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Abstract
For aNTU-bargaining gamewith two privately informed and patient playersand an ex-

ogenously fixed disagreement outcome, consider any ex-anteefficient social choice func-
tion which is truthfully implementable in Bayesian Nash equilibrium with a fixed number
of messages. Conditionsarederived under which thissocial choicefunction can be imple-
mented in Perfect Bayesian equilibrium of an escalation game. In this game, the players
choose simultaneously their demands and then decide in turn whether to accept the oppo-
nent’sproposal or to escalateuntil adeadlineisreached. Escalation stopsthegamewith an
appropriateexogenously imposed probability of thedisagreement outcome.

Keywords: Mechanism design, Bargaining models, Risk limits.

1. Introduction

In the literature on sequential bargaining models with asymmetric information and with
transferable utility, impatience is the driving force in resolving conf licts. If the players
have the same discount factor, players expecting larger gains lose more by delay and are
therefore willing to pay more in a compromise which ends the conf lict at an earlier stage.
Thiscontrastswith theearly literatureonbargaining inwhich risk limitsdeterminewhether
a player will submit to the opponent’s demand. Risk limits were introduced by Harsanyi
(1956) inhisinterpretationof thebargainingmodel of Zeuthen (1930) for whichdelay of an
agreement isnot penalized. In thechoicebetweensubmitting to theopponent’sdemandand
alottery involving theown demandand thedisagreement outcome, therisk limit represents
the highest probability of disagreement that a player would be willing to face and still
insist on obtaining his own terms, rather than accept her opponent’s terms. The risk limit,
therefore, dividesthe lossof making aconcession by thelossfrom ending in disagreement
and is independent of linear transformations of the utility function. The Nash bargaining
solution selects the outcome from the bargaining set which, once proposed by either of
two players and given their risk limits at that point, excludes further concessions. The
Kalai-Smorodinsky solution is the efficient outcome which equalizes the risk limits when
uncompromising playersopt for their dictatorial outcomes.
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Risk limitshave fallen in oblivion sinceRubinstein’s (1982) discovery that impatience
or thepotential lossof delay inducesplayerstoaccept acompromiseimmediately inmodels
with complete information. Subsequently, Pareto inefficiencies, which are essential to in-
duceplayersto reveal their privateinformation, andappear under theform of missingsome
valuable trades in static bargaining models (Meyerson and Sattertwaithe(1983)), reappear
astheactual cost of delay borneby impatient playersinsequential bargainingmodels(Aus-
subel and Deneckere(1989)). ThepredictionsareCoasian dynamicsand cream skimming
with lessdemanding playersasmore information becomesavailableas timeproceeds.

Thispaper returns to theoriginal argument stating that risk limitsdetermine thenature
of a compromise in bargaining. If different preferences result in different risk limits, then
the tenacity of aplayer to her demand isevidence for her resolve. In asequential bargain-
ing model, players’ typeswith higher risk limit will submit at a later stagebecausethey are
willing to run a higher risk on a low payoff. This revelation mechanism also works when
players do not discount the futureor when they have to reach an agreement before acom-
monly known deadline. Thepredictionsarestubbornnessof playersand unexploited gains
of cooperation. Thefrequently observed stubbornnessof playerssticking to their initial de-
mands was explained by Schelling (1980), Crawford (1982) and in a series of subsequent
papers as a strategic commitment to increase bargaining power. Schelling argues that if a
bargainer isplaced in theposition which is impossible for her to retreat, thiswill persuade
the opponent to concede. Knowing this, bargainers purposely place themselves in the po-
sition which is impossible for them to withdraw, known as the tactic of ‘‘Burning one’s
bridge’’ . Crawford presents a demand game with two-stages. In case the demands made
in the first stage are incompatible, players can choose in the second stage either to com-
mit or to concede depending on whether an exogenously given and privately known cost
of conceding is sufficiently high not to retreat from the incompatibledemands. A player’s
demand will becompatibleif shebelievesthat theopponent’srevoking cost issignificantly
high. Theonly inf luencea player can exert on her costs is by exercising her option not to
attempt commitment by making compatibledemand. But, in atwo-stagemodel, thereisno
feedback in which theexposureto risk isused to acquire information on thepreferencesof
theplayersneeded to solveabargaining problem.

Thispaper focuseson thetransmission of privateinformation in theseveral stagesof an
escalation gameafter theplayershavedetermined their demands. As in Crawford’sanaly-
sis, the choice of the initial demands will depend on the final outcome of the subsequent
bargaining game and therefore on the extensive form of the bargaining game. By ruling
out monetary transfers which induce the opponent to submit to the own demand, we are
able to describe theeffects of private information in theclassical bargaining problem with
nontransferableutility. In contrast theexisting literatureon sequential bargaining restricted
theanalysisof bargaining with private information to thecaseof transferableutility.

Wefirst study ex-anteefficient social choicefunctionswhicharetruthfully implementable
in Bayesian Nash equilibrium with a fixed number of messages. For any simultaneous
report of the risk limits, a direct mechanism without monetary transfers determines the
probabilitiesof threeoutcomes: each of thetwo outcomesproposed by theplayersand the
disagreement outcome. We compare these outcomes with the outcomes of an escalation
game. At each stagebeforereaching thedeadlineof an escalation game, oneof theplayers

2



hasto decidewhether sheacceptsher opponent’sproject or escalates, provided that neither
of the players submitted before. As a justif ication for accepting disagreement by rational
players in adynamic game, Schelling (1980) arguesthat negotiators, asabargaining tactic,
purposely create uncertainty by reducing the scope of their own authority. It implies that
an escalating player runs the risk of an undesired outcome, such as a strike or a war. As a
result, player typeswith low risk limitswill capitulateearly to avoid disaster. Theescalat-
ing player reveals indirectly by her resolve that her risk limit exceeds thenext valueof an
increasing sequence.

Therevelation principlestates that theoutcomeof any Perfect Bayesian equilibrium of
an escalation gamecan be implemented in adirect mechanism. Weshow that, under some
mild restrictions, Pareto undominated direct truthtelling mechanisms can be implemented
in Bayesian Perfect equilibrium of an escalation game. This result shows that in a variety
of situations players, bargaining games with private information can be resolved without
having to call on a third party which enforces a particular allocation. It suffices to select
a profile for the probabilities of the disagreement outcome at each stage of the escalation
game. Moreover, the strategies of the players in an escalation game are a sequence of 0-1
decisionswhich in practicearemoreeasily understood than the report of theown type.

Thepreviousanalysisjustif iesanextensiveformof bargaininggameswithout discount-
ing and constant disagreement outcome which is implemented in two parts. In the initial
stage, theplayersproposetheir demandschosen from afeasibleset of alternatives. In sub-
sequent stages, patient players stick to their initial demands until they believe from their
experiencethat their opponent is too strong. In that case, they prefer to submit astheprob-
ability of disagreement occuring before the opponent is expected to submit is deemed too
large.

