of the value of 7.

Assumption 3.4 (SUPPORT)

The support of X given n does not depend on the value of 7.

Assumption 3.4 is very strong. Given the deterministic relation between Z and X given
7, this implies that by changing the value of the instrument, one can induce any value
of the endogenous regressor. In the binary endogenous variable case this implies that
by changing the value of Z, one can induce both values for the endogenous regressor,
similar to the “identification-at-infinity” results in Chamberlain () and Heckman (1990).
In the binary case that would immediately imply identification of the average outcome
at both values of the endogenous regressor. Here this assumption in itself is not sufficient
to identify the average structural function at all values of the regressor.

First we show a relation between the assumptions considered here and some easily

interpretable assumption in the special case of model (2.3)-2.3) where Y = g(X,¢).

Lemma 1: (IMPLICATION OF MODEL (2.2)-(2.3))
If Model (2.2)-(2.3) holds, and h(z,n) is strictly monotone in n, g(x,e) is strictly
monotone in €, and (n,€) are jointly independent of z, then Model (2.1)-(2.2) and
Assumptions 8.1-8.3 hold for v = F.j,(¢|n).

The first key result is an extension of the results in Blundell and Powell (2000),
allowing for a more flexible relation between the endogenous regressor and the instrument.
Blundell and Powell (2000) do allow for a function g(-), but assume that h(-) is additive

and linear.

Theorem 1: (IDENTIFICATION OF THE AVERAGE STRUCTURAL FUNCTION)
If Assumptions 3.1, 3.2 and 3.4 are satisfied, then u(z) is identified from the joint dis-
tribution of (Y, X, 7).

Proofs are given in the Appendix. This result shows that p(z) is identified by first
calculating n = Fix|z(X, Z), then regressing Y on X and 7, and then averaging over the
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marginal distribution of 7. This approach is essentially a control function approach (e.g.,
Heckman and Robb, 1984; Newey, Powell and Vella, 1999; Blundell and Powell, 2000),
with the disturbance 7 playing the role of the control function. Note that it is only in the
last step where we average over the distribution of 7, that we use the support condition.
If this condition does not hold, we cannot integrate over the marginal distribution of 7,
at least not at all values of X, because we can only estimate E[Y|X, 7] at values (X, 7)
with positive density.

The second identification result uses the additional monotonicity assumption to iden-

tify, for some values of X and (7, V), the unit-level structural function.

Theorem 2: (IDENTIFICATION OF THE UNIT-LEVEL STRUCTURAL FUNCTION)
If Assumptions 3.1-3.8 are satisfied then the joint distribution of (X,n,v) is identified,
up to mnormalizations on the distributions of n and v, and g(x,n,v) is identified on the

joint support of (X,n,v).

Note that we do not need a support condition for this theorem, but limit the identi-
fication of the structural function to the joint support of (X, n,v). For policy II this is

sufficient, and it may also be sufficient for evaluations of policy III.

4 Estimation

First consider estimation of y(z) under the identifying assumptions 3.1, 3.2, and 3.4. We
consider a two-step nonparametric estimator. The first step is construction of a non-
parametric estimator 7; = F'(x;]2;) of the control variable 1; = F(x;]2). The second step
is construction of a nonparametric estimator 3(z,n) of 3(z,n) = E[y|x,n]. Finally, we
estimate the ASF by integrating over the marginal distribution of 7, which is normalized

to a uniform distribution on the interval [0, 1]:

o) = [ Ban)dn

In both steps we use series estimation.



To describe the first step, let qor(2), (¢ = 1,...,L; L = 1,2, ...) denote approximating
functions for the first step. Examples include power series or spline functions. Also,
let ¢“(2) = (q10.(2), ..., qur(2)) and Q = 7, ¢%(2)q" (%) /n. A series estimator of the
conditional CDF at a particular z and z can be obtained as the predicted value from

regressing an indicator function for x; < x on functions of z;. It has the form
F(z]z) = ¢"(2)Q Y. ¢"(2)1(z; < x)/n,
j=1

where A~ denotes any generalized inverse of the matrix A. As is well known, the predicted
values F(z;|z;) will be invariant to the choice of generalized inverse. Its use is important
here because we will allow for Q to be singular, even asymptotically.

