
Wudqvihudeoh frqwuro

Sklolssh Djklrq/ Pdwkldv Ghzdwulsrqw dqg Sdwulfn Uh|4

Iheuxdu| 5335

4Uhvshfwlyho| Kduydug Xqlyhuvlw|/ Xqlyhuvlw| Froohjh Orqgrq dqg FHSU> HFDUHV
+Xqlyhuvlwh Oleuh gh Eux{hoohv, dqg FHSU> dqg Xqlyhuvlwì gh Wrxorxvh dqg FHSU1 Zh
wkdqn Rolyhu Kduw/ Mhdq Wluroh/ vhplqdu sduwlflsdqwv lq wkh Lqwhuqdwlrqdo Iudqftxl Frq0
ihuhqfh +Euxvvhov/ Qryhpehu 4<<<, rq wkh Hfrqrplfv ri Frqwudfwlqj/ Pdun Dupvwurqj
dqg wzr uhihuhhv iru xvhixo frpphqwv dqg vxjjhvwlrqv1



Devwudfw

Wklv sdshu lqyhvwljdwhv frqwudfwlqj vlwxdwlrqv zlwk wudqvihudeoh frqwuro = frq0

wuro fdqqrw eh doorfdwhg frqwudfwxdoo| exw fdq eh wudqvihuuhg/ surylghg lw lv lq

wkh lqwhuhvw ri wkh lqglylgxdo zkr wudqvihuv lw1 Zh looxvwudwh wkh uhohydqfh ri wklv

qrwlrq lq d frqwh{w zlwk lqfrpsohwh lqirupdwlrq lq zklfk wudqvihuulqj frqwuro

ryhu sduwlfxodu dfwlrqv wr dqrwkhu sduw| doorzv wkdw sduw| wr exlog d uhsxwdwlrq

uhjduglqj khu zloolqjqhvv wr frrshudwh lq wkh ixwxuh1 Zh dovr uhodwh wkh frqfhsw

ri wudqvihudeoh frqwuro wr wkh qrwlrqv ri irupdo dqg uhdo dxwkrulw|/ ghyhorshg e|

Djklrq0Wluroh +4<<:,= frqwuro lv wudqvihudeoh zkhq iru h{dpsoh irupdo dxwkrulw|

fdq eh frqwudfwhg xsrq exw wkh lqirupdwlrq qhhghg wr �uhdoo|� h{huflvh dxwkru0

lw| fdqqrw> lq vxfk vlwxdwlrq/ frqwuro fdq lqghhg eh fuhgleo| wudqvihuuhg � e|

surylglqj wkh uhohydqw lqirupdwlrq � exw kdv wr eh lqfhqwlyh0frpsdwleoh1



4 Lqwurgxfwlrq

Pxfk surjuhvv kdv ehhq dffrpsolvkhg lq wkh odvw �iwhhq |hduv lq prghoolqj frqwuro

doorfdwlrq dqg lq xvlqj wklv qrwlrq wr dqdo|}h yhuwlfdo dqg odwhudo lqwhjudwlrq/4

�qdqflqj ghflvlrqv5 dqg wkh doorfdwlrq ri dxwkrulw| zlwklq �upv16 Lq doo wkhvh

prghov/ dowkrxjk dfwlrqv pd| qrw eh frqwudfwleoh +hlwkhu h{ dqwh/ ru erwk h{

dqwh dqg h{ srvw,/ wkh doorfdwlrq ri frqwuro lv1 Lq wklv sdshu/ zh dujxh wkdw frq0

wudfwlqj rq frqwuro pd| lq idfw eh sureohpdwlf1 Wr xqghuvwdqg wklv/ frqvlghu iru

h{dpsoh wkh glvwlqfwlrq ehwzhhq irupdo dqg uhdo dxwkrulw| lqwurgxfhg e| Djklrq

dqg Wluroh +4<<:,= wkh dfwxdo h{huflvh ri dxwkrulw| uhtxluhv lqirupdwlrq devhqw

zklfk irupdo frqwuro uljkwv fdq eh ydfxrxv1 Qrz/ zkloh lw lv qdwxudo wr dvvxph

wkdw irupdo frqwuro uljkwv fdq eh frqwudfwhg xsrq/ wkh vdph lv qrw wuxh derxw

lqirupdwlrq wudqvihuv1 Lq wklv frqwh{w/ zh duh ohg wr gh�qh wkh frqfhsw ri wudqv0

ihudeoh frqwuro/ d vlwxdwlrq zkhuh wkh sduw| lqlwldoo| lq frqwuro fdq wudqvihu wklv

frqwuro wr dqrwkhu sduw| exw fdqqrw frpplw khuvhoi wr gr vr � li iru h{dpsoh vrph

lqirupdwlrq lv uhtxluhg/ wkh sduw| pd| fodlp wkdw vkh kdv qr xvhixo lqirupdwlrq/

ru surylgh xvhohvv lqirupdwlrq> vkh zloo wkxv wudqvihu frqwuro rqo| vkh �qgv lw lq

khu lqwhuhvw wr gr vr1

Lq wklv sdshu/ zh dujxh wkdw wkh frqfhsw ri wudqvihudeoh frqwuro surylghv xvhixo

lqvljkwv1 Zh frqvlghu wkh iroorzlqj frqwudfwlqj vlwxdwlrq ehwzhhq d sulqflsdo E� �

dqg dq djhqw E��= +l, d �uvw dfwlrq +surmhfw ghvljq,/ ryhu zklfk frqwuro lv hlwkhu

ixoo| frqwudfwleoh ru vlpso| wudqvihudeoh iurp � wr �/ lv iroorzhg e| d vhfrqg

dfwlrq +surmhfw lpsohphqwdwlrq, e| � > +ll, djhqw � kdv sulydwh lqirupdwlrq derxw

klv zloolqjqhvv wr dfw frrshudwlyho|/ zklfk d�hfwv wkh rxwfrph ri wkh surmhfw1 Wkh

rswlpdo frqwudfw ghshqgv xsrq zkhwkhu frqwuro ryhu wkh �uvw dfwlrq lv frqwudfwleoh

ru rqo| wudqvihudeoh= lq wkh iruphu fdvh/ phvvdjh jdphv uhvxow lq wudqvihuulqj

frqwuro wr � suhflvho| zkhq kh lv d qrq0frrshudwlyh w|sh> lq wkh odwwhu fdvh/

phvvdjh jdphv duh qrw xvhg dqg lqvwhdg � wudqvihuv frqwuro wr � lq rughu wr

doorz klp wr exlog d uhsxwdwlrq uhjduglqj klv zloolqjqhvv wr frrshudwh1 Wklv

vhfrqg fdvh lv frqvlvwhqw iru h{dpsoh zlwk wkh zlghvsuhdg sudfwlfh ri zulwlqj

lqlwldo vkruw0whup frqwudfwv lq rughu wr �whvw� d qhz sduwqhu/ ehiruh hqwhulqj lqwr

4Vhh iru h{dpsoh Jurvvpdq dqg Kduw +4<;9, Kduw dqg Prruh +4<<3, dqg pruh jhqhudoo|
Kduw +4<<8,1

5Vhh iru h{dpsoh Djklrq dqg Erowrq +4<<5,/ Kduw dqg Prruh +4<<7,/ Ghzdwulsrqw dqg Wluroh
+4<<7,1

6Vhh iru h{dpsoh Djklrq dqg Wluroh +4<<:, dqg Ghvvhlq +5333/ 5335,1
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d pruh vxvwdlqhg uhodwlrqvkls1 Edqhumhh dqg Gx r*v +4<<<, vwxg| ri wkh Lqgldq

fxvwrpl}hg vriwzduh lqgxvwu| surylghv dq looxvwudwlrq ri vxfk wzr0vwhs frqwudfwlqj

surfhvv= zkhq d elj XV frpsxwhu �up vwduwv frqwudfwlqj zlwk d vpdoo Lqgldq

vriwzduh �up zlwkrxw uhsxwdwlrq/ lw vljqv d frqwudfw zklfk doorzv wkh vpdoo �up

wr exlog d uhsxwdwlrq/ zkloh qrqhwkhohvv lpsrvlqj d vljql�fdqw vkduh ri wkh ulvn

rq wkh vpdoo �up1 Rqfh suhylrxv frqwudfwlqj uhodwlrqvklsv kdyh hqkdqfhg wkh

uhsxwdwlrq ri wkh vpdoo �up/ wkh sduwlhv wkhq pryh wr frqwudfwv zkhuh wkh elj

�up wdnhv pruh ri wkh ulvn1 Frqwuro wudqvihuv wr whvw rwkhu sduwlhv* delolw| ru

zloolqjqhvv wr frrshudwh duh dovr frpprqsodfh zlwklq �upv dqg rujdql}dwlrqv/

hvshfldoo| zkhq lw frphv wr ghohjdwh dxwkrulw| wr vxeruglqdwhv1 Wkh dqdo|vlv

wkxv looxvwudwhv wzr uhodwhg lqvljkwv= �uvw/ wkh srzhu ri phvvdjh jdphv uhfhghv dv

rqh pryhv iurp frqwudfwleoh wr wudqvihudeoh frqwuro dfwlrqv> vhfrqg/ lq vlwxdwlrqv

zkhuh ixwxuh frrshudwlrq lv xqfhuwdlq/ rswlpdo frqwudfwv duh pruh uhdolvwlf li

frqwuro lv wudqvihudeoh udwkhu wkdq frqwudfwleoh1

Wr srvlwlrq wkh qrwlrq ri wudqvihudeoh frqwuro zlwklq wkh frqwudfw wkhru| olw0

hudwxuh/ lw lv frqyhqlhqw wr uhihu wr wkh ghjuhh ri frqwudfwlelolw| ri dfwlrqv1 Pruh

vshfl�fdoo|/ frqvlghu wkh iroorzlqj srodu fdvhv=

+l, dw rqh h{wuhph/ d zruog zlwk ixoo| frqwudfwleoh dfwlrqv= lq vxfk d zruog/

wkh uhodwlrqvkls lv ixoo| ghwhuplqhg e| wkh lqlwldo frqwudfw ru phfkdqlvp> wklv

fdvh hqfrpsdvvhv wkh �fodvvlfdo� lpsohphqwdwlrq olwhudwxuh ã od Pdvnlq +4<<<,

ru Prruh0Uhsxoor +4<;;,/ zkhuh rqh fdq frqwudfw rq hqwluh jdph irupv> lq wklv

fdvh/ wkh frqwudfwlqj sduwlhv fdq olplw wkhpvhoyhv wr vhqglqj +srvvleo| vhtxhqwldo,

phvvdjhv wr d �sodqqhu� zkr wkhq wdnhv ru glfwdwhv doo uhohydqw dfwlrqv>7

+ll, dw wkh rwkhu h{wuhph/ d zruog zlwk rqo| qrqfrqwudfwleoh dqg suh0dvvljqhg

dfwlrqv= wkhq/ wkh vwuxfwxuh ri wkh jdph sod|hg e| wkh sduwlhv lv kdugo| d�hfwhg

e| wkh lqlwldo frqwudfw> wklv fdvh hqfrpsdvvhv vwdqgdug jdph0wkhruhwlf prghov/

zkhuh wkhuh lv qr urrp iru frqwudfwlqj dw doo/ exw dovr prudo kd}dug prghov +ã

od Pluuohhv +4<<<,/ Kropvwuùp +4<:</ 4<;5,/ Ohjurv0Pdwwkhzv +4<<6,/ 111,/ zkhuh

dfwlrqv duh qrqfrqwudfwleoh dqg suh0dvvljqhg/ exw frqwudfwv ryhu rxwsxw yduldeohv/

