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Abstract

This paper derives the restrictions that apply to a transformed
model obtained by a minimal I(2)-to-I(1) transformation. The re-
lationship between the parameters of the I(2) vector autoregression
and the transformed model is characterized, including the coefficients
of polynomially cointegrating relationships. In a simulation experi-
ment, unrestricted reduced rank regression in the transformed model,
which is common in applied work, yields only a minor loss of efficiency
compared to imposing the restrictions. A properly transformed vec-
tor autoregression thus provides a practical and effective means for
inference on the parameters of the 1(2) model.
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1 Introduction

This paper gives a general characterization of the properties of a vector pro-
cess, X;, obtained by partly differencing a process integrated of order two,!
X;. The transformation applied eliminates I(2) trends while retaining pos-
sible cointegrating relationships among the variables. A transformed model
is the starting point of much empirical work that involves the rate of growth
of nominal variables, e.g., the rate of inflation, wage growth, or the rate
of money growth, and real or relative magnitudes such as real wagees, real
money, or the markup, see Banerjee, Cockerell and Russell (2001) or Doornik,
Hendry and Nielsen (1998) for examples.

The main interest in the present paper lies in analyzing if the transformed
model can provide a practical and effective means for inference on the pa-
rameters of the original 1(2) model. A case is examined in which the original
process, X, is generated by a vector autoregression (VAR) that satisfies the
I(2) conditions of Johansen (1992). The transformation examined is minimal
in the sense of the amount of a priori information on the parameters required
to achieve a valid reduction from I(2) to I(1). Throughout, the validity of a
priori parameter restrictions is taken as given. Clearly, in empirical appli-
cations their validity should be tested.? A properly transformed process is
shown to satisfy a VAR on which inference on the full set of cointegrating
parameters can be achieved by standard I(1) methods. This includes the
so-called polynomially cointegrating parameters of the I(2) model. Inference
on the latter has so far proven elusive in the I(2) model.

The parameters of the transformed VAR are subject to restrictions. One
set of restrictions is shown to fit directly into the standard I(1) reduced
rank regression analysis, see Johansen (1996). Another set of restrictions
requires different estimation techniques and is commonly ignored in applied
work. The likely consequences of the resulting efficiency loss are explored in

Denoted 1(2), see Johansen (1996).

ZKongsted (1998) suggests a simple test of the transformation based on the two-step
algorithm of Johansen (1995). Kongsted (1999) examines the properties of X; under
invalid a priori parameter restrictions.



a small-scale simulation experiment.

Some notation and definitions are used throughout: For a p x r matrix
a of rank r, let a; denote a basis of the p x (p — r) orthogonal complement
and define @ = a(a’a)™!. For B (pxr)and n (p—7r x s), s < p—r, define
B = Bin and B> = Bin1. The matrices 3, B1, and (B, are thus mutually
orthogonal. Also note the relationship I = V(B'V) 1B’ + b(v'b) v’ where
V(px(r+s)) =v,, B="0b,, and |[v'b] # 0, see Hansen and Johansen (1998).

2 Transforming from I(2) to I(1)

This section derives the properties of the transformed process. Because the
precise 1(2) conditions play a major role in deriving the implied restrictions
on the transformed VAR, this section will briefly set up the VAR of the orig-
inal data based on Johansen (1992) and Rahbek, Kongsted and Jgrgensen
(1999). Then, the transformation is defined and a transformed VAR is de-
rived. Finally, the restrictions are examined.

2.1 The I(2) process of the original data

The starting point of the analysis is a p-dimensional vector time series X;
satisfying the kth order vector autoregression written in error-correction for-

mapt,
k—1
AXt = HXt_l + Z PZ'AXt_i + o + Hlt + &4, (1)
i=1
for t = 1,...,T, or equivalently, in a parameterization suitable for 1(2)
processes,
k—2
AQXt = HXt_l — PAXt_l + Z \IIZ'AQXt_Z' + Mo + ,ult + & (2)

i=1



Here the definitions I' = I — 3207/ Ty and ¥; = — %72 | T; apply and
denotes identically and independently distributed N (0, 2) terms. The initial
observations, X g,1,..., Xy, are taken to be fixed.