One feature of this estimator is that it is not necessarily bounded between 0 and 1.
To impose that bound by fixed trimming. Let 7(n) = 1(n > 0) min{n, 1} be the CDF of

a uniform distribution. Then our estimate of the control function is given by
fi = T(F(x]2))-

To describe the second step, let w = (z,v) denote the entire vector of regressors

in Ely|lz,n]. Let prx(w), (k = 1,..., K; K = 1,2,...), be approximating functions of

w, P (w) = (prx(w), oo, prcic(w)), i = (23,75), and P = 7, p* (d,)p" (@i)' /n. A
nonparametric estimator of f(w) = E[y|w]| is then

~

Bw) = p™ (w)' P~ p" (w;)y;/n.
j=1
Since by construction 7; is uniformly distributed on [0, 1], we can use the estimator

f(z) = /01 B(z,v)dv. (4.1)

This estimator often has a simple form, that can be obtained analytically. For example,
for power series or splines, B(m, v) will be a linear combination of products of functions
of x with functions of v, and the functions of v can easily be integrated analytically to
calculate fi(x). Averaging over the sample values 0; gives an alternative estimator of the

ASF,
B(z,0;)/n (4.2)



This has the form of the partial mean estimator of Newey (1994), except that series
nonparametric regression is used rather than kernel estimation.

Second we consider estimation of g(z,n,v) and the joint distribution of (X, n,v) un-
der identifying assumptions 3.1-3.3. The first step is the same as above, leading to an
estimator for the disturbance n;. Using this estimate 7);, we construct an estimator for
the conditional distribution function of ¥ given X and 7, Fy‘ xn(ylz,n). The estima-
tor for g(z,n,v) is then the inverse F;‘l)(m(y|x,77). In addition the estimator for v; is
U = Fy| xn(Yilxi,n;), which can then be used to construct an estimator for the joint
distribution of (X, n,v).

we need to add a formal theorem for this estimator, which is essentially a
version of the first stage with estimated regressors, combined with something

that says it is ok to invert the thing

5 Large Sample Theory

We derive the large sample properties of this estimator first for the case where x and v
are scalars, allowing z to be a vector. Also, we focus on the integral estimator (4.1). To
derive large sample properties of the estimator it is essential to impose some conditions.
The first assumption imposes an approximation rate for the first step regression that is
uniform in both the arguments x and z of the conditional distribution function F'(z|z).

Let X and Z denote the support of x; and z;, respectively.

Assumption 5.1: There exists dy,C > 0 such that for every L there is a L X 1 vector
v (x) satisfying
sup _|F(z]2) — ¢"(2)'v"(x)| < CL™".
zEX zEZ
This condition imposes an approximation rate for the CDF that is uniform in both
its arguments. It is well known that such rates exist when higher order derivatives are
uniformly bounded and the support of z is compact. In particular, it will be satisfied

for both splines and power series with d; = sp/r,, if F(z|z) has continuous derivatives
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up to order sg, r, is the dimension of z, and the spline order is at least sp. Lorentz
reference?

We do not impose any other requirement on the distribution of z. This distribution
need not be continuous and could even have components that are discrete with infinite
support. With this condition in place we obtain the following convergence rate for the

sample mean-square error of ¥;.
Theorem 3: If Assumption 1 is satisfied,

i(@z —v;)?/n = O,(L/n + Ll_le).

In comparison with previous results in the literature, this one has L'~2% in the rate
rather than L?%. The source of the additional L term is the fact that we are looking at
a rate that allows the dependent variable in the regression (i.e. 1(z; < z)) to vary with
the observations.

The estimator of the ASF we have considered has the partial mean form. To obtain a
convergence rate for this estimator, that accounts for the fact that it has been averaged
over one component, we impose a particular structure on the second step approximating

functions. We assume for simplicity that

p"(w) = pr*(z) ® py* (v). (5.3)

This product form leads to easily interpretable conditions but can be generalized without
affecting the following results. The next condition is a joint restriction on the approxi-
mating functions and the distribution of z; and v;. Let X denote the support of z; and

Amin(A) denote the smallest eigenvalue of a symmetric matrix A.

Assumption 5.2: i) The joint density of (z,v) is bounded above and below by con-
stant multiples of the product of marginal densities; ii) There is a constant C' and (*(K),

G(K), (V(K) such that for each K, and K, there ezists B, and B, such that p,~(x) =
Bapy=(2), 5 (v) = Bupy™ (v), Amin( Bl ()55 (2:)']) = C, Ain(Jo 5 (v) B4 (v)'dv) >
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C,sup, e || (2) | < CC*(Ka), supyepoy 150 (V)| < CG(EL), supyepo,y |05 (v) /O] <
CCr(Ky).