The paper is organized as follows. In the next section we analyze truthtelling direct
mechanisms determining the collective choice in the case of three alternatives. By giving
positiveprobability to theParetodominateddisagreement outcome, eachof thetwoplayers
reveal their risk limit. In sections 3 and 4, we derive properties of Pareto undominated
mechanisms with a finite number of messages. We show that the matrix representatation
of amonotonemechanism, in which playerschooserowsor columns, hasthedichotomous
alternating herringbone pattern: it is possible to delete leading columns and rows with
identical allocations in an alternating way until the matrix is reduced to one element. In
each allocation, oneplayer winswith probability zero.

The proof is in two steps. In a generalization of Harsanyi’s argument, a player reveals
her risk limit in her choicebetween submitting to thedemand of theopponent and alottery
with three outcomes: winning, submitting at a later stage and disagreeing. Disagreement
distorts theallocation. In screening modelsextracting information of oneplayer along one
dimension, there is no distortion at the top. It is shown that this result also holds in a
screening model with two players. The disagreement outcome, therefore, does not occur
in the first round of thescreening process. Monotonicity of an allocation requires that the
first round results in auniqueallocation which callsoneof theplayersas thewinner when
her opponent reportsa low risk limit, independently of thereport of thewinner. This is the
first step taken in section 3. A low risk limit will be reported only if, in the continuation
game, thepayoff of thelowest risk limit of theplayer whodidnot win in thefirst rounddoes
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not exceed some bound. In section 4, it is shown in a second step that a relaxation of this
boundincreasestheprobabilitiesof winningandsubmittingat all roundsinthecontinuation
gameby thesameproportion. Theoutcomeof thecontinuation gameis thereforeobtained
by dividing theprobabilitiesof winningandsubmitting at all roundsin thescreeningmodel
from which the types submitting in the first round have been removed. If this game were
played, therewould beno distortion at thetop and oneof theplayerswould havewon with
probability onein thefirst roun, after her opponent reportedalow risk limit. It followsthat,
in the second round of the original screening model, the player who did not submit in the
first roundwinsindependently of her report if alow risk limit wasreportedby her opponent
and if thedisagreement outcomedidnot comeup. Thescreeningprocesscontinuesuntil the
deadlineisreached. Wealso deriveacondition under which themonotonicity restriction is
not binding. Thelink between direct mechanismswith alternating herringbonepattern and
escalation games is made in section 5 and the nature of the Perfect Bayesian equilibrium
(PBE) is characterized in section 6. In section 7, the escalation game is augmented with
a demand game and shown to be a solution of an NTU-bargaining game in which patient
players have private information. We compare this game with the problems of dividing a
Euro, the double auction (Chatterjee and Samuelson (1983)) and the expected externality
mechanism (d’Aspremont and Gérard-Varet (1979)). Weconcludewith someof thepolicy
implicationsof themodel.

2. Direct mechanisms

We start by analyzing when two players must make a collective choice from the set
��������	� ��
 �
�����������

, where
���

is the project or the outcome preferred by player 1,
���

is
theproject or theoutcomepreferred by player 2, and

�
is thedisagreement outcome. Later

on we extend the model when
�

is a set with a finite number of Pareto efficient social
outcomes, as in a bargaining problem. Prior to this choice, type ��� of player � observes
her Bernoulli utility function � ����� � � ��� � � �"! � � ���$#%� . Each player is assumed to be an
expected utility maximizer. For type ��� of player � 
'& �)(*�,+ � 
 �-� � � � � ��� � is the payoff
when player � wins, . � 
 � �)� ��/ � � � �0� is thepayoff when player � submits to thedemand of
the other player 1�� , and 2 � 
 � �)� �	� � ��� is the payoff when no agreement can be reached.
Weassumethat + �43 . �45 2 � for almost all � �6�$#7�
Since

+ �43 2 � almost always, define the risk limit for type � � as
8 � � �0� 


+ �91:.;�+ �91"2,�
which isindependent of linear transformationsof theutility functions. Let <>= bethethree-
dimensional simplex. In the allocation ? 
 � ? � � ? � � ?@= ��� <>= �;� � is selected with proba-
bility ? � , ��� isselected with probability ? � , and

�
is selected with probability ? = . For this
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allocation, theexpected utility of type � � player
&

is�� � � � ��� ? � 
 ? � + ��� ? � . ��� ?@= 2 �
 2 � � � +7� 1"2 � � �� � � 8 � � � � � ? ��� � � 8 � � � � � ? � 
 ? � � ? � � & 1 8 � � � � �� � � � � �	� ? � is derived in a similar way. In a direct revelation mechanism, the allocation
dependsonthereport of thetwotypes � 
 � � ��� � � ���$# ��
 # � . Sincetheexpectedutility of
sometypeof any player isapositivelinear transformation of theexpected utility of another
typeof thesameplayer with thesamerisk limit, two typesof thesameplayer with thesame
risk limit will send the same report. We assume that the risk limits of the two players are
independently distributed and that

8 � is distributed according to theabsolutely continuous
distribution function � �)� 8 ��� with support 
 � � � � ������� � � &�� , where � � � 8 �0� represents the
associated density.

A direct mechanism is a mapping ? from 
 � � � � � � 
 
 � � � � � � into <>= : for the re-
port

8 � 
 � � � � � � 
 
 � � � � � � the expected utilities for type
8 � of player � 
 & � ( are

respectively � � � 8 ��� 8 � 
 ? � � 8 � � ? � � 8 � � & 1 8 � �� � � 8 �	� 8 � 
 ? � � 8 � � ? � � 8 �
� & 1 8 � � �
For the mechanism ? to be truthfully implementable in Bayesian Nash equilibrium it is
required that, for almost all

8 � 
 � � � � � � 
 
 � � � � � � ������ � � � � 8 ��� 8 � � 8 � � 1 ����� � � � � 8 ��� 8�� � � 8 � � 5 � for all
8!� � � 
 � � � � � �� ��" � � � � 8 � � 8 ��� 8 � � 1 � ��" � � � � 8 � � 8 ��� 8��� � 5 � for all
8!�� � 
 � � � � � �

If the mechanism ? satisfies the truthtelling constraints, then the mechanism is said to be
Bayesian incentivecompatible. For aBayesian incentivecompatiblemechanism� � � 8 � � 
 ��� � � � � � 8 �#� 8 � � 8 � � � � � � 8 � � 
 ����" � � � � 8 �	� 8 � � 8 � � �
Proposition 1 If ? is truthfully implemented in Bayesian equilibrium, then for each player� 
 & �)( � � � �%$ � is convex on 
 � � � �$�&� .
Proof. Truthtelling in Bayesian Nash equilibrium implies that� � � 8 � � 
 ')(+*��,"%- � . "%/ . " �

� � � � � � � 8 � � 8 �� � 8 � � �-
 � � � � � � � 8 � � 8 ��� 8 � � �
Thepointwisesupremum of a family of linear functions isconvex.

