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Abstract
In this paper we investigate the degree to which the internal migra-

tion ‡ows in Western Germany can be related to employment changes.
The data consist of in- and out-migration of employed workers and
employment in 75 regions in Western Germany over the period 1982-
1997. Given a multinomial logit model for the individual migration
decisions, we derive a conditional Poisson gravity model for the mi-
gration ‡ows from one region to another. Although these migration
‡ows are not observable, it appears that the in- and out-migration
per region are su¢cient statistics for maximum likelihood estimation,
for each year separately. The correctness of the model speci…cation
is tested by the integrated conditional moment test on the basis of
nonlinear regressions implied by the Poisson gravity model.

JEL codes: C12, C13, C21, C51, C52, R12
Key words: Migration, Poisson-gravity model, maximum likeli-

hood, nonlinear regression, model speci…cation testing.

1 Introduction
The literature suggests numerous explanations for either a slowing urban-
ization pattern or the existence of a counter-urbanization tendency in Eu-
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ropean countries during the 1970s, 1980s, and 1990s. These explanations
can be organized into …ve groups, that is, economic structural change, demo-
graphic restructuring, government policy, housing costs, and period e¤ects.
Economic structural change refers to the regional deconcentration of man-
ufacturing and service employment, and can be thought of as the ”people
follow jobs” explanation. Demographic restructuring refers to a change in
the preferences of the working-age population in favor of locations in rural,
low density, environmentally pleasant areas; this is the ”jobs follow peo-
ple” explanation. Period e¤ects include business cycle ‡uctuations, regional
boom and bust experiences, and changing socio-demographic compositions.
The government policy explanation includes planned deconcentration initia-
tives to redistribute jobs and people to rural / peripheral areas, and includes
increases in public service employment such as, child care, education for the
young, and other services. Housing costs reasons include both the high cost
and the availability of housing (Kontuly 1998; Kontuly and Dearden 1998).

Several researchers believe that the …rst three explanations provide the
basis for understanding counter-urbanization and slowing urbanization in
the developed world (Fielding 1989; Frey 1987, 1988, 1989, 1993; Hugo and
Smailes 1985; Kontuly and Vogelsang 1988; Morrill 1978; Moseley 1984;
Plane and Rogerson 1991). Kontuly and Vogelsang (1988) contend that
government policy must be added to these three major explanations.

Economic structural change and demographic restructuring explain long-
term tendencies in the human settlement patterns of developed countries.
Structural change explanations viewed the de-industrialization of the 1970s
as a short-term phenomenon, and forecasted new urbanization tendencies
for large metropolitan areas that were able to function as advanced private
service centers, the locations of corporate headquarters, banks, and other
…nancial institutions, and for metropolitan areas that became the location of
knowledge-based industries. Demographic restructuring refers to a change in
residential preferences or in the ability to act on such preferences - a basic
change either in the preferences of the working-age population or in their
ability to act on such preferences, in favor of residences in rural or small-
town environments and against large cities.

Period explanations, which account for short-term change, attributed the
1970s migration turnaround to the unique economic and demographic cir-
cumstances of the 1970s, and implied that when these economic and de-
mographic shocks subsided, more traditional urbanization tendencies would
re-emerge. The changing socio-demographic compositions explanation in-
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cluded the in‡uence of relative age cohort sizes such as the proportion of the
population in the Baby Boom generation and the proportion of the popula-
tion that is elderly. The emergence of large birth cohorts during the 1950s
and early 1960s impacted labor markets and the spatial structure of young
adult migration ‡ows became more geographically focused. The aging of the
population has meant a rapid increase in the numbers of economically in-
active people and a growing pool of potential migrants. Retirement enables
those with su¢cient resources to realize long-held desires for more realized
life-styles in attractive, uncongested surroundings.

Structural economic change is occurring as the proportion of tertiary and
quaternary employment increases relative to secondary employment. Also,
the decline in primary employment has almost run its course, so there is a
reduction in the stock or potential out-migrants living in rural areas. Older
industrial countries have been going through a process of de-industrialization
that has had a strong negative impact on larger cities, especially on their
central areas. Fielding (1989) expands on this explanation by emphasizing
the evolution of a new spatial division of labor. He argues that the growth
of companies in to multi-plant, multi-product, and multi-national enterprises
was accompanied by disinvestment in high-wage areas in favor of low-wage
reserves of labor within national territories. The deconcentration of jobs was
followed by population migration.

Economic structural change is one of the major factors suggested in the
literature as an explanation for a slowing urbanization pattern or the exis-
tence of a counter-urbanization tendency in European countries during the
1970s and 1980s. Economic structural change was cited in the literature as
an important explanation in eleven out of fourteen countries surveyed. These
countries were Belgium, Great Britain, Denmark, Finland, France, Western
Germany, Italy, the Netherlands, Norway, Sweden, and Switzerland (Kontuly
1998).

Renewed interest in internal migration processes in developed countries
and the reasons behind the changes in these processes was stimulated by
the discovery of a ”new migration turnaround” in the USA during the 1990s
(Fuguitt and Beale 1996; Johnson 1999; Long and Nucci 1997). A similar
”new” turnaround was evident in western Germany during the period 1992-
1996 (Kemper 1999).

In this paper we evaluate the importance of the economic structural
change hypothesis, by determining the degree to which the internal migra-
tion ‡ows in Western Germany can be related to employment changes, on
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the basis of the Poisson gravity model proposed by Flowerdew and Aitken
(1982).

2 The data
For j = 1; :::::; N = 75 regions in West Germany and years t = 1982; :::; 1997
we observe:

y¡j;t = out-migration of employed workers,

y+j;t = in-migration of employed workers,

Xj;t = total employment.

If the migration data involved would concern genuine internal migration,
then for each year the net migration should add up to zero:

NX

j=1

y¡j;t ¡
NX

j=1

y+j;t = 0: (1)

However, in reality this is not the case. Nevertheless, for the time being we
will treat the data as if (1) holds. In Appendix 1 we will set forth mild reg-
ularity conditions such that, asymptotically, the econometric results derived
under the restriction (1) carry over to the case where (1) is false.

In this paper we propose a multinomial logit model for the individual
migration decisions, on the basis of which we derive a conditional Poisson
model for the migration, yijj(t); from region j to region i 6= j :

yijj(t) = total number of employed workers (exclusive family members)

migrating from region j to region i in year t;

Then the out-migration of employed workers (exclusive family members) from
region j is

y¡j;t =
NX

i=1

I(i 6= j)yijj(t)
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where I(²) is the indicator function1, and the in-migration to region i is

y+i;t =
NX

j=1

I(i 6= j)yijj(t);

so that the restriction (1) holds. Although the internal migration ‡ows yijj(t)
are not observed, it turns out that the y¡j;t’s and y+i;t’s are su¢cient statistics
for maximum likelihood estimation.

3 A multinomial logit model for individual
migration decisions

Since moving takes time, we assume that the decision to migrate takes e¤ect
in the next year. Thus, let FN;t¡1 be the ¾-algebra (or information set)
generated by yijj(t ¡ m); and Xj;t¡m for i; j = 1; :::N and all m ¸ 1: The
model we propose is a model for the conditional probability pijj(t); given
FN;t¡1; that in period t a representative employed worker in region j will
migrate to region i 6= j:

First, it is plausible that pijj(t) is positively related to the di¤erence in
net in-migration in regions i and j in the previous year. In particular, if

¡
y+i1;t¡1 ¡ y¡i1;t¡1

¢
¡

¡
y+j;t¡1 ¡ y¡j;t¡1

¢

<
¡
y+i2;t¡1 ¡ y¡i2;t¡1

¢
¡

¡
y+j;t¡1 ¡ y¡j;t¡2

¢
;

then region i2 has apparently been more attractive to migrate to than region
i1, hence the larger the di¤erence

¡
y+i;t¡1 ¡ y¡i;t¡1

¢
¡

¡
y+j;t¡1 ¡ y¡j;t¡1

¢
;

the larger the conditional probability pijj(t) will be. One may consider this
as a ”keeping up with the Jones” e¤ect.

