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Abstract

Existing simulation-based estimation methods are either general-purpose but asymp-
totically inefficient or asymptotically efficient but only suitable for restricted classes
of models. This paper studies a simulated maximum-likelihood method that rests on
estimating the likelihood nonparametrically on a simulated sample. We prove that
this method, which can be used on very general models, is consistent and asymptoti-
cally efficient for static models. We then extend it to dynamic models and give some
Monte-Carlo simulation results on three dynamic latent variable models.
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Introduction

Many parametric estimation procedures in econometrics are based on the maximiza-
tion of a criterion function. This may be the mean square error as for the least squares
method, the likelihood function for maximum likelihood estimation, or the likelihood
of a well-chosen pseudo-model for pseudo-maximum likelihood methods. Unfortu-
nately, the criterion function sometimes does not have a closed-form expression. This
is true, for instance, of limited-dependent variable models with lagged dependent
variables, where the likelihod function and other competing criterion functions can
only be written as integrals of large dimension (equal to the number of observations).
Simulation-based estimation methods were devised precisely to circumvent this prob-
lem'. By replacing untractable expectations with their Monte-Carlo counterparts,
they allow the relevant criterion functions to be computed, which has made it possi-
ble for econometricians to estimate new classes of models.

Simulation-based estimation methods belong to two general classes?. The first one
consists of methods that are reasonably general-purpose but are not efficient asymp-
totically, even when the number of simulation draws is allowed to increase fast enough.
The method of simulated moments (McFadden (1989), Pakes-Pollard (1989)) and the
simulated pseudo-maximum likelihood methods (Laroque-Salanié (1989, 1993, 1994))
both belong to this class. As they rely on simulating the obvious mathematical ex-
pectation with its Monte-Carlo counterpart, they can be applied to a large class of
models. However, they simulate criterion functions that (even with an infinite num-
ber of simulations) do not lead to efficient estimators. The indirect inference meth-
ods (Gouriéroux-Monfort-Renault (1993) and Smith (1993)) also belong to that first
category. The second class of simulation-based estimation methods relies on sim-
ulating the likelihood function, so that the resulting estimators are asymptotically
efficient (again, with an infinite number of simulations). The simulated likelihood
methods (see e.g. Lee (1995)) and the method of simulated scores (Hajivassiliou-
McFadden (1998)) are examples of such estimation methods. The difficulty with these
methods is that as the likelihood function usually cannot be written as a function of
mathematical expectations, they can only be applied to restrictive classes of models.
Thus there has been a lot of emphasis on the literature on dynamic LDV models, but
the methods that have been proposed only apply to models defined by linear con-
straints, for which several classes of efficient simulators have been devised (see, e.g.,
Borsch-Supan and Hajivassiliou (1993)). To the best of our knowledge, there exist few
currently available methods that are both asymptotically efficient and applicable to
a very wide class of econometric models. The Efficient Method of Moments (Gallant
and Tauchen (1996)) is a competitor: by using the score of a well-chosen auxiliary
model, an EMM estimator can become as efficient as the maximum likelihood estima-
tor in a variety of situations. Nonetheless, this property requires that the auxiliary
model encompasses the true model. Most of the time, this can be done only by con-

'Early references are Lerman-Manski (1981), Pakes (1986), Laroque-Salanié (1989), McFadden (1989)
and Pakes-Pollard (1989).

2Gouriéroux-Monfort (1996) survey the available methods. Hajivassiliou-Ruud (1994) focusses on
limited-dependent variable models, while Stern (1997) concentrates on empirical applications.
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sidering rather intricate auxiliary models, whose number of parameters is increasing
with the sample size, in the spirit of Gallant and Nychka (1987). Alternatively, GMM
estimators can be asymptotically efficient using a continuum of moments based on
the empirical characteristic function (Feuerverger and McDunnough (1981a,1981b),
Carrasco and Florens (2000)). Despite its generality, the latter method requires the
inversion of a covariance operator in an infinite dimensional Hilbert space. This leads
to some ill-posed problem whose solution involves the delicate choice of regularization
parameters. See a discussion about the efficiency of these methods in Carrasco and
Florens (2001).

The purpose of this paper is to study a simulation-based estimation method, which
we call the NonParametric Simulated Maximum Likelihood method, or NPSML for
short. Start from a fully parametric model whose reduced form can be simulated
(which is a very mild requirement). Then NPSML consists in approximating the
unknown likelihood function with a kernel-based nonparametric estimator based on
simulations of the endogenous variables of the model®. Since this strategy is applicable
to a very wide class of models, it provides a quasi-universal simulator. Moreover,
we prove in this paper that in static models, it provides consistent, asymptotically
normal and asymptotically efficient estimators when the number of simulations goes
to infinity and the bandwidth of the kernel estimator goes to zero. We then argue
that the method can be extended to dynamic models and explain how to do so.

Section 1 presents the basic idea of the NPSML estimation method, using a static
(but very general) model as an application. It states our consistency and asymptotic
efficiency theorems, which are proved in the appendix. Section 2 discusses the as-
sumptions of these theorems. In section 3, we show how the NPSML method can
be extended to fully dynamic models. We then give some Monte-Carlo simulation
evidence in section 4.

1 NPSML for Static Models

Simulation-based methods are clearly most useful in dynamic settings. Nevertheless,
it seems simpler to introduce the NPSML method and its asymptotic properties on
a static model. Therefore, consider a model with reduced form

yzg(x,@,&t), (1'1)

where
e 0, the parameter of interest, belongs to a compact set © C RY,
e the observed endogenous variable y is a vector of R™,
e the exogenous variable & belongs to RY,

e £ € R® represents the disturbances.

3We recently found out from Arnoldo Frigessi that Diggle and Gratton (1984) already proposed the
NPSML estimator. However, they did not study its asymptotic properties or extend it to dynamic models.
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We assume that both the function g and the distribution of the disturbances ¢ are
fully known*. Thus this is a fully parametric model—only the estimation technique
has a nonparametric element.

Let (x¢, ?Jt)t:l,...,T be an i.i.d. sample. The associated loglikelihood then is

1 T
Lr(0) = — > Iniy(6),
t=1

denoting [;(#) the density of y; knowing (x¢,6). We assume

Assumption L1 : the maximum likelihood estimator @ is consistent, asymp-
totically normal and asymptotically efficient. The true parameter 6y belongs to the
interior of ©. More precisely, we assume that

0Ly P

~ 2600 152 % (1-2)

uniformly with respect to 8* in a neighborhood of 6y, and that

TI/Q%(%) 2y N(0,9). (1-3)

T—o00

For the class of models we are interested in, the likelihood function [;(f) cannot
be computed in a closed form, so that it is impossible to compute the maximum
likelihood estimator @7. We propose instead to approximate each term [4(0) by a
kernel estimator based on some i.i.d. simulated sample (g}) s=1,...,5 drawn from the
distribution® of €.

Thus, denoting y;(0) = g(x¢,0,€;), the likelihood [;(0) is estimated by

s
1 ye — yi (0)
1% H=030)=—-—>» K|(—"+ 1-4
e ) = 510) = g S K (U (1-4)
Here, h is a bandwidth such that h — 0 when S — o0, and K is a kernel. Under
technical conditions that are stated below, I (f) converges to I;(f) when the number
of simulations S goes to infinity. Thus a natural idea consists in defining the NPSML

estimator as the global maximizer of

T
£50) = 7 S i () (1-5)
t=1

on O.