It follows from the envelope theorem that, in a Bayesian incentive compatible mech-
anism ? � - � �#021 ? / � �%$ � 8 / � � belongs to the subdifferential of the expected payoff function� �)�%$ � . The Proposition establishes that

����021 ? / �)�%$ � 8 / ��� � the expected probability of sub-
mitting of each player � , isnon-increasing in her type.

Theoutcome(
� � � �3$ � � � �� �%$ � � Paretodominatestheoutcome(

� � �%$ � � � � �3$ � � if for � 
 & �)(
and for all

8 �7� 
 � � � � �&� , � �� � 8 �0� 5 � �)� 8 ��� and, for some � and for all
8 � in some open

interval in the support of � � , � �� � 8 � � 3 � � � 8 � � . A mechanism ? yielding (
� � �3$ � � � � �%$ � � is

Paretoundominatedif it isaBayesian incentivecompatiblemechanismandif theredoesnot
exist another Bayesian incentive compatible mechanism ? � yielding (

� � � �%$ � � � �� �3$ � � which
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Pareto dominates (
� � �%$ � � � � �%$ � � . For � 
 & �)( , let� � 
 ��� � � � 8 ��� �� � � 8 � 2 8

where
���� � 8 � isthedensity function of anabsolutely continuousdistribution function

�� � � 8 � �
with support 
 � � � � ��� � � � � & � . A mechanism ? is Pareto undominated if there exists�� 
 � �� � � �� � � and

� 
 � � � � � � � � < � such that
� � � � � � � � �

is maximized over the set
of Bayesian incentive compatible mechanisms. The incentive constraints depend on the
the type distributions � 
 � � ��� � � � . There are two reasons why one might distinguish
the weight distributions

�� from the type distributions � . Firstly, the expected utility of
sometypeof player � isgiven by

�� � 
 2 � � � + � 1 2 ���-� ? � � ? / �)� & 1 8 ��� � � so that it may
desirablein theevaluationof amechanismtocorrect thedistributionsof therisk limitswhen� � + � 1"2 ��� 8 ��� depends on

8 � . Secondly, one may want to discriminate between types of
thesameplayer.

3. Coarse Direct Mechanisms

Inorder tolink direct mechanismstoescalationgamesdefinedbelow, werestrict thenumber� � of messagessent by each player. Of course, theoutcomeselected in adirect mechanism
with a restricted number of possible outcomes approaches the outcome of a completely
revealing direct mechanism when � � and � � increase without bound. Rank the groups
according to theexpected probability of submitting in themechanism ? . By Proposition 1,
all themembersof agroup with higher rank have lower risk limits than themembersof all
groupswith lower rank. Consider therefore the two increasing sequences� � 
 � � � � � �)� & � � $ $ $ � � �)� � � 1 & � � � � �
partitioning 
 � � � � ��� into � � intervals � �)� & � 
 � � � � � �)� & � � � $ $ $ � � �)���)� 
 � � �)��� 1 & � � � � �	� � � � $ $ $ � � �)� � ��� 
� � � � � �41 & � � �$� � . In the direct revelation mechanism, all types belonging to an interval
� �)���)� send thesamemessage . �)�
�)� � so that thedirect mechanism can be represented by the
matrix �
�
������� (

� � ���*� � � ��� � $ $ $ � � �	� � �� � ���	� � � & � & � � � & � ( � $ $ $ � � & � � � ��
�
������� � � ��� � � � ( � & � � � ( � ( � $ $ $ � � ( � � � �& $ $ $ $ $ $ $ $ $ $ $ $ $ $ $� � �	� � � � � � ��� & � � � � ���)( � $ $ $ � � � ��� � � �
An entry

� � � ��� � of the matrix � is a pair � � � � � ��� � � � � � � ��� � � defining the allocation� � � � � ��� � � � � � � ��� � � & 1 � � � � ��� � 1 � � � � ��� � � 
 ? � 8 � � 8 � � � 8 � � � � � � � and
8 � � � � � � � $ If

two neighbouring columnsor rowsare identical, they aremerged. Theprobability of �
� ���)�
is � � �	�)� 
 � �)� � �)���)�)� 1 � � � � �)��� 1 & � � .

Proposition 2 The coarse direct mechanism ? is Bayesian incentive compatible and par-
titions the types in � � 
 � � classes if and only if, for

� 
 & � $ $ $ � � � 1 & and for
� 
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& � $ $ $ � � � 1 & ,��� � � � � � � ��� � 1 � � � � � & ��� � �-� & 1 � � � � �)� � � � � � � ��� � 1 � � � � � & ��� � � �-
 ��
� � � � � � � ��� � 1 � � � � ��� � & � �9� & 1 � � � � � � � � � � � � ��� � 1 � � � � ��� � & � � �-
 �

where
� � � ��� � is an entry of � , � � � � � belongs to an increasing sequence

� �
and � � � � �

belongs to the increasing sequence
� � $

Proof. The result follows from taking the pointwise supremum of a finite set of linear
functions, generating the functions

� � � 8 � � and
� � � 8 � � , which are piecewice linear, con-

vex and decreasing. Assume that the mechanism partitions the types in � � 
 � � classes.
The kinks of

� � �%$ � occur at � � � � � , � 
 & � $ $ $ � � � 1 & , when
��� � � � � � � � � � � � � � � � � 8 � � 
� � ��� � � � � � � � � � � � � � & � � 8 � � . Since

� � �%$ � isdecreasing, � � � � ��3 � � � � � & � . Thesame
holds for player 2.

FromProposition1,
� � � � � � � � ��� � 1 � � � � � & ��� � � � 3 � and

�
� � � � � � � ��� � 1 � � � � ��� � & � � � 3� . It follows from Proposition 2 that types with higher risk limits, who are less likely to

submit, are more likely to win in a contest against the same opponent with unknown risk
limit. It also follows that� � � � = � � � & ��� � 1 � = � � ��� � � 
 � � � � � � � ��� � � � � � � ��� � 1 � � � � � � & ��� � � � � � � � & ��� � � �
 �

� � � � � � ��� � 1 � � � � � & ��� � � � � � � ��3 �
Additional information about oneplayer’s typeisobtained only by increasing theexpected
probability of disagreement.

Wenext impose monotonicity ex-post which isstronger than themonotonicity ex-ante
which is required to hold in any truthtelling mechanism.

Assumption A1? = �3$ � $ � � ? � �3$ � 8 � � and ? � � 8 ��� $ � are non-decreasing and ? � � 8 ��� $ � and ? � �3$ � 8 � � are
non-increasing.

A mechanism ? satisfying A1 issaid tobemonotone. Thesubsequent analysisisin two
steps. We first analyze monotone mechanisms which do not allow for a Pareto improve-
ment within theclass of monotonemechanisms. Mechanisms which areconstrained to be
monotonearenot necessarily undominated. Wethenproceedby derivinganassumptionun-
der whichParetoundominatedmechanismswhicharemonotoneex-antearealsomonotone
ex-post. The next Lemma shows that in an incentive compatible monotone mechanism,
noneof the typesof someplayer ever gains if her opponent becomesstronger ex-post.