Assuming that the roots of the characteristic polynomial of (2) are either
at one or outside the unit circle and maintaining a further rank condition,
the parameters of (2) should satisfy the following reduced rank conditions

for X; to be I(2),
M=af and o\Tf =&, (3)

see Johansen (1992).
In many practical situations a deterministic specification is applied which
restricts the parameters of the constant and linear drift terms in (2) by

o po = =€y — o BB, (4)

and

H1 = O‘B(I)v (5)

where 1}, and [ are vectors of dimensions s and r. Essentially, (4) and
(5) imply that a linear trend is allowed in all directions whereas X; has no
quadratic trend, see Rahbek et al. (1999).

The matrix 35 can be shown to be proportional to the loadings of the com-
mon [(2) trends. The full set of r + s cointegrating combinations (3, 51)' X,
can be divided into s combinations, 3] X;, which remain I(1), and ' X; which
cointegrate to stationarity with the first-difference of the I(2) component of
the data in the r polynomially cointegrating relations,

St - ﬂ/Xt - (SﬁéAXt (6)

The polynomially cointegrating parameter, § = &'T'3, (r x (p —r — s)), is an
object of primary interest. So far it has proven elusive in terms of inference in
the I(2) analysis. Obtaining inference on ¢ is a main motivation for analyzing
the transformed process to which we turn next.
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2.2 A transformed VAR

The particular transformation® considered here is defined by a known matrix
b of dimension p X (p —r — s) which is assumed to satisfy orthogonality in
terms of the full set of cointegrating vectors,

v'(8,51) = 0. (7)

A transformed vector process is then defined as

!
= () = (1) ®
vAX; U,
where B = b, is p x (r + s) and v satisfies |v'b| # 0.

Under the condition (7) the matrix of I(2) common trend loadings, (2,
is known (up to a normalization) and b is a valid basis for (5. Similarly, the full
set of cointegrating vectors has a representation as (3, 1) = B(y, (B'B) ¢ ).
The transformation requires b and thus the number of 1(2) trends in the sys-
tem, p—r—s, or equivalently, r+s, to be known. No further assumptions are
needed on the precise relationship between B and each set of cointegrating
vectors, 4 and (1. In most practical situations, there is an a priori expec-
tation of one common I(2) trend, typically a nominal trend, shared by the
variables of the vector process. Theory is often less informative about the
precise number of polynomially cointegrating relationships, 7.

The first-differenced term defined by v ensures that the linear combina-
tions of first differences needed in order to recover the polynomially cointe-
grating relationships are included in the transformed system.

The properties of the transformed process, X;, can now be characterized.
Following Johansen (1996, Section 4.3) the conditions II = o’ and p; = af)

3The transformation is denoted a nominal-to-real transformation in Kongsted (1999)
since it typically involves going from a system in nominal variables to a real system. In
the present paper the transformation is assumed to achieve the reduction from I(2) to I(1)
whereas Kongsted (1999) examines the general case where that is not necessarily true.



are imposed and (2) is premultiplied by (B, v)’" to obtain

BA’X,\ ([ BafX,.1\ _ [ BTAX,, +’§ B'U,A’X,
'U/AQXt N U/OéﬁlXt,1 ’U,FAXt,1 P U,\IjiAQXt,Z'

1
B/ /t B/
A R A )
Jafit oo + 1)
Using the definitions of Z; and Uy, substituting AX; = ¢AZ; + aU; in (9)

with ¢ = V(B'V)™! and a = b(v'b) !, and finally collecting terms yields a
VAR(E) in error correction format for the transformed variables, X,

k—1
AX; =TIX, + Y TiAX + jint + fio + &1 (10)

i=1

This is the standard representation for cointegration analysis, see Johansen
(1996). It provides the starting point of much empirical analysis.