Moreover, it will be assumed that the migration decision is also based on
the di¤erence in employment growth rates, i.e., pijj(t) depends on

(Xi;t¡1 ¡Xi;t¡2) =Xi;t¡2¡ (Xj;t¡1 ¡Xj;t¡2)=Xj;t¡2; (2)

1I(true) = 1, I(F alse) = 0.
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or (almost) equivalently,2

(lnXi;t¡1 ¡ lnXi;t¡2)¡ (lnXj;t¡1¡ lnXj;t¡2) :

Furthermore, workers living in large regions have more possibilities of
changing jobs within the region, hence the probability of migrating from
a large region to another region will be smaller than from smaller regions.
Consequently, we assume that pijj(t) depends negatively on Xj;t¡1:

In view of these arguments we propose the following speci…cation of the
conditional probability pijj(t) that in period t ¸ 2 an employed worker in
region j migrates to region i 6= j:

pijj(t) (3)

=
X¡1
j;t¡1 exp

£
®0+ ¯ 00

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

1 +X¡1
j;t¡1

PN
m=1 I(m 6= j) exp

£
®0 + ¯ 00

¡
x¢m;t¡1 ¡ x¢j;t¡1

¢¤

=
X¡1
j;t¡1 exp

£
®0 + ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

1 + N
Xj;t¡1

exp
£
®0 ¡ ¯00x¢j;t¡1

¤
1
N

PN
m=1 I (m 6= j)exp

£
¯ 00x

¢
m;t¡1

¤ ;

with3

x¢j;t¡1 =
µ ¡

y+j;t¡1 ¡ y¡j;t¡1
¢
=10000

lnXj;t¡1¡ lnXj;t¡2

¶
:

Both components of ¯0 are expected to be non-negative:

¯ 00 = (¯0;1; ¯0;2); with ¯0;1 ¸ 0; ¯0;2 ¸ 0:

This speci…cation is akin to a multinomial logit speci…cation.
The reason for the factor X¡1

j;t¡1 in (3) is two-fold. First, as motivated
before, the larger Xj;t¡1; the smaller pijj(t) will be: Moreover the particu-
lar form of the factor X¡1

j;t¡1 facilitates the Poisson approximation discussed
below.

Since we assume that the decision to move or to stay in period t is made
in period t¡ 1; we have

yj jj(t) =Xj;t¡1 ¡
X

i 6=j
yijj(t);

2Because d ln(x)=dx = 1=x; hence d ln(x) = x¡1dx:
3The reason for the rescaling of y+

j;t¡1 ¡ y¡
j;t¡1 is to prevent over‡ow in the exp(:)

function.
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where yjjj(t) is the number of workers in region j that stay in region j. Then
conditional on FN;t¡1; the random variables

y1jj(t); :::; yj¡1jj(t); yj+1jj(t); ::::; yNjj(t) (4)

have a multinomial distribution:

P
£
^i 6=j

©
yijj(t) = yi

ª
jFt¡1

¤
=

Xj;t¡1!
y1!::::yN!

NY

i=1

pijj(t)
yi ;

where

yj = Xj;t¡1¡
X

i 6=j
yi;

pj jj(t) = 1¡
X

i 6=j
pijj(t):

4 Poisson approximation of the multinomial
distribution

The general form of the probability function of the multinomial distribution
is

q (y1; ::; yk¡1) =
n!

y1!::::yk¡1!
³
n¡Pk¡1

j=1 yj
´

Ã
k¡1Y

j=1

pyjj

!Ã
1 ¡

k¡1X

j=1

pj

!n¡Pk¡1
j=1 yj

:

De…ne
¸j = npj

and suppose that pj # 0 as n ! 1 such that the ¸j’s remain constant.
Denote

z =
k¡1X

j=1

yj:

Then similarly to the Poisson approximation of the Binomial distribution it
follows that for …xed y1; ::; yk¡1 and n ! 1;

q (y1; ::; yk¡1) =
n!

y1!::::yk¡1! (n¡ z)!n
¡z

Ã
k¡1Y

j=1

¸yjj

!Ã
1 ¡

k¡1X

j=1

¸j
n

!n¡z

7



=
1

y1!::::yk¡1!

zY

k=1

µ
1¡ z ¡ k

n

¶ k¡1Y

j=1

¸
yj
j

£
Ã
1¡

k¡1X

j=1

¸j
n

!n

£
Ã
1¡

k¡1X

j=1

¸j
n

!¡z

! 1

y1!::::yk¡1!

Ã
k¡1Y

j=1

¸yjj

!
exp

"
¡

k¡1X

j=1

¸j

#

=
k¡1Y

j=1

£
exp (¡¸j)

¡
¸
yj
j =yj!

¢¤
:

Hence, for large n and small pj’s the multinomial distribution is approxi-
mately equal to the distribution of k ¡ 1 independent Poisson(¸j) variates,
where ¸j = npj:

Thus, assuming that the probabilities pijj(t) are small and Xj;t¡1 is large,
it follows that for …xed j the random variables (4) are approximately in-
dependent Poisson

¡
Xj;t¡1pijj(t)

¢
distributed, conditional on Ft¡1: Moreover,

since for j = 1; ::; N the random variables (4) are due to the decisions of em-
ployed workers in di¤erent regions, we may without loss of generality assume
that conditional on FN;t¡1, the yijj(t)’s are independent Poisson

¡
Xj;t¡1pijj(t)

¢

distributed for all unequal i and j. Furthermore, it follows from (3) that

Xj;t¡1pijj(t)

=
exp

£
®0 + ¯ 00

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

1 + N
:Xj;t¡1

exp
£
®0 ¡ ¯00x¢j;t¡1

¤
1
N

PN
m=1 I(m 6= j) exp

£
¯ 00x

¢
m;t¡1

¤

¼ exp
£
®0 + ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

where the latter approximation holds if Xj;t¡1=N is large relative to exp(®0¡
¯ 00x

¢
j;t¡1)N

¡1PN
m=1 exp

£
¯ 00x

¢
m;t¡1

¤
¡exp(®0)=N: Therefore, adopting the spec-

i…cation (3) we have approximately:

Conjecture 1 For i; j = 1; :::; N, i 6= j and each t the yijj(t)’s are indepen-
dent Poisson(´ijt(®0; ¯0)) distributed, conditional on FN;t¡1, where

íjt(®; ¯) = exp
£
® + ¯ 0

¡
x¢i;t¡1¡ x¢j;t¡1

¢¤
: (5)
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Note that this is just a version of the Poisson gravity model proposed by
Flowerdew and Aitken (1982). See also, e.g., Okoruwa, Terza and Nourse
(1988) and Okoruwa, Nourse and Terza (1994) for applications.

Moreover, note that the yijj(t)’s are not independent over time, because
they depend on past values via FN;t¡1: Furthermore, it is unlikely that the
parameters (®0; ¯0) are constant over time. But even if they are we cannot
estimate them jointly for all t because the time dimension is too small to
use laws of large numbers and central limit theorems for dependent random
variables. Thus, the parameters ®0 and ¯0 will be estimated for each time
period t separately.