Lemma 3 If a coarse mechanism does not allow for a Pareto improvement within the
class of monotone mechanisms, then

� � � 8 �#� 8 � � $ � and
� � � 8 �	� $ � 8 � � are non-decreasing.

Proof. Assumethat
8 � � � � � � � sendsthereport

� �
that
8 � � � � � � � sendsthereport

�
and8!�� � � � � � � & � sends the report

� � &
. By Proposition 2,

8��� 3 8 � . By A1,� � � 8 �#� 8 � � 8 � � 
 � � � � ��� � � � � � � ��� � � & 1 8 � �
 & 1 � = � � ��� � 1 � � � � ��� � 8 �5 & 1 � = � � ��� � & � 1 � � � � ��� � & � 8 � 
 � � � 8 � � 8 ��� 8��� �
Similarly for player 2.

The probability of the disagreement outcome reveals the risk limit in a mechanism.
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This distorts the efficiency of an allocation. It is well known that in screening models,
there is no distortion at the top. The probability of disagreement is thereforeequal to zero
if
8 � � � � & � 
 � � � & � . The next Proposition extends this result by showing that in the

two dimensional model, which screens the risk limit of two players, for reports in at least
one of the intervals � � � & � or � � � & � , there will be no distortion. In that case, monotonicity
requires that the allocations in that interval, say � � � & � � are identical. But then, a mecha-
nism is a lottery in which player 1 always wins in one case and in which player 2 wins
if player 1 reports in � � � & � and the screening process continues in the other case. ppears
only on thelefthandsideof theincentivecompatibility constraints. Wethereforeexpect that� � � & � & � � � � � & � & � 
 & . But, if the mechanism dominates dictatorship of the first player,
theprobability that the first player wins must bezero. It follows that there isno distortion
if one of the two players reports in the interval with the lowest risk limits, in which case
her opponent alwayswins.

Proposition 4 If a coarse mechanism Pareto dominates dictatorship and does not allow
for a Pareto improvement within the class of monotone mechanisms, then

� � � & ��� � 
 & for� 
 & � $ $ $ � � � or
� � � � � & � 
 & for

� 
 & � $ $ $ � � � in the matrix representation � .

Proof. By A1, � 
 � � � & � & � � � � � & � & � 5 � � � � ��� � � � � � � ��� � . If ��� & , consider the
mechanism � � 
 � � � . This monotone mechanism satisfies incentive compatibility and
Pareto dominates ? . Therefore � 
 & and

� � � & � & � � � � � & � & � 
 & $ Assume that both � �
and � � exceed 1 and that in thepartitioned matrix

� 
�� � �)� � ���
� �
� � �)���� � � � ��� � � � � � � ��� � � & for all entriesof � ��� � � �
� and � �)� , so that it isfeasibleto increase� � � � ��� � or

� � � � ��� � to obtain, for sufficiently small changes, a monotonemechanism ? � .
By A1, such apartitioning of � exists if and only if both the first column and the first row
of � have an entry for which ?9= 3 � . If � � � � � � � �)�	� � � � � � � � � � , increase

� � � � ��� �
in all entries of � ��� by 2�
 and increase

� � � � ��� � in all entries of � �
� by 2
� such that� � � � � � � �)� 2�
 
 � & 1 � � � � � � � ���)� 2�� . Incentivecompatibility isrestored in ? � after adjust-
ing � � � � � by

2�� � � � � 
 1 � & 1 �
� � � � � � �)� � 2�
 1 � � � � � � � � � 2���
� � ? � � � ��� � 1 ? � � � ��� � & � � 3 �

The inequality followssince, by Proposition 2,
�
� � ? � � � ��� � 1 ? � � � ��� � & � � 3 � and, by

assumption,

� & 1 � � � � � � � � � � 2�
 1 � � � � � � � �)� 2��
���& 1 � � � � � � � � � 1 � /�� "�� . "�� ������ "�� . "�� ����� � � � � � � � � ��� 2�� � �
By A1 and by Lemma 3, all types of player 1 gain by a switch of some types of player 2
from the report

� � &
to the report

�
. If � � � � � � � �)� 3 � � � � � � � �)� , increase

� � � � ��� �
in all entries of � �
� by 2�
 and increase

� � � � ��� � in all entries of � ��� by 2
� such that� � � � � � � �)� 2�
 
 � & 1 � � � � � � � �)� � 2�� resulting inachangeof reportsfor thetypes � � � � � � � � � � � � � 2!� � � .
ObtaininbothcasesaParetoimprovement. If Pareto improvementsin theclassof monotone
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mechanismsareexcluded, one leading row or column hasallocations for which all entries
have ? = 
 � . By A1, theseentriesmust be identical.

Without loss of generality, consider the mechanism ? which Pareto dominates dic-
tatorship and for which the entries of the first column of � are � 
 � � & 1 
 � � . By A1,� � � � ��� � 5 
 � 
 & 1 
 � $ Note that the mechanism ? � with

� �� � � ��� � 
 � � � � ��� � 1 
 �
and

� � � � � ��� � 
 � � � � ��� � � 
 � is monotone and Bayesian incentive compatible. Moreover,
the lottery which implements the preferred outcome of player 2 with probability 
 � and
the mechanism ? � with probability 
 � is payoff equivalent to the mechanism ? . Since,
by assumption, ? Pareto dominates dictatorship of player 2, the mechanism ? is Pareto
undominated only if the lottery isdegenerateor if 
 � 
 & 1 
 � 
 � .
4. Mechanisms with herringbone pattern

The reduced matrix, obtained after deleting the column or row with identical elements
in the matrix representation of an undominated monotone mechanism, satisfies Bayesian
incentivecompatibility. Wenext show that a leading column or row of the reduced matrix
must also have identical elements.

Definition
A direct coarse mechanism ? has the herringbone pattern if by iterated elimination of

leading columns or rows with identical elements, the associated � � 
 � � matrix � can
be reduced to a column or a row. The herringbone pattern is alternating if columns are
deleted after rows and rows after columns. The herringbone pattern is dichotomous if for
each entry

� � � � ��� � � � � � ��� � 
 � .
It follows that for a direct Bayesian incentive compatible mechanism which has the

herringbone pattern, the reduced matrix, obtained after deleting the first row or the first
column, has also the herringbone pattern. In a mechanism with alternating herringbone
pattern in which player 2’s types with low risk limit submit, player 1 cannot gain by over-
reporting when player 2 sendsher first messageand player 2’sreport isdecisive: her report
determines whether or not the allocation of the first column is implemented. If player 2
thereforedoesnot send thefirst message, then player 2 cannot gain by overreporting when
player 1 sendsher first messageand player 1’sreport isdecisivein theselection of thefirst
row of the reduced matrix. This feature is shared by the second-price sealed-bid auction,
in which the winner cannot gain and the allocation does not change by overreporting. It
follows that if theplayer sending themessage .;� ���)� would know that the typeof her oppo-
nent belongs to the interval � / � ��� � � � � � � � , she would be unable to increase her payoff by
having such information. Therefore, as in the English auction with ascending bids, each
oneof theplayersmay beasked in turn whether her risk limit exceeds thenext treshold in
oneof the two increasing sequencesof