fruuhodwhg zlwk wkh dfwlrqv/ fdq lq xhqfh wkh fkrlfh ri dfwlrqv1

Lq0ehwzhhq/ wkhuh lv sduwldo frqwudfwlqj +vhh Djklrq hw do1 +5335,,/ zklfk zh

7Wkh lpsohphqwdwlrq uhvxowv ri wklv olwhudwxuh kdyh ehhq jhqhudol}hg e| Pdvnlq0Wluroh
+4<<<d, wr wkh fdvh zkhuh dfwlrqv duh qrqfrqwudfwleoh �h{ dqwh�/ ehiruh wkh uhyhodwlrq ri wkh
vwdwh ri qdwxuh/ exw ehfrph frqwudfwleoh �h{ srvw�/ diwhu wkh uhyhodwlrq ri wkh vwdwh ri qdwxuh1
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gh�qh dv vlwxdwlrqv zkhuh irupdo frqwudfwv/ udwkhu wkdq ghwhuplqlqj wkh hqwluh

uhodwlrq ehwzhhq wkh frqwudfwlqj sduwlhv/ fdq rqo| lq xhqfh wkh xqghuo|lqj jdph

ehwzhhq wkhp18 Wkhvh duh vlwxdwlrqv lq zklfk vrph dfwlrqv duh qrqyhul�deoh

dqg wkhuhiruh qrw frqwudfwleoh/ vr wkdw wkrvh dfwlrqv fdqqrw eh ghohjdwhg wr � ru

glfwdwhg e| � d vrfldo sodqqhu1 \hw frqwuro ryhu vxfk dfwlrqv pd| eh ixoo| ru sduwo|

frqwudfwleoh/ vr wkdw wkh frqwudfw fdq vshfli| +lqlwldo, frqwuro uljkwv ryhu wkhvh

dfwlrqv/ zklfk lq wxuq lq xhqfhv wkh g|qdplf uhodwlrqvkls ehwzhhq wkh sduwlhv1

Pxfk ri wkh h{lvwlqj olwhudwxuh rq frqwuro uljkwv dqg dxwkrulw|/ kdv frqfhqwudwhg

rq sduwldo frqwudfwlqj vlwxdwlrqv zkhuh frqwuro lv ixoo| frqwudfwleoh19 Wkh pdlq

irfxv ri wklv sdshu lv rq wkh fdvh/ lqwhuphgldwh ehwzhhq wkh fdvh ri frqwudfwleoh

frqwuro dqg wkdw ri suh0dvvljqhg dfwlrqv +ru �prudo kd}dug�,/ zkhuh frqwuro ryhu

sduwlfxodu dfwlrqv lv qrw frqwudfwleoh exw vwloo fuhgleo| wudqvihudeoh1

Prvw forvho| uhodwhg wr wklv sdshu lv wkh deryh phqwlrqhg olwhudwxuh rq frq0

wuro uljkwv dqg dxwkrulw|/ lq sduwlfxodu Djklrq0Wluroh +4<<:,/ Ghvvhlq +5335,/ dqg

Kduw0Prruh +4<<<e,1 Zh frqwulexwh wr wklv olwhudwxuh e| doorzlqj iru wkh srvvlelo0

lw| ri fuhgleoh frqwuro wudqvihuv1: Rxu prgho lv dovr uhodwhg wr wkh jdph0wkhruhwlf

olwhudwxuh rq uhsxwdwlrq/ h1j1 Nuhsv hw do1 +4<;5,/ Vreho +4<;8, dqgZdwvrq +4<<<,

iru h{dpsoh1 Zh gl�hu iurp wkhvh sdshuv e| dgglqj d frqwudfwlqj vwdjh wr wkh

jdph wkhruhwlf dssurdfk/ dqg e| dqdo|}lqj xqghu zklfk frqglwlrqv � lq sduwlfxodu

rq wkh h{whqw wr zklfk frqwuro lv frqwudfwleoh yhuvxv wudqvihudeoh � uhsxwdwlrqdo

htxloleuld/ lqyroylqj ghohjdwlrq dqg wuxvw exloglqj/ fdq dfwxdoo| h{lvw1 Lq sduwlf0

xodu/ zh vkrz wkdw wuxvw exloglqj lv grplqdwhg e| gluhfw uhyhodwlrq phfkdqlvpv

zkhq dfwlrqv dqg2ru frqwuro ryhu wkhvh dfwlrqv duh frqwudfwleoh1 Irfxvlqj rq

frqwuro doorfdwlrq dv d zd| wr lqgxfh frrshudwlrq/ rxu dqdo|vlv lv dovr uhodwhg wr

wkh olwhudwxuh rq �irupdo� yhuvxv �lqirupdo� frqwudfwlqj/ dqg lq sduwlfxodu zlwk

Ednhu hw do1+4<<:, dqg Kdorqhq +4<<:,1 Lq d uhshdwhg prgho ri rzqhuvkls door0

fdwlrq ã od Jurvvpdq0Kduw +4<;9,/ zkhuh doo sduwlhv kdyh frpsohwh lqirupdwlrq/

Ednhu hw do1 +4<<:, vkrz wkdw yhuwlfdo lqwhjudwlrq pd| khos wkh sduwlhv wr krog

8Lq Djklrq hw do +5335, zh glvfxvv wkh frqqhfwlrq ehwzhhq sduwldo frqwudfwlqj dqg wkh
ghedwh rq wkh irxqgdwlrqv ri lqfrpsohwh frqwudfwv +h1j lq Vhjdo +4<<<,/ Kduw0Prruh +4<<<d,/
Pdvnlq0Wluroh +4<<<d, dqg Wluroh +4<<<,1

9H1j/ vhh Djklrq0Erowrq +4<<5,/ Ghzdwulsrqw0Wluroh +4<<7,/ Djklrq0Wluroh +4<<:,/ Ohjurv0
Qhzpdq +4<<<, dqg Kduw0Prruh +4<<<e,1

:Lq Djklrq0Wluroh +4<<:, wkh sduw| wkdw kdv dftxluhg wkh uhohydqw lqirupdwlrq derxw zklfk
surmhfw wr lpsohphqw/ dozd|v nhhsv wkdw lqirupdwlrq dqg dozd|v sursrvhv khu suhihuhg surmhfw1
Vkh qhyhu wudqvihuv wkdw lqirupdwlrq wr wkh rwkhu sduw|1 Wkxv uhdo dxwkrulw| lv qhyhu wudqvihuuhg
lq wkdw prgho1
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rq wr wkhlu surplvhv ri wdnlqj frvwo| dfwlrqv ru pdnlqj frvwo| prqhwdu| wudqv0

ihuv1 Edvhg dovr rq d uhshdwhg rzqhuvkls doorfdwlrq prgho/ exw zlwk lpshuihfw

lqirupdwlrq derxw wkh sduwlhv* glvxwlolw| iurp fkhdwlqj rq h�ruw ru lqyhvwphqw

frpplwphqwv/ Kdorqhq +4<<:, dujxhv wkdw mrlqw rzqhuvkls pd| hphujh dv d gh0

vludeoh frqwudfwxdo rxwfrph h{ dqwh/ ehfdxvh erwk sduwlhv wkhq �qg lw sduwlfxoduo|

frvwo| uhsxwdwlrqzlvh wr uhqhjh rq wkhlu surplvhv1 Wklv udwlrqdoh iru frqwuro do0

orfdwlrq lv uhplqlvfhqw ri wkh dujxphqw ri Errw hw do1 +4<<6,/ zkr vwuhvv wkdw

�ordq frpplwphqw frqwudfwv� wkdw doorz edqnv wr xqlodwhudoo| uhqhjh rq wkhlu

frpplwphqwv lpso| wkdw wkh edqn*v uhsxwdwlrq iru �idluqhvv� lv hqkdqfhg zkhq

wkh| gr qrw dfwxdoo| uhqhjh1 Wkhvh sdshuv/ krzhyhu/ gr qrw glvwlqjxlvk ehwzhhq

frqwudfwleoh frqwuro dqg wudqvihudeoh frqwuro exw lqvwhdg uhvwulfw dwwhqwlrq wr vlp0

soh frqwudfwv/ hyhq wkrxjk uhyhodwlrq phfkdqlvpv zrxog eh pruh h�hfwlyh +iru

h{dpsoh lq Kdorqhq*v fdvh zkhuh wudgh dqg fkhdwlqj duh erwk vxssrvhg wr eh h{

srvw yhul�deoh,1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh iudphzrun1 Vhf0

wlrq 6 irfxvhv rq frqwudfwleoh frqwuro dqg vkrzv wkdw wkh rswlpdo frqwudfw lv d

uhyhodwlrq phfkdqlvp surplvlqj frqwuro wr wkh djhqw zkhq kh dqqrxqfhv d qrq0

frrshudwlyh w|sh1 Vhfwlrq 7 vwxglhv wkh vlwxdwlrq zkhuh frqwuro lv qrw frqwudfwleoh

exw rqo| wudqvihudeoh> lw fdq wkhq ehfrph rswlpdo wr ghohjdwh frqwuro/ lq rughu

wr �whvw� wkh djhqw1 Lq vhfwlrq 8 zh dqdo|}h wkh urexvwqhvv ri rxu frqfoxvlrqv wr

wkh lqwurgxfwlrq ri prqhwdu| wudqvihuv dv d srwhqwldo vfuhhqlqj yduldeoh1 Vhfwlrq

9 surylghv d irxqgdwlrq iru rxu qrwlrq ri wudqvihudeoh frqwuro e| frqqhfwlqj lw wr

wkh frqfhswv ri irupdo dqg uhdo dxwkrulw| ri Djklrq dqg Wluroh +4<<:,> vhfwlrq

: xvhv wklv irxqgdwlrq wr dqdo|}h wkh vfrsh ri ghohjdwlrq/ lq dq h{whqvlrq ri wkh

edvlf iudphzrun lq zklfk frqwuro fdq eh sduwo| wudqvihuuhg1

5 Iudphzrun

Wklv vhfwlrq rxwolqhv dq lqfrpsohwh lqirupdwlrq iudphzrun zkhuh frqwuro door0

fdwlrq vhuyhv dv d qdwxudo lqvwuxphqw wr lqgxfh �uhsxwdwlrq exloglqj�/ wkhuhe|

hqkdqflqj wuxvw dqg frrshudwlrq lq wkh uhodwlrq ehwzhhq wkh frqwudfwlqj sduwlhv1

Vshfl�fdoo|/ zh frqvlghu d sulqflsdo0djhqw +khuhdiwhu � dqg �� uhodwlrqvkls phdqw

wr fduu| rxw d surmhfw1 Wklv surmhfw lqyroyhv wzr vwdjhv/ ghvljq dqg lpsohphqwd0

wlrq/ suhfhghg e| d frqwudfwlqj skdvh1 Lq wkh ghvljq vwdjh/ wkh sduw| lq frqwuro

7



fkrrvhv ehwzhhq wzr dfwlrqv/ � dqg � > dfwlrq � lv wkh �frrshudwlyh� dfwlrq wkdw

lv ehvw iru wkh surmhfw/ zkhuhdv dfwlrq � lv d �qrq0frrshudwlyh� dfwlrq wkdw wkh

djhqw pd| idyru � iru h{dpsoh/ lw pd| hqkdqfh wkh djhqw*v jhqhudo kxpdq fdslwdo

ru/ pruh jhqhudoo|/ klv pdunhw ydoxh1 Lq wkh lpsohphqwdwlrq vwdjh/ � ghflghv

zkhwkhu wr �frrshudwh/� l1h1 lpsohphqw wkh surmhfw EU�/ ru wr vwrs lw E7�1 Wkh

sulqflsdo lqlwldoo| kdv ryhudoo frqwuro ryhu wkh surmhfw exw qhhgv wkh djhqw wr lp0

sohphqw lw1 � fdq eh �jrrg� ru �edg/� dqg wkh surmhfw lv zruwk lpsohphqwlqj

rqo| li � lv jrrg1 Lqlwldoo|/ � grhv qrw nqrz �*v w|sh> zh ghqrwh e| > khu sulru

suredelolw| wkdw � lv edg1

Vshfl�fdoo|=

� lq vwdjh 4/ wkh ghvljq ghflvlrq kdv wr eh pdgh> � fdq hlwkhu wdnh wkh ghflvlrq

ru ohw � wdnh lw +zh vkdoo glvwlqjxlvk ehwzhhq wkh fdvh zkhuh frqwuro ryhu

surmhfw ghvljq lv frqwudfwleoh dqg wkh fdvh zkhuh lw lv vlpso| wudqvihudeoh

e| wkh sulqflsdo,> wkh ghflvlrq lwvhoi lv revhuyhg e| erwk sduwlhv exw qrw

frqwudfwleoh1

� lq vwdjh 5/ � iuhho| ghflghv zkhwkhu wr lpsohphqw wkh surmhfw= klv ghflvlrq lv

qrw frqwudfwleoh dqg fdqqrw eh ghohjdwhg wr �> li lpsohphqwhg/ wkh rxwfrph

ri wkh surmhfw ghshqgv xsrq �*v w|sh1

Vlqfh wkh irfxv lv rq krz frqwudfwv fdq d�hfw wklv jdph/ iru wkh vdnh ri

suhvhqwdwlrq zh zloo dgrsw d vlpsoh sd|r� vwuxfwxuh> iru hdfk sdlu ri vwdjh 4 dqg

vwdjh 5 dfwlrqv/ wkh sd|r�v ri wkh sulqflsdo dqg ri wkh djhqw +lq wkdw rughu, duh

jlyhq e| wkh iroorzlqj wdeohv=

� zkhq � kdv d jrrg w|sh=

Dfwlrq U 7
� �c � fc f
� �� ,c � �,c f

� zkhq � kdv d edg w|sh=
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Dfwlrq U 7
� �uc K fc f
� �u� ,c � n K �,c �

Iljxuh 4

zkhuh=

� : K : fc

u : , : f�

Wkdw lv/ d jrrg � lv zloolqj wr frrshudwh lq vwdjh 4 dqg jdlqv � iurp � *v lp0

sohphqwlqj wkh surmhfw> lq frqwudvw/ d edg � jdlqv � iurp wkh qrq0frrshudwlyh

ghvljq dfwlrq � > kh dovr jdlqv K iurp wkh lpsohphqwdwlrq ri wkh surmhfw/ exw

suhihuv wkh qrq0frrshudwlyh ghvljq dfwlrq � hyhq li wklv lqgxfhv � wr vwrs wkh

surmhfw E� : K�1; � lqfxuv d orvv , iurp wkh qrq0frrshudwlyh dfwlrq dw wkh ghvljq

vwdjh dqg dq hyhq eljjhu orvv u iurp lpsohphqwlqj wkh surmhfw zkhq wkh djhqw

kdv d edg w|sh> � lv wkxv zloolqj wr ohw d edg � fkrrvh wkh qrq0frrshudwlyh dfwlrq

dw wkh ghvljq vwdjh wr ohduq klv w|sh +dqg vwrs wkh surmhfw,1

Li � lv xqlqiruphg derxw �*v w|sh zkhq ghflglqj zkhwkhu wr lpsohphqw ru

vwrs wkh surmhfw lq vwdjh 5/ vkh zloo vwrs wkh surmhfw zkhqhyhu=

E�� >� n >E�u� 	 fc

ru htxlydohqwo|=

> : >W �
�

� n u
�

Lqfrpsohwh lqirupdwlrq wkxv jhqhudwhv wzr w|shv ri sureohpv= �uvw/ zkhq > lv

wrr odujh/ � suhihuv wr vwrs wkh surmhfw vlqfh vkh fdqqrw rewdlq d srvlwlyh sd|r�

lq vwdjh 51 Vhfrqg/ zkhq > lv vpdoo hqrxjk/ � frrshudwhv +grhv qrw vwrs wkh

;Il{lqj wkh lpsohphqwdwlrq ghflvlrq/ d jrrg w|sh lv khuh lqgl�huhqw ehwzhhq frrshudwlqj ru
qrw rq ghvljq1 Wkh dqdo|vlv dssolhv xqfkdqjhg zkhq d jrrg D jdlqv % iurp wkh qrq0frrshudwlyh
dfwlrq Q / zkhuh % lv vpdoo exw hlwkhu qhjdwlyh +d jrrg w|sh vwulfwo| suhihuv wr frrshudwh, ru
srvlwlyh +d jrrg w|sh lv voljkwo| uhoxfwdqw wr frrshudwh,1 Zkdw pdwwhuv lv wkdw d jrrg w|sh lv
zloolqj wr frrshudwh li wklv lqgxfhv S wr lpsohphqw wkh surmhfw +l1h1/ 4 A %,1
Olnhzlvh/ wkh dqdo|vlv frxog eh h{whqghg wr doorz wkh edg w|sh*v ehqh�wv iurp L ru Q wr eh

qrq0dgglwlyh1
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surmhfw, exw orvhv u zkhq � lv d edg w|sh1 Zh qrz h{soruh dowhuqdwlyh phdqv

zkhuhe| wkhvh wzr sureohpv fdq eh vroyhg1

H{fhsw lq Vhfwlrq 8/ zh dvvxph wkdw sd|r�v duh sulydwh ehqh�wv dqg wkh sduwlhv

duh qrw uhvsrqvlyh wr prqhwdu| lqfhqwlyhv1 Wkhuhiruh/ frqwudfwv zloo frqvlvw ri

uhyhodwlrq phfkdqlvpv wr eh sod|hg dw wkh ehjlqqlqj ri hdfk vwdjh> dv d ixqfwlrq ri

phvvdjhv vhqw dw wkh ehjlqqlqj ri vwdjh 4/ frqwuro ryhu surmhfw ghvljq lv doorfdwhg

wr wkh djhqw ru nhsw e| wkh sulqflsdo/ dqg jlyhq wkh phvvdjhv h{fkdqjhg ehwzhhq

wkh wzr sduwlhv xs wr vwdjh 5/ wkh sulqflsdo ghflghv zkhwkhu wr lpsohphqw wkh

surmhfw1

6 Frqwudfwleoh frqwuro

Lq wklv vhfwlrq zh dvvxph wkdw frqwuro ryhu vwdjh 4 fdq eh vshfl�hg e| dq hq0

irufhdeoh frqwudfw ehwzhhq � dqg �1 Wkh vhw ri ihdvleoh vwudwhjlhv dqg frqwudfwv

dqg wkh wlplqj ri pryhv fdq wkhq eh ghvfulehg dv iroorzv1

Lq wkh frqwudfwlqj skdvh/ � r�huv d frqwudfw wr �> wklv frqwudfw glfwdwhv dq

doorfdwlrq ri frqwuro ryhu wkh vwdjh 4 dfwlrq/ srvvleo| frqwlqjhqw xsrq phvvdjhv

vhqw e| � dw wkdw vwdjh1 Wkh djhqw wkhq ghflghv zkhwkhu ru qrw wr dffhsw wklv

frqwudfw> li kh uhixvhv/ wkh jdph hqgv dqg erwk sduwlhv jhw }hur> li kh dffhswv/ wkh

jdph surfhhgv dv iroorzv=

� Lq vwdjh 4/ � vhqgv phvvdjhv dqg frqwuro lv wkhq doorfdwhg wr � ru � dffrug0

lqj wr wkh frqwudfw> zkrhyhu hqgv xs lq fkdujh ri vwdjh 4 fkrrvhv ehwzhhq

� dqg ��

� Lq vwdjh 5/ � pd| djdlq vhqg phvvdjhv> � wkhq ghflghv zkhwkhu ru qrw wr

lpsohphqw wkh surmhfw1

Qrwh �uvw wkdw/ zlwkrxw orvv ri jhqhudolw|/ rqh fdq uhvwulfw dwwhqwlrq wr frq0

wudfwv lq zklfk wkh djhqw vhqgv qr phvvdjh lq vwdjh 51 Wklv iroorzv iurp wkh

fkhds wdon qdwxuh ri wkh vwdjh 5 phvvdjh jdph= d edg � rqo| vhhv dgydqwdjhv

dqg qr frvw lq plplfnlqj d jrrg w|sh dw vwdjh 5/ vlqfh grlqj vr fdq rqo| hqfrxu0

djh � wr lpsohphqw wkh surmhfw/ zklfk lv jrrg iru klp1 Dqg vlqfh � *v ghflvlrq

wr lpsohphqw wkh surmhfw ru qrw lv qrw frqwudfwleoh/ vkh zloo gr lw li dqg rqo| li lw

lv lq khu lqwhuhvw wr gr vr1

:



Lq wklv sdshu/ zh vkdoo doorz iru udqgrp frqwuro doorfdwlrqv exw/ iru vlpsolflw|/

zh vkdoo frqfhqwudwh rq frqwudfwv zkhuh sxuh vwudwhjlhv duh sod|hg1 Wzr w|shv ri

frqwudfwv duh wkhuhiruh srvvleoh=

� Frqwudfwv zkhuh wkh djhqw grhv qrw vhqg dq| phvvdjh +htxlydohqwo|/ erwk

w|shv vhqg wkh vdph phvvdjh zklfk lv wkhq xvhohvv,1 � fdq iru h{dpsoh vlp0

so| fkrrvh wr nhhs frqwuro ri wkh vwdjh 4 dfwlrq/ dqg lpsohphqw wkh surmhfw

lq vwdjh 5 li dqg rqo| li > 	 >W1 � *v sd|r� lv wkhq 4@ iE�� >�� >uc fj1

Dowhuqdwlyho|/ � frxog jlyh frqwuro wr � dqg lqihu �*v w|sh iurp klv fkrlfh

ri dfwlrq> zh ixuwkhu h{soruh wklv odwwhu srvvlelolw| lq wkh iroorzlqj vhfwlrq1

� Uhyhodwlrq phfkdqlvpv/ zkhuh � ohduqv �*v w|sh wkurxjk wkh phvvdjhv vhqw

lq vwdjh 4 dqg wkhq lpsohphqwv wkh surmhfw rqo| li � uhsruwv d jrrg w|sh1

Lqwxlwlyho|/ lq vxfk d uhyhodwlrq phfkdqlvp d edg � frxog jdlq K lq vwdjh 5 e|

plvuhsruwlqj d jrrg w|sh1 Wr suhyhqw wklv/ � pxvw uhzdug d edg � iru uhyhdolqj

klpvhoi/ dqg fdq gr vr e| jlylqj d edg � frqwuro ryhu vwdjh �1 Vlqfh d edg �

fdq rewdlq � e| fkrrvlqj � / wr lqgxfh wuxwkwhoolqj � pxvw judqw frqwuro wr d

edg � zlwk dw ohdvw suredelolw| K*�> lq dgglwlrq/ lq rughu wr plqlpl}h d edg

�*v lqfhqwlyh wr plvuhsruw klv w|sh � vkrxog qrw jlyh frqwuro wr d jrrg �1 Wkh

iroorzlqj sursrvlwlrq frq�upv wklv lqwxlwlrq=

Sursrvlwlrq 4 � *v rswlpdo uhyhodwlrq phfkdqlvp/ �S/ lv vxfk wkdw= +l, � nhhsv

frqwuro lq vwdjh 4 zkhq � dqqrxqfhv d jrrg w|sh/ dqg +ll, � doorfdwhv frqwuro wr

� zlwk suredelolw| K*� zkhq � dqqrxqfhv d edg w|sh1 Lq wkh dvvrfldwhg htxlole0

ulxp/ dfwlrq � lv fkrvhq li dqg rqo| li d edg � jhwv frqwuro dqg wkh surmhfw lv

lpsohphqwhg li dqg rqo| li � dqqrxqfhv d jrrg w|sh1

Surri1 Lq dq| uhyhdolqj htxloleulxp/ � lpsohphqwv wkh surmhfw li wkh djhqw

uhsruwv d jrrg w|sh dqg vwrsv lw rwkhuzlvh1 Wkxv/ d jrrg � lv dozd|v zloolqj wr

uhsruw klv w|sh/ vlqfh kh jhwv � e| grlqj vr dqg f e| ehkdylqj dv d edg w|sh1

Ohw % dqg + ghqrwh wkh suredelolwlhv wkdw � rewdlqv frqwuro zkhq dqqrxqflqj

d jrrg dqg d edg w|sh1 � zloo fohduo| fkrrvh dfwlrq � zkhq vkh kdv frqwuro ryhu

vwdjh �1 Zkhq d jrrg � jhwv frqwuro/ kh lv lqgl�huhqw ehwzhhq dfwlrqv � dqg �

zkloh � ehqh�wv iurp dfwlrq �1 Lq frqwudvw/ d edg � dozd|v fkrrvhv dfwlrq �

zkhq lq frqwuro1 Wkhuhiruh/ wkh ehvw iru � lv wkdw d jrrg � fkrrvhv � zkhqhyhu

;