Part ii) of this condition is a normalization like that adopted by Newey (1997), applied
separately to the 2 and v components. Part i) restricts the joint density in such a way that
the separate normalizations are effective for the vector of joint approximating functions
in equation (5.3). The size of the bounds are known for some important cases. For
example, if the joint density of (z;,v;) is bounded below and above on a rectangle then

this condition will be satisfied for splines and power series with

C*(Kx) = W Ha, G(y) = /Ky, (T (Ky) = K% splines.
(K, = K, (K, =K, (' (K,) = K> power series.

To obtain a convergence rate, it is also important to specify a rate of approximation

for B(w). Such a rate is imposed in the following condition:

Assumption 5.3: B(w) is Lipschitz in v and there exists s,C > 0 such that for every
K, and K, there is a o with
sup |B(w) — p" (w)'a™| < C(min{K,, K,})"*.
weWw
The size of s is related to the smoothness of f(w). Also, K, K, is the total number of
approximating functions. It is well known that this condition holds for polynomials and
splines, where WV is a compact rectangle and s is the number of continuous derivatives

that exist. In addition to these assumptions we also require that the following one, which

is common in the series estimation literature.
Assumption 5.4: Var(y;|w;) is bounded.

With these conditions in place we can obtain a convergence rate for the second-step

estimator. Let A2 = L/n+ L' and K = K, K,.
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Theorem 4: If Assumptions 1 - 4 are satisfied, K(*(K,)*¢Y(K,)*/n — 0 and
K(*(K,)*CV(K,)*AZ — 0, K%/n — 0, and K, /K, is bounded and bounded away from

zero then

[1) = ) PFo(d) = Oy /n+ K + (K PG PAR).

It is interesting to note that the convergence rate is the sum of two terms. The first
K./n + K;* is the convergence rate for a nonparametric estimator of p(r) assuming
the first stage is known. This term is what we would expect to find for a partial mean
estimator which averages out over v, and is analogous to the convergence rates found
for kernel estimators of partial means in Newey (1994). The other term accounts for
the estimation of the control variable in the first step. It goes to zero slower than the
first-step convergence rate.

For example, for splines of order at least s we obtain

/[ﬂ(w) — pl(@)*Fo(dw) = Op(Ky/n+ K * + K K{L/n+ L"),

6 Appendix: Proofs of Theorems 1 through 4
Proof of Lemma 1:
Given Model (2.1)-(2.2), define

V= V(Y7 Z?ﬂ) = FY\Z,W(Y|Z7 77)

By definition v is independent of (Z,7), and since 7 is independent of Z by assumption,
Assumptions 3.1 and 3.2 are satisified. To show that Assumption 3.3 also holds we
demonstrate that v, defined as a function of Y, Z,n) can be written as a function of
(Y, X,n) that is strictly monotone in Y. To see this, note that because (¢,7) L Z, it
follows that ¢ L Z|n, and hence ¢ L Z, h(Z,n)|n, or

e L (Z,X)]|n
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Hence

Fyiz(Y20,m0) = Pr(Y > y|Z = 20,1 = np)
= Pr(g(X,e) <y)|Z = 20,n = o)
= Pr(e < g (X, 9)|Z = 20, = 10)
= Pr(e < g ' (h(20,m),Y)|Z = 20,m = 1M0)
= Pr(e < g " (h(z0,m0),y)|n = no)
= Pr(e < g " (h(20,m0),y)| X = h(z0,m0), 7 = 1m0)
= Pr(e < g7'(X, )| X = h(z0,m0),1 = n0)
= Pr(g(X,e) < y|X = h(20,7m0),1 = M)
= Pr(Y <ylX = h(z0,m0),1 = 10) = Fy1x(Y, h(20,70), 0)-

Hence, v can be written as v(Y, Z,n) = Fy|7,(Y|Z,n) orasv = v(Y, X,n) = Fyx,(Y|X,n).
Since the last representation shows that v can be written as a function of (Y, X, n) that

is strictly monotone in Y, the proof is completed. Q.E.D

Proof of Theorem 1:
We normalize the marginal distribution of n to a uniform distribution on the interval

[0,1]. Then:
Fxz(xo|20) = Pr(X < x0|Z = 20) = Pr(h(Z,n) < x0|Z = 2)

= Pr(n < h Y(Z,20)|Z = z0) = Pr(n < h™*(20,70)|2)
= Fn(h_l(ZO,l'o)) = h_l(ZO,I’o).