� � , starting with � � � & � .
FromProposition4, thetypesof someplayer � belonging to � � � & � submit inamonotone,

Pareto undominated, mechanism ? . After these types have been removed, the monotone,
Pareto undominated, mechanism ? � for the surviving types requires that the interval of
types with risk limit below some critical level also submit. However, the outcome in the

9



continuation game determines the initial willingness to submit. Committing to an ineffi-
cient mechanism ? � for thescreening of thesurvivors, whichdoesnot havetheherringbone
pattern, couldthereforefacilitatesubmissionat anearlier stage. Thenext Propositionshows
that, for monotonemechanisms, thedesirableway to induceearlier submissionsistoreduce
proportionally the survivors’ probability of winning. The Pareto undominated monotone
direct mechanisms have the herringbone pattern and can be derived as the outcome of a
recursive maximization problem. At each stage, after the disagreement outcome has been
imposedwithanappropriately selectedprobability, thedesigner choosestheParetoundom-
inated monotone mechanism for the surviving types. A plan which is optimal for a set of
typesremainsoptimal if thisset isaugmented with new typeswhich havelower risk limits
and submit at an earlier stage, provided that the probabilities of winning of the former are
proportionally reduced in order to inducesubmission of the latter. Dynamic inconsistency
can be ruled out in thepresent model with asymmetric information2

If thelowest risk limitsof player 2never win in thefirst round, it isrequired that thecrit-
ical type � � � & � isindifferent between truthful reporting, whenshewill receive � & 1 � � � & � �
asanormalizedpayoff andoverreporting, whenshewill receive

� � � � � � & � � asanormalized
payoff. Note that

� � � � � � & � � is homogeneous of degree 1 in the allocation. If the payoff
of atruthful report of thecritical type � � � & � is increased to

�
, dividing theprobabilitiesof

winningof thesurviving typesafter � � � & � ’struthful report by �

 � & 1 � � � & � � � � , yields

amechanism which still satisfiestheincentivecompatibility and monotonicity constraints.
If, initially, the social welfare of the survivors was

��
, then after the transformation it is� � �

� . By Proposition 4, oneof theplayersshould winswith probality 1 in themechanism
from which the types belonging to � � � & � have dropped out. If this is player 2, then type� � � & � gets

� 
 &
as a normalized payoff in the mechanism maximizing the social wel-

fare of the survivors. It follows that the optimal mechanism for the survivors is optimal
for thethewholepopulation if theprobability of winning for thesurvivors in theformer is
multiplied by �


 � & 1 � � � & � � in the latter.

Proposition 5 A coarse mechanism which does not allow for a Pareto improvement within
the class of monotone mechanisms can be implemented as a mechanism having the dichoto-
mous alternating herringbone pattern

Proof. For an undominated mechanism ? � there exists a pair
��� � �� � such that, given the

maximumnumber � � 
 � � of possibleoutcomesandthetypedistributions � , theassociated
welfarefunction

� �3$ � ismaximizedover theset of monotoneincentivecompatiblemecha-
nisms. In theset of maximizers, weretain only thosemechanismshaving thedichotomous
alternatingherringbonepatternandshow that thisisanon-empty subset. Let

���� 
 � � ? � �
in the mechanism ? � in which player � always wins. If ���	��


� 

����� 
 ���� � ���� � , the

Proposition issatisfied in a trivial way.
We consider therefore the case when ���	��


� 3 ����� 
 ���� � ���� � . For suitable label-
ing of the players, player 1 always wins for

8 � � � � � & � in the monotone undominated



A similar problem wasaddressed in Malcomson and Spinnewyn and in Chiappori, Rey, Salaniéand Sanchez
for theprincipal-agent model with hidden action. It wasshown in thesepapers that commitment of theprincipal
in themultiperiod model cannot result in abetter outcome.
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mechanism ? and
� � � � � � & �)� 
 & 1 � � � & � . Let � � be the matrix representation of the

monotoneand Bayesian incentivecompatiblemechanism ? � � in which � � and � � � & � have
the lowest risk limit within their class and which is obtained after deleting the first col-
umn in the matrix representation � of ? and dividing all entries of the reduced matrix by� 
 � � � & �)( � � � � � & �)( ��$ Since

� � � � ��� � & � � � � � � ��� � & � � � � � & �)( � � � � � & �)( � , it follows
that

� � � � � ��� � � � �� � � ��� � � � � � � & � & � � � �� � & � & � 
 & . That � � inherits monotonicity and
incentive compatibility from � is established as follows. Firstly,

� � � � & � 
 � & � �	� implies
that all

� � � � & � drop from the incentive compatibility constraints in the mechanism for the
survivors. Secondly, the monotonicity and incentive compatibility remain satisfied after
dividing

� � � ��� � by thesamescalar.

Weshow that thesocial welfarefunction
�� �%$ � for thesurvivorsassociatedwith

��� � � �� � � �� � � � & 1 �� � � � � � & � � � � �
with � � � � � � � � & 1 � � � � � � & �)� � � and with � � 
 � � � 1 & � as the maximal number of pos-
sible outcomes, is maximized over the set of monotone incentive compatible mechanisms
for ? � . Firstly, note that the original mechanism ? is Pareto undominated if and only if it
maximizes

�� �%$ � for the survivors under the same incentive and monotonicity constraints
and under theadditional constraint� � � � � & � � ? � 
 & 1 � � � & �
Consider next a relaxation of the additional constraint by increasing

& 1 � � � & � to
�

and
let �


 � & 1 � � � & � � � � . Try the mechanism ?�� for which
� � 
 � �

� when
� � � � � ��� � �� �� � � ��� � � & . Since

� � � � � & � � ? � is homogeneous in
�
, simplify the system of binding

constraintsandrecover theoriginal systemof constraints. Theobjectivebecomes
� � � ? � � � .

Since the solution of a maximization problem is invariant to linear transformations of the
objectivefunction, it followsthat ?�� isthemaximizer of therelaxedproblem. Furthermore,� � � � � & � � ?�� � � & when

� � � � � ��� � � � �� � � ��� � � & . For some
� � & , the additional

constraint becomesnon-binding, and
� � 
 � � 
 � � � .

If ���	� 

� � 
 �����

, then ��� � 

� 
 ����

, a case which has already been covered. If
����� 


� � 
 �����
, then

� � & �)( � 
 �&� � & 1 � � � & � and ? is a mechanism with two outcomes

having the alternating herringbone pattern. If, therefore, ������� 
 � � 3 �����
� �� �� � � � ����

,

then by Proposition 4, the maximum of
��

is reached in a mechanism ? � for which the
entries of the first column are equal to � & � �,� or the entries of the first row are �&� � & � . In
the former, the first and the second column of � can be merged and the simplif ied matrix
has � � 
 � � � 1 & � outcomes. In the latter case, delete the first row. In both cases, repeat
the same argument as before, until a matrix is obtained which is a column or a row. This
column or row is irreducible if it consists of at most two entries. A Pareto undominated,
monotoneand incentivecompatiblemechanism has therefore thealternating dichotomous
herringbonepattern.