2.3 Restrictions implied by the transformation

The parameters of (10) are subject to restrictions deriving from the trans-
formation. Comparing (9) and (10) the parameters of the transformed VAR

- Bay' —BTa
-\ Yoy —v'Ta )’

are given by:

& (I+B@-T)c Ba
b V(U —T)e  v'VWa )’

. [+B(¥,— ¥, )e BWa \
Fi: 5 :2,...,]{3—2,
( V(U — W, q)e —v'VU,a !



In practical terms, the restrictions on the transformed VAR fall in two
categories. First, there are restrictions related to the fact that the coefficient
matrix of the levels term, II, is of reduced rank, r. Kongsted (1999) shows
that when (7) is satisfied X, is an I(1) process and rank(IT) = r. To see the
relationship with ¢ it is illuminating to briefly sketch the argument here as

well. Johansen (1992) shows that for the I(2) process it holds that
I =T36 + (ad'TB + 1) + ad' TS5, (11)

Using b as a valid basis of 3, under (7) it is found that ['a = ab where
5 = SU'b(v'b) L. Substituting in the expression for II, it is seen to be the
product of p X r matrices

= [y . ([ Ba
(2) - (1)

which define the cointegrating relationships among the transformed variables,
Z; and Uy, and the loadings into the transformed process. The former is of
special interest since it reflects the polynomially cointegrating relationships
of the original I(2) process.

The parameter § can be estimated from the transformed process as an
I(1) cointegrating parameter and inference on the polynomially cointegrating
relationship (6), including ¢, can thus be obtained by from the transformed
VAR. Also related to the reduced rank of II is the coefficient of the linear
trend which in (9) can be seen to be restricted corresponding to (5), that is,

fin = Gt (12)

The reduced rank of II and (12) are straightforward to implement in the
reduced rank regression algorithm for I(1) models with a restricted linear
term, see Johansen (1996).

A second set of restrictions on the parameters of the transformed VAR
does not fall naturally into the reduced rank regression framework. First, the
coefficients of the last lag, AU;_x.1, are zero which restricts the last columns



of T's_1. Secondly, if the I(2) process has restricted deterministic terms,
conditions such as (4) carry over to the transformed model. Specifically, (4)
serves to exclude the possibility of any quadratic trends in X;, see Rahbek
et al. (1999). The first-differenced component of X,, U, = v/AX,, must
therefore be without linear trend. Both restrictions require other estimation
algorithms than standard reduced rank regression and are commonly ignored
in applied work. The simulation experiment below will assess the importance
of the resulting efficiency loss.

3 Simulation experiment

Unrestricted estimation of (10) allows for a redundant lag in v’AX; and
for a redundant linear trend in that variable.* In this section we want to
evaluate the likely consequences of using an unrestricted VAR for analysis of
the transformed variables rather than the restricted one.

Simulation setup As the data generating process (DGP) for the simula-
tions we set up a simple model for a trivariate vector process, Y;, which could
encompass e.g. a money demand analysis with Y; = (my, v, p;)’, my being
nominal money (in logs), ¥ nominal income, and p; the price index. It is
a simplified version of the DGP in Kongsted (1999) used for analysing the
properties of tests of the nominal-to-real transformation. Here, the single
[(2) trend feeds proportionally into all three variables and a nominal-to-real
transformation is a valid reduction from I1(2) to I(1).