Since we can estimate the lefthand side, the conditional distribution function of X given
Z, we can estimate the inverse h™'(z,z) of the function of interest, and hence h(zx,n)
itself as h(z,n) is invertible. As a by-product we get the value of n = h™!(Z, X).

Since v is independent of X given 7, we can derive

w(z,m) = Elg(x,n,v)|n] = Elg(X,n,v)|X =z,n] = E[Y|X = z,1],

[14]



for all values of (x,7n) in the joint support of X,7), as well as the joint distribution of

(X,n). Hence we can calculate integrals of the type

[ @A @) o, ),

for any weight function A(z,n). The average structural function

u(w) = [ wlw,n)fy(n)dn

corresponds to the choice

Aa, ) = fa(n)

f77753(777 .’E) .

Thus p(z) is identified if the conditional density of  given X = x is positive everywhere

on the support of 7 so A(x,n) is finite at each pair (z,7). Q.E.D

Proof of Theorem 2:
We normalize the marginal distributions of  and v to uniform distributions on the
interval [0, 1]. Theorem 1 shows that h(z,7n) is identified.

Next we follow the same procedure to estimate v, since conditional on 7, v and X

are independent:
Fyxn(Y0, T0,m0) = Pr(Y < yo| X = mo,m = 10)

= Pr(g(X,n,v) <yl X = 20,7 = n0o)
= Pr(v < g7 (X,n,90)| X = x0, 17 = n0)
= Pr(v < g~ (0,10, Y0)| X = xo,n = o)

= F,(9 '(zo,m0.%0)) = 9 ' (0, M0, %0)-

For all values (zg,7) in the joint distribution of (X, 7) we can estimate this conditional
distribution function, and hence for all those values we can infer the inverse of the function

g(x,n,v) and thus the function itself. Q.E.D.

Throughout the remainder of the Appendix, C' will denote a generic positive constant

that may be different in different uses. Also, with probability approaching one will be
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abbreviated as w.p.a.l, positive semi-definite as p.s.d., positive definite as p.d., Apin(A)
and Apax(A), and A'? will denote the minimum and maximum eigenvalues, and square
root, of respectively of a symmetric matrix A. Let >, denote > 1 ;. Also, let CS, M, and

T refer to the Cauchy-Schwartz, Markov, and triangle inequalities, respectively.

Proof of Theorem 3: Let ¢; = ¢"(2;), e;; = 1(z; < ;) — F(x4)2;), and 6;; =
F(xilz;) — q;qL(xi). Then for 0; = F(x2|zz) and v; = F(;|2),
Bi—v o= AL+ A+ AT A= QY giei/n,
=1

Al = qg@f > g6/, AT = —6y.
=1

(minus sign in front of §;;)

Note that |A/7| < CL~" by Assumption 5.1. Also, by Q p.s.d. and symmetric
there exists a diagonal matrix of eigenvalues A and an orthonormal matrix B such that
Q) = BAB'. Let A~ denote the diagonal matrix of inverse of nonzero eigenvalues and

zeros and Q~ = BA~B'. Then tr(@‘@) < L. By CS and Assumption 5.1,

i(AfI)Q/n < Z 6Q~ %26 /n) /n<CZ ¢.Q ¢)L 2 /n

i=1

- COL- 2‘“157’(@ Q). < CLHOH.

in second expression in first line, added a /n. Also, I could not figure out
what happened to the term ) ¢;6;;6,q; in the first inequality sign

Furthermore, we have E[e%|Z] < C. isn’t this < 17

Also

E[5?j|xi7 Z] = E[E?j|xivzi7zj] = E[l(l’] < ml)|mlv Zi7zj]{1 - 2F($Z|Z])} + F(JJZ'Z])Q <C.

Furthermore, note that for ¢ # j # k, only need j # k here

it follows by independence of the observations,
Eleijein|Z] = E[EleyenlZ, i, xi]| Z]
= E[éfikE[éfl'ﬂZ, X, IL’k]lZ] = E[gikE[gij|Zj7 Ziy IL’l]lZ]

[16]



= EleaElei|z), 2, v]| 2] = Elea{ E[1(x; < m3)|25, 20, 3] — F(wi]25) } Z]
= 0.