lq frqwuro= wklv lpsuryhv � *v sd|r�/ dqg dovr khosv � ghwhuulqj d edg � iurp

plvuhsruwlqj d jrrg w|sh1 � *v h{shfwhg sd|r� lv wkhq jlyhq e|

�� >� >+,c

zkloh wkh edg �*v lqfhqwlyh frpsdwlelolw| frqglwlrq iru wuxwkwhoolqj lv=

+� � E�� %� Kn %��

Vlqfh � : K/ wkh rswlpdo suredelolwlhv ri frqwuro duh wkxv % ' f dqg + ' K*�1

Wkh phfkdqlvp �S jlyhv � dq h{shfwhg sd|r� htxdo wr

�� >� >
K

�
,c

dqg lv wkxv srvlwlyh zkhqhyhu

> 	 >S �
�

� n
K

�
,

�

Wkh phfkdqlvp�S dgguhvvhv wkh wzr sureohpv phqwlrqhg deryh= wkh uhyhodwlrq

ri �*v w|sh doorzv � wr lpsohphqw wkh surmhfw zkhq � dqg rqo| zkhq � lw lv

ghvludeoh wr gr vr1 Krzhyhu/ wklv uhyhodwlrq kdv d frvw= � pxvw �uhzdug� d edg

w|sh � iru whoolqj wkh wuxwk/ qdpho| e| judqwlqj frqwuro wr wkdw edg w|sh lq vwdjh

� zlwk suredelolw| K*�/ lq zklfk fdvh dfwlrq � lv lpsohphqwhg lqvwhdg ri dfwlrq

�1

Qrwh wkdw � suhihuv �S ryhu �nhhslqj frqwuro zlwk suredelolw| � dqg lpsoh0

phqwlqj wkh surmhfw�= u : , dqg � : K lpso|

�� >� >
K

�
, : �� >� >u�

Lq dgglwlrq/ >S 	 >W/ vr wkhuh duh fdvhv E>S 	 > 	 >W� zkhuh�S lv sur�wdeoh hyhq

zkhq/ li xqlqiruphg/ � zrxog fkrrvh wr vwrs wkh surmhfw lq vwdjh 5�

7 Wudqvihudeoh frqwuro dqg uhsxwdwlrq exloglqj

Zkloh �S looxvwudwhv krz frqwuro doorfdwlrq fdq eh xvhg wr lqgxfh wuxwk0whoolqj

wkurxjk d vwdqgdug uhyhodwlrq phfkdqlvp/ wklv frqwudfw vx�huv iurp reylrxv fuhg0

lelolw| sureohpv= � kdv qr lqfhqwlyhv wr wudqvihu frqwuro wr d edg � rqfh klv w|sh

<



kdv ehhq uhyhdohg1 Khqfh rxu lqwhuhvw lq h{sorulqj wkh fdvh zkhuh frqwuro lv wudqv0

ihudeoh exw qrqfrqwudfwleoh= lq wkdw fdvh/ � fdq fkrrvh wr wudqvihu frqwuro +jlyhq

�*v phvvdjhv, dw wkh ehjlqqlqj ri vwdjh �/ exw fdqqrw frpplw wr gr vr dw wkh

frqwudfwlqj vwdjh1

Lq wkdw fdvh/ wkh vhw ri vwudwhjlhv dqg wkh wlplqj ri hyhqwv duh prgl�hg dv

iroorzv1 Lq wkh frqwudfwlqj skdvh/ � r�huv d frqwudfw wr �/ zklfk djdlq doorzv

iru phvvdjhv wr eh vhqw e| � dw wkh ehjlqqlqj ri hdfk vwdjh/ exw fdq qr orqjhu

glfwdwh wkh doorfdwlrq ri frqwuro ryhu wkh �uvw vwdjh1 Dv ehiruh/ � wkhq ghflghv

zkhwkhu ru qrw wr dffhsw wkh frqwudfw> li kh uhixvhv/ wkh jdph hqgv dqg erwk

sduwlhv jhw }hur> li kh dffhswv/ wkh jdph surfhhgv dv iroorzv1

� Lq vwdjh 4/ � vhqgv phvvdjhv> wkhq � ghflghv zlwk ixoo glvfuhwlrq zkhwkhu ru

qrw wr wudqvihu frqwuro wr �> zkrhyhu hqgv xs lq fkdujh ri vwdjh 4 fkrrvhv

ehwzhhq � dqg � 1

� Vwdjh 5 lv xqfkdqjhg= �pd| djdlq vhqg phvvdjhv ehiruh � ghflghv zkhwkhu

ru qrw wr lpsohphqw wkh surmhfw1

Zh fdq lpphgldwho| hvwdeolvk wkh iroorzlqj ohppd=

Ohppd 5 Zkhq frqwuro ryhu vwdjh 4 lv wudqvihudeoh exw qrw frqwudfwleoh/ wkhuh

lv qr orvv ri jhqhudolw| lq qrw dvnlqj wkh djhqw wr vhqg phvvdjhv1

Surri1 Zkhq frqwuro ryhu vwdjh 4 lv qrw frqwudfwleoh/ phvvdjh jdphv lqyroyh

fkhds wdon qrw rqo| lq vwdjh 5 exw dovr lq vwdjh 4= lq erwk vwdjhv qrz/ d edg � vhhv

rqo| dgydqwdjhv dqg qr frvw lq uhsruwlqj d jrrg w|sh1 Wkhuhiruh wkh sulqflsdo

pd| dv zhoo ljqruh dq| phvvdjh � pljkw vhqg dw dq| vwdjh1

Jlyhq wklv ohppd/ dw wkh frqwudfwlqj vwdjh � pxvw vlpso| fkrrvh ehwzhhq

nhhslqj frqwuro/ lq zklfk fdvh vkh uhpdlqv xqlqiruphg derxw �*v w|sh e| wkh hqg

ri vwdjh 4/ ru wudqvihuulqj vwdjh04 frqwuro wr �1 Wkh frvw ri vxfk d frqwuro wudqvihu

lv wkdw wkh edg � zloo fkrrvh dfwlrq � / zklfk lv klv grplqdqw vwudwhj|1 Wkh jrrg

� lqvwhdg lv kdss| wr fkrrvh dfwlrq �/ hvshfldoo| vlqfh wklv vljqdov khu jrrg w|sh

dqg hqvxuhv wkdw � lpsohphqwv wkh surmhfw1< Lq frpsdulvrq zlwk wkh fdvh zkhuh

<Zh glvuhjdug khuh wkh �edg� htxloleulxp zkhuh wkh jrrg D dovr fkrrvhv dfwlrq Q / ehfdxvh
dfwlrq F zrxog ohdg S qrw wr lpsohphqw wkh surmhfw= vxfk dq htxloleulxp grhv qrw vxuylyh wkh
Fkr0Nuhsv �lqwxlwlyh fulwhulrq�/ vlqfh dfwlrq F lv grplqdwhg iru wkh edg D +exw qrw iru wkh
jrrg D,1
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� nhhsv frqwuro lq vwdjh 4/ wudqvihuulqj frqwuro wr � fohduo| lpsuryhv �*v h{shfwhg

sd|r�1 Lw dovr lqfuhdvhv � *v h{shfwhg sd|r� zkhqhyhu wkh +vkruw0whup, orvv iurp

orvlqj frqwuro lq vwdjh � lv pruh wkdq frpshqvdwhg e| wkh +orqj0whup, ehqh�w ri

ohduqlqj �*v w|sh sulru wr vwdjh 21

Wkh vwdjh0� orvv frphv iurp wkh idfw wkdw d edg � fkrrvhv dfwlrq �� Wkh

h{shfwhg orvv iru � / zkr wkhq vwrsv wkh surmhfw lq vwdjh 5/ lv wkhuhiruh htxdo wr

>,1 Wkh vwdjh02 lqirupdwlrqdo jdlq qrz ghshqgv xsrq wkh htxloleulxp wkdw zrxog

suhydlo li � glg qrw vljqdo klv w|sh=

� Li wkh suredelolw| ri d edg w|sh djhqw lv vx!flhqwo| vpdoo E> � >W�/ dq

xqlqiruphg sulqflsdo � zrxog dozd|v lpsohphqw wkh surmhfw> ohduqlqj �*v

w|sh wkhq doorzv � wr vwrs wkh surmhfw dqg dyrlg wkh orvv u zkhq � wxuqv

rxw wr eh d edg w|sh1 Wkxv/ iru > � >W ohduqlqj �*v w|sh doorzv � wr vdyh

>u lq h{shfwhg whupv> � zloo wkxv suhihu wr judqw frqwuro wr � lq vwdjh �

vlqfh u : , lpsolhv

>u � >,�

� Li wkh suredelolw| ri d edg w|sh djhqw lv vx!flhqwo| kljk E> : >W�/ dq xqlq0

iruphg sulqflsdo � zrxog lqvwhdg vwrs wkh surmhfw> ohduqlqj �*v w|sh wkhq

doorzv � wr lpsohphqw wkh surmhfw dqg jdlq � li � wxuqv rxw wr eh d jrrg

w|sh1 Wkxv/ ohduqlqj �*v w|sh zkhq > : >W jhqhudwhv dq dgglwlrqdo h{0

shfwhg jdlq htxdo wr +� � >� wr wkh sulqflsdo> iru vxfk ydoxhv ri >c � zloo

wkxv suhihu wr judqw frqwuro wr � lq vwdjh � li=

�� > : >,c

ru htxlydohqwo|=

> 	 >| �
�

� n ,
�

Wklv hvwdeolvkhv wkh iroorzlqj=

Sursrvlwlrq 6 � *v rswlpdo wudqvihudeoh0frqwuro frqwudfw/�|/ lv vxfk wkdw= +l, qr

phvvdjhv duh vhqw ehiruh vwdjh � +dqg d iruwlrul diwhu wkdw vwdjh,> +ll, � wudqvihuv

frqwuro ryhu wkh vwdjh 4 dfwlrq wr � li > 	 >| dqg nhhsv frqwuro +dqg vwrsv wkh

surmhfw lq vwdjh 5, rwkhuzlvh> +lll, li � rewdlqv frqwuro lq vwdjh 4/ kh fkrrvhv dfwlrq

� li klv w|sh lv jrrg dqg dfwlrq � rwkhuzlvh/ dqg � lpsohphqwv wkh surmhfw li

dqg rqo| li dfwlrq � kdv ehhq fkrvhq1
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Lw lv wkhuhiruh lq � *v lqwhuhvw wr wudqvihu frqwuro wr � iru vpdoo ydoxhv ri >= li