To be specific, the stochastic part of the process is defined by the three
generating equations

my — Y = KAp_1+ € — € (13)
Ay, = Api+ey (14)
Ath = €3¢, (15)

4Furthermore, one observation is lost by applying the transformation. In this section,
however, we ignore this effect by assuming to have one unused pre-sample observation.



and we assume (e, €z, €3¢) ~ i.3.d.N (0, I). Equation (13) mimics a polyno-
mially cointegrating velocity equation, where the parameter k = —6 reflects
a typical estimate of the interest rate elasticity of real money demand, e.g.
Doornik, Hendry and Nielsen (1998). Equation (15) defines the prices to be
the I(2) trend of the system and (14) shows that this I(2) trend is embodied
in nominal income. Written in the error correction form (2) the model is

given by
Ath -1 1 0 mi—1 1 0 — (]. + /i) Amt_l €1¢
Ay, | = 0 00 y—1 |—( 0 1 -1 Ay |+ e
AQPt 0 00 Pi—1 0 0 0 Ap;_y €3t

The levels matrix IT has reduced rank 7 = 1 and we can chose a = (—1,0,0)’
and 3 = (1,—1,0)". It is easily verified that o/, '3, has reduced rank s = 1,
that there is p —r — s = 1 I(2) trend in the process, and that Y; satisfies the
I(2) assumptions. Further we can choose 3; = (1,1,—2)" and B, = (1,1,1)
implying that the I(2) trend loads proportionally into the three nominal
variables.

We generate samples of 74100 observations, ¢t = —101, —100,...,0,1,2, ..., T
from this setup by replacing ¢; with pseudo-random independent drawings in
Ox 3.0 (Doornik, 2001). We consider sample lengths of T" = {25, 50, 75, 100, 150, 200}
effective observations and discard 100 presample observations to eliminate
the importance of the initial values Y_191, Y_100 = 0.

To be able to analyze the restrictions implied on the deterministic part of
the process, we augment the DGP to allow for a linear trend in all directions,
see Rahbek et al. (1999). The observed variables are defined from the factor
representation

X, =Y, + 6+ 0it. (16)

The test statistics and parameter estimates for the I(1) model with a re-
stricted linear trend and the I(2) model with the deterministic specification
of Rahbek et al. (1999) are invariant to the true coefficient to the trend
term, 6, see Nielsen and Rahbek (2000). The important thing is not the



true coefficient but the fact that we allow for it in the estimation. Without
loss of generality we can therefore set the coefficient to 6y = 6, = 0.
The transformation is defined by

1 0 0
B=1| -1 1 and v=1| 0 |,
0 -1 1

which can seen to satisfy (7) with b = (1,1, 1)" and |v'b| # 0. The transformed
data vector is

my — Pt
=~ B'X,
Xt = ( / ) = Y — Dt
AX
! ‘ Apy

For the transformed data we have an error correction model written via the
factor representation

Ai = &glﬁfl + flAﬁfl +€ (17)
X, = Yi+0p+0it (18)

and it holds that & = (—1,0,0) and 5 = (1,—1,—k). The restrictions
implied by the transformation are that the last column of I'; is zero, i.e.

Hy : f1 = (73><2703><1>7

where v contains the free parameters, and that the last element in 51 is zero,
ie.

Hy: 6 = (9),,0)

where ¢ contains the free parameters.

In each of 1000 replications we estimate the unrestricted VAR(2) model
corresponding to (17) and (18), which is the standard cointegrated VAR
model with a restricted trend term and an unrestricted constant, H* (r),
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see Johansen (1996). Furthermore we estimate the model subject to each
of the restrictions implied by the two true hypotheses Hy and H;. And we
compare the properties of the three estimators to assess the importance of
the efficiency gain implied by imposing the restrictions in Hy and H;.

Firstly, we consider the size and power properties of the Trace test for
rank determination.® Secondly, we assess the precision of the estimated 5
in each of the three models with the true one. The comparison is based
on the distance measure of Larsson and Villani (2001). In the present case
with 7 = 1 we transform it to an angle (measured in degrees) between the
estimated and the true E vector.

Unrestricted estimation First we consider the unrestricted model for the
transformed variables X;, which is a cointegrated VAR(2) with a restricted
trend term. Maximum likelihood estimation of this model reduces to solving
the eigenvalue problem

—1
— 0 ,
‘)\511 5108 0 801‘ 0

_ 1T y .
where S;; =T"">", R;t R}, are sample moment matrices, and Ry and Ry,

~ /
are least squares residuals of regressing AX, and (Xt’fl, t) respectively on

~ !
Vi = (AXt’fl, 1) , see Johansen (1996, chapter 6). This yields p + 1 ordered

eigenvalues 1 > /):1 > /)\\2 > > Xp > Apr1 = 0 and the estimate of the coin-
!