4As usual, unknown parameters of the distribution of € are integrated to #. Moreover, lagged values
of the observed endogenous variable can be subsumed within z in the usual manner. We will introduce
lagged latent variables later in this paper.

>The (g§) can also be the same for each t; the proofs of asymptotic results go through in that case.
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For technical reasons, it is in fact necessary to trim the smallest values of /. This
can be done by considering the nonparametric simulated loglikelihood

T
~ 1
Li(0) = 7 ) ms(1 (9) 7 (6), (1-6)
=1
where 75 is a sufficiently regular function® such that 75(z) = 0 if |z| < h° and

7s(x) = 1if |z| > 2R°, with § > 0.

Thus we define the NPSML estimator by
07 = arg maxgco LE(0)

We now state a set of assumptions under which it is strongly consistent when 7" and
S go to infinity and the bandwidth h goes to zero.

The first subset of assumptions concern the kernel. We assume

Assumption K: the kernel K is twice continuously differentiable and has compact
support.

Let p be the order of the kernel, i.e. [2{"...z0" K (z)d is zeroif 0 < 377" a; <
p and nonzero if Zj a; € {0, p}. (Classically, p = 2 for positive symmetrical kernels).

We need more assumptions on the exact likelihood function. In addition to As-
sumption L1, we assume

Assumption L2: I(y|z,0) is bounded above on R? x R™ x ©.
Assumption L3: there exist some § > 1 and some constant Cj such that a.e.

T
1
sup — Ini,(6)]° < Cy
P ;l +(0)]
Assumption L4:

sup

Hazmx, 0)
0

1
20 H belongs to L".

Assumption L5: 0°[(y|z,0)/0y” is bounded above on R? x R™ x O.
We need a few technical conditions:

6We consider in the paper the continuously differentiable function defined by

Ts(z) = 4z — h°)* /B> = 3(z — h°)* /K"

when z € [h?,2h°]. Therefore, this function 75 is piecewise polynomial and ||75|| = O(h70).
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Assumption T1: there exists £ > 0 such that S < T*%.
Assumption T2: there exists # > 0 such that h > S™7.
Assumption T3: there exists v such that

Inh.P(|X, Y| > 5") — 0.
— 00

We also need one assumption about the reduced form of the model.

Assumption M1: there exist a function ¢ and some sg > 0 such that

B sup {H dg(x,0,¢)
0,lo]| <5 90

dg(z,0,¢)
ox

} < B(e),

N

with E[¢(e)] < oo, and where v was introduced in Assumption T3.

Note that if dg/00 and dg/0x are bounded in norm, then it suffices to take so = 0
in Assumption M1. Otherwise sy > 0 is necessary because the supremum is taken
over a compact set that increases in size like S”.

We also need to put some assumptions on the order of the trimming function and
the rate of convergence of the bandwidth to zero as the number of simulation draws
goes to infinity.

Assumption R1: § < p.
Assumption R2: Sh™29/1n S goes to infinity as S goes to infinity.
Assumption R3: there exists p > 2 such that

p/2—1
5 (BEY o <o o

S>1

We can finally state our consistency theorem.

Theorem 1.1 Under assumptions K, M1, L1-L5, R1-R3 and T1-T8, 955: 15 strongly
consistent: almost everywhere, R
07 — 0.
S, T—o0

It is easy to check that HA‘; is weakly consistent under the same assumptions except R3.

In order to prove the asymptotic normality and efficiency of the NPSML estimator,
we need a few more assumptions. To state them, let V;; denote a neighbourhood of
fy. We first need to strengthen our assumptions on the reduced form of the model
by adding
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Assumption M2: for some rg > 0 and some pg > 4,

ag(x’ 9’ 6)

90 < &(5)7 (1'8)

ho sup
0EVo, ||| <S”

where E[¢(e)P0] < oo. )
Assumption M3: there exists a function ¢ and s; > 0 such that, for every € > 0,

hsl sup HM ‘ + H(?QQ(ZU,O,&?) Hag(x3036) ‘2
0Vo, ol <5 020 900 90
dg(z,0,¢)|| ||0g(z,0,¢) _
. <

where E[(g)] < oo.
Again, if the derivatives of g are bounded, then one can take rg = s = 0 (see the
remark after Assumption M1).

We also need three more assumptions on the exact likelihood function:

Assumption L6:

Hal(ylwﬁ)

20 is bounded above on R? x R™ x V.

Assumption L7: there exists v > 1 such that

T v

6lnlt(0) _ Op(l)

00

sup 7!
96V0 =1

Assumption L8:

o+1
%{%ﬁ’mis bounded on RY x R™ x V.

The assumptions on the rates of convergence also have to be strengthened.

Assumption R4:
T'2hP=%Inh —s 0

S, T—00

Assumption R5:

Th™2m=20-2-201n2 h1n §/S — 0

S, T—o0

Assumption R6:

TY2h=|Inh|  sup
{(zy.0)€AR}

. < )
Pgo(glen‘go l,(0) < 2h )S,ﬁooo,

00

‘M H L /21
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where Ay, = {(z,5,0)ll(yl.0) € [%,2h],0 € Vo}.
Finally, we need to add one technical condition.

Assumption T4:

T1/2h’5’m’1|lnh|+T7/2(7’1)] Py, (lze, el > S”) — 0

S, T— o0

Recall that we denote € the asymptotic variance-covariance matrix of the ex-
act maximum likelihood estimator. We can finally state our asymptotic efficiency
theorem.

Theorem 1.2 Under assumptions K, M1-M3, L1-L8, R1-R6 and T1-T}, é% 1S asymp-
totically normal and asymptotically efficient:

VT (05 - 65) % N(0,9). (1-9)
S, T—o0

To simplify the proof, we have used assumptions that are more restrictive than
need be. For instance, Assumption L6 could be replaced with a condition on the
moments of the derivative of the likelihood function. Also, the assumptions used
imply that 0}5: is strongly consistent, whereas convergence in probability would suffice.
When this theorem applies, HA‘; has the same asymptotic variance as O, the exact
maximum likelihood estimator of 6. Thus 95,? is asymptotically efficient and Q can

be estimated by

N s , dnly ol o
szt;m(lf(e%))-( i) - (Zatan) (1-10)

2 Choice of the Parameters

To apply our estimation method in practice, it is necessary to fix the values of the
parameters p, d, K, h, v and S. The main difficulty consists in choosing the rates
of convergence of the number of simulations S to infinity and of the bandwidth A to
zero so that the assumptions of Theorems 1.1 and 1.2 hold. Let us therefore assume
that § = K, T® and h = K58 ° for some positive constants K; and K».

First examine the assumptions that imply that the NPSML estimator is consistent.
We neglect assumptions T'1 to T3, which are bound to hold if the density of (z,y) is
not too thick-tailed”. Then the relevant assumptions are R1 to R3. These translate
into

) b< ——
<P <m+25’

Tt should tend to zero more quickly than ||(z,y)||~*, for some k > 0, when ||(z,y)|| tends to infinity.




January 22, 2002 - 10:59

and

p—4
mp

b<

for some p > 2.