> lv wrr kljk/ wkh krsh wkdw d jrrg � zloo dfw frrshudwlyho| lq vwdjh 4 lq rughu

wr nhhs wkh surmhfw jrlqj lq vwdjh 5 lv wrr vpdoo/ frpsduhg zlwk wkh vkruw0whup

orvv iurp d edg �*v qrq0frrshudwlqj lq wkh �uvw vwdjh1

Wr vxppdul}h/ zkhq �* zloolqjqhvv wr frrshudwh lv lqlwldoo| xqnqrzq e| � /

wzr sureohpv pd| srwhqwldoo| dulvh= hlwkhu frrshudwlrq lv lpsrvvleoh lq vwdjh 5

+� vwrsv wkh surmhfw,/ ru �h{fhvvlyh� frrshudwlrq lpsrvhv orvvhv rq � 1 Wkhq/

�whvwlqj� � e| jlylqj klp frqwuro ryhu vwdjh � fuhdwhv dq rssruwxqlw| iru � wr

exlog xs d uhsxwdwlrq iru wuxvwzruwklqhvv/ zklfk lq wxuq khosv ryhufrph hdfk ri

wkh deryh wzr sureohpv1 E| wudqvihuulqj frqwuro ri vwdjh 4 wr �/ � pd| qrw orvh

wkdw pxfk vlqfh d jrrg � zloo zdqw wr fkrrvh dfwlrq �/ hvshfldoo| vlqfh wklv lq0

gxfhv wkh lpsohphqwdwlrq ri wkh surmhfw> ixuwkhupruh/ dq| hduo| orvv lqgxfhv � wr

wdnh �dssursuldwh phdvxuhv� +wkdw lv/ wr vwrs wkh surmhfw, wr suhyhqw vxevhtxhqw

orvvhv1

D �qdo uhpdun wr frqfoxgh wklv vhfwlrq= e| wudqvihuulqj frqwuro wr �/ zklfk

lv rswlpdo zkhq > 	 >|/ � dfklhyhv dq h{shfwhg sd|r� htxdo wr=

�� >� >,�

Wklv sd|r� dfklhyhg wkurxjk�| lv orzhu wkdq zkdw vkh jhwv zlwk wkh frqwudfwleoh0

frqwuro uhyhodwlrq phfkdqlvp �S ghvfulehg lq wkh suhylrxv vhfwlrq/ qdpho|=

�� >�
K

�
>,�

Wkhuhiruh=43

� Zkhq frqwuro lv frqwudfwleoh/ lw lv rswlpdo iru � wr kdyh �*v w|sh uhyhdohg

wkurxjk d gluhfw uhyhodwlrq phfkdqlvp udwkhu wkdq wkurxjk wuxvw0exloglqj>

vshfl�fdoo|/ wkh uhodwlrqvkls lv sur�wdeoh zkhq > 	 >S dqg �S lv wkhq

wkh rswlpdo frqwudfw iru � / vlqfh lw lqgxfhv wuxwk0whoolqj zlwk d vpdoohu

suredelolw| +K*� lqvwhdg ri �, ri frqwuro doorfdwhg wr d edg �1

43Vshfl�fdoo|/ zkhq S fdq frqwudfw ryhu vwdjh 4 frqwuro/ wkh uhodwlrqvkls lv sur�wdeoh li dqg
rqo| li � ? �

f
/ dqgPf lv wkhq wkh rswlpdo frqwudfw iru S 1 Zkhq frqwuro lv wudqvihudeoh exw qrw

frqwudfwleoh/ wkh uhodwlrqvkls lv sur�wdeoh rqo| zkhq � ? �
w
? �

w
dqg Pw lv wkhq wkh rswlpdo

frqwudfw iru S 1

45



� Zkhq frqwuro lv wudqvihudeoh exw qrw frqwudfwleoh/ wkh uhodwlrqvkls lv suri0

lwdeoh rqo| zkhq

> 	 >| '
�

� n ,
c

dqg �| lv wkhq wkh rswlpdo frqwudfw iru � > frqwuro lv wkhq wudqvihuuhg zlwk

kljkhu suredelolw| +� lqvwhdg ri K*�, exw rqo| iru d vpdoohu lqwhuydo ri >*v

+vlqfh >| 	 >S,1

8 Prqhwdu| uhvsrqvlyhqhvv

Zh kdyh vr idu uhvwulfwhg dwwhqwlrq wr wkh fdvh zkhuh wkh frqwudfwlqj sduwlhv gr

qrw uhvsrqg wr prqhwdu| lqfhqwlyhv1 Exw qrz vxssrvh wkdw � *v dqg �*v xwlolwlhv

duh jlyhq e|=

L� ' Z� n R dqg L� ' Z� � R

zkhuh Z� dqg Z� ghqrwh wkh sulydwh ehqh�wv ri wkh wzr sduwlhv/ dqg R lv d prq0

hwdu| wudqvihu iurp � wr ��

Doorzlqj iru prqhwdu| wudqvihuv pdnhv wkh wzr sduwlhv* xwlolwlhv wudqvihudeoh1

Wkhuhiruh/ zkdw pdwwhuv iru h!flhqf| dqg zhoiduh lv wkh vxp ri erwk sduwlhv*

sd|r�v> lq nhhslqj zlwk wkh dqdo|vlv ri wkh suhylrxv vhfwlrqv/ zh dvvxph lq wklv

vhfwlrq

Eu :� , : � E: K� c

zklfk lpsolhv wkdw lw lv h!flhqw wr vwrs wkh surmhfw zkhq wkh djhqw lv edg1

Doorzlqj iru wudqvihuv dovr surylghv dgglwlrqdo zd|v wr dftxluh wkh lqirupd0

wlrq ryhu �*v w|sh1 Lq sduwlfxodu/ li K 	 � � fdq vlpso| nhhs frqwuro dqg rewdlq

ixoo uhyhodwlrq dw vwdjh 5 e| kdylqj wkh jrrg � sd| 4 djdlqvw surmhfw lpsoh0

phqwdwlrq144 Wkh srvvlelolw| ri prqhwdu| wudqvihuv wkxv holplqdwhv wkh uroh iru

doorfdwlqj ru wudqvihuulqj frqwuro wr � lq wkdw fdvh1 Zkhq K : �/ krzhyhu/ wkh

suhylrxv lqvljkwv uhpdlq ydolg= prqhwdu| wudqvihuv uhgxfh exw gr qrw holplqdwh

wkh xvh ri frqwuro doorfdwlrq zkhq frqwuro lv frqwudfwleoh/ dqg wudqvihuulqj frqwuro

44Li e ? 4/ lq wkh devhqvh ri dq| phvvdjhv wkhuh h{lvwv d vhsdudwlqj htxloleulxp lq zklfk= +l,
S nhhsv frqwuro dqg fkrrvhv F lq vwdjh 4 dqg lpsohphqwv wkh surmhfw lq vwdjh 5 rqo| li D sd|v
s @ 4> +ll, rqo| d jrrg D pdnhv wkh sd|phqw1 Lq wklv htxloleulxp/ S lpsohphqwv wkh surmhfw
rqo| zkhq D lv jrrg dqg erwk w|shv ri djhqw jhw }hur uhqw1
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uhpdlqv d xvhixo uhsxwdwlrq0exloglqj ghylfh zkhq frqwuro lq wudqvihudeoh exw qrw

frqwudfwleoh1

814 Frqwudfwleoh frqwuro fdvh

Doorzlqj iru prqhwdu| wudqvihuv hqulfkhv wkh vhw ri vwudwhjlhv dqg frqwudfwv dv

iroorzv1 Lq wkh frqwudfwlqj skdvh/ � r�huv d frqwudfw zklfk djdlq doorzv iru

phvvdjhv vhqw e| � dw wkh ehjlqqlqj ri hdfk vwdjh/ dqg doorfdwhv frqwuro rq wkh

edvlv ri wkh phvvdjhv vhqw lq vwdjh 4> exw lq dgglwlrq wkh frqwudfw fdq qrz uhtxluh

wudqvihuv frqwlqjhqw rq doo phvvdjhv1 Dv ehiruh/ � wkhq ghflghv zkhwkhu ru qrw

wr dffhsw wkh frqwudfw> li kh uhixvhv/ wkh jdph hqgv dqg erwk sduwlhv jhw }hur> li

kh dffhswv/ wkh jdph surfhhgv dv iroorzv=

� Lq vwdjh 4/ � vhqgv phvvdjhv dqg frqwuro lv doorfdwhg dffruglqjo|> zkrhyhu

hqgv xs lq fkdujh ri vwdjh 4 fkrrvhv ehwzhhq � ru ��

� Lq vwdjh 5/ � djdlq vhqgv phvvdjhv dqg pdnhv prqhwdu| wudqvihuv/ frqwlq0

jhqw rq doo phvvdjhv vhqw lq vwdjhv 4 dqg 51

Lqwurgxflqj prqhwdu| wudqvihuv doorzv � wr h{wudfw uhqwv iurp � dqg dovr wr

�vhoo� vwdjh 4 frqwuro1 Wkh iroorzlqj sursrvlwlrq h{whqgv wkh suhylrxv dqdo|vlv=

Sursrvlwlrq 7 Dvvxph wkdw K : �� Wkhq/ uhvwulfwlqj dwwhqwlrq wr sxuh vwudwhjlhv/

wkh rswlpdo vhsdudwlqj frqwudfw iru � frqvlvwv lq vhoolqj frqwuro dw sulfh � zlwk

suredelolw| EK� ��*E� � �� zkhq � uhsruwv d edg w|sh/ zkloh nhhslqj frqwuro dqg

uhtxlulqj d sd|phqw ri � zkhq � uhsruwv d jrrg w|sh1 Lq wklv phfkdqlvp/ d jrrg

� rewdlqv qr uhqwv zkloh d edg � rewdlqv K� � dqg � rewdlqv d srvlwlyh h{shfwhg

sd|r�v dv orqj dv

> 	 >6S '
�

� n K3�

�3�

,3�

2

�

Surri1 Dv lq vhfwlrq 6/ zh fdq uhvwulfw dwwhqwlrq wr gluhfw phfkdqlvpv zkhuh/

dw hdfk vwdjh/ � vhqgv dw prvw wzr phvvdjhv � �jrrg� dqg �edg�1 Zh surfhhg

djdlq e| edfnzdug lqgxfwlrq1

Zh �uvw fkhfn wkdw wkhuh lv qr vfrsh iru uhyhodwlrq ri �*v w|sh lq vwdjh 51

Frqvlghu d fdqglgdwh htxloleulxp zkhuh � uhyhdov klv w|sh dw vwdjh 5/ lq zklfk

fdvh � lpsohphqwv wkh surmhfw rqo| li � lv jrrg1 Lq rughu iru d edg � qrw wr
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suhwhqg wr eh jrrg/ dqqrxqflqj d jrrg w|sh pxvw lqyroyh dq dgglwlrqdo wudqvihu

R lq � *v idyru1 Zkdwhyhu wkh vwdjh 4 dfwlrq +� ru �,/ d jrrg � zrxog �qg lw

sur�wdeoh wr sd| R +dqg kdyh wkh surmhfw lpsohphqwhg, rqo| li

�� R : fc

dqg d edg � zloo qrw �qg lw sur�wdeoh wr plplf d jrrg w|sh li

K� R 	 f�

Exw wkhvh wzr frqglwlrqv fdqqrw eh vlpxowdqhrxvo| vdwlv�hg zkhq K : �1

Prylqj edfn rqh vwhs/ frqvlghu wkh frqwuro doorfdwlrq vwdjh1 � fdq lq sulq0

flsoh uhyhdo klv w|sh e| �dftxlulqj frqwuro� dw vrph vshfl�hg sulfh1 Pruh suh0

flvho|/ frqvlghu d vhsdudwlqj htxloleulxp dqg ohw E%}c R}� dqg E%Kc RK� ghqrwh wkh

djhqw*v suredelolwlhv ri rewdlqlqj frqwuro dqg wkh sd|phqwv lq � *v idyru uhvshf0

wlyho| dwwdfkhg wr uhsruwlqj d jrrg w|sh dqg d edg w|sh1 Lq dq| vxfk vhsdudwlqj

htxloleulxp/ zkhq � nhhsv frqwuro ri vwdjh � vkh fkrrvhv � dqg wkhq lpsohphqwv

wkh surmhfw rqo| li � uhsruwhg d jrrg w|sh1 D edg � fkrrvhv � zkhqhyhu lq

frqwuro/ dqg � wkhq vwrsv wkh surmhfw1 Zlwkrxw orvv ri jhqhudolw|/ d jrrg � fdq

eh dvvxphg wr fkrrvh � zkhq lq frqwuro/45 dqg � wkhq lpsohphqwv wkh surmhfw1

Wkh wzr sduwlflsdwlrq frqvwudlqwv duh wkxv=

�� R} � f

dqg=

%K� � RK � f�

Li d edg � idovho| uhsruwv d jrrg w|sh/ kh uhyhdov klv w|sh zkhq lq frqwuro +e|

fkrrvlqj �,/ lq zklfk fdvh � wkhq vwrsv wkh surmhfw/ dqg lqgxfhv � wr lpsohphqw

wkh surmhfw zkhq � nhhsv frqwuro1 D edg � lv wkxv zloolqj wr uhsruw wkh wuxwk li=