-~/

tegrating relations, | 3 ,@) , is given by the eigenvectors corresponding to

the r largest eigenvalues. Furthermore the likelihood ratio test for a reduced
rank of r compared to the full rank alternative H (p), can be written as a

°If the dataset is initially analyzed in an I(2) model and the validity of the transforma-
tion is tested, the rank will be determined in the I(2) step and no new rank determination
is necessary in the I(1) model. Here we consider the rank determination anyway, since
in many applications the transformation is not tested and the starting point is the unre-
stricted I(1) model for the transformed data.

11



function of the eigenvalues as the Trace test statistics

Qv = —2log Q (H" (r) | H*(p) = =T > log (1= X:) .

i=r+1

The simulation results for the baseline unrestricted reduced rank regres-
sion are summarized in table 1A. First part of the table illustrates the average
angle between the true and estimated parameter, 5 The precision is high
and with 75 observations, say, the average angle is well below 1 degree. Only
in the case of 25 observations the average angle is marked with a value of
approximately 5 degrees. Also reported are the rejection frequency of the
Trace test statistic on a nominal 5 per cent level. It appears that the rank
determination procedure is effective even for relatively small samples. The
test of r < 1 is somewhat oversized, but the power of rejecting r = 0 is
extremely high.

The extraordinarily good performance of the unrestricted reduced rank
regression reflects the properties of the GDP, in particular the very strong
error correction implied by @ = (—1,0,0)". This means that the samples are
very informative on the long-run relation. In practical applications results
similar to the ones in table 1A would probably require more observations.
The properties of the baseline case is not our main focus here and below we
focus on the deviations from the baseline case.

Restriction on the lagged first differences Next we want to assess the
importance of the redundant lag included for Ap;. In each iteration we there-
fore estimate the model under the restrictions implied by the hypothesis Hj.
To impose the restriction we modify the reduced rank regression described
above. In particular we modify the vector of unrestricted variables to obtain

v — ( (12702><1)A)?t71 >
t 1 )

which excludes Ap;_;. Note that each equation of the VAR still contains
the same set of variables and the effect can still be partialled out using least

12



squares.

The results are given in table 1B. For a limited number of observations,
the included obsolete lag in the unrestricted model seems to be important
and the efficiency gain under H eliminates half of the average distance.
For larger sample sizes, however, the difference is negligible. Second part
of the table reports the rejection frequency of the likelihood ratio test for
the restriction implied by the hypothesis Hy. This test is simply comparing
the likelihoods of the restricted and unrestricted model and is asymptotically
distributed x? (3) under the null. The test for the hypothesis is significantly
oversized in small samples but converges relatively fast to a level close to
the nominal 5 per cent level. Last part reports the Trace test rejection
frequencies. Imposing the restriction increases the empirical power of the
Trace test in small samples.

Restriction on the trend term Finally we want to assess the efficiency
loss of not having imposed the restriction implied by H;. In each iteration
we therefore want to estimate the model, which under H; is given by

AY, = afY_1+T1AY 1 +¢ (19)

N 0, o

X, = 0D, where 0D, = | 6, | + | 92 |t (20)
03 0

To estimate this model we apply the switching algorithm of Nielsen (2002)
that allows for maximum likelihood estimation of the cointegrated I(1) model
with additive deterministic components and therefore is capable of estimating
a factor representation like (19) and (20). The idea is that conditional on
an estimate, @\, of the parameters, 6, to the additive components, D;, the
parameters of (19) can be estimated using a usual reduced rank regression
of the corrected data X’t — th. With these estimates we can construct
the estimated characteristic polynomial, A (L), and the estimated residual,
e, = A(L) X,, which under the model is given by

e =A(L)OD; + ¢ (21)
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For each of the n columns, D;; i = 1,2, ...,n, in D;, we define I/—Lt = A\(L) D;;
and collect into I/—L = (ﬁlt, ﬁgt, ey ﬁnt> We can then refomulate (21) into