5 Conditional Maximum Likelihood (ML) es-
timation

Since sums of independent Poisson variates are Poisson distributed them-
selves, it follows from Conjecture 1 that for j = 1; ::; N the y¡j;t’s are inde-
pendently Poisson[¹j;t;N(®0; ¯0)] distributed, conditional on FN;t¡1, where

¹j;t;N(®; ¯) =
NX

i=1

I(i 6= j) íjt(®; ¯) (6)

=
NX

i=1

I(i 6= j)exp
£
®+ ¯0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

= N exp(®) exp(¡¯ 0x¢j;t¡1)
1

N

NX

i=1

exp
¡
¯0x¢i;t¡1

¢
¡ exp(®);

and similarly, the y+j;t’s are independently Poisson[Àj;t;N(®0; ¯0)] distributed,
conditional on FN;t¡1, where

Àj;t;N(®; ¯) =
NX

i=1

I(i 6= j)´jit(®; ¯) (7)

=
NX

i=1

I(i 6= j) exp
£
® ¡ ¯0

¡
x¢i;t¡1¡ x¢j;t¡1

¢¤

= N exp(®) exp(¯ 0x¢j;t¡1)
1

N

NX

i=1

exp
¡
¡¯ 0x¢i;t¡1

¢
¡ exp(®):
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Note that the pairs (y¡j;t; y
+
j;t) are not independent, conditional on FN;t¡1:

Thus, it is possible to estimate the parameters by ML on the basis of either
the y¡j;t’s or the y+j;t’s., but in that case not all available information will be
used. However, as is well-known, for each time period t the parameters ®0 and
¯0 can be estimated by ML on the basis of the unobserved migration ‡ows
yijj(t); because the likelihood function depends on the observed y¡j;t’s, y

+
j;t’s

and x¢j;t¡1’s only. In other words, the y+i;t’s and y¡i;t’s are su¢cient statistics
for the maximum likelihood estimation of ®0 and ¯0:4

eLt(®; ¯) =
X

i 6=j
yijj(t) ln (´ijt(®; ¯))¡

NX

j=1

¹j;t;N(®; ¯)¡
X

i 6=j
ln

¡
yijj(t)!

¢
(8)

= ®
X

i 6=j
yijj(t) + ¯

0
X

i6=j
yijj(t)x

¢
i;t¡1¡ ¯ 0

X

i 6=j
yijj(t)x

¢
j;t¡1

¡
NX

j=1

¹j;t;N(®; ¯)¡
X

i 6=j
ln

¡
yijj(t)!

¢

= ®
NX

j=1

y¡j;t + ¯
0
NX

j=1

¡
y+j;t ¡ y¡j;t

¢
x¢j;t¡1

¡
X

i 6=j
exp

£
® + ¯ 0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

¡
X

i 6=j
ln

¡
yijj(t)!

¢

The …rst-order conditions for a maximum of eLt(®; ¯) are:

0 =
@ eLt(b®; b̄)
@b® =

NX

j=1

y¡j;t ¡
X

i 6=j
exp

h
b®+ b̄0 ¡x¢i;t¡1 ¡ x¢j;t¡1

¢i
(9)

=
NX

j=1

³
y¡j;t ¡ ¹j;t;N(b®; b̄)

´
;

0 =
@ eLt(b®; b̄)
@ b̄0 =

NX

j=1

¡
y+j;t ¡ y¡j;t

¢
x¢j;t¡1

4For notational convenience we will write the double sum
PN

j=1

PN
i=1 I(i 6= j ) as

P
i 6=j :
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¡
X

i 6=j
exp

h
b® + b̄0 ¡x¢i;t¡1¡ x¢j;t¡1

¢i ¡
x¢i;t¡1¡ x¢j;t¡1

¢

=
NX

j=1

³
y+j;t ¡ ºj;t;N(b®; b̄)

´
x¢j;t¡1 ¡

NX

j=1

³
y¡j;t ¡ ¹j;t;N(b®; b̄)

´
x¢j;t¡1:

Moreover, the matrix of second derivatives of eLt(®; ¯) is

@2eLt(®; ¯)
@(®; ¯ 0)0@(®; ¯ 0)

= ¡N (N ¡ 1): bHt(®; ¯) (10)

where

bHt(®; ¯) =
exp(®)

N(N ¡ 1)
X

i 6=j
exp

¡
¯ 0x¢i;t¡1 ¡ ¯ 0x¢j;t¡1

¢
(11)

£
µ
1
x¢i;t¡1 ¡ x¢j;t¡1

¶µ
1
x¢i;t¡1 ¡ x¢j;t¡1

¶0
:

Thus (10) is negative de…nite for all values of ® and ¯; hence eLt(®; ¯) is
unimodal, and consequently the solutions b® and b̄ of the …rst-order conditions
(9) are unique.

It follows from standard textbook maximum likelihood theory5 that un-
der some regularity conditions ML estimators are consistent, asymptotically
normally distributed, and asymptotically e¢cient. However, the present case
is not exactly a standard textbook case. In particular, given the consistency
of b® and b̄; the standard approach for deriving asymptotic normality is to
set forth conditions such that for N ! 1;

1p
N(N ¡ 1)

@ eLt(®0; ¯0)
@(®0; ¯ 00)

! N
£
0; Ht(®0; ¯0)

¤
(12)

in distribution6, and

1

N (N ¡ 1)
@2eLt(®; ¯)

@(®; ¯0)0@(®; ¯ 0)
= ¡ bHt(®; ¯)! ¡Ht(®; ¯) (13)

5See for example Bierens (1994, Ch. 4).
6Note that in our case N (N ¡ 1) is the e¤ective sample size.
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in probability, uniformly on a compact parameter space A£B; say, containing
(®0; ¯ 00)

0; where

Ht(®; ¯) = lim
N!1

E
h

bHt(®; ¯)
i
: (14)

In the present case (14) does not hold, but under some regularity conditions
(13) and (12) hold with

Ht(®; ¯) = p lim
N!1

bHt(®; ¯)

instead of (14). Hence:

Conjecture 2 Under some regularity condition,

p
N(N ¡ 1)

µ b® ¡ ®0
b̄ ¡ ¯0

¶
! N

£
0; Ht(®0; ¯0)

¡1¤ (15)

in distribution as N ! 1. Moreover,

p lim
N!1

bHt(b®; b̄)¡1 = Ht(®0; ¯0)
¡1: (16)

It is not too hard to derive these regularity conditions on the basis of the
unobserved migration ‡ows yijj(t) and the properties of the Poisson distri-
bution. However, the derivations involved are pretty tedious, and therefore
given in Appendix 1.

6 Nonlinear least squares estimation
It follows from the properties on the Poisson distribution, Conjecture 1, and
(6) and (7) that

E
£
y¡j;t

¯̄
FN;t¡1

¤
(17)

= N exp(®0)bat(¯0) exp(¡¯ 00x¢j;t¡1) ¡ exp(®0);
E

h ¡
y¡j;t ¡ E

£
y¡j;t

¯̄
FN;t¡1

¤¢2¯̄¯ FN;t¡1
i

= N exp(®0)bat(¯0) exp(¡¯ 00x¢j;t¡1) ¡ exp(®0);
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and

E
£
y+j;t

¯̄
FN;t¡1

¤
(18)

= N exp(®0)bat(¡¯0) exp(¯ 00x¢j;t¡1) ¡ exp(®0);
E

h ¡
y+j;t ¡ E

£
y+j;t

¯̄
FN;t¡1

¤¢2¯̄¯ FN;t¡1
i

= N exp(®0)bat(¡¯0) exp(¯ 00x¢j;t¡1) ¡ exp(®0);

where

bat(¯) =
1

N

NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢
: (19)

Hence in principle we can estimate the parameters by nonlinear least squares
(NLLS), on the basis of either the y¡j;t’s or the y+j;t’s only. Of course, NLLS is
less e¢cient than ML, but the NLLS model can be consistently tested by the
Integrated Conditional Moment Test (ICM) of Bierens and Ploberger (1997).
This is the main reason for considering NLLS.

The asymptotic properties of the NLLS estimators involved are non-
standard. To see this, recall that if YN is Poisson(N .µ) distributed then
its characteristic function is

E [exp(i¿YN)] = exp [N:µ (exp(i¿ )¡ 1)] ;

where i =
p¡1; so that the characteristic function of UN = (YN ¡N:µ) =

p
N

is given by

E [exp(i¿UN)] = exp
h
Nµ

³
exp(i:¿ =

p
N) ¡ i:¿ =

p
N ¡ 1

´i
:

It is a standard exercise to verify that forN ! 1; E [exp(i¿UN)] ! exp (¡µ=2) ;
and consequently, UN ! N (0; µ) in distibution. This result suggests that the
nonlinear regression model for y¡j;t is approximately of the form

y¡j;t=
p
N =

p
N exp(°¡0;N ¡ ¯ 00x¢j;t¡1) + uN;j;t; (20)

where
uN;j;tjFN;t¡1 » N (0; exp(°¡0;N ¡ ¯ 00x¢j;t¡1)):

with
°¡0;N = ®0 + lnbat(¯0):
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The problem now is the factor
p
N in the reponse function, which asymp-

totically blows it up to in…nity. However, it is easy to show (see Appendix 2)
that this is actually an advantage, as the nonlinear least squares estimator bµ
of µ0 = (°¡0;N ¡ ¯ 00)0 is asymptotically normally distributed with convergence

rate N rather than the usual rate
p
N :

N
³
bµ¡ µ0

´
! N (0; B¡1AB¡1)

in distribution, where B¡1AB¡1 is the probability limit of N times White’s
(1980) heteroskedasticity-consistent covariance matrix.