%K� � RK � E�� %}� Kn %}� � R}�

Li d jrrg � idovho| dqqrxqfhv d edg w|sh/ � fkrrvhv � zkhq lq frqwuro dqg wkhq

vwrsv surmhfw1 Zkhq � jhwv frqwuro/ fkrrvlqj � zrxog djdlq ohdg � wr vwrs wkh

45Dv ehiruh/ uhtxlulqj d jrrg D wr fkrrvh Q lv lqh!flhqw dqg jlyhv d edg D dgglwlrqdo
lqfhqwlyhv wr idovho| uhsruw d jrrg w|sh1
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surmhfw> krzhyhu/ dw wklv srlqw � pd| wu| wr �vljqdo� klv jrrg w|sh e| fkrrvlqj

� lqvwhdg1 Lqghhg/ iroorzlqj wkh Fkr0Nuhsv lqwxlwlyh fulwhulrq/ d fkrlfh ri dfwlrq

� fdq rqo| eh dwwulexwhg wr d jrrg �/ dqg pxvw wkhuhiruh eh iroorzhg e| surmhfw

lpsohphqwdwlrq/ luuhvshfwlyh ri suhylrxv dqqrxqfhphqwv1 Wkh jrrg �*v lqfhqwlyh

frqvwudlqw lv wkhq=46

�� R} � %K � RK�

Wkh rswlpdo frqwudfw ohdglqj wr d vhsdudwlqj htxloleulxp pd{lpl}hv � *v h{shfwhg

sd|r�=

E�� >� ER} n �� n > dRK n E�� %K�� f� %K,o c

vxemhfw wr wkh deryh frqvwudlqwv1 Wzr wklqjv fdq eh qrwhg dw wklv srlqw1 Iluvw/

jlylqj frqwuro ohvv riwhq wr d jrrg w|sh +uhgxflqj %}, uhod{hv wkh edg �*v lqfhqwlyh

frqvwudlqw +vlqfh � : K, zlwkrxw d�hfwlqj � *v sd|r�/ vr wkdw lw lv rswlpdo iru � wr

vhw %} ' f1 Vhfrqg/ vlqfh � � K : �/ wkh sduwlflsdwlrq frqvwudlqw ri wkh edg � lv

vdwlv�hg zkhqhyhu klv lqfhqwlyh frqvwudlqw dqg wkh sduwlflsdwlrq frqvwudlqw ri wkh

jrrg � duh1 Wkhvh wzr revhuydwlrqv doorz xv wr uhzulwh wkh uhohydqw frqvwudlqwv

dv=

�� R} � fc

�� R} � %K � RKc

dqg=

%K� � RK � K� R}�

Wkh odvw frqglwlrq pxvw eh elqglqj/ rwkhuzlvh � frxog lqfuhdvh RK1 Xvlqj wklv

frqglwlrq wr ghwhuplqh RK/ � *v h{shfwhg sd|r� fdq eh h{suhvvhg dv

R} n E�� >� n > E%K� � �� c

zkloh wkh �uvw wzr frqglwlrqv ehfrph

R} � �c

%K E� � �� � K� ��

46Devhqw wkh Fkr0Nuhsv fulwhulrq/ S pd| uhixvh D*v vljqdo dqg vwlfn wr wkh uhsruwhg w|sh/
zklfk zrxog uhgxfh D*v ehqh�w iurp idovho| uhsruwlqj d edg w|sh1 Wkh dqdo|vlv zrxog eh
vlplodu/ dowkrxjk S frxog wkhq uhgxfh wkh suredelolw| ri frqwuro jlyhq wr d edg w|sh +iurp
+e� 4,@+E � 4, wr +e� 4,@E,1
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Wkh rswlpdo frqwudfw wkxv vdwlv�hv

R} ' �c %K '
K� �

� � �
c

dqg wkh fruuhvsrqglqj h{shfwhg wudqvihu RK lv

RK ' %K� n K� R} '
K� �

� � �
' %Kc

zklfk fdq eh lpsohphqwhg e| dvnlqj iru d sulfh � zkhqhyhu frqwuro lv doorfdwhg

wr �1

Wklv vhsdudwlqj htxloleulxp |lhogv f wr d jrrg � dqg %KE� � �� ' K� � wr d

edg �/ zkloh � rewdlqv d sd|r� ri=

E�� >� 2� >
K� �

� � �
E, � ��

zklfk lv srvlwlyh surylghg=

> � >6S '
�

� n K3�

�3�

,3�

2

�

Lq rwkhu zrugv/ zkhq K : � wkh lqwurgxfwlrq ri prqhwdu| wudqvihuv grhv

qrw holplqdwh wkh uroh ri +frqwudfwleoh, frqwuro doorfdwlrq> lq sduwlfxodu/ lw fdq

eh fkhfnhg wkdw/ zkhqhyhu wkh uhodwlrqvkls lv sur�wdeoh +> 	 >6S ,/ � suhihuv

wklv vhsdudwlqj frqwudfw wr vwd|lqj xqlqiruphg dqg nhhslqj frqwuro ryhu vwdjh

�1 Krzhyhu/ wkh rswlpdo vhsdudwlqj frqwudfw vwloo doorfdwhv frqwuro zlwk srvlwlyh

suredelolw| wr d edg � dqg qhyhu wr d jrrg �> wkxv/ zkloh prqhwdu| wudqvihuv

doorz d uhgxfwlrq lq wkh suredelolw| ri frqwuro jlyhq wr d edg � uhtxluhg iru

wuxwkwhoolqj/ wkh rswlpdo frqwudfw vwloo vx�huv iurp wkh vdph fuhglelolw| sureohp

dv ehiruh1 Wklv djdlq ohdgv xv wr frqvlghu wkh fdvh zkhuh wkh frqwuro doorfdwlrq

fdqqrw eh frpplwwhg xsrq h{ dqwh +dw wkh frqwudfwlqj vwdjh,/ hyhq wkrxjk frqwuro

ryhu vwdjh � fdq eh wudqvihuuhg h{ srvw +jlyhq wkh phvvdjhv srvvleo| vhqw dw wkh

ehjlqqlqj ri vwdjh �, wr �1

815 Wudqvihudeoh frqwuro fdvh

Doorzlqj iru prqhwdu| wudqvihuv lq wkh wudqvihudeoh frqwuro fdvh |lhogv wkh iroorz0

lqj ghvfulswlrq ri wkh vwudwhj| vhw dqg wkh wlplqj ri pryhv1 Lq wkh frqwudfwlqj
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skdvh/ � r�huv � d frqwudfw zklfk vwlsxodwhv phvvdjhv dqg +srvvleo| phvvdjh0

frqwlqjhqw, prqhwdu| wudqvihuv wr eh vhqw e| � dw wkh ehjlqqlqj ri hdfk vwdjh1 �

wkhq hlwkhu uhixvhv wkh frqwudfw/ lq zklfk fdvh erwk sduwlhv jhw }hur/ ru dffhswv

lw/ lq zklfk fdvh wkh jdph surfhhgv dv iroorzv1

� Lq vwdjh 4/ � vhqgv d phvvdjh dqg pdnhv d prqhwdu| wudqvihu dffruglqj wr

wkh frqwudfw> � wkhq ghflghv zlwk ixoo glvfuhwlrq zkhwkhu ru qrw wr wudqvihu

frqwuro wr wkh djhqw> �qdoo|/ zkrhyhu hqgv xs lq frqwuro/ ghflghv xsrq wkh

vwdjh 4 dfwlrq1

� Lq vwdjh 5/ � pd| vhqg ixuwkhu phvvdjhv zlwk srvvleo| qhz wudqvihuv df0

fruglqj wr wkh frqwudfw> �qdoo|/ � ghflghv zkhwkhu ru qrw wr lpsohphqw wkh

surmhfw1

Zkhq K : �/ d edg w|sh lv pruh hdjhu wkdq d jrrg rqh wr jhw frqwuro ryhu vwdjh

� dqg2ru frqylqfh � wr lpsohphqw d surmhfw> krzhyhu/ � zrxog qhyhu wudqvihu

frqwuro ru lpsohphqw wkh surmhfw li vkh ohduqv wkdw � lv edg1 Lw lv wkhuhiruh

lpsrvvleoh wr kdyh �*v uhyhdohg wkurxjk w|sh0frqwlqjhqw phvvdjhv ru sd|phqwv=

Ohppd 8 Dvvxph K : �� Zkhq frqwuro ryhu vwdjh 4 lv wudqvihudeoh exw qrw

frqwudfwleoh/ wkhq sd|phqwv dqg frqwuro doorfdwlrq fdqqrw ghshqg rq wkh djhqw*v

w|sh>1wkhuh lv wkxv qr orvv ri jhqhudolw| lq qrw dvnlqj wkh djhqw wr vhqg phvvdjhv1

Surri1 Lw vx!fhv wr vkrz wkdw �*v sd|phqwv dqg � *v ghflvlrqv fdqqrw eh

phvvdjh ru w|sh0frqwlqjhqw1 Zh �uvw vkrz wkdw wkhuh lv qr vfrsh iru uhyhodwlrq

ri �*v w|sh dw vwdjh 21 Li vhsdudwlrq zhuh wr rffxu dw wkdw vwdjh/ d edg � zrxog

qrw sd| dq|wklqj vlqfh dq lqiruphg � zrxog wkhq vwrs wkh surmhfw1 D jrrg �

frxog wu| wr fuhgleo| uhsruw klv w|sh e| pdnlqj d vshfl�f sd|phqw R/ lq rughu wr

lqgxfh � wr lpsohphqw wkh surmhfw1 Krzhyhu/ d jrrg � zrxog eh zloolqj wr sd|

rqo| R � �/ dqg d edg � zrxog wkhq dovr uhsruw d jrrg w|sh vlqfh R 	 K1

Zh qrz vkrz wkdw wkhuh lv qr vfrsh iru phvvdjhv dw vwdjh � hlwkhu1 Lq dq|

vhsdudwlqj htxloleulxp/ � zrxog nhhs frqwuro dqg vwrs wkh surmhfw zkhq d edg �

uhyhdov klv w|sh1 D edg � zrxog wkxg qrw sd| dq|wklqj1 D jrrg � frxog wu| wr

uhyhdo klv w|sh e| pdnlqj d vshfl�f sd|phqw R/ lq rughu wr lq xhqfh � *v ghflvlrq

ryhu wkh doorfdwlrq ri vwdjh � frqwuro1 Exw djdlq d jrrg � zrxog eh zloolqj wr

sd| R rqo| li R � �/ lq zklfk fdvh d edg � zrxog sd| R wr rewdlq frqwuro dqg

fkrrvh dfwlrq � / hyhq li wklv ohdgv � wr vwrs wkh surmhfw�
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Jlyhq wklv ohppd/ dw wkh frqwudfwlqj vwdjh � pxvw vlpso| vwlsxodwh d sulfh

+zklfk pxvw eh wkh vdph iru erwk w|shv, dqg fkrrvh ehwzhhq nhhslqj frqwuro/

lq zklfk fdvh vkh uhpdlqv xqlqiruphg derxw �*v w|sh e| wkh hqg ri vwdjh 4/ ru

wudqvihuulqj vwdjh04 frqwuro wr �1 Wkh vdph dqdo|vlv dv lq Vhfwlrq 7 wkhq ohdgv

wr=

Sursrvlwlrq 9 Dvvxph K : �1 Zkhq frqwuro ryhu vwdjh 4 lv wudqvihudeoh exw qrw

frqwudfwleoh/ wkh uhodwlrqvkls lv sur�wdeoh dv orqj dv > 	 >| ' �*E� n ,�/ lq zklfk

fdvh � *v rswlpdo frqwudfw lv vxfk wkdw= +l, qr phvvdjhv duh vhqw ehiruh vwdjh �

+dqg d iruwlrul diwhu wkdw vwdjh,> +ll, � sd|v � dqg � wudqvihuv frqwuro ryhu vwdjh