& = Hyec (0) + e, (22)

where vec () stacks the columns of 6. The likelihood function conditional
on the parameters in A (L) is maximized over 6 by a GLS estimation in (22),
ie.

vec (ej) - (i (f[{ﬁlf[t>) ) <Z (ﬁgﬁla)> , (23)

see Tsay, Pena and Pankratz (2000) and Saikkonen and Liitkepohl (2000)
for a similar GLS step used in a two step estimator. Here we follow Nielsen
(2002) and iterate between the two conditional steps until convergence. Due
to the simple GLS estimation in step two, it is simple to impose the required
restriction, see also Nielsen (2002).

Note, however, that the constants in (20) are not identified in the nonsta-
tionary directions and the procedure cannot be implemented directly on (19)
and (20). We therefore modify the procedure slightly, considering a VAR
model with a restricted constant and adding the linear trend only via the
factor representation (20). To be specific we estimate the model

AY, = &5’2_1+f1A2_1+&¢+é
th

X, = [ 9 |t
0

by the reduced rank regression and GLS iterative algorithm.

The results are summarized in table 1C. It is apparent, that results for
the average angle and the rank determination are almost indistinguishable
from the baseline case, implying that the efficiency loss from not imposing
the restriction is minimal. We also report the rejection frequency of the test
statistic for the hypothesis H;, which is asymptotically x?(1). The size is
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fairly close to the nominal for all sample lengths.

4 Conclusions

This paper has derived the restrictions that apply to a transformed model
obtained by a minimal I(2)-to-I(1) transformation. The relationship between
the parameters of an 1(2) vector autoregression and the transformed model
is characterized, including the coefficients of polynomially cointegrating re-
lationships.

Unrestricted reduced rank regression in the transformed model, which is
common in applied work, is shown to yield only a minor loss of efficiency
compared to imposing the restrictions in the simulation experiment. Most
efficiency is gained by imposing the absence of redundant lags in the dif-
ferenced 1(2) process, which is a fairly simple restriction in terms of the
restricted estimation procedure. Imposing the restriction on the trend coeffi-
cients, which requires a more involved iterative estimation algorithm, leads to
a very marginal efficiency gain. It appears fairly safe to ignore this restriction
in applied work.

In conclusion, a properly transformed vector autoregression provides a
practical and effective means for inference on the parameters of the I(2)
model.
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Table 1: Simulation results, 1000 replications.

Rejection frequency (per cent)

Average Difference in LR test Trace test Trace test
T angle angle to baseline VAR restriction r=20 r<1
A. Baseline: Reduced rank regression
25 4.852 - - 66.90 10.20
50 1.208 - - 97.30 9.30
75 0.728 - - 100.00 7.30
100 0.493 - - 100.00 6.60
150 0.317 - - 100.00 6.20
200 0.234 - - 100.00 4.50
B. Lag restriction imposed
25 2.666 -2.187 28.70 100.00 13.90
50 1.059 -0.149 12.30 100.00 9.40
75 0.665 -0.063 7.40 100.00 7.20
100 0.465 -0.028 7.70 100.00 7.10
150 0.306 -0.012 6.30 100.00 6.00
200 0.226 -0.008 6.00 100.00 4.50
C. Trend restriction imposed
25 4.746 -0.107 9.00 62.40 8.50
50 1.205 -0.003 7.20 97.00 8.50
75 0.727 -0.001 6.70 100.00 6.40
100 0.493 -0.000 4.80 100.00 6.20
150 0.317 -0.000 4.90 100.00 5.80
200 0.234 -0.000 5.50 100.00 4.00
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