Moreover, the ICM test carries over to this model without the need for
modi…cations. See Appendix 3.

7 The ICM test
The ICM test is based on the following theorem:

Theorem 1 Let u be a random variable satisfying E juj < 1; and
P [E(ujx) = 0]< 1; where x 2 Rk is a bounded random vector.

(a) Let w(u) be a complex or real valued function that is in…nitely many
times di¤erentiable in u = 0 and satis…es the condition that the set

fs 2 N : (d=du)sw(u) ju=0= 0g
is …nite. Then for every " > 0 there exists a » 2 <k such that E [u:w(»0x)] 6=
0 and k»k < ":

(b) If in addition w(u) is a power series in an open neighborhood of
u = 0, i.e., for some ± > 0; w(u) =

P1
s=0 (°s=s!) u

s for juj < ±; where
°s = (d=du)sw(u) ju=0; then the set

©
» 2 Rk : E [u:w(» 0x)] = 0

ª
has Lebesgue

measure zero and is nowhere dense.

Proof : See Bierens (1982) for part (a) with w(u) = exp(i:u), Bierens
(1990) for the case w(u) = exp(u); and Bierens and Ploberger (1997) for the
general case. Examples of suitable functions w(u) in the general case are
w(u) = cos(u) + sin(u); and w(u) = 1= [1 + exp(c ¡ u)] for c 6= 0: See also
Stinchcombe and White (1998) for further elaborations on this theorem.

The condition that the random vector x is bounded can be get rid o¤
by replacing x with ©(x); where © is a Borel measurable bounded one-to-
one mapping, because the ¾-algebra generated by x is then the same as the
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¾-algebra generated by ©(x); hence conditioning on ©(x) is equivalent to
conditioning on x. See Bierens (1982, 1990).

Theorem 1 suggests that, given a random sample (yt; xt); t = 1; ::; n,
xt 2 Rk; and a conditional expectation model E(ytjxt) = g(xt; µ0); the null
hypothesis P [E(ytjxt) = g(xt; µ0)] = 1 for some µ0; can be consistently tested
on the basis of the Integrated Conditional Moment (ICM) statistic

Z
jbz(»)j2 d¹(»);

where

bz(») = 1p
n

nX

t=1

butw (»0©(xt)) ; (21)

with
but = yt ¡ g(xt;bµ);

where bµ is the nonlinear least squares estimator of µ0; © is a bounded one-
to-one mapping, w(:) is a weighting function satisfying the conditions of
Theorem 1, and ¹ a probability measure on a compact set ¥ ½ Rk with
positive Lebesgue measure, which is absolute continuous with respect to
Lebesgue measure. The ICM test was proposed by Bierens (1982), for the
case w(u) = exp(i:u); ¥ a hypercube in Rk; ¹ the Lebesgue measure on ¥;
and i.i.d. observations (yt; xt) :

It has been shown by Bierens (1990) and Bierens and Ploberger (1997)
that under some mild regularity conditions (among which the assumption
that the function w(:) is real-valued), and the null hypothesis involved,
bz ) z on ¥; where z is a zero-mean Gaussian process with covariance
function ¡(»1; »2) = E [z(»1)z(»2)] ; hence

R
jbz(»)j2 d¹(») !

R
jz(»)j2 d¹(»)

in distribution, whereas under the general alternative that the null is false,
bz(»)=pn ! ´(») = p limn!1

1
n

Pn
t=1 butw (» 0©(xt)) in probability, uniformly

on ¥; where ´(») 6= 0 except on a set with zero Lebesgue measure. Con-
sequently, under the alternative (1=n)

R
jbz(»)j2 d¹(») !

R
j´(»)j2 d¹(») > 0;

a.s.
The asymptotic null distribution of the ICM statistic is of the type

Z
jz(»)j2 d¹(») =

1X

i=1

¸i"
2
i ;
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where the "i’s are i.i.d. N(0; 1) and the ¸i’s are the eigenvalues of the covari-
ance function ¡: Moreover,

R
jz(»)j2 d¹(»)R
¡(»; »)d¹(»)

=

P1
i=1 ¸i"

2
iP1

i=1 ¸i
· sup

m 1̧

1

m

mX

i=1

"2i = T;

say, so that asymptotic critical values can be derived from the latter distri-
bution. The actual test statistic of the ICM test is therefore

bTICM =
R

jbz(»)j2 d¹(»)R b¡(»; »)d¹(»)
; (22)

where b¡(»1; »2) is a consistent estimator of ¡(»2; »2); uniformly on ¥£ ¥:
The asymptotic null distribution of bTICM is case-dependent, because the

eigenvalues ¸i depend on the distribution of (yt; xt) and the conditional ex-
pectation model g(xt; µ0); but is dominated by the distribution of T: Thus,
denoting the 1¡® quantile of T by T®; i.e., P (T ¸ T®) = ®; the null hypoth-
esis is rejected at the ® £ 100% signi…cance level if bTICM ¸ T®: The values
of T® for ® = 0:10; 0:05; 0:01 can be found in Bierens and Ploberger (1997).

8 Empirical results

8.1 Maximum likelihood results
Recall that our model for migration ‡ows yijj(t) from region j to region i 6= j
in year t is

yijj(t) » Poisson (´ijt(®0; ¯0)) ;

where

ln ( íjt(®0; ¯0)) = ®0 + ¯0;1
£¡
y+i;t¡1 ¡ y¡i;t¡1

¢
¡

¡
y+j;t¡1¡ y¡j;t¡1

¢¤
=10000

+¯0;2 [(lnXi;t¡1 ¡ lnXi;t¡2) ¡ (lnXj;t¡1 ¡ lnXj;t¡2)] ;
with y+j;t = in-migration, y¡j;t = out-migration, and Xj;t = employment in
region j in year t:

The maximum likelihood estimation results7, b̄0 = (b̄1; b̄2); for ¯ 00 =
(¯0;1; ¯0;2) are presented in Table 1.

7The ML estimation, NLLS estimation, and the ICM tests in this section have been
conducted by using the modules MIGRATION and NLLS in the software package EasyReg
International developed by the …rst author. See Bierens (2001).
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Table 1: Maximum Likelihood Estimation results
Year b̄

1 t-value b̄
2 t-value log-likelihood8

1984 0.1394199 50.71 1.3788532 18.86 3757199.9
1985 0.5469267 150.02 0.2468324 5.12 3785956.0
1986 0.2151766 88.35 0.6200153 11.26 3282169.6
1987 0.2984167 72.78 1.6516470 17.61 3490124.1
1988 0.4984087 176.67 -0.0949351 -1.01 3654890.0
1989 0.1672895 81.62 2.9367199 26.73 3657387.8
1990 0.2698038 96.89 1.3021499 12.26 4052663.2
1991 0.4535728 149.64 26.6814053 291.35 4206964.5
1992 0.3303883 125.69 4.1647239 74.58 4273508.9
1993 0.2843011 95.99 2.4979466 31.03 3992985.4
1994 0.3412842 103.24 -0.4642191 -7.27 4000533.5
1995 0.3357902 111.09 0.0286840 0.45 3692279.9
1996 0.4892792 166.27 -0.4929617 -6.23 3415942.8
1997 0.4628604 187.22 -0.6146902 -5.74 3367311.0

As we suspected, the parameters are not constant over time. Moreover,
the b̄

1’s have the expected sign, and are all strongly signi…cant. However,
the results for the b̄

2’s are puzzling, with respect to their signs as well as
their variation over time.