4 wr �> +lll, lq vwdjh 4/ d jrrg � fkrrvhv � zkhuhdv d edg � fkrrvhv � / dqg lq

vwdjh 2 � lpsohphqwv wkh surmhfw li dqg rqo| li � kdv ehhq fkrvhq1 Lq wklv rswlpdo

frqwudfw/ � jhwv wkh vdph uhqwv exw � jhwv ohvv wkdq zkhq frqwuro lv frqwudfwleoh1

Li > 	 >|/ lw lv lqvwhdg rswlpdo iru � wr nhhs frqwuro dqg vwrs wkh surmhfw1

Surri1 Wkh suhylrxv ohppd hvwdeolvkhv wkdw � fdqqrw ohduq �*v w|sh vlpso|

wkurxjk phvvdjh0frqwlqjhqw sd|phqwv dqg wkh uhdvrqlqj lv wkhq vlplodu wr wkdw

ri vhfwlrq 71 Li > 	 >|/ � suhihuv ohduqlqj �*v w|sh e| wudqvihuulqj frqwuro ryhu

vwdjh �1 D jrrg � wkhq rewdlqv � +e| fkrrvlqj � dqg lqgxflqj � wr lpsohphqw

wkh surmhfw, dqg d edg � rewdlqv � : � +lw lv d grplqdqw vwudwhj| wr fkrrvh � /

hyhq wkrxjk lw wkhq ohdgv � wr vwrs wkh surmhfw,1 Wkh pd{lpdo sulfh � fdq dvn

lv wkxv R ' 4�?E�c �� ' �> d jrrg � wkhq jhwv qr uhqw zkloh d edg � jhwv K� �/

dqg � *v h{shfwhg sd|r� lv

� n E�� >�� >, ' E�� >� 2� > E, � �� c

zklfk lv orzhu wkdq zkhq frqwuro lv frqwudfwleoh1

Li � rswhg lqvwhdg iru nhhslqj frqwuro zlwk suredelolw| �/ vkh zrxog uhpdlq

xqliruphg derxw �*v w|sh dqg lpsohphqw wkh surmhfw rqo| li > 	 >W> lq wkdw fdvh/

vkh frxog uhtxluh dw prvw d sulfh R ' �/ zklfk lv wkh pd{lpdo sulfh d jrrg � lv

zloolqj wr sd|1 Vkh zrxog wkxv jhw E�� >� 2�>Eu� ��/ zklfk lv orzhu wkdq zkdw

vkh fdq jhw zlwk wkh deryh uhyhodwlrq phfkdqlvp1 Dqg li > : >W/ � zrxog vwrs

wkh surmhfw dqg wkxv hduq }hur +vlqfh vkh frxog qrw dvn iru dq| srvlwlyh sd|phqw

lq wkdw fdvh,1 Wkhuhiruh/ � suhihuv wkh deryh phfkdqlvp wr nhhslqj frqwuro zlwk

suredelolw| �
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Li > : >|/ � suhihuv nhhslqj frqwuro dqg vwrsslqj wkh surmhfw> dqwlflsdwlqj

wklv/ � grhv qrw sd| dq|wklqj1

Lqwurgxflqj prqhwdu| wudqvihuv wkxv doorzv � wr h{wudfw vrph ri wkh djhqw*v

uhqwv +zkhq wkh uhodwlrqvkls lv sur�wdeoh, exw grhv qrw rwkhuzlvh d�hfw wkh rs0

wlpdo frqwudfw1 Wudqvihuulqj frqwuro uhpdlqv dq h�hfwlyh lqvwuxphqw iru wuxvw0

exloglqj � dqg wkh rqo| zd| iru � wr ohduq �*v w|sh lq vwdjh �147

9 D irxqgdwlrq iru wkh qrwlrq ri wudqvihudeoh

frqwuro

Wkh suhylrxv vhfwlrq kdv vkrzq wkh lpsruwdqfh ri wkh dvvxpswlrq ri qrqfrqwudfwleoh0

exw0wudqvihudeoh frqwuro iru wkh rswlpdolw| ri uho|lqj rq frqwuro wudqvihuv dv uhs0

xwdwlrq ghylfhv1 Lq wklv vhfwlrq/ zh lqyhvwljdwh d suhflvh mxvwl�fdwlrq iru wkh

dvvxpswlrq wkdw frqwuro fdqqrw eh doorfdwhg frqwudfwxdoo| exw fdq eh wudqvihuuhg

luuhyhuvleo| qrqhwkhohvv/ surylghg lw lv lq wkh lqwhuhvw ri wkh lqglylgxdo zkr wudqv0

ihuv lw1 Lq jhqhudo/ rqh fdq wklqn ri vhyhudo mxvwl�fdwlrqv1 Iru h{dpsoh/ dvvxph

wkdw xqghuwdnlqj wkh vwdjh � dfwlrq uhtxluhv wkh dftxlvlwlrq ri vnloov dqg nqrzo0

hgjh/ dqg sduw| � lv lqlwldoo| lq fkdujh ri ghflglqj zkr uhfhlyhv wkh uhtxluhg

wudlqlqj/ � ru �> li wkh qhhghg vnloov dqg nqrzohgjh duh qrw hdvlo| yhul�deoh/

rxwvlgh sduwlhv pd| eh xqdeoh wr dvvhvv zkr kdv uhfhlyhg wkh uhtxluhg wudlqlqj/

dqg � lv lq d srvlwlrq wr ghflgh zkr uhfhlyhv wklv wudlqlqj zlwkrxw ehlqj deoh

wr frpplw klpvhoi h{ dqwh rq wkdw vxemhfw1 Pruh jhqhudoo|/ wkh sduw| lq fkdujh

ri d surmhfw pd| fuhgleo| wudqvihu frqwuro wr dqrwkhu sduw| ryhu vshfl�f wdvnv e|

ghglfdwlqj khu rzq wlph wr rwkhu dfwlylwlhv +dw ohdvw lq wkh vkruw0uxq, dqg frqfhq0

wudwh wkdw rwkhu sduw|*v wlph dqg dwwhqwlrq rq wkdw sduwlfxodu wdvn +e| uhgxflqj

wkdw sduw|*v lqyroyhphqw lq rwkhu/ qrqyhul�deoh wdvnv/ e| jlylqj wkdw sduw| ehwwhu

lqvwuxphqwv wr rshudwh wkdw wdvn/ hwf1,1

Dowhuqdwlyho|/ zh fdq frqqhfw wkh qrwlrq ri wudqvihudeoh frqwuro dqg wkh frq0

47Zkhq frqwuro lv frqwudfwleoh/ S fdq krzhyhu gr ehwwhu xvlqj wkh deryh0ghvfulehg uhyhodwlrq
phfkdqlvp/ zklfk plqlpl}hv wkh suredeolw| ri jlylqj frqwuro wr d edg D1 Lw fdq eh fkhfnhg
wkdw/ zkhqhyhu � ? �p

f
/ wkh rswlpdo frqwudfw lq wkh frqwudfwleoh fdvh lv lqghhg wkh uhyhodwlrq

phfkdqlvp ghvfulehg lq wkh suhylrxv vhfwlrq> lq sduwlfxodu/ dv douhdg| phqwlrqhg S jhwv pruh
zlwk wkh uhyhodwlrq phfkdqlvp wkdq e| vwd|lqj xqlqiruphg dqg nhhslqj frqwuro ryhu vwdjh 4> S
dovr suhihuv wkh uhyhodwlrq phfkdqlvp wr wudqvihuulqj frqwuro zlwk suredelolw| 4 wr D zkdwhyhu
klv w|sh1 Zkhq � A �p

f
/ wkh uhodwlrqvkls lv qrw sur�wdeoh dqg S lv ehwwhu r� nhhslqj frqwuro

ryhu vwdjh 4 dqg vwrsslqj wkh surmhfw lq vwdjh 51
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fhswv ri irupdo dqg uhdo dxwkrulw| lqwurgxfhg e| Djklrq dqg Wluroh +4<<:,/ khuh0

diwhu DW1 Wkh| vwuhvv wkh idfw wkdw wkh h{huflvh ri dxwkrulw| uhtxluhv pruh wkdq

wkh irupdo uljkw wr pdnh ghflvlrqv= lw pd| riwhq dovr uhtxluh uhohydqw lqirupdwlrq

lq rughu wr wdnh dssursuldwh ghflvlrqv1 DW lqyhvwljdwh wklv lvvxh lq wkh frqwh{w

ri dq lqyhvwphqw sureohp zkhuh rqh surmhfw kdv wr eh fkrvhq dprqj ? h{0dqwh

lqglvwlqjxlvkdeoh surmhfwv1 Frqwudfwlqj �uvw wdnhv sodfh ryhu irupdo dxwkrulw|/

wkhq h�ruw lv h{huwhg e| wkh sduwlhv lq rughu wr dftxluh lqirupdwlrq derxw wkh

sd|r�v ri wkh ydulrxv lqyhvwphqw surmhfwv/ dqg �qdoo| wkh lqyhvwphqw surmhfw fdq

eh fkrvhq1 Vlqfh wkh sduwlhv kdyh sduwldoo| frqjuxhqw sd|r�v/ lw pd| eh lq wkh

lqwhuhvw ri wkh sduw| hqgrzhg zlwk irupdo dxwkrulw|/ zkhq vkh lv xqlqiruphg/ wr

�judqw� uhdo dxwkrulw| wr wkh rwkhu sduw|/ e| iroorzlqj klv uhfrpphqgdwlrq1

Zh fdq xvh DW*v edvlf vhwxs wr surylgh irxqgdwlrqv iru wkh qrwlrq ri wudqvihu0

deoh frqwuro1 Pruh vshfl�fdoo|/ ohw xv uhlqwhusuhw vwdjh 4 ri rxu prgho lq wkh oljkw

ri wkh DW iudphzrun= odeho sduw| � *v idyrulwh surmhfw dv �dfwlrq ��/ zkloh �*v

idyrulwh surmhfw lv �dfwlrq ��1 Nqrzlqj zklfk dfwlrqv duh � dqg � lv krzhyhu

qrw reylrxv/ ehfdxvh wkh| duh dprqj ? srvvleoh dfwlrqv wkdw duh h{ dqwh lqglvwlq0

jxlvkdeoh1 �*v w|sh lq rxu prgho fdq eh lqwhusuhwhg dv wkh ghjuhh ri frqjuxhqfh

ri �*v sd|r� ixqfwlrq zlwk � *v sd|r� ixqfwlrq= d �jrrg w|sh� lv frqjuxhqw zlwk

� / zkloh d �edg w|sh� lv qrw1 Wkh gl�huhqfh lq lqirupdwlrq vwuxfwxuh ehwzhhq

DW dqg xv lv wkdw DW dvvxph wkdw erwk sduwlhv duh lqlwldoo| xqlqiruphg derxw

surmhfw uhwxuqv exw nqrz wkh ghjuhh ri frqjuxhqfh ri wkhlu sd|r�v1 Khuh lqvwhdg/

� nqrzv wkh ydulrxv surmhfw uhwxuqv/ exw grhv qrw nqrz wkh ghjuhh ri frqjuxhqfh

ehwzhhq �*v lqwhuhvw dqg khu rzq1 Wklv pdwwhuv ehfdxvh � kdv wr uho| rq � lq

vwdjh 5 li vkh grhv qrw vwrs wkh surmhfw1 Wkh txhvwlrq wkhq lv zkhwkhu � fdq

ohduq derxw �*v sd|r� vwuxfwxuh e| jlylqj khu dxwkrulw| lq vwdjh 41

Lq wklv vhwxs/ wkh qrwlrq ri wudqvihudeoh frqwuro dsshduv yhu| qdwxudoo|1 Uh0

phpehu wkdw zkdw zh uhtxluh lv wkdw frqwuro fdqqrw eh doorfdwhg frqwudfwxdoo|

exw fdq eh wudqvihuuhg luuhyhuvleo| qrqhwkhohvv/ surylghg lw lv lq wkh lqwhuhvw ri wkh