Clearly, this last condition holds as soon as b < 1/m, which is implied by the second
condition. Therefore it suffices to choose 6 < p and b < 1/(m + 26). In particular,
take the usual case of a second-order kernel (p = 2). Then we can choose § = 1
for instance and the asymptotically optimal bandwidth selector for kernel density
estimation, for which b = 1/(m + 4), fits the bill. Thus the most natural choice for
the rate of convergence of h to zero yields a consistent NPSML estimator. Note that
as expected, the speed of convergence of S to infinity is irrelevant for consistency, viz
we only require that a > 0.

Now consider the assumptions for asymptotic normality. In addition to R1 to R3,
R4 to R6 must also hold. R4 and Rb5 translate into

1
b > ——— and 2ab 0+1 1 2-11
a >2(p—6) and 2ab(m +d+1+1r) +1<a (2-11)

Now choose p > 0 and some K > 2(p—£5)' Moving on the hyperbola ab = K to the
zone of large a and small b will satisfy all assumptions. Thus our conditions define a
nondegenerate region of the (a,b) plane. One would hope that this region intersects
the line b = 1/(m + 2p) that defines the usual asymptotically optimal bandwidth. It
can be checked that such is the case if (p — ) is large enough, which may imply using
higher-order kernels (p > 2).

Assumption R6 is more problematic, as it should be checked on a case-by-case
basis. Clearly, it holds when h goes to zero fast enough. Take for instance the
simplest case, in which y is normally distributed with mean 6 and unit variance.
Then tedious calculations show that R6 holds if

— 0,

which is satisfied for ab > v/2§(y — 1). Unfortunately, it seems very difficult to find
a more general sufficient condition for R6.

3 NPSML for the dynamic case

As mentioned before, models in which z contains lagged observable endogenous vari-
ables can be treated in exactly the same (provide that e is not serially correlated).
However, there is a class of models for which dynamic simulations are called for. This
includes

e models with both lagged observable endogenous variables and serially correlated
disturbances

e models with lagged latent variables.

10



January 22, 2002 - 10:59

An example of the latter is the stochastic volatility model, which can be written (in
its simplest form)

yr = exp(y; /2)en
Yy =a+ by, + ooy,

where y; represents the observed returns and y; the latent volatility.

In these models, the likelihood function for observation ¢ is a t-dimensional inte-
gral, which can very rarely be computed in closed-form. For very simple instances of
these models, it is possible to apply clever tricks to use simulated maximum-likelihood
or the method of simulated scores, but there exists as yet no fully general method. As
we shall now see, it is easy to extend the NPSML method to these models in order to
obtain consistent and asymptotically normal estimator, with some loss in asymptotic
efficiency.

For such models, we rewrite the reduced form as

2t = g(!Et,thl,ooaUt)a

where the vector of endogenous variables z; may contain
e observable endogenous variables y;
e latent endogenous variables y
e disturbances ¢;.

Now wu; represents the innovations in the disturbances and is still assumed to be drawn
from a known distribution £. For instance, we might have

€t = P1€t—1 T OU

where both p; and o are parameters to be estimated.
We now resort to dynamic simulations i.e., given an initializing scheme for z§(6),
we compute for s =1,... ,Sandt=1...,T

Zf(g) = g(xt’ Ztsfl(g)v 93 ui)a

where the uj are drawn from L.

As this may seem abstract, consider the stochastic volatility model as presented
above. Denote 6 = (a,b,0). For each ¢, draw (ef,,¢5,) in the assumed distribution
of (e14,€2¢) for s =1...,5. Also draw y;°(f) from the stationary distribution of the
volatility process implied by €. Then compute recursively

y; (0) = exp(y;°(0)/2)el,
yi®(0) = a + by;®,(0) + o¢sy,

Given the simulated paths of the observable endogenous variables y;(6), we could
proceed exactly as for the static model. However, this will only approximate the
marginals (y|xy, 0) of the likelihood function I(yi,... ,yr), and thus it will use only
a small part of the information contained in the sample under study.

11
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Therefore we use an idea due to Azzalini (1983) and also applied by Laroque-
Salanié (1993): we generalize our earlier procedure by choosing some integer k > 0,
defining Y; = (yi, ... ,y1—k) and approximating the likelihood of Y; by

S
1 Y, — Y(0)
S _ } : K t t
(o) = Shi+l £~ ( h )

where K and h are a well-chosen kernel and bandwidth, both (k+ 1)-dimensional this
time. This will allow us to approximate the marginals [(y;, ... ,y;—) of the likelihood
function, conditional to (¢, ... ,%¢ ).

The NPSML estimator é% then is obtained as usual by maximizing

T
> 7s(1f(0) Inif (0)
t=1

We cannot claim asymptotic efficiency this time, since we are only approximating k-
order marginals of the likelihood function. Nevertheless, the NPSML estimator will be
close to asymptotically efficient if these marginals contain about as much information
as the full likelihood function. Of course, the curse of dimension will severely limit
the possible values of k, to, say, 1 or 2. Therefore it is an empirical question whether
the efficiency loss is large or not in any particular model.

Theorems 1.1 and 1.2 can be adapted to the dynamic framework. Indeed, the key
tool of the proofs is lemma A.1, which can be extended relatively easily. There are
two main caveats here. First, 6y must be identifiable from the marginal likelihood
function I(y, ... ,y;_k;0). Second, the variance-covariance matrix of the estimator
must be computed as

V=Jtrj!

where J is the derivative of the score and I is the outer product of the scores, corrected
for serial correlation. Moreover, the notation becomes messier and the assumptions
must be strengthened. There are in fact so many technical differences between the
static and the dynamic cases that another paper seems to be necessary to expose and
prove the asymptotic properties of the dynamic NPSML estimators. It seems more
interesting to examine how well these methods perform in practice. To this end, we
now turn to a Monte-Carlo simulation study of the finite-sample properties of the
dynamic NPSML estimator as applied to three dynamic latent variable models.

4 Three Monte-Carlo Simulation Experiments

Latent variable models in which the latent variable is serially correlated are a natural
area for applying NPSML, since they usually give rise to analytically untractable like-
lihood functions. We study here the properties of the NPSML estimators of three such
models: a disequilibrium model with serially correlated demand, a regime switching
model and a stochastic volatility model. For each of these models, we used the normal
kernel to nonparametrically estimate the density and we did not prewhiten the data

12
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(for multidimensional density estimates). We chose the bandwidth A by applying
Silverman’s rule for the bandwidth that minimizes the mean integrated square error
for a normal density. Finally, we trimmed the 5% lowest values of the likelihood.

4.1 The Disequilibrium Model
The disequilibrium model is defined by the observation of

y¢ = min(Dy, Sy)

where D; (demand) and S; (supply) are two latent variables and there is no regime
indicator to tell the econometrician whether there was excess demand or excess supply
in t. Disequilibrium models may be used in markets in which prices are fixed and
there is quantity rationing. In such applications, it is natural to introduce serially
correlated demand and/or supply. Then the likelihood function for observation ¢
becomes an integral of dimension ¢ and is therefore untractable.