We conclude the analysis of undominated mechanisms by deriving a condition under
which themonotonicity constraintsof amonotonemechanism arenot binding.

Proposition 6 Assume that
� � � ��� � or

� � �"� � � is the first entry of a leading column or
row of a reduced matrix obtained after deleting the maximal number of identical rows or
columns without deleting that element. Assume that player � has a positive probability of
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winning. If in all such cases, for � � � � � � � � � � � � , � �)� � � and � � � � � � belonging to
� � �� � � � � � � � � � � � � � � � 
�� .��

.�� � ��� 8 ��2 �� � � 8 � � 1 � .��
�
��� �

.�� � ��� 8 � 2
�� � � 8 � �� � � � � � � � � 5 � (A2)

then a Pareto undominated, incentive compatible coarse mechanism can be implemented
as a mechanism with alternating herringbone pattern.

Proof. It suffices to consider the case when � � 3 & � � 
 & �)( $ Assume that the mecha-
nism ? maximizes

�
for � � � �� � � � on theset of monotonemechanisms. By Proposition 5,

it has the alternating dichotomous herringbone pattern. If
� � � �	�� �%5 � � we show that the

monotonicity constraintsdonot bind. Assumethat theentriesof thefirst column of thema-
trix representation � areequal to � & � �,� . Replacetheentriesby theallocation � & 1 2�
 � 2�
 � .
In evaluating 2 � , we can neglect the induced changes in

� � for restoring incentive com-
patibility by theenvelope theorem. Sinceby thischange, monotonicity remainssatisfied,
 � & � 
 2 �2�
 
 1 � � � .��. � 8 � 2 �� � � 8 � � � � � � � � & � � � � � � .�
 � � �

. 
 8 � 2 �� � � 8 � � � �
Restrict thereplacement to theentries

� � � � � & � � � � 5 �
. In that case
 � � � 
 2 �2�
 
 1 � � � . �. � � ��� 8 � 2 �� � � 8 � � � � � � � � & � � � � � � . 


� � �
. 
 8 � 2 �� � � 8 � � � & 1 � � � � � � � � �)�

Since

 � & � � � �

� ��� .�
 � � �. 
 8 � 2 �� � � 8 � �
� � � � � � & �)� � � � � . �

. � 8 � 2 �� � � 8 � �
so that 
 � � � � � � � � � � � � & � ��� � .�� � ���. � 8 � 2 �� � � 8 � � 1 � .��. � 8 � 2 �� � � 8 � � � � � � � � � � ���
If, therefore,

� � � � � � � � � � � � 5 � , it follows that

 � � � � � and that themonotonicity con-

straint is not binding for
� � & � � � . Since by Proposition 5, themechanism ? is a maximizer

of the welfare function for the survivors after deleting identical columns and rows, the
same argument can be repeated. Finally, for mechanisms having the herringbone pattern,
monotonicity between thedifferent entriesof columnsand rowsand of

� � �%$ � $ � � � � �%$ � $ � is
alwayssatisfied.

5. The escalation game

Let � be the round at which a column or row is deleted in an undominated incentive com-
patiblemechanism having adichotomousalternating herringbonepattern. � 
 & if arow is
first deletedand � 
 ( if acolumn isfirst deleted in thematrix representing thismechanism
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and � ���)� 
�� & if � 1 � � ( ���(
if � 1 � �"� ( ��� � & �

Mergethetwosequences
� �

and
� �

of critical playersin thesequence
�

, such that � �	�)����
is thecritical typeof player

� �	�)� who is indifferent between reporting in thecolumn or
row which is deleted at round � and at round � � ( . By Proposition 5, the entries of the
leading column or row of the reduced matrix are of the form � ���)� � & � �,� for

� ���)� 
 ( and
of theform � ���)�
�&� � & � for

� ���)� 
 & . Notethat � ���)� istheprobability that atypewinswhen
acolumnor row isdeletedat round � and that � �3$ � isdecreasing. Therelevationmechanism
can thereforebecasted in adynamic form. If � ��� � & � � � �	�)� is the conditional probability
that thegamedid not stop in disagreement before round � , then

� ���)� 
 & 1 � ��� � & � � � ���)�
is the conditional probability of disagreement in round � . Assume that round � is reached.
If type � ���)� of player � submits at � , she receives the normalized payoff

& 1 � �	�)� and if
sheescalates, shereceives thenormalized payoff� � � � � � � ���)�)�

� ���)�

��� �
	�� 
�� ��� � . � ��� � ���� /��
	�� 
�� ��� � . � � / � ����� � ��� � �� � � � �� /��
	�� 
�� ��� � . � ��� � ���� /��
	�� 
�� ��� � . � � / � ����� � ��� � �� � ��� � ��� � ��� � �� � � � � & 1 � ���)� ����

Consider theprofile � 
 {
� � & � � $ $ $ � � � � � � of conditional probabilitiesof stopping thereve-

lation game in disagreement, with
� � � � 
 & in the last round � . For this profile, consider

thesequence
� � � � solving, for 1,..., � 1 & � thesecond order differenceequation

� ��� � 
 �
� � � � � � / � � � ��� � � ��� � ��� � ��� � �� / � � /

�
� � ��� � � / � � ��� � ����� � ��� � �� ��� � & � 

� /��
	�� 
�� ��� � . � ��� � ���� /��
	�� 
�� ��� � . � � / � ��� (K)

In this solution, � ���)� is indifferent between a truthful report and overreporting, because& 1 � ���)� isequal to� � � � � � � ���)�)� � � ���)� 
 � & 1 � ��� � & � � � & 1 � ���)�)� � � ��� � & � � & 1 � ��� � & � � � & 1 � ���)�)� � & 1 � �	�)� �
In this expression,

& 1 � ��� � & � � & 1 � �	�)� � is the conditional probability that the opponent
submits at round � � & , given that � �	�)� escalates and the revelation game did not stop in
disagreement at round � and

� ��� � & �
� & 1 � ��� � & � � � & 1 � ���)�)� is theconditional probability
that type � ���)� would submit at round � � ( , given that the opponent escalated at round �
and that thegametherevelation gamedidnot stop indisagreement at round � � & and round
� � ( .