Therefore, it follows that

n n

B[S (Al /nlZ) = iqﬁ@‘(Z 4Bl 2)d/n?) 0™ gi/n

i=1 k=1
< > qQ QQ q/n* < CL/n.
i=1
The conclusion then follows by the triangle inequality and by |7(2) — 7(v)| < |0 — v|,
which gives 3;(0; — v3)?/n = S;(7(0;) — 7(v:))?*/n < (9 — v;)?/n. Q.E.D..

Before proving other results we give some useful lemmas. For these results let p; =

pK(wl)v ﬁl = pK(wZ)a b= [plv ---,pn]; ﬁ = [ﬁlv "'72571]7 p = ﬁlﬁ/na P = p/p/nv P = E[pzp;]

In the statement of these results we allow 9; and v; to be vectors.

Lemma Al: In Assumption 5.2 it can be assumed without loss of generality that
() Elpy~ (z:)pg " (x1)'] = I,
(i), By (vi)py” (vi)'] = Ix,,
(iii), E[pX (v;)] = e1 = (1,0, ...,0),
(
(

iv), E[p"™ (w;)p" (w;)'] < Clg, and
V), Amin (E[P™ (wi)p™ (ws)']) > C.

Proof: The first two conclusions can be shown as in the beginning of the Appendix
of Newey (1997). For the third conclusion, note that by ¢pXv(v;) = 1 for some c, it
follows that there is a ¢ such that &pXv(v;) = 1. Note that &¢ = ¢ E[pX (v;)pk» (v;)]¢ =
E[{&#pE*(v;)}?] = 1. Let B be an orthonormal matrix with ¢ as its first row. Then
Bﬁv v(v;) is an orthonormal basis satisfying all the conditions of Assumption 5.2, and sat-
isfying (i) and (iii) in Lemma A.1. In particular, | BpX> (v)|| = ||[pX* (v)| and || BOpE~ (v) /v|| =
|Op: > (v)/0v]|. Also, by the joint density bounded above by the product of the marginals
it follows that

E[p™ (w)p™ (wi)] = EpL (z:)pa= (z:) @ by (vi)ph (v:)]

< OEBlpy=(x:)pg " ()] @ E[py (vi)py ()] = Clic.

[17]



Finally, it follows similarly that by the density bounded below by a product of the

marginals that
Blp" (w;)p" (wi)] > CE[py* (z:)p; * (2:)'] @ Elpy (vi)py * (v:)'] = Clk,
giving the conclusion (v). Q.E.D.
Lemma A2: If 3, ||o; — vi]|?/n = O,(A2) and Assumption 5.2 is satisfied then
Dol —pill*/n = Op(¢7(Ka) () A,), (A.1)

|P = P|| = Op(C°(K,)* ¢V (K,)2A% + VEC (K,)CU (K,)A,).

Proof: Because the estimator is invariant to nonsinular linear transformations of
pX=(z) and pXv(v;) we can let pi=(x) = p¥=(z) and pZ+(v) = pX*(v) in Assumption 5.2
and Lemma Al. Also, a mean value expansion gives p; = p; + [0p% (w;)/0v](0; — v;),
where w; = (x;,7;) and 9; lies in between 9; and v;. It follows that v; € [0, 1] so that
[0p™ (w:)/0v] < CC*(K.)(P(Ky). Then by CS, [|p; — pill < CC*(K,)¢Y (K)o — vil.
Summing up gives

Yo lbe = pill*/n = Op(CT (KoL) (Y (K, ) A). (A.2)
i=1
By Lemma Al, 7 [|pi||>/n = Ou(E||pi||*]) = tr(Ix) = K. Then by T, CS, and eq.
(?7),
1P =Pl < D lpid; — pivill/n < 3N — pill*/m+ 203 b — il /) 2 (3 il /m) M2
i—1 i—1 i—1 i1
= 0,(C*(K,)*C (K, A2 + VK (K, (K)A,). QED.

Lemma A3: IfY; ||0;—vi]|2/n = O,(A2), Assumption 5.2 is satisfied, VK C* (K, ) (Ky)Ap —

>

0, and K¢*(K,)*C¢(K,)?/n — 0 then w.p.a.1, )\min(f?) > C, )\min(ﬁ) > C, and Apmin(P)
C.

Proof: The last conclusion follows by Lemma Al. Also, by Lemma A2, [|[P—P| 2 0
while as in Newey (1997) it follows that

|P — P|| = O,(VE(" (K,) S (K,) /v/r) 2 0. (A.3)

[18]



Therefore, by the triangle inequality, |[P — P|| £ 0. The other conclusions then follow
as in Newey (1997). Q.E.D.