We reexamine here the experimental setup in Laroque-Salanié (1993), which is
defined by

Dt = a1T1t + th,I + 011t
Sy = agxo + o2ey

where £1; and e9; are jointly normal independent white noises with unit variances and
the exogenous variables are generated by

{xlt = 2.5(1 4+ 1)

Tt =

ot

where v, is a N(0, 1) variable independent of (14, £9;). The true parameter vector is
(a1,a2,b,01,02) = (1,1,0.5,1,1)

This setup yield a strong mix of regimes, with a generalized R? of about one half.
Laroque and Salanié (1993) proved that given the variation in z14, the parameters
are identified from the marginal distribution I(y,... ,y;—x) even for k = 0. We ran
experiments for both K =0 and k = 1.

We chose a short sample size of T' = 50 and generated 500 samples of artificial data.
For each of these samples, we applied NPSML with & = 0 and S = 50 (NPSMLO in
the table) and with £ = 1 and S = 500 (NPSMLLI in the table). The initial parameter
values were drawn from the uniform distribution on [0.5, 1.5] for a1, a2, 01 and o2 and
from the uniform distribution on [0.25,0.75] for b. For each parameter vector reached
during maximization, the initial value of demand Dy was drawn from the stationary
distribution implied by these parameter values.

As is well-known (see for example Laroque-Salanié (1994)), the likelihood function
for the disequilibrium model is not well-behaved, and the maximization algorithm
often leads to spurious maxima. Here the algorithm failed to converge for 2 (resp. 4)
samples out of 500 for NPSMLO (resp. NPSML1). In 63 (resp. 68) other samples, it
strayed into a “one-sided” region in which all observations are classified in the same

13
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Table 1: Simulation of the disequilibrium model

Parameter | True value | NPSMLO | NPSML1
a; 1.000 1.008 0.995
(0.194) (0.163)
as 1.000 0.989 1.007
(0.063) (0.064)
b 0.500 0.500 0.497
(0.062) (0.052)
o1 1.000 0.743 0.798
(0.192) (0.173)
09 1.000 0.786 0.845
(0.185) (0.171)

regime, which leaves no hope to estimate the parameters of the other regime. For
the remaining samples, each estimation for NPSMLO (resp. NPSML1) takes about
0.5 seconds (resp. 10 seconds) on a Pentium 1.4 GHz microcomputer using Gauss.
Table 1 sums up our results on these samples: for each parameter, it gives the mean
estimate and (between parentheses) the dispersion of the estimates. As far as the
three main parameters aq, as and b are concerned, the simulation results are very
satisfactory: the biases are negligible, and the dispersions are small and decrease
when going from NPSMLO to NPSML1. The biases are larger for the standard errors
o1 and o9, although they decrease when moving to NPSML1. It seems that one needs
more simulations and/or a larger k to get reliable estimates of these two coefficients.

4.2 The Regime Switching Model

Our second simulation study concerns the hidden Markov chain model, which is more
often called the regime switching model in econometrics since it was introduced by
Hamilton (1989). Let y; denote the rate of growth of GDP and s; be an unobservable
two-state Markov chain that identifies whether the economy is in a recession (s; = 0)
or in a boom (s; = 1). Then the regime switching model can be written as

yr = p(s¢) + ug

where wu; is a disturbance that is independent of s; and p(s;) is the average rate of
growth of GDP in regime s;. When u; is an autoregressive process, then Hamilton
showed that techniques based on the Kalman filter provide an estimator of the regime
switching model. However, these techniques do not work any more when u; contains a
moving average component, as the likelihood function then becomes a t-dimensional
integral. We test here the NPSML method by applying it to the simplest moving
average regime switching model, where

Ut = € — 06,5_1

14
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and ¢; is a normal white noise with variance 2. We picked values for the parameters
of the data-generating process that are as close as possible to the estimates reported
by Hamilton (1989). Thus we take pu(1) = 1.16%, ©(0) = —0.36% and o = 0.77%.
The transition matrix of the Markov chain s; is defined by

p= P(St = 1|3t—1 = 1) =0.90
and
g = P(s; =0|s;—1 =0) =0.76

Finally, given that Hamilton finds little serial correlation in his estimated u; process,
we chose § = 0 as the true value of the parameter of the moving average process. We
simulated 500 replications of a 150-period process.

The model is clearly not identifiable from the marginals of the likelihood function
with £ = 0. Thus we ran two experiments: NPSMLI1, with £ = 1 and S = 500,
and NPSML2, with £ = 2 and S = 500. Each estimation takes about 23 seconds for
NPSML1 and 29 seconds for NPSML2. For each value of the parameters, we draw the
initial state of the Markov chain s; from its ergodic distribution. For each estimation,
we identify the boom regime as the one for which the estimated p is largest. The
initial parameter values for the maximization algorithm are drawn randomly from
uniform distributions on [1,2] for 100u(1), [—0.5,0] for 1004(0), [0.5,1] for p, ¢ and
1000, [—0.5,0.5] for 6.

Table 2 presents the results on the converged samples®. The results are rather
mixed. The estimates of ;(1), ¢ and o have low bias and reasonable standard errors;
on the other hand, the estimators of p, ©(0) and 6 are less satisfactory, as they
have larger biases and moving from NPSML1 to NPSML2 only slightly improves
them. Thus the evidence here is not as favorable to NPSML as with the dynamic
disequilibrium model.

4.3 The Stochastic Volatility Model

As explained in section 3, the stochastic volatility model has a lagged latent variable
(the volatility), which makes the likelihood for observation ¢ a ¢-dimensional inte-
gral. Several estimation methods have been proposed to circumvent this difficulty.
Melino-Turnbull (1990) and other authors suggested using a classical method of mo-
ments estimator ; but later simulations have shown that this is a rather inefficient
procedure. Harvey-Ruiz-Shephard (1994) proposed a quasi-maximum likelihood esti-
mator (QML) based on rewriting the model as a state-space model and approximating
the distribution of the errors with Gaussian variables. Jacquier-Polson-Rossi (1994)
presented a Bayesian approach based on a Monte Carlo Markov chain (MCMC).
Danielsson (1994) showed how to obtain accurate approximations to the likelihood

8For 14 samples for NPSML1 and 8 samples for NPSML2, the algorithm hit the boundary of the
admissible parameters 4| = 1.
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Table 2: Simulation of the regime switching model

Parameter | True value | NPSML1 | NPSML2

100u(1) 1.160 1.168 1.196
(0.260) (0.249)

1004(0) —0.360 0.126 0.068
(0.456) (0.458)

P 0.900 0.775 0.767
(0.147) (0.147)

q 0.760 0.743 0.745
(0.139) (0.139)
0 0.000 —0.250 —0.190
(0.345) (0.311)

1000 0.770 0.681 0.698
(0.122) (0.138)

using importance sampling. Finally, Sandmann-Koopman (1998) have proposed a
Monte Carlo maximum likelihood method (MCL).

Our objective here is not to debate the relative merits of the various approaches,
but to see how our NPSML method fares in a small Monte Carlo simulation of the
stochastic volatility model. This is made easy by the fact that Jacquier-Polson-
Rossi (1994) (hereafter JPR) compared the finite sample performance of QML and
MCMC and that later Sandmann-Koopman (1998) (hereafter SK) used the very same
experimental setup to measure the performance of their MCL method.

We should emphasize here that researchers on the stochastic volatility model usu-
ally are not only interested in estimation, but also in filtering (how to get the best
estimate of current volatility given the observed returns). We only focus here on
estimation.