Note that � � � � 
 � � � � � , so that
� � � � 
 � when the deadline is reached. Also,� ���)� 
 � � � � � and

� ���)� 
 � whenever
� �	� � & � 
�& . In the period preceding � � , in both

cases, � ��� � � 
 � �	� � ��$ If, at stage � � the types of player
� ���)� with risk limit exceeding� ��� 1 ( � did not submit before � and the types with risk limit not exceeding � ���)� submit

at � , then for theuninformed opponent,
� ���)� 
 � & 1 � � � � � � � ���)� � � � � & 1 � � � � � � � ��� 1 ( �)� �

is theprobability of escalation at stage � .
In adirect mechanism, onederives

�
and � maximizing somesocial welfare function�

. In fact, an undominated mechanism isapair (
�

,� ). Thesequence
�

implemented in
a direct mechanism can also be obtained in the escalation game � � � � � � � � � � � , where
at each of at most � stages, the players decide in turn whether they submit or escalate,
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starting with player � , � is the profile of the exogenously imposed probabilities of the
disagreement outcome and � are the distributions of the risk limits. Since strategies need
only to bedefined if thegamedid not stop beforeastageof thegamehasbeen reached, the
history of thegame is completely defined by thestageof game � . Thestrategy of the type8

player moving at stage � isgiven by

� � � � � � 8 � �)� 
 � & if type
8

of player
� ���)� chooses

�
� if type

8
of player

� �	�)� chooses
�

We assume that a player submits if she can not gain by escalating. Since � defines
continuous probability distributions, ties almost never occur. If � � � � / � ��� 8 � � � � � � 1 &�� is
themeasureof theplayer

� ��� 1 & � ’sbelief on her opponent’srisk limit at stage � 1 & , then
� ���)� 
 � �

�
� � � � � � 8 � �)� � � � � / � � � 8 � � � � � � 1 &�� 2 8

is this player’s forecast that player
� ���)� will escalate at stage � . Since, player

� ��� � & �
does not move at stage � , it follows that � � � ��� � � � 8 � � � � � � � 
 � � � ��� � � � 8 � � � � � � � &�� and,
by Bayes rule, that

� � � ��� � � � 8 � � � � � � � 
 � � � � � � 8 � � � � � � � � � � ��� � ��� 8 � � � � � � 1 & �� �� � � � ��� � ��� 8 � � � � � � 1 & � 2 8 � BU �
A PBE (Perfect Bayesian Equilibrium) of an escalation game � � � � � & � � � � � reach-

ing stage � 1 & with positiveprobality3 isapair � � � � � , where
� 
 � � � �3$ � & � � $ $ $ � � � � � � �3$ � �)� � $ $ $ � � � � � � �%$ � � � �
� 
 � � � �3$ � & � � $ $ $ � � � � � � �%$ � �)� � $ $ $ � � � � � � �%$ � � � �

such that, � is sequentially optimal for � and � satisfies Bayesian updating for � . Let� 	 � � � � � 8 � �)� be the continuation payoff to type
8

of player
� ���)� when she survives until

stage � , then in aPBE for an escalation game

	 � � � � � 8 � �)� 
 � 	 � � � � � � � �)� 1:. � � � �
� + � � � � 1"2 � � � � � 5 �

	 � � � � � 8 � �)� � & 1 � � � � � � 8 � �)� � 
 �
6. The PBE of an Escalation Game

Lemma’s 7-9 establish properties which are needed in the characterization of a PBE of an
escalation game.

Lemma 7 A two stage escalation game � 
 ��(*� & � � � � & � � & ��� � � has a unique PBE, in
which 	 � � 8 � � 
 � ��� � 8 � 1 � � & � � � �



In that case, out of equilibrium beliefs need not be defined.
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���������	��

�������������������������������������������������������	�������������
are the normalized continuation payoffs.

Proof. Since � ��!"�#
$� and % �'&)(�� , player ! submits in the second stage. Therefore,
player � receives the payoff of � ���	�*( � �
�����'�����	�+�*, � if she escalates and she receives% � if she submits. Player � escalates if �����	�-( � �.�����'���������*, �0/ % � or 132�46572132�498�2 / � ���	� .Therefore she always escalates if �*���'��� /�:<; yielding the normalized payoffs �=�*� ; ���	��
��� � �'� �	; ��� � ������� � �+� . If � � �>� �@?A: , she always submits, yielding the normalized pay-
offs �B��� ; ���	��
C� :�; �����9D If �-�E�#��� 
 : , by assumption, player � submits. Take expectations
to obtain the expected normalized payoff of player 2. F
Lemma 8 For any PBE of the escalation game G 
.H�I ;+J	;�KL; �0M , I / � ; the normalized
continuation payoff of the escalating player satisfies

:N? ��OQP R=SE��� ;�T ��
��� T �9�U�V�����6������'� � T ��� W ������X�� T �Y�	�+���Z�[X\� T �Y���] � � T �Y���9���V������� ] ���'� � T �Y�	�-��OQP R=SE��� ;�T �[!���^�^`_a �0�'� � T � (1)

and ��OQP R=SE��D ;�T � is non decreasing.

Proof. The proof is done by induction. For Ib
c! , the Lemma follows from Lemma d .
Assume that the Lemma holds for any escalation game whose deadline does not exceedIe��� . Consider G 

HfI ; � ;UKg; �VM . If player � escalates, her continuation payoff ish ���i�Bj ; ����
Y� ���	�*(<�k�b�����'� ������� W ������X\�B!����*,l���[X\�B!"������B!��*(����b�����'���B!"�+� h ���i�Bj ;�m ��� _
Without discounting, the coefficients of the payoffs on the right-hand side add to � . Subtract% � from both sides and divide by , � �[( �0/n: . The normalised continuation payoffs are
related by � � �U� ; ����
 h� � �Bj ; �	�i� % �, � �`( �
Y�����	�6���V�����6�b�����'� ���	����W ������X��B!��������X\�B!"�6��� ��!"�9�U�V���	���b��� �`� �B!����*�*�i��� ;�m ��� _

Since, by assumption, the normalised continuation payoff in the ��Ie��!�� -escalation
game ���i��D ;�m � is non-decreasing, ���i��D ; ��� is increasing. If player � submits, her normalized
payoff is : and independent of her type. It follows that ���i��D ; ��� is non-decreasing. At the
best, the escalating player wins in stage ! . Therefore,

h � � ��j ; �	� a �������*( � �������'� ���	���-, �
implying that ���i�U� ; ��� a �*�@�[�����	� . Since the submitting player obtains % � as a payoff,
for the escalating player,

h ���i�Bj ; �	� / % � or ���i��� ; ��� /Y: . It now follows that the relation 1
holds for player o � T � who escalates in stage T . F
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Note that the condition 1 relies on the assumption of no discounting. It is therefore
implicitly assumed that the delay in reaching an agreement is very short.

Definition 1 The escalation game G 
 H�I ;+J	; � ; � M is essential if I

 � or if for I /� ; ��� T � ? � OQP R=S and �����'� � T �[�	�+�9�����'��� T ��� ? � for T 
C� ; D D D ; I>��� .
The first condition ensures that the essential escalation game does not necessarily stop

before the deadline. Otherwise, we can advance the deadline such that the condition is
satisfied without changing the PBE. The second part excludes uninformative delay.

Lemma 9 Consider an essential escalation game G 
 H�I ;+J	;�Kg; �0M in which players
submit in a tie. There exists a PBE of G reaching I with positive probability, such that the
types ��� � � � T ��!"� ;�� � T ��� of player o � T � submit and the types ��� ] � � T � ; � OQP RBS	�
escalate in stage T ? I . � � T � is an elements of the sequence 
 satisfying� � T �k
��
������������ ��OQP R=SE��� ;�T � a : �
and the subsequences 
 � and 
 � are strictly increasing.