Lemma A4: If 3, ||0; — vil|*/n = Op(A2Z) and Assumption 5.2 is satisfied then for

ei =y — B(w;) and € = (e1,...,&n),

1(p = p)'e/nll = Op(¢* (K2 )G (Ko) An),[lp'e /]l = Op(y/ K/n).

Proof: Note that E[e?] < oo by E[e?|w;] = Var(y;/w;) bounded. Then by T, CS, M,

and Lemma A2,

IN

1(p = p)'e/n|

S 1~ pillled m < (3 195 — pill*/m) /(30 2 /)

2

= Op(C*(K2)( (Kv)An)Op(1) = Op(¢* (K ) (T (K0) An).

giving the first conclusion. Also, for W = (wq, ..., w,), note that as in Newey (1997),
Elee'|W] < C1I,,. Then by iterated expectations and Lemma A1,

Ellpe/nl’] = Eltr(p'eep)/n’] = Eltr(v/Elec'|Wp) /n’] (A.4)
< Ctr(E[pp))/n* = Ctr(E[pip]) /n < CK/n.

The second conclusion then follows by M. Q.E.D.
Proof of Theorem 4: Let & = P~'j/y/n and
! K
pla) = [ P (@) © pl()do = pie () @ e,

where the last equality follows by Lemma A1l. Then

Note that by Lemma A1,
Elp(zi)p(z:)] = Ik, ® er€}] < Ik. (A.5)
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Also, for a = ag from Assumption 5.3, 5 = (G(wn), ..., B(wy))’, and 3 = (B(un), ..., B(uy)),

G—a = P e/n+P Y (P—P)P 'pe/n+P ' (p—p)e/n (A.6)
BB+ PGB = pa)/n.
Note that 1515’1]3' /n is idempotent, so that ﬁf”lﬁ' /n < 1. Also, by the smallest eigenvalue
of P bounded away from zero w.p.a.1, we have, for any vector a, |P~'a|| < C|la|| and
|P~'a||?> < Ca/P~'a. Note that as in Newey (1997), Elee’|W] < CI,, so that by the
Fubini Theorem,
B[ {pla) P/ Fo(dn)| W] = [ {p(a) P~/ Bles! WP~ pla)* F(da)
< /ﬁ(x)'fs_lﬁ(x)Fo(dﬂf)/n < CE[p(x:)'p(xi)] /n

— CE[ (o) 55 (1) © cjer] fn = Ko /.

A well known implication of this inequality is that

[ 1By P~ 'pe/ny*Folda) = Op(Ka/n). (A7)

Next, by Lemma A3 there is C' such that w.p.a.1l, |[P~a| < Clla| and ||[P~'a|?® <
Ca/P~'a for all conformable vectors a. Then it follows by Lemmas A2 and A4, CS, eq.
(A.5), and K?/n — 0 that

/{p Y(P = PP lpe/nY*Fy(dx) = |P NP~ P)P'pe/n|® < C||P - P|*||p'd /b
= Op((K*/n)¢"(K,) "¢ (Ku)* A7)

replaced last expression

It follows similarly from Lemma A4 that

[{p@) P 6= p)e/ny Folda) = 1P7 (= p)'e/nl* < CllG—p)e/nll* (A9)
= Oy (L) (KAL),

Furthermore, by B(w) Lipschitz in v,
[Apte) P7B (3 = B) ¥ Fode) = P73 - B)/nl* < C(5 - AP~ 5(5 — (1)

[20]



< C’Z B(w;) /n<CZ ;— ;)
= Op(Ai)ZOp(C( K. )¢ (K,)? n)'

added last expression

Also by Assumption A3 we have for o = ag, by min{ K, K,,} > CK,,

J{p@) P (B~ pa)/n)*Fo(da) = P8 — pa)/nll* < C(8— pa) pP (3 — i 1n]
< C;{ﬁ(wz) — p" (i) a}?/n
< Osup |fo(w) —p(w)al* = O(K;™).

It then follows from eq. (A.6), egs. (A.7)-(A.11), and T that

[lia) = ey Fofdw) = [[p(a) (&~ @) Fo(da)
= O(Fafn+ K™ + (K )PG()°A2).

Furthermore, by CS we also have
1
[1p@)a = ple)PFode) < [ [ " (w)a - Bw)doFy(de) < CK;*.
0
The conclusion then follows by T. Q.E.D.
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