Let us write the stochastic volatility model as®

{’)”t = Eehtﬂft
he = ¢hi—1 + oym

Here r; denotes the (residual) returns and h; is the underlying latent volatility process.
The errors & and 7; are assumed to be independent across time and to be uncorrelated
centered normals with unit variance.

Let uy = V(r¢|hy) = 32 denotes the conditional variance of returns. Both JPR
and SK specify nine Monte-Carlo designs by crossing two criteria. The first one is
the coefficient of variation of u

_ Vu B 0727
CcV = (Bu)? = exp <71_¢2>

which they take to be equal to 0,1, 1 or 10. The second one is the value of the
autocorrelation parameter ¢, which they take to be equal to 0.9, 0.95 or 0.98. Finally,

9We use the notation in SK.
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they fix the last parameter by setting the expected variance of returns

2 &
I n
Fu=70 exXp W
equal to 0.0009.

Empirical studies of the stochastic volatility model show that estimates of CV
cluster around one. Therefore, as already suggested by SK, we focus on that the
case where CV = 1; we have only explored the value ¢ = 0.95, which is case 5 in
SK. We experimented with £ = 1 and & = 2 for the marginal likelihood functions.
The number of observations is T' = 500 and we ran 500 replications of the stochastic
volatility process. The parameters of interest are oy, ¢ and a = (1 — ¢) Ing? which
is just a simple transformation used to conform to the presentation of the results in
JPR and SK.

Table 3 presents the simulation results when starting the maximization algorithm
from the true values of the parameters. In our first experiment, denoted NPSML1 in
the table, NPSML was used with £ = 1 and § = 50. One estimation takes about five
seconds on average on our microcomputer. The algorithm converged for 488 out of
500 replications. NPSML2 refers to an experiment with £ = 2 and S = 500, for which
each estimation takes about 50 seconds and 494 replications converged. In addition
to the estimates for o0y, ¢ and o, Table 3 also reports estimates for @, for the long-run
volatility (\/H = \/W) and for the long-run standard error of the volatility

_ _9n

=15

These cannot be found in the tables of JPR and SK, but they obviously are of some
interest.

Oh

The NPSML1 column shows that the estimates for ¢ and o, are about as good
as the QML estimates, but are noticeably more dispersed than the MCMC and MCL
estimates. The estimates for a are wide off the mark, however. Because @ = (1 —
$)Ina? and Ina? ~ —7.4, any error on ¢ reflects in a large error on «, unless the
estimate of @ covaries enough. This is also a problem for MCMC, but not for QML
or MCL. Note, however, that the estimates for the volatility and for & are rather
good. The results improve in all dimensions. The bias on the estimate of oy, is the
lowest of all the methods, even though the standard error is still relatively large. The
bias on the estimate on ¢ is comparable to the best existing method (QML), and the
standard error is low. The estimates for « are improved, but are still much worse
than those of QML and MCL.

While these results seem to be encouraging, they were obtained using the true
values of the parameters as the initial point in the maximization algorithm. In real-
life applications, one would use guesstimates or first-step estimates using a simple
method such as the method of moments. Unfortunately, we have been unable to find
a realistic initialization procedure that leads to good NPSML estimates. The reason
seems to be that with & = 1 or £ = 2, the NPSML objective function is very flat

17
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Table 3: Simulation of the stochastic volatility model

Parameter | True value | QML MCL | MCMC | NPSML1 | NPSML2
o 0.260 0.302 0.233 0.280 0.244 0.270
(0.17) | (0.07) | (0.07) (0.19) (0.13)
) 0.950 0.906 0.930 0.920 0.896 0.922
(0.18) | (0.10) | (0.05) (0.18) (0.10)

a —0.368 —0.368 | —0.372 | —0.560 | —0.795 —0.588
(0.01) | (0.01) | (0.34) (1.42) (0.78)
e 0.025 - - - 0.022 0.023

- - - (0.003) (0.003)
Volatility 0.030 - - - 0.026 0.028
- - - (0.004) (0.004)
on 0.833 - - - 0.731 0.826
- - - (0.40) (0.31)

with respect to the parameters. Then small sample variations lead to several local
maxima, and the maximization algorithm converges to the local maximum closest to
the initial points. Thus, the NPSML estimates are strongly determined by the initial
parameter values, which may explain why the method seems to do so well in Table 3.

5 Concluding Remarks

While the NPSML method has very appealing statistical properties in static models,
its real test lies in its ability to give good estimates in finite samples for dynamic mod-
els. Here the evidence is more mixed. The method works rather well for the dynamic
disequilibrium model, but its performance is disappointing on the regime switching
model, and it does not seem to be a practical proposition for the stochastic volatility
model (at least when the volatility is strongly persistent). A likely explanation is that
these three models exhibit increasing persistence, so that when moving down the list,
truncating the (untractable) likelihood function to its marginal [(yq,... ,y—k) be-
comes a worse and worse approximation. The marginals indeed seem to contain little
information for the stochastic volatility model, at least for practical values of k. The
failure of NPSML to provide reliable estimates then has more to do with the unavoid-
able truncation of the likelihood to order k than to the nonparametric estimate of
the density on simulated samples. NPSML presumably would work better on models
where this truncation loses little information, as seems to be the case for the dynamic
disequilibrium model.
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Appendix: Proofs of the Asymptotic Results

Denote by C'st some “universal” positive constants (viz independent from every
other quantities). By default, the expectations are taken with respects to the true
law whose parameter is 6.

A Technical lemmas

The proofs of Theorems 1.1 and 1.2 rely on asymptotic convergence results of many
kernel-based estimates. To establish them, we will repeatedly use an improved version
of lemma B.1 of Ai (1997). The rate of convergence is a bit higher than in Ai’s lemma
and the result is true almost everywhere under the additional assumption (A-12)
below.

Lemma A.1 Let (u;);>1 be an i.i.d. sequence of realizations of a random variable u,

and denote
N

ay(w) = N~ " an(w,u;)
=1
a sample average of some real terms ay(w,u;), w € RE. Let hy be a bandwidth

sequence such that hy — 0 when N — oo and such that hy > N~™ for some w > 0.
Assume that for every (u,w, N,hy),

i. Wylan(w,u)| < c1(u) and E[c}(u)] < 400 for somer >0 and p > 2,
ii. hi||0an (w,u)/0w|| < ca(u) and Elca(u)] < 400 for some s > 0,
iii. E[h3ra% (w,u)] < Cst.hl for some t > 0.
Define Wy = {w € RE; ||w| < N*}, v > 0. If

p/2-1
> (—II;VN ) WP < oo, (A-12)

N>1

then there exists a constant Cy such that almost everywhere, for every N,

(Nh2rt

1/2
N ) L(w € Wy) |an(w) = Elay (w)]] < Co. (A-13)

Moreover, replacing assumption (A-12) with
NAPP=D )iy N — oo, (A-14)
N—o00

a stronger result is true in probability, viz for every e > 0,

2r—t\ 1/2
P ((]\ZQN ) L(w € W) Jax (w) — Elay (w)]| > g> 0 (A-15)

21
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Proof of lemma A.1: To simplify the notation, we suppress most IV subscripts
from now on. The technique of proof is exactly the same as in Ai (1997) even if our
result is a bit stronger and is stated a.e. Note that a.e. supy |[N7! Zl]\il co(u;)] is
bounded. For some My > 0, define d; = 1(¢q(u;) < My). Then a(w) = a1 (w)+as(w)
where a1 (w) is a sample average of terms (1—d;)a(w, u;) and as(w) is a sample average
of terms d;a(w,u;), i =1,... ,N. Then

P ( sup Ja(w) — Ela(w)]| > ) <p ( sup o (w) — Blas (w)]] > 5/2)
weWn weWn

weWn

+ P( sup |ag(w) — Elag(w)]| > 5/2> = p1+ pe.