As to the latter, the extremely large value of b̄
2 in 1991 likely corresponds

to the German uni…cation. It seems that the in‡ux of workers from the former
DDR in 1991 has spread over the regions with the highest employment growth
rates.

Up to 1993 the b̄
2’s are positive, except for the insigni…cant value in 1988,

but in 1994, 1996 and 1997 they become negative. The positive signs of the
b̄
2’s up to 1993 seem to corroborate the ”people follow jobs” explanation of

internal migration discussed in the Introduction. A possible explanation for
the negative e¤ect after 1993 may be that, ceteris paribus, in regions with
lowemployment growth rates quality housing is more a¤ordable and available
than in high employment growth regions, and that due to the economic boom
of the nineties the cost of commuting relative to income has fallen. Cf..
Kontuly (1998) and Kontuly and Dearden (1998). Also, these negative signs

8Only the part that depends on parameters.
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seem to corroborate the demographic restructuring explanation discussed in
the Introduction. Admittedly, these explanations for the negative signs of
b̄
2’s are merely speculations, but at least it is clear that the internal migration

patterns in Western Germany have structurally changed over time.
However, before we draw de…nite conclusions, we have to check whether

the model is correctly speci…ed, by re-estimation it for the in- and out-
migration seperately by nonlinear least squares, and testing the conditional
expectiation speci…cation by the ICM test.

8.2 Nonlinear least squares estimation and ICM test
results

If the ML model is correctly speci…ed, the NLLS estimation results should
yield estimates of ¯ 00 = (¯0;1; ¯0;2) comparable with those in Table 1, for
both in- and out-migration. Moreover, the NLLS models involved should be
accepted by the ICM test.

The ICM test will be conducted with weight function w(u) = cos(u) +
sin(u); nuisance parameter space ¥ = [¡c; c] £ [¡c; c] with c = 5, and ¹(:)
the probability measure of the uniform distribution on ¥: Note that the ICM
test is a right-sided test, with 10% critical value 3.23 and 5% critical value
4.26.

The NLLS estimation and ICM test results are presented in Tables 2 and
3.
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Table 2: NLLS estimation and test results for in-migration
Year b̄

1 t-value b̄
2 t-value R2 ICM test

1984 0.70396 11.393 -12.78149 -1.632 0.1618 1.33
1985 0.76883 4.470 6.98364 1.491 0.0901 2.53
1986 0.39717 2.391 -22.96084 -3.827 0.1470 1.37
1987 0.98524 2.004 0.65807 0.059 0.0557 1.61
1988 1.34166 20.216 -2.35473 -0.270 0.5362 1.76
1989 1.22402 18.143 -7.29398 -0.835 0.4996 1.96
1990 1.85579 4.108 8.47995 0.630 0.2747 1.99
1991 1.17825 10.275 -17.26297 -1.496 0.2604 2.02
1992 1.83819 9.227 -28.32716 -3.242 0.5935 2.49
1993 1.46859 15.962 2.56380 0.304 0.3548 1.46
1994 1.08552 15.592 -2.16469 -0.310 0.2530 1.63
1995 1.38785 21.051 -14.38693 -2.226 0.3393 1.32
1996 1.48135 9.846 -23.42422 -2.744 0.5545 1.22
1997 1.65209 12.737 16.24337 1.271 0.6718 1.44

Table 3: NLLS estimation and test results for out-migration
Year b̄

1 t-value b̄
2 t-value R2 ICM test

1984 -0.65411 -7.346 17.54040 2.100 0.1276 1.44
1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

To be completed
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9 Appendix 1
In this appendix we will set forth the conditions for consistency and asymp-
totic normality of the maximum likelihood estimators of the parameters ®0
and ¯0; for a given year t: Note that ®0 and ¯0 may be di¤erent for di¤erent
years t:

9.1 Consistency
9.1.1 General conditions

The conditional log-likelihood for year t can be written as

eLt(®; ¯) = N2 eQt(®; ¯)¡
X

i 6=j
ln

¡
yijj(t)!

¢

where

eQt(®; ¯) (23)

= ®
1

N2

X

i 6=j
yijj(t) + ¯

0 1
N2

X

i6=j
yijj(t)x

¢
i;t¡1¡ ¯ 0 1

N2

X

i 6=j
yijj(t)x

¢
j;t¡1

¡ exp(®)
Ã
1

N

NX

i=1

exp
¡
¯0x¢i;t¡1

¢
! Ã

1

N

NX

j=1

exp
¡
¡¯ 0x¢j;t¡1

¢
!

+exp(®)=N:

For proving the consistency of the maximum likelihood estimators of ®0 and
¯0 only the part N2 eQt(®; ¯) of eLt(®; ¯) is relevant.

Let A £ B be the parameter space satisfying

Assumption 1
A is a given closed and bounded interval in R containing ®0,
B is a given closed and bounded hypercube in R2 containing ¯0;
¯ 2 B implies ¡¯ 2 B.

Note that the …rst two parts of Assumption 1 imply that A £ B is compact
and convex. The last part of Assumption 1 together with the convexity

20



of B implies that 0 2 B; which is necessary for testing the signi…cance of
the components of ¯0: The symmetry of B is not essential, though, but has
notational advantages (see Assumption 2 below).

For proving the (weak) consistency of the maximum likelihood estimators
b® and b̄; i.e.,

p lim
N!1

b® = ®0; p lim
N!1

b̄ = ¯0; (24)

we will restrict (b®; b̄) to A £ B:

(b®; b̄) = arg max
(®;¯)2A£B

eQt(®; ¯):

As is well-known9, for proving (24) it su¢ces to establish the following
conditions:

p lim
N!1

sup
(®;¯)2A£B

¯̄
¯ eQt(®; ¯) ¡Qt(®; ¯)

¯̄
¯ = 0; (25)

where
Qt(®; ¯) is continuous on A £ B; (26)

(®0; ¯0) = arg max
(®;¯)2A£B

Qt(®; ¯); (27)

and
(®0; ¯0) is unique. (28)

9.1.2 Further conditions for the uniform law of large numbers

In this subsection we will set forth further conditions for the validity of (25)
and (26).

Recall that conditional on FN;t¡1; and for i 6= j; the yijj(t)’s are indepen-
dent Poisson distributed with expected value and variance equal to

E
£
yijj(t)jFN;t¡1

¤
= E

h¡
yijj(t)¡ E

£
yijj(t)jFN;t¡1

¤¢2¯̄¯ FN;t¡1
i

(29)

= exp(®0) exp
¡
¯00x

¢
i;t¡1

¢
exp

¡
¡¯ 00x¢j;t¡1

¢

Consequently,

9See for example Bierens (1994, Chap. 4).
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E

2
4

Ã
1

N 2

X

i 6=j

¡
yijj(t) ¡ E

£
yijj(t)jFN;t¡1

¤¢
!2

¯̄
¯̄
¯̄ FN;t¡1

3
5 (30)

= exp(®0)
1

N4

X

i 6=j
exp

¡
¯00x

¢
i;t¡1

¢
exp

¡¡¯ 00x¢j;t¡1
¢

=
exp(®0)

N2

Ã
1

N

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
! Ã

1

N

NX

j=1

exp
¡
¡¯ 00x¢j;t¡1

¢
!

¡exp(®0)
N3

and similarly, for arbitrary » 2 R3;

E

2
4

Ã
1

N2

X

i 6=j

¡
yijj(t) ¡E

£
yijj(t)jFN;t¡1

¤¢
»0x¢i;t¡1

!2
¯̄
¯̄
¯̄ FN;t¡1

3
5 (31)

=
exp(®0)

N2
» 0

Ã
1

N

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
x¢i;t¡1x

¢ 0
i;t¡1

!
»

Ã
1

N

NX

j=1

exp
¡
¡¯ 00x¢j;t¡1

¢
!