lqglylgxdo lqlwldoo| lq frqwuro wr gr vr1 Dvvxph wkdw � doorfdwhv irupdo vwdjh04

ghflvlrq uljkwv wr � dw wkh ehjlqqlqj ri wkh surmhfw1 Li lqiruphg derxw wkh surmhfw

uhwxuqv/ � zrxog wkhq wdnh wkh vwdjh04 ghflvlrq wkdw kh suhihuv1 Krzhyhu/ li �

lv lqlwldoo| xqlqiruphg derxw wkh surmhfw uhwxuqv/ wr pdnh d vwdjh04 ghflvlrq �

zloo qhhg lqirupdwlrq iurp � +dvvxph dv lq DW wkdw/ h{fhsw iru � dqg � / doo wkh

rwkhu surmhfwv duh vr edg wkdw fkrrvlqj dw udqgrp lv zruvh wkdq grlqj qrwklqj
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dw doo,1 Lw lv qdwxudo wr dvvxph wkdw/ lq pdq| lqvwdqfhv/ � fdqqrw frpplw h{ dqwh

wr wudqvplw wkh dssursuldwh lqirupdwlrq1 Lq sduwlfxodu/ lq vwdjh 4/ � frxog ghflgh

wr rqo| whoo � zkdw dfwlrq � lv/ dqg qrw dfwlrq � 1 Rq wkh rwkhu kdqg/ rqfh �

kdv wudqvplwwhg wkh lqirupdwlrq/ frqwuro kdv ehhq luuhyhuvleo| wudqvihuuhg= rqfh

� nqrzv derxw dfwlrq � / wkhuh lv qrwklqj wr suhyhqw klp iurp fkrrvlqj lw/ jlyhq

wkdw kh kdv uhfhlyhg irupdo vwdjh04 frqwuro uljkwv lqlwldoo|1

Wudqvihuulqj �uhdo frqwuro� lq vwdjh 4 lpsolhv lq idfw wkdw � lqirupv � derxw

wkh lghqwlw| ri erwk �dfwlrq �� dqg �dfwlrq ��1 Wklv wudqvihu ri uhdo dxwkrulw|

qhyhu rffxuv lq DW= wkhuh/ zkhq wkh sduw| hqgrzhg zlwk irupdo dxwkrulw| lv

xqlqiruphg dqg wxuqv wr wkh rwkhu sduw| iru dgylfh/ lw uhfhlyhv lqirupdwlrq derxw

d vlqjoh surmhfw iurp wkdw sduw|/48 dqg wkhuhiruh kdv qr fkrlfh exw wr iroorz

wkh uhfrpphqgdwlrq1 Lq DW/ dq lqiruphg sduw| qhyhu wudqvihuv uhdo dxwkrulw|/

ehfdxvh jhwwlqj rqh*v idyrulwh surmhfw lpsohphqwhg lv wkh rqo| wklqj wkdw frxqwv

dw wklv vwdjh1 Khuh lqvwhdg/ dowkrxjk � lv ixoo| lqiruphg derxw surmhfw uhwxuqv/

vkh �qgv lw rswlpdo wr wudqvihu uhdo dxwkrulw| wr � lq vwdjh 4 lq rughu wr ohduq

derxw klv w|sh/ zklfk lv khosixo iru vwdjh 51 Zh wkhuhiruh kdyh wuxh ghohjdwlrq

khuh/ prwlydwhg e| wkh frqfhuq iru ixwxuh frrshudwlrq1

Zlwk wklv uhlqwhusuhwdwlrq ri wkh vwdjh04 dfwlrqv dorqj wkh olqhv ri wkh DW

vhwxs/ zh fdq qrz dsso| vwudljkwiruzdugo| wkh uhvxowv ri wkh suhylrxv vhfwlrq=

surylghg wkdw wkh suredelolw| > wkdw � lv qrw frqjuxhqw hqrxjk zlwk � lv qrw

wrr odujh/ lw fdq ehfrph rswlpdo iru � wr jlyh dzd| +ru vhoo/ xqghu prqhwdu|

uhvsrqvlyhqhvv, irupdo dxwkrulw| ryhu wkh vwdjh04 dfwlrq wr �/ dqg dovr wr wudqvplw

lqirupdwlrq wr � derxw zklfk dprqj wkh ? dfwlrqv duh dfwlrqv � dqg� 1 Wkurxjk

wklv wudqvihu ri frqwuro/ � kdv wkh rssruwxqlw| wr ohduq derxw �*v w|sh/ dqg wr

vwrs wkh surmhfw lq vwdjh 5 li dqg rqo| li � kdv fkrvhq dfwlrq � lq vwdjh 41

: Dssolfdwlrq= wkh vfrsh ri ghohjdwlrq49

Vr idu/ zh kdyh uhvwulfwhg wkh vwdjh04 dfwlrq vhw wr rqo| wzr dfwlrqv/ � dqg � 1

Zh qrz h{whqg wklv vhw wr lqfoxgh frqyh{ frpelqdwlrqv ri wkhvh wzr dfwlrqv1

Vshfl�fdoo|/ iru dq| k 5 dfc �o/ dfwlrq �k jhqhudwhv sd|r�v �k, iru wkh sulqflsdo/

f iru d jrrg djhqw dqg k� iru d edg djhqw1 Zh vkdoo qrz doorz wkh sulqflsdo

48Ru }hur/ li wkh rwkhu sduw| lq dovr xqlqiruphg1
49Iru d srwhqwldo dssolfdwlrq ri rxu qrwlrq ri wudqvihudeoh frqwuro wr wkh dqdo|vlv ri ghohjdwlrq

zlwklq odujh rujdql}dwlrqv/ vhh Kduw0Kropvwurp +5335,1
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wr judqw sduwldo frqwuro wr wkh djhqw/ ryhu dq| vxevhw ri dfwlrqv �k1 Lq wkh DW

lqwhusuhwdwlrq/ wklv dprxqwv wr jlyh wkh djhqw wkh uhohydqw iru wkhvh dfwlrqv1 Dq

dowhuqdwlyh lqwhusuhwdwlrq lv wkdw vwdjh � frqvlvwv ri vhyhudo surmhfwv/ hdfk ri zklfk

lqyroyhv wzr dfwlrqv � dqg �/ zlwk sd|r�v dv ghvfulehg deryh1 Wkh sulqflsdo

wkhq ghflghv zklfk iudfwlrq ri surmhfwv wr ghohjdwh wr wkh djhqw1

Wklv frqyh{l�fdwlrq ri wkh dfwlrq vhw doorzv wkh sulqflsdo wr uhsolfdwh wkh

frqwudfwleoh frqwuro rswlpxpzlwk rqo| wudqvihudeoh frqwuro1 Qdpho|/ lw lv rswlpdo

iru wkh sulqflsdo wr wudqvihu frqwuro ryhu wkh dfwlrqv �k iru k 5 dfc 7ko/ zkhuh

7k '
K

�
uhsuhvhqwv wkh plqlpdo dprxqw ri ghohjdwlrq uhtxluhg iru wkh edg djhqw

wr uhyhdo klv w|sh1 Wkh h{whqw ri ghohjdwlrq wkxv lqfuhdvhv zlwk � dqg ghfuhdvhv

zlwk K= vlqfh wkh jrdo lv wr lqgxfh wkh edg djhqw wr vljqdo klv w|sh e| fkrrvlqj

dfwlrq � / lw lv hdvlhu/ wkh kljkhu wkh vkruw0whup jdlq ri grlqj vr/ l1h1 �/ dqg wkh

vpdoohu wkh orqj0whup orvv ri grlqj vr/ l1h1 K�

Wklv fdq eh qdwxudoo| uhodwhg wr wkh prelolw| ri wkh hqylurqphqw=

� Vxssrvh iru h{dpsoh wkdw/ zlwk h{rjhqrxv suredelolw| 4/ wkh sulqflsdo0djhqw

uhodwlrqvkls glvdsshduv diwhu vwdjh �/ h1j1/ gxh wr wkh whfkqrorjlfdo re0

vrohvfhqfh ri wkh �up ru ri wkh djhqw*v �up0vshfl�f vnloov1 Wkhq K pxvw

eh uhsodfhg zlwk E�� 4� K dqg wkh rswlpdo dprxqw ri ghohjdwlrq ehfrphv

7k E4� ' E�� 4�
K

�
1 Wkxv/ ghohjdwlrq ghfuhdvhv zlwk wkh udwh ri revrohvfhqfh1

� Dowhuqdwlyho|/ rqh frxog dvvxph wkdw wkh ehqh�w k� wkdw wkh edg djhqw

rewdlqv iurp dfwlrq �k qrz rqo| dulvhv li wkh djhqw uhfhlyhv dq rxwvlgh mre

r�hu1 Wklv zrxog iru h{dpsoh eh wkh fdvh li dfwlrq � fruuhvsrqgv wr dq

lqyhvwphqw lq wkh djhqw*v jhqhudo kxpdq fdslwdo ru/ pruh jhqhudoo|/ lq klv

pdunhw ydoxh/ dw wkh h{shqvh ri wkh �up1 Fdoo wklv suredelolw| 4�1 Qrz/ wkh

rswlpdo dprxqw ri ghohjdwlrq lv gh�qhg e| k '
K

�
*4�1 Wkxv/ ghohjdwlrq

ghfuhdvhv zlwk oderu pdunhw prelolw| dv phdvxuhg e| 4�1
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vklsv/� Uhylhz ri Hfrqrplf Vwxglhv 93= 8<<09441

Ohjurv/ S1 dqg D1 Qhzpdq +4<<<,/ �Frpshwlqj iru Rzqhuvkls/� plphr/

HFDUHV1

Pdvnlq/ H1 +4<<<,/ �Qdvk Htxloleulxp dqg Zhoiduh Rswlpdolw|/� Uhylhz ri

Hfrqrplf Vwxglhv 99= 560691

Pdvnlq/ H1 dqg M1 Prruh +4<<<,/ �Lpsohphqwdwlrq dqg Uhqhjrwldwlrq/� Uh0

ylhz ri Hfrqrplf Vwxglhv 99= 6<0891

Pdvnlq/ H1 dqg M1 Wluroh +4<<<d,/ �Xqiruhvhhq frqwlqjhqflhv dqg Lqfrpsohwh

Frqwudfwv/� Uhylhz ri Hfrqrplf Vwxglhv 99= ;604471

Pdvnlq/ H1 dqg M1 Wluroh +4<<<e,/ �Wzr Uhpdunv rq wkh Surshuw|0Uljkwv

Olwhudwxuh/� Uhylhz ri Hfrqrplf Vwxglhv 99= 46<�47<1

Pluuohhv/ M1 +4<<<,/ �Wkh Wkhru| ri Prudo Kd}dug dqg Xqrevhuydeoh Ehkdylru/

Sduw L/� Uhylhz ri Hfrqrplf Vwxglhv 99= 60551

Prruh/ M1 dqg U1 Uhsxoor +4<;;,/ �Vxejdph Shuihfw Lpsohphqwdwlrq/� Hfrqr0

phwulfd 89= 44<4045531

Qroghnh/ J1 dqg N1 Vfkplgw +4<<8,/ �Rswlrq Frqwudfwv dqg Uhqhjrwldwlrq=

D Vroxwlrq wr wkh Krog0Xs Sureohp/� Udqg Mrxuqdo ri Hfrqrplfv 59= 49604:<1
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Vhjdo/ L1 +4<<<,/ �Frpsoh{lw| dqg Uhqhjrwldwlrq= D Irxqgdwlrq iru Lqfrp0

sohwh Frqwudfwv/� Uhylhz ri Hfrqrplf Vwxglhv 99= 8:0;51

Wluroh/ M1 +4<<<,/ �Lqfrpsohwh Frqwudfwv= Zkhuh Gr Zh VwdqgB/� Hfrqrphw0

ulfd 9:= :740:;41

Zdwvrq/ M1 +4<<<,/ �Vwduwlqj Vpdoo dqg Uhqhjrwldwlrq/� Mrxuqdo ri Hfrqrplf

Wkhru| ;8= 850<31
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