Invoking condition i, we get

N
p <P wselll/II/)Nﬁ;Kl —di)a(w, u;)| > 4)
+ P( sup E[(1 —d;)|a(w,u1)[] > 4)
weWyn
1 N
<P (N 121(1 — di)er(ug) > h )
+ P(E[(l—di)cl(ui)] >h’§). (A-16)

By Hoélder’s inequality, we have
B[(1 = di)er (w)] < Per (ug) > My) 17 B[S (w;)] /P < Bl (u;)]/ME

Therefore, the second term of equation (A-16) is zero for N sufficiently large if
M ]’iflsh’" tends to the infinity when N tends to the infinity. This assumption will be
satisfied with our forthcoming choices (see below). Thus we obtain for N sufficiently

large
4FE[(1 — d;)cq(u; 1
p< L] o 1),
eh My “eh”
Moreover, cover Wi classically by by boxes Wy, j = 1,... ,by of length éy. It is

easy to choose the boxes so that by ~ N“K/§K. Denote w; be the center of each box
Win. If w € Wjy, we get by assumption ii that

016N

Jaz(w) — az(wj)] < ”th;ng Z

a.e. ,
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for some constant C;. Deduce that a.e.

sup |az(w) — Elaz(w)]| < maxi<j<py [ sup |ag(w) — az(w;)]
weEWxN weW;n

+  sup [Blag(w) — az(w;)]] + [az(w;) — E[Gz(wy')]ll
weW;n

2C10N
< hls + sup |ag(w;) — Elag(w;)]|.
N J

Applying Bernstein’s inequality, we get

2C46
po < P < 18 LSS 6/4) +bn sup P (|az(wj) — Elaz(w;)]| > €/4)
hiy 1<j<by
5N Nh27"62
< P{Ci— >¢/8 2b —
= < 155 >/ ) * NeXp( CoE[h? a2, (w, u)] + 16Myeh
6N Nh2r7t62
< PC— 8 2b —
= < 1 > ) * NeXp( Cs + 16Myeh™

for some positive constants Cy, Co and Cs. Choosing g2 = C*pt=?r In N/N and
My = hi™"e71 it is easy to verify that My N—> +oo under assumption (A-12).
— 00

Moreover, if o5 = [¢h®/(8C})] A 1, then by = O(N™), @ > 0 and
p2 <0+ Cst.NTexp(—Cst.C*In N).

Thus, for C* sufficiently large, >y p2 < +00. At last, since M]’(flehT = (In N/N)I*p/th”ﬁ,
assumption (A-12) implies that ), p1 < oo. Then, by Borel-Cantelli’s lemma the
strong uniform convergence is proved.

To state the convergence in probability (equation (A-15)), it is sufficient to prove
that p; and po tend to zero when N tends to the infinity. This is the case with our
previous choices (¢, My) and under (A-14). O

Lemma A.1 allows us to state the strong consistency of kernel estimates uniformly
with respects to the parameter 6 and to some increasing compact sets of observations.
It will be used repeatedly in the following three lemmas.

Lemma A.2 Under assumptions K, M1, L2, L5, R8 and T2, for every v > 0, a.e.

Sh™

1/2
inf (h (ﬁ) ) 12yl < $*)sup |15 (], 0) — I(y],0)]
n [4

18 bounded. Moreover, it tends to zero in probability replacing assumption R3S by
assumption R2.
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Proof of lemma A.2: Apply lemma A.l with w = (z,y,0), u = ¢, N = S,
K=m+d+ q and

an(w,u) = ™K <w> .

Since K is bounded, we can choose r = m and p arbitrarily large. Moreover

E[R?™a2 (w, u)] = /K2 (M) dP. = hm/KZ(t)l(y—hﬂx,Q) dt.

By assumption L2, we can choose ¢ = m. Moreover

1% (y —g(,9, 6)) _ [_ Og(w,0,¢) | _39(%9,6)] H

— R0
h

hm+1+so dan (w? ’LL)
ow'

< Ost]|K'||oo (1 + ¢(g))

belongs to L'. Hence, under R3,

Shm\ 12 , 5 5
g ) =yl<s )sup ||1°(y|z,0) — E[I° (y|z, 0)]||
nS 0

is bounded a.e. It remains to deal with the bias term. A Taylor expansion provides

(—h)P / O°l(y — 07 ht|z, 0)

E[I° (y|z,0)] = (y|z,0) + P o0ry

K(t)t* dt,

where 0 € [0,1]. Since dPI(-|z,0) is uniformly bounded (assumption L5),

SUD(3,4,0) 17 ‘E[ls(y|:1:,9)] — l(y|$,0)‘ is bounded, proving the result. It is easy to
check that assumption R2 implies A-14 and thus the convergence in probability by
Lemma A.1. O

Lemma A.3 Under assumptions K, M2, M3, L8 and T2, for every v > 0, we have
a.e.

, Sp2mA2+2r0 \ 1/2
inf (ne, (28— 1 <5
wt (02 (P ) ) 1l < 8 sw

tends to zero in probability.

00 00

‘3ls(y|x,9) al(ylﬂfiﬂ)H

Proof of lemma A.3: Apply lemma A.1 with w = (z,y,0), u = ¢, N = S,
K=m+d+qand

™
~

an(w,u) =h" 8—0,CK A )

—m— ag(xaeag) y_g(flf, 36)
o m—1 Kl
f 90, < h ’
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foreach k =1,... ,¢. Set r =m+1+7¢ and s = m+2. Since A7 ay (w, u;)| <
| K| so®(e5), and E[p(e;)P°] < 00, pg > 2, lemma A.1 is valid with p = pg. Moreover,

2 2
E[h2m+2+27‘oa§v(w’ U)] — h27‘0 /Kl (y - g(}f? 07 5)) (ag(;éga 5)) dPE
k

< K% Bld(e)] < .

Then, set t = 0. Clearly, assumption ii of lemma A.1 is satisfied with s = m + 2+ s;.
Hence, since pg > 4, we have

1 po/2—1
3 <%q> < +o0, (A-17)
S>1

Then (A-12) is satisfied and

ol (ylz,0)

1/2
1(||z,y|| < S")su - F
) 1l < 575 | Z25E0 -

(h2m+2+2r0 S

ol° (y|z, 9)]
InS

00
is bounded a.e. To deal with the bias, a Taylor expansion provides as previously

alS(@/I:L',O)]_3l(y|ﬂfi,9) (=h)? [ ot}
90 '~ o0 o | 960ry

E| Iy — 0Fht|z, 0)K (£)1 dt,

where 0} € [0,1]. Since 9**1(y|x,0)/000Py is uniformly bounded,

sup h P ||E[

(z,y,0)

is bounded,

als(ylxﬁ)] _ l(y|=,0)
09 20

proving the result. O

Lemma A.4 Under assumptions L4, T1 and T2, we have a.e.