¡exp(®0)
N 3

» 0
Ã
1

N

NX

i=1

x¢i;t¡1x
¢ 0
i;t¡1

!
»:

Now assume

Assumption 2

bat(¯) =
1

N

NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢
! at(¯) > 0;

bbt(¯) =
1

N

NX

i=1

exp
¡
¯0x¢i;t¡1

¢
x¢i;t¡1 ! bt(¯);

bCt(¯) =
1

N

NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢
x¢i;t¡1x

¢ 0
i;t¡1 ! Ct(¯);
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in probability, uniformly on B; where the limits involved are …nite.
Moreover, at(¯); bt(¯) and Ct(¯) are continuous on B; and furthermore,

@at(¯)

@¯ 0
= bt(¯);

@bt(¯)

@¯
= Ct(¯) f or ¯ 2 B: (32)

Assumption 2 is more restrictive than necessary for proving consistency only,
but its full extent will be needed later.

It follows from Assumption 2 that

p lim
N!1

1

N

NX

i=1

exp
¡
¯00x

¢
i;t¡1

¢
= at(¯0);

p lim
N!1

1

N

NX

i=1

exp
¡
¡¯00x¢i;t¡1

¢
= at(¡¯0);

p lim
N!1

1

N

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
x¢i;t¡1x

¢ 0
i;t¡1 = Ct(¯0);

p lim
N!1

1

N

NX

i=1

exp
¡
¡¯ 00x¢i;t¡1

¢
x¢i;t¡1x

¢ 0
i;t¡1 = Ct(¡¯0);

p lim
N!1

1

N

NX

i=1

x¢i;t¡1x
¢ 0
i;t¡1 = Ct(0);

hence (30), and (31) are Op(N¡2): Using the conditional Chebishev inequality
and the bounded convergence theorem it follows now that

p lim
N!1

1

N 2

X

i 6=j

¡
yijj(t) ¡ E

£
yijj(t)jFN;t¡1

¤¢
= 0;

p lim
N!1

1

N2

X

i 6=j

¡
yijj(t) ¡ E

£
yijj(t)jFN;t¡1

¤¢
x¢i;t¡1 = 0;

p lim
N!1

1

N2

X

i6=j

¡
yijj(t) ¡ E

£
yijj(t)jFN;t¡1

¤¢
x¢j;t¡1 = 0:

Similarly, it follows from Assumptions 1 and 2 that
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1

N2

X

i6=j
E

£
yijj(t)jFN;t¡1

¤
! exp(®0)at(¯0)at(¡¯0);

1

N2

X

i 6=j
E

£
yijj(t)jFN;t¡1

¤
x¢i;t¡1 ! exp(®0)bt(¯0)at(¡¯0);

1

N2

X

i 6=j
E

£
yijj(t)jFN;t¡1

¤
x¢j;t¡1 ! exp(®0)bt(¡¯0)at(¯0);

in probability. Therefore, (25) and (26) hold under Assumptions 1 and 2,
with

Qt(®; ¯) = ® exp(®0)at(¯0)at(¡¯0) (33)

+¯0 (exp(®0)bt(¯0)at(¡¯0) ¡ exp(®0)bt(¡¯0)at(¯0))
¡ exp(®)at(¯)at(¡¯):

9.1.3 Conditions for uniqueness of the parameters

It follows from part (32) of Assumption 2 and (33) that

@Qt(®; ¯)

@®
= exp(®0)at(¯0)at(¡¯0) ¡ exp(®)at(¯)at(¡¯); (34)

@Qt(®; ¯)

@¯ 0
= exp(®0)at(¡¯0)bt(¯0)¡ exp(®0)at(¯0)bt(¡¯0)

¡ exp(®)at(¡¯)bt(¯) + exp(®)at(¯)bt(¡¯):

Thus the …rst-order conditions

@Qt(®0; ¯0)

@®0
= 0;

@Qt(®0; ¯0)

@¯ 00
= 0 (35)

hold.
In order to check the second order conditions, denote

Ht(®; ¯) = ¡ @2Qt(®; ¯)

@(®; ¯ 0)0@(®; ¯ 0)
: (36)
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If (36) is positive de…nite for all ® 2 A and ¯ 2 B then Qt(®; ¯) is unimodal,
hence the solution of the …rst order condition (35) is then unique.

It follows straightforwardly from (34) that

Ht(®; ¯) = exp(®)£µ
at(¯)at(¡¯) at(¡¯)bt(¯)0 ¡ at(¯)bt(¡¯)0
at(¡¯)bt(¯) ¡ at(¯)bt(¡¯) at(¡¯)Ct(¯)¡ bt(¯)bt(¡¯)0 ¡ bt(¡¯)bt(¯)0 + at(¯)Ct(¡¯)

¶

= exp(®)a(¯)a(¡¯)£µ
1 b¤(¯)0 ¡ b¤(¡¯)0
b¤(¯) ¡ b¤(¡¯) C¤(¯)¡ b¤(¯)b¤(¡¯)0 + C¤(¡¯)¡ b¤(¡¯)b¤(¯)0

¶
;

(37)
where

b¤(¯) = a(¯)
¡1b(¯); C¤(¯) = a(¯)

¡1C(¯):

Thus, Ht(®; ¯) is positive de…nite for all ® 2 A and ¯ 2 B if and only if the
matrix (37) is positive de…nite for all ¯ 2 B: To establish the latter, denote
the matrix (37) by D(¯); and let & 2 R and » 2 R2 be arbitrary. Then

(&; » 0)D(¯) (&; » 0)0

= (& + b¤(¯)
0» ¡ b¤(¡¯)0»)2

+» 0 (C¤(¯) ¡ b¤(¯)b¤(¯))» + » 0 (C¤(¡¯)¡ b¤(¡¯)b¤(¡¯))»
¸ » 0 (C¤(¯) ¡ b¤(¯)b¤(¯)) » + » 0 (C¤(¡¯)¡ b¤(¡¯)b¤(¡¯))»

=
»0 (a(¯)C(¯)¡ b(¯)b(¯)0) »

a(¯)2
+
»0 (a(¡¯)C(¡¯)¡ b(¡¯)b(¡¯)0)»

a(¡¯)2
> 0 for all » 6= 0 and ¯ 2 B

if

Assumption 3 a(¯)C(¯)¡ b(¯)b(¯)0 is positive de…nite for all ¯ 2 B:

This assumption is not too farfetched, because by Assumption 2,

a(¯)C(¯) ¡ b(¯)b(¯)0

= p lim
N!1

1

N

NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢ ¡
at(¯)

1=2x¢i;t¡1 ¡ at(¯)¡1=2bt(¯)
¢

£
¡
at(¯)

1=2x¢i;t¡1¡ at(¯)¡1=2bt(¯)
¢0
:

25



Assumptions 1-3 now imply the weak consistency of the maximum likeli-
hood estimators b® and b̄:

9.2 Asymptotic normality
9.2.1 General conditions

As said before, the standard approach in deriving the asymptotic normality
result (15) is to set forth conditions such that, for given t and N ! 1;
(12) holds, and (13) holds uniformly on A £ B. However, for notational
convenience we will set forth additional conditions such that,

1

N

@ eLt(®0; ¯0)
@(®0; ¯ 00)

= N
@ eQt(®0; ¯0)
@(®0; ¯00)

! N
£
0; Ht(®0; ¯0)

¤
(38)

in distribution, and

1

N2

@2eLt(®; ¯)
@(®; ¯ 0)0@(®; ¯0)

=
@2 eQt(®; ¯)

@(®; ¯ 0)0@(®; ¯ 0)
! ¡Ht(®; ¯) (39)

in probability, uniformly on A £ B; where Ht(®0; ¯0) is non-singular. Note
that (38) is asymptotically equivalent to (12), and (39) is asymptotically
equivalent to (13).

Condition (39) follows straightforwardly from Assumption 2, withHt(®; ¯)
de…ned by (36), because

@2 eQt(®; ¯)
@(®; ¯ 0)0@(®; ¯ 0)

= ¡@
2 (exp(®)bat(¯)bat(¡¯) ¡ exp(®)=N)

@(®; ¯ 0)0@(®; ¯0)
= ¡ exp(®)£

Ã
bat(¯)bat(¡¯) bat(¡¯)bbt(¯)0 ¡ bat(¯)bbt(¡¯)0
bat(¡¯)bbt(¯) ¡ bat(¯)bbt(¡¯) at(¡¯)Ct(¯) ¡ bt(¯)bt(¡¯)0 ¡ bt(¡¯)bt(¯)0 + at(¯)Ct(¡¯)

!