0 =1

7 \ /2 1T
(ﬁ) P {f > 11— 7s((6))) - Bl - rs(lt(e))]} is bounded . (A-18)

Proof of lemma A.4: Apply lemma A.1 with w =6, u = (z,y), N=T, K =q
and

T
an(0) =T~ an(8,u), an (0, ur) = [1 = 75(1:(0))] -
t=1

Note that ay depends on (T, h) only, despite the index S and even if there exists a
relation between h and S. Therefore, h = h(T') is a sequence which tends to zero when
T — +o0. Since ap is bounded, choose r = 0 and p arbitrarily large. Moreover, we
can choose s = § since

‘ aaN(gau) ‘ _

< Cst.h™°
20 < Cst.h™’ sup

0

75(l(yl=,0))

ol(y|z,0)
00

ol(y|z,0)
00 :
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Finally, note that E[h* a3/ (0,u)] = O(1) and set t = 0. Then (A-12) is satisfied

and a.e.
T \ /2 T
(ﬁ) Slalp {Tl Z [1—7s(l:(0))] — E[(1 - Ts(lt(H)))]} is bounded , (A-19)
t=1

proving the result. O

B Proof of Theorem 1.1

In this proof, supy means the supremum over §# € ©. A simple splitting of the
simulated loglikelihood provides

T
Y L(llzesyell > 87) 7517 (6)) In 7 (9)

L50) ~ Ir(0) = 7
t=1

L ([|lzg, yell > S”) Inly(0)

(...
Il
_

|
N~
E

L (o, el < 8%) 7s(17 () [Inl7 () — Iniy(6)]

+
N~
E

il
1L

L (||z, yell < 8Y) [1s(17(0)) — 1] Inly(0) = Ty + To + Ts + Ty

N~
M=

+

il
1L

The proof is completed if we show that supyee |L5(0) — L7 (6)| tends to zero a.e.
when S and T tend to the infinity.

Study of T3 : Invoking lemma A.2, we have almost surely

. —p Sh™ 12 v S
A 1|z, yell < S”)sup |1 (6) — 1+(6)]
n 0

is bounded. Note that
1

7s(I7' (9)) |Ini; (8) — Inly(6)] <

where [} (6) lies between [ (9) and I;(6). Moreover, if [ (6) tends to [,(f) faster than
h?, then 75(I7 (0)) > 0 implies that |/} ()] > C.h° for some constant C. Hence, since
0 < p and Shm+25/ In S — oo, we have a.e. uniformly with respect to 0,

B —1/2
T3] < Cst.h™° {h” Vv (i—s> } = O(us), (B-20)

which tends to zero when S — oo.



January 22, 2002 — 10: 59 27

Study of Ty: Obviously, we have

T
Ty = %Z 1 (||, ]| < S¥) [75(17 () — 75 (1:(0))] In14(6)
t=1
T
+ %Z 1 (lze, el < SY) [75(16(0)) — 1] Inly(8) = Tuy + Tuo.

(...
Il
—

Since h%||74 s is bounded, deduce from lemma A.2 that a.e.
s 5 )0y, (SR e
sup sup | 75(17 () — 15(1:(0)) |= O | h h? v S = O(ug),
0 fvt,yt,thaZ/tHSS" n

which tends to zero. Hence, since supypT 7! ZtT:1 |Inly(#)] is a.e. bounded as a
consequence of Assumption L3, then a.e.

T
1
sup |Ty1] = O(us). sup - > [Inly(0)] = O(us) — 0.
t=1

T S—00

Moreover, by Holder’s inequality, we have for each 6,

) T 1/« ) T 1/8
il — L= B .
Tiol < [T >0 Ts(zt(em] [T > @) ] NN
where ™!+ 871 =1, @« > 1, § > 1. Thus, by assumption L3 and lemma A .4, we
have a.e.
InT\ /2 Ve
sup [Tya| < Cst. |sup P(1;(0) < 2h%) + (T) , (B-22)
0 0

which tends to zero when h — 0 and T' — +o00.
Study of T1: Note that |75(z)Inz| < 1(z > hd)|Inz| and that I7(0) < ||K||/h™.
Thus, since the logarithmic function is monotonic,
K
sup ‘Ts(lf(O)) lnlf(@)‘ < sup ‘Tg(lf(H)) lnlf(O)‘ < ‘ln <u> ‘v| Inh’| = O(Inh).
0 15 (0)€ 13K /1] h

Thus,

T
1
Sl;P|T1| < Cst.|Inh|- 1:—21 L ([lzg, yell > 5¥) .
Using Hoeffding’s inequality (Bosq and Lecoutre (1987)), for every ¢ > 0,

P | sup > €
S<T"

< 2T* sup exp(—2Te?).
S<T*

T

1 14 14

T Zl (lze, yell = S¥) — E[1([|lze, yell > S¥)]
=1




January 22, 2002 - 10:59
By Borel-Cantelli’s lemma, and setting €2 = C*InT/T, it is easy to see that a.e.
~0 ((—IHT>1/2> :
T

Because h > T~™ by assumption T1 and T2, Inh = O(InT). Then, deduce from
assumption T3 that a.e.

sup

sup |7 > el = 8%) = Py (s ell > 8°)

t

1T
=1

Ti| — 0.
Sl;p| 1|S’T%oo

El

Study of T5: Note that, by Hoélder’s inequality, we have

T 1/«

1 v
T Z L ([lze, yell > S)

t=1

|T| <

1 T 1/8
-[T;unzt(enﬂ] :

Then, invoking assumption L3, this term can be dealt like 77, viz supy |T2| tends to
zero a.e. O

C Proof of Theorem 1.2

Now, we seek to state the asymptotic normality of 0}51 Note that

oLy OLp 0?Lr

OLr 55\ _ OLr
a0 1) = —57(00) + 5055

o oLy
(6")(07 — 6o) and —-=(67) =0,

where 6* lies between 6y and 0}51 Thus,

. PLr \ 7' oL (LS — Ly) -
TV2(05 — 6y) = <_8980T,(9 )) '{Tl/Za—oT(OUHTI/Z%(Q%)}'

(C-23)

The assumptions of Theorem 1.2 contain those of Theorem 1.1, so that 9£ is strongly
consistent. Given assumption L1, it is sufficient to prove that

o(L§ — L)

1/2
r 00

(0) (C-24)
tends to zero in probability uniformly with respect to # belonging to a neighborhood
Vo of 6y, or more precisely that, for every € > 0,
(L3 — Lr)(0
b sup |rr22LE = Lr)(®)
9€V0 89

>5> — 0. (C-25)

S, T— o0
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In this proof, 6 belongs to Vp. Particularly, sup, means supycy;, . It is sufficient to
verify (C-25). Some obvious calculations provide

7S T S
p1/29Ur — L1)(0) aoLT)(e) - TI/ZZ;Ts(lf(H)) [81%0) - 815(99)] i !

T1/2 XT:TS(IE(O)) (It — lts)(g) dInl;(0)

" 50 90
alnl( )
T7-1/2 t
+ Z 90
4 1/22 alt (9) lnlf(0)5A1+A2+A3—{—A4

Study of Ai: Note that, for every 6 and every realization,

s O)| -
o |

Applying lemma A.3, we obtain for every ¢ > 0,

T S
>~ 1zl < 5775070 -2

Plsup || A > ) < P (SUP
> T1/25/2>

(Sup

> T1/25/2>

d , aI5(0)  AL(O)] 1
S 1l >S90 0) | 757 - %5

S
< P (sup sup 81:929) — 815(00) H > T1/2h66/2>

0 mtayt’Hwt:yt”<SV
o |21 0)  01(6) 1/2)8
+ (Supz (lze, ye|| > SY) ‘ 50 o0 > T'/2h0¢ /2

T
A ORRZAC)
+ P (sgpgl(llwt,ytll > SY) ‘ 50 " 50

IN

H > T1/2h68/2> = Py + Pro.

The first term P is zero for T sufficiently large under assumptions R4 and R5. To
deal with the second term, recall that, by assumption L6, ||0l;/06| is bounded and,
by assumption M2,

S

—m— 1 I(-8
<K |loch 1'§Z¢(€t)a

sup
0 s=1

-t
00
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where each ¢(ef) € LP°, pg > 2. Since the €f are independent from (z;,1;) for each s
and %, this provides

t=1 s=1

T s
Py <P (Z L ([lze, yell > S) Zﬁg(f?f) > CSt-Tl/QShHmHE)

T
+ P (Z L (|ze, yell > SY) > Cst.T1/2h55>

t=1

E [1([|lzs, yell > S”)(e5)] E[1(||zs, yel| > S¥)]
1/2 ? 1/2 )
< (Cst.T / REETEE + Cst.TY X

T1/2 _
< Cste o P (o, yell > S7) Elg(ed)],

which tends to zero by assumption T4 (using the independence between (z,y;) and

(e7)s)-

Study of Ay: For each # and each realization, we have

) <72 XTJ 07 1O e] < 57| O | 2O
+ I/QZ (127 ()] + 1:(8)) L(]|2, yell > S7) TSZ( (0(;0))‘ Halnlt H Az + Aga.
Applying lemma A.2, it is easy to see that, for all £ > 0,
Ploup Az | > ¢) < P ( b supD Ol < 57 | 250> mg>
< p (Tm firs (%)”} 20 e
< sup ( XT: Blnlt )1/7 > C'st.eA}

=1

where A\, — oo when S and T tend to the infinity (by assumptions R4 and R5).
Hence, by assumption L7, we have

P(sup ||Ag1]| >e) — 0.
0 S, T—o00

)
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Moreover,

sup |4 | < sup 712 3 1+ Csth4(0)] 1z, ill > 5)
t=1

‘8lnlt(0)

00
1 X 1=1/y T 1/y
< 12 (f > (x> SV)) : ( Z >
t=1 =1
1 & ol |g; 0)
+ Cst.TY?h0 (TZI(HIEtaytH > SV> : ( (y H>
t=1

Therefore, using assumption L7 and the uniform boundedness of 9l;(6)/06 (assump-
tion L6),

3lnlt

,y,0

T 1-1/v
1
P(sup | Apll > &) < P | | =D 1|z ul > ) > Cst. T %
Y T4

T
1 —
P (f > A(|lze,yll > 8¥) > Cst.T 1/2h55>

t=1
T7/2(7 1) v 1/2 v
Cst— oy P (ot yell > 8%) + Cst - 25— P (|2, yull > 5%) -

Thus, invoking assumption T4, supy ||Aa2|| tends to zero in probability.

Study of Az: Thanks to assumption L7 and Holder’s inequality, note that

45 < T3 Ao < 57) [ 05(0) — (00 . [*%2
Tt:l )
t=1 —
1/2 5|1 d , Jr—1) 1=1/y
< T {Cst.h [T;l |xt,yt| <S ‘lt _lt(g)‘ ]
+ -lil(“%’ytH S SV)] 1-1/7
_Tt 1 / /
rooT 1-1/y - y
+ %; [1—7s(l:(0 ] } . Zl 3lnlt ] (C-26)

Applying lemma A.2, the first term is bounded in probability by

1/2
Cst. TY2p 0 [(;%) + hP

?
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which tends to zero by assumptions R4 and R5. Moreover, note that

T

T T
21_75 (o Z 0) <2m%) < 7 310 (80) < 20),

t=1

'ﬂ |

(C-27)
where [f(6p) = infpey; ¢(0). Thus,

) T 1-1/v
?ZI—TS lt ] >€)

T
P (% > 1(; (60) < 21%) > (gT—1/2)7/(7_1)>

t=1
< e /G=D20-D) p(ix(6y) < 2h0),

IN

which tends to zero by assumption R6.
It remains to deal with the second term of (C-26), which is of the same order as

1 Z 1-1/y
T Tz]l(“%,ytﬂ >SV)] :
=1

But, for every n > 0,

P (TW

= o(TV®P(IX, Y| > 5*))

T

t=1

which tends to zero when (S,T) — 0o, by assumption T4.

Study of A4: Let us split A4 as

T

S
A =172Y rgaE o) mif o) (P57 - 250 ) 1l < 57)
t=1
T
+ TS A O) O T 1wl < 5°)

1/2 o 1 (1S S 3[;9(9)
+ TR 7 O) i (O) =5 Llae well > 8) = An + Asa + Ass.

Since 7§ is a polynomial supported by [h5, 2h5], we have for every z > 0,

0 < 75(z)|Inz| < Cst.h°|Inh|7s(z),

1-1/v
1 ) _ v/(1=7) y
=" kel > 5 )] > 77) < (nr 1) T P(Ix Y > 5)

32
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where (7s)s>1 is a bounded sequence of polynomials supported by [h°,2R°]. Invoking
lemma A.3, we obtain that

a5 (0)  al(6)
90 90

0 @iyellme,yel|<SY

InS 1/2
1/2 -0

which is zero for S sufficiently large, thanks to assumptions R4 and Rb5.
Since the functions (7s)s>1 can be dealt exactly like (1 — 7g)g>1, the term Ayy is
bounded like Ajs, replacing v by +o00. Therefore, for S sufficiently large

P(sup ||Ag1]] >e) < P (sup sup H > Cst.eT /2R lnh|>
0

1 ¢ Ol (e |2, 6)
|| < Cst.T2h= bl sup — 3™ 75 (1(0)) | =20
0 Tt:l

00

AN(yi|ze,0) ]| 1 <
1/23 -0 t|Lty * §
S 08t| lnh|T / h sup TH ? tE - ]l(lt (00) S 2h ),

{(z,y,0)eAn}

where I} = infyey 1,(6). Thus, for every € > 0,

ol 0
P (sup | As2| > 6) < Cste™Inh|TY?2h~0  sup M‘ Py, (17 (6p) < 2h°),
0 {wyeay |l 90
which tends to zero under R6.
Finally, note that
|lnh’| —1/2 d v 1 oy s
Sup |Ags|| < Cst - ot L Z L[|z, yell > SY) - S Z¢(5t)a
t=1 s=1

and deduce that

Cst.TY?|Inh -
Pl s > o) < CEL B (11l > 570560

Cst.TY?|Inh —
< O (> 5) B ()

which tends to zero by assumption T4, proving the result. O