+
1

N
£

µ
exp(®) 00

0 O

¶
:

Moreover, the non-singularity of Ht(®0; ¯0) follows from Assumption 3.
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9.2.2 Further conditions for asymptotic normality

It is not hard to verify that

N
@ eQt(®0; ¯0)
@(®0; ¯00)

=
1

N

X

i6=j

¡
yijj(t) ¡ exp

£
®0 + ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤¢

£
µ
1
x¢i;t¡1 ¡ x¢j;t¡1

¶
:

Thus, for proving (38) it su¢ces to show that for arbitrary & 2 R and » 2 R2

N(&; » 0)
@ eQt(®0; ¯0)
@(®0; ¯ 00)

=
1

N

X

i6=j

¡
yijj(t) ¡ exp

£
®0 + ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤¢

£
£
& + »0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

converges in distribution to the normal distribution with zero mean and
variance

p lim
N!1

E

2
4

Ã
N (&; »0)

@ eQt(®0; ¯0)
@(®0; ¯ 00)

!2
¯̄
¯̄
¯̄ Ft¡1

3
5 = (&; » 0)Ht(®0; ¯0)

µ
&

»

¶
;

say.
As to the latter, it follows from the conditional independence of the

yijj(t)’s, and the properties of the Poisson distribution [cf. (29)] that

E

2
4

Ã
N (&; »0)

@ eQt(®0; ¯0)
@(®0; ¯00)

!2
¯̄
¯̄
¯̄ FN;t¡1

3
5

= exp(®0)
1

N2

NX

j=1

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
exp

¡
¡¯00x¢j;t¡1

¢

£(&; »0)
µ
1
x¢i;t¡1 ¡ x¢j;t¡1

¶ µ
1
x¢i;t¡1 ¡x¢j;t¡1

¶0µ&
»

¶
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¡ 1

N
&2 exp(®0)

= exp(®0)
1

N

NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢ 1
N

NX

j=1

exp
¡
¡¯0x¢j;t¡1

¢
(&; »0) £

µ
1 x¢ 0

i;t¡1 ¡ x¢ 0
j;t¡1

x¢i;t¡1¡ x¢j;t¡1 x¢i;t¡1x
¢ 0
i;t¡1 ¡ x¢j;t¡1x¢ 0

i;t¡1 ¡ x¢i;t¡1x¢ 0
j;t¡1+ x

¢
j;t¡1x

¢ 0
j;t¡1

¶ µ
&

»

¶

¡ 1

N
&2 exp(®0)

= (&; »0) bH¤
t (®0; ¯0)

µ
&

»

¶
¡ 1

N
&2 exp(®0)! (&; »0)Ht(®0; ¯0)

µ
&

»

¶

in probability, where
bH ¤
t (®; ¯) = exp(®)£Ã

bat(¯)bat(¡¯) bat(¡¯)bbt(¯)0 ¡ bat(¯)bbt(¡¯)0
bat(¡¯)bbt(¯) ¡ bat(¯)bbt(¡¯) at(¡¯)Ct(¯) ¡ bt(¯)bt(¡¯)0 ¡ bt(¡¯)bt(¯)0 + at(¯)Ct(¡¯)

!
:

As is well-known, if Y is Poisson(µ) distributed then its characteristic
function is

E [exp(i¿Y )] = exp [µ (exp(i¿) ¡ 1)] ;
where i =

p¡1; so that the characteristic function of U = (Y ¡ µ) c; with c
a constant, is given by

E [exp(i¿U )] = exp [µ (exp(c:i:¿) ¡ c:i:¿ ¡ 1)]

Substituting µ = exp
£
®0 + ¯ 00

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤
; c = & + » 0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢
;

it follows that

log

Ã
E

"
exp

Ã
(i:¿N) (&; » 0)

@ eQt(®0; ¯0)
@(®0; ¯ 00)

!¯̄
¯̄
¯ FN;t¡1

#!

=
X

i 6=j
exp

£
®0 + ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

£
¡
exp

£¡
& + »0x¢i;t¡1¡ » 0x¢j;t¡1

¢
:i¿=N

¤

¡
¡
& + »0x¢i;t¡1 ¡ »0x¢j;t¡1

¢
:i¿=N ¡ 1

¢
:

Moreover, it follows from Taylor’s theorem that there exists a random vari-
able ¸N;i;j;t¡1 such that

exp
£¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢
:i¿ =N

¤
¡ 1
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¡
¡
& + » 0x¢i;t¡1 ¡ »0x¢j;t¡1

¢
:i¿ =N

=
1

2

¡¡
& + » 0x¢i;t¡1 ¡ »0x¢j;t¡1

¢
:i¿ =N

¢2

+
1

3!

¡¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢
:i¿=N

¢3

£ exp £
¸N;i;j;t¡1

¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢
:i¿=N

¤

= ¡1
2

¡
& + » 0x¢i;t¡1 ¡ »0x¢j;t¡1

¢2
¿ 2=N2

¡ i

6N 3

¡
& + »0x¢i;t¡1¡ » 0x¢j;t¡1

¢3
¿3

£ exp
£
¸N;i;j;t¡1

¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢
:i¿=N

¤
;

hence

log

Ã
E

"
exp

Ã
(i:¿N) (&; » 0)

@ eQt(®0; ¯0)
@(®0; ¯ 00)

!¯̄
¯̄
¯ FN;t¡1

#!

= ¡1
2

£ 1

N2

X

i 6=j
exp

£
®0+ ¯

0
0

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

£
¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢2
¿ 2 +RN(®; ¯; ¿; &; »)

= ¡1
2
¿ 2(&; »0) bHt(®0; ¯0)

µ
&

»

¶
+ RN(¿; &; »);

where

jRN(¿; &; »)j

=
j¿ j3 exp(®0)

6N

¯̄
¯̄
¯
1

N 2

NX

j=1

NX

i=1

I(i 6= j) exp
£
¯ 00

¡
x¢i;t¡1 ¡ x¢j;t¡1

¢¤

£
¡
& + » 0x¢i;t¡1 ¡ » 0x¢j;t¡1

¢3 ¯̄¯

· j¿ j3 exp(®0)
6N

£ 1

N2

NX

j=1

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
exp

¡
¡¯ 00x¢j;t¡1

¢

£27
Ã

j& j+ k»k :
°°x¢i;t¡1

°°+ k»k :
°°x¢j;t¡1

°°
3

!3

+
j¿:& j3 exp(®0)

6N2
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· j¿ j3 exp(®0)
6N

£ 1

N2

NX

j=1

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢
exp

¡
¡¯ 00x¢j;t¡1

¢

£27
3

³
j& j3 + k»k3 :

°°x¢i;t¡1
°°3 + k»k3 :

°°x¢j;t¡1
°°3

´

+
j¿:& j3 exp(®0)

6N2

=
3j¿j3 exp(®)j& j3

2
p
N

bat(¯0)bat(¡¯0)

+
3j¿ j3 exp(®) k»k3

2N
bat(¡¯0)

Ã
1

N

NX

i=1

exp
¡
¯ 00x

¢
i;t¡1

¢ °°x¢i;t¡1
°°3

!

+
3j¿ j3 exp(®) k»k3

2N
bat(¯0)

Ã
1

N

NX

i=1

exp
¡
¡¯ 00x¢i;t¡1

¢ °°x¢j;t¡1
°°3

!

+
j¿:& j3 exp(®0)

6N2
:

Thus, if in addition to Assumptions 1-3,

Assumption 4 1
N

PN
i=1

°°x¢i;t¡1
°°3 exp

¡¯̄
¯ 00x

¢
i;t¡1

¯̄¢
= Op(1);

then RN(¿; &; ») = Op (1=N) ; hence

p lim
N!1

E

"
exp

Ã
i:¿N(&; » 0)

@ eQt(®0; ¯0)
@(®0; ¯ 00)

!¯̄
¯̄
¯ FN;t¡1

#
(40)

= exp

·
¡1
2
¿ 2(&; » 0)Ht(®0; ¯0)

µ
&

»

¶¸
:

Substituting ¿ = 1 in (40), and applying the bounded convergence theorem,
it follows that

lim
N!1

E

"
exp

Ã
i:N(&; » 0)

@ eQt(®0; ¯0)
@(®0; ¯ 00)

!#

= exp

·
¡1
2
(&; » 0)Ht(®0; ¯0)

µ
&

»

¶¸
:

This result implies (38). Thus, (15) holds under Assumptions 1-4. Finally,
note that (16) follows from Assumptions 1-4 as well.
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9.3 The add-up restriction reconsidered
The asymptotic properties of the maximum likelihood estimators have been
derived under the implicit assumption that the add-up restriction (1) holds.
However, in reality it does not hold. So the question arises whether this
matters for the asymptotic results.

In order to address this question, let us introduce region 0, the world out-
side the N = 75 regions under review, and let us assume that to Conjecture
1 holds for regions i; j = 0; 2; :::; N . Then the actual log-likelihood becomes

bLt(®; ¯) = ®
NX

j=0

y¡j;t + ¯
0
NX

j=0

¡
y+j;t ¡ y¡j;t

¢
x¢j;t¡1

¡ exp(®)
NX

j=0

exp
¡
¡¯ 0x¢j;t¡1

¢ NX

i=0

exp
¡
¯ 0x¢i;t¡1

¢
+ (N +1) exp(®)

+ (N + 1) exp(®) + rN

= ®
NX

j=1

¡
y¡j;t ¡ y0jj(t)

¢
+ ¯ 0

NX

j=1

¡¡
y+j;t ¡ yjj0(t)

¢
¡

¡
y¡j;t ¡ y0jj(t)

¢¢
x¢j;t¡1

¡ exp(®)
NX

j=1

exp
¡
¡¯ 0x¢j;t¡1

¢ NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢
+ N exp(®)

¡ exp(®)¡
¡
y+0;t ¡ y¡0;t

¢ ¡
¯0x¢0;t¡1¡ ®

¢
¡ ¯ 0

NX

j=1

¡
yjj0(t) ¡ y0jj(t)

¢
x¢j;t¡1

¡ exp(®)exp
¡
¡¯0x¢0;t¡1

¢ NX

i=1

exp
¡
¯ 0x¢i;t¡1

¢

¡ exp(®)exp
¡
¯ 0x¢0;t¡1

¢ NX

j=1

exp
¡
¡¯ 0x¢j;t¡1

¢
+ rN

= N2 eQt(®; ¯) ¡Nbqt(®; ¯) + rN

where

rN = ¡
NX

i=0

NX

j=0

I(i 6= j) ln
¡
yijj(t)!

¢
;
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eQt(®; ¯) is de…ned by (23), and

bqt(®; ¯) =
exp(®)

N
+

µ
y+0;t ¡ y¡0;t
N

¶¡
¯ 0x¢0;t¡1 ¡ ®

¢

+¯0
"
1

N

NX

j=1

¡
yjj0(t) ¡ y0jj(t)

¢
x¢j;t¡1

#

+exp(® ¡ ¯ 0x¢0;t¡1)
1

N

NX

i=1

exp
¡
¯0x¢i;t¡1

¢

+exp(® + ¯0x¢0;t¡1)
1

N

NX

j=1

exp
¡
¡¯0x¢j;t¡1

¢
+ rN

It follows now easily that, if

Assumption 5 (y+0;t¡y¡0;t)=N = Op(1) and 1
N

PN
j=1

¡
yjj0(t) ¡ y0jj(t)

¢
x¢j;t¡1 =

Op(1)

then asymptotically the term Nbqt(®; ¯) in the log-likelihood bLt(®; ¯); and
its …rst and second order partial derivatives, becomes negligeable, hence the
asymptotic results do not hinge on the add-up restriction (1).

10 Appendix 2
In this appendix we consider a nonlinear regression model of the form

yj =
p
N exp(µ00xj) + uj; ujjX » N [0; exp(µ00xj)] ; j = 1; :::; N; (41)

where X = (x1; ::::; xN)
0 ; which correponds to (20), with yj = y¡j;t=

p
N and

x0j = (1;
¢ 0
j;t¡1 ):

Denote

MN(µ) =
1

N2

NX

j=1

³
yj ¡

p
N exp(µ0xj)

´2

=
1

N2

NX

j=1

³
uj +

p
N exp(µ00xj) ¡

p
N exp(µ0xj)

´2
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=
1

N2

NX

j=1

u2j + 2
1

N
p
N

NX

j=1

uj (exp(µ
0
0xj) ¡ exp(µ0xj))

+
1

N

NX

j=1

(exp(µ00xj) ¡ exp(µ0xj))2

Then

@MN(µ)

@µ0
= ¡2 1

N
p
N

NX

j=1

uj exp(µ
0xj)xj

¡2 1
N

NX

j=1

exp(µ00xj) exp(µ
0xj)xj

+2
1

N

NX

j=1

exp(2µ0xj)xj

@2MN(µ)
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= ¡2 1

N
p
N

NX

j=1

uj exp(µ
0xj)xjx

0
j

¡2 1
N

NX
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exp(µ00xj) exp(µ
0xj)xjx

0
j

+4
1

N

NX

j=1

exp(2µ0xj)xjx
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Under some regularity conditions we have

N
@MN(µ0)

@µ00
= ¡2 1p

N

NX

j=1

uj exp(µ
0
0xj)xj ! N [0; 4A]

where

A = p lim
N!1

1

N

NX

j=1

u2j exp(2µ
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0xj)xjx

0
j
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1
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and

@2MN(µ0)

@µ0@µ00
= ¡2 1

N
p
N

NX

j=1

uj exp(µ
0
0xj)xjx

0
j

+2
1

N

NX

j=1

exp(2µ00xj)xjx
0
j

! 2B

in prob, where

B = p lim
N!1

1

N

NX

j=1

exp(2µ00xj)xjx
0
j:

Thus
N

³
bµ¡ µ0

´
! N (0; B¡1AB¡1):

in distribution, where bµ is the NLLS estimator. Therefore, the nonlinear re-
gression model involved can be estimated by standard nonlinear least squares
with heteroskedasticity consistent variance matrix, provided that the latter
is multiplied by N . However, the t-values and p-values remain valid.

11 Appendix 3
Recall that the main reason for considering NLLS is that we then can test
the validity of the model by the ICM test. The question now arises whether
for this case the ICM test carries over. In our case (21) becomes

bz(») =
1p
N

NX

j=1

³
yj ¡

p
N exp(bµ0xj)

´
w (» 0©(xj)) (42)

=
1p
N

NX

j=1

ujw (»0©(xj))

¡
NX

j=1

³
exp(bµ0xj) ¡ exp(µ00xj)

´
w (» 0©(xj))
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=
1p
N

NX

j=1

ujw (»
0©(xj))

¡
Ã
1

N

NX

j=1

exp(µ00xj)xjw (»
0©(xj))

!0

N
³
bµ ¡ µ0

´

+Op(N
¡1);

where the last equality follows from Taylor’s theorem. Note that the remain-
der term Op(N¡1) is uniform in » 2 ¥: Moreover, it follows easily from the
derivations in Appendix 2 that

N
³
bµ¡ µ0

´
= B¡1

Ã
1p
N

NX

j=1

uj exp(µ
0
0xj)xj

!
+ op(1): (43)

Substituting (43) in (42) now yields

bz(») =
1p
N

NX

j=1

ujw (»
0©(xj))

¡
Ã
1

N

NX

i=1

exp(µ00xi)xjw (»
0©(xi))

!0

B¡1
Ã
1p
N

NX

j=1

uj exp(µ
0
0xj)xj

!

+op(1);

which is the same expression as in the caseE(yjjxj) = g(xj; µ0)with g(xj; µ0) =
exp(µ00xj): Consequently, the ICM test is directly applicable to model (41),
without modi…cation.
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