Proof. In a PBE, all types � of player o � T � with ��OQP R=SE��� ;�T � /A: escalate and, by assump-

tion, all other types submit. Suppose � � T � 
������������ � � ��OQP RBS<�U� ;�T � a : � . By Lemma � ,��OQP R=SE��D ;�T � is non-decreasing. Therefore, for some type � of player o � T � reaching stage T ,
all types � ?�� � T � of player o � T � submit in stage T and the players � /�� � T � , if any,
escalate in a PBE. If T ? I ; by assumption, � � T � ? � OQP R=S . At each stage before I , in an
essential escalation game some types leave. Consider type � � T � who is indifferent between
submitting and escalating at stage T . If she would have escalated at T , then, by Lemma m ,
she would strictly prefer to submit at T �A! . But then, in equation 1, ��OQP R=SE� � � T � ;�T ��
 :
determines type � � T � so that � � T � is an element of 
 . Since, at each stage some types
leave, 
 � and 
 � are strictly increasing. F
Proposition 10 For the essential escalation game G 

HfI ;+J�;�KL; �0M ;�6OQP R=SE��� ;�T ��
 � � if �"OQP RBS!�`� � � T ��!"� ;�� � T �"�: if ��OQP R=S!��� � � T � ; � OQP R=S#�
and $ OlP RBS �U� ;UT ��
 � 8&%('*) +-, 2/. P � S� 4"%('*) +	, 2/. P 0QP R 4 � S�S for � & � � T �����: for � a � � T �����
where � � T � are the elements of 
 satisfying (K), is a PBE which reaches the deadline with
positive probability

Proof. An immediate consequence of the previous Lemma’s.
We note that for game G 
 HfI ;+J�;�KL; �0M there may exist perfect equilibria stopping

before the deadline. Of course, the sequence 
 � T � satisfying (K) must define a PBE for the
game G 
 H T�;+J�;�KL; �0M . The next Proposition derives the condition for which this is the
case.
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Proposition 11 For the essential game G 

H�I ;+J�;�KL; �0M there exists a PBE stopping with
probability 1 at T ? Ie��� if and only if��

��� R�� ���E� W �����'�����E����������X
	"���V�Y�	�+�7������A�U���'�����E���������'�����0�Y�	���+������� � OQP R=S�� _ a : (A3)

where

� ���<��
 � � if � 
 T�����g�����E���������'�����V�Y������X����V�Y��� if � /�T
and X����E��
 ��� � �
�
� � OQP R 4 � S �������E��� ; � OQP R 4 � S ������� ��!�����������iOQP R 4 � S7������� ��!����
Proof. Let � 
 o � T � . Since ���+��D ;�T � is decreasing, an essential game stops with probability
1 at T in a PBE if and only if � � � ���+;�T ��
 : . In that case, from (K), � � T ������
Y��� T ���	� a� OQP R 4 � S . If � � submits at T on the equilibrium path, Bayes updating rule cannot be used if� � would escalate off the equilibrium path. The out of equilibrium beliefs can be arbitrarily
chosen in the continuation game G 	 with Ig� T stages in which player o 	 �����Q
 � makes
the first move and the disagreement probabilities are those of the remaining stages in the
original game. Since in the PBE of this continuation game ��	� � � � ; ����
 : , ��	� � � � ;�m ��
 : .
It follows from (K) that � 	O���P � S 
Y�-� T �g��� , defining the escalation probability X
	�� T �g��� of

player o 	 ��!"� . The sum of the expected payoffs in the first two periods in the continuation
game are��� T �U( � �b�����'��� T �+� ] ������X 	 � T �Y�	�+�U, � �[X 	 � T �Y���9����� T �Y���U( � �b�����'��� T �Y����� % � ��^
or after normalization����X 	 � T �Y�	�i�������A�����'��� T �+�������'��� T �Y�	�+��������� � �U�
Unexpected escalation starts a new escalation game in the same way as before with similar
payoffs in which ��	OQP R=S ] � OQP R=S ; !�^0
 : in the continuation game. Unexpected escalation
takes place if and only if the disagreement outcome did not come up and the opponent esca-
lates. The probability of this event is � � T � . Add these payoffs and conclude that stopping
with probability 1 can occur at T if and only if (A3) is satisfied.

Note that condition (A3) is always satisfied if the disagreement probabilities are non-
increasing. In that case, one can extend the strategy space by allowing that the players
propose a compromise. In that case, there exists a PBE in which none of the players ever
compromise, expecting that her opponent will always escalate thereafter. On the other hand,
if the profile of the disagreement probabilities is sufficiently steep, then the PBE stopping
with positive probability at T / I>��� is unique.

7. The Demand Game with Private Information

It has been shown in the previous sections that an outcome of a Pareto undominated incen-
tive compatible direct mechanism for a binary social choice problem satisfying (A2) is a
pair ( 
 ;�K � which can be implemented in a perfect Bayesian equilibrium of some escala-
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tion game in which K is exogenously imposed. In that case, for an appropriate choice ofKL; players with private information do not need an intermediary to resolve their conflict.
Many conflicts of interest fit in this framework. For a successful merger of two firms, one
firm may have to take up the standards or culture of the other firm. Either choice has ad-
vantages and disadvantages, but only one of the two alternatives can be adopted so that one
firm has to submit. The negotiators postponing an agreement run the risk of failure initiated
by a third party with opposed interests, such as possibly one of the shareholders calling off
the operations. Other examples are leadership contests between two players which may end
a lifelong friendship, matrimonial conflicts on educational choices for the childeren with
the risk of separation or child custody after separation with the risk of legal battles.

In many cases, more alternatives are available other than the two alternatives for which
the players fight. One frequently observes that players do not want to change their initial
demand and wait until the other party submits or submit themselves when they recognize
eventually that their opponent is too strong and the expected loss of escalating is too high.
In order to avoid signalling problems, we assume that players decide on on a menu of
demands before knowing their types. The incentive for the players to compromise or for
choosing outside the menu when they know their type disappears if the former is interpreted
as a sign of weakness or the latter raises suspicion. In the latter case, play the escalation
game in which the unorthodox player moves first and the probability of disagreement is 1
in the first round. In the former case, as explained above under condition (A3), there exists
a PBE in which the compromising player has no other choice than to submit immediately
thereafter. If immediate submission is the best response off the equilibrium path, then a
player knowing her type will choose the best demand on the menu chosen before she knew
her type and stick to it for the remainder of the game. It follows that the outcome of a Pareto
undominated incentive compatible direct mechanism with support H�� � ; �\� ;�� M satisfying
(A2) and (A3) is a pair ( 
 ;�K � which can be implemented in perfect Bayesian equilibrium
of a demand game augmented with an escalation game in which K is exogenously imposed.

In a two-step game in which the players play the escalation game after choosing their
demand � � from a menu � � , the distribution of the risk limits will depend on the selected
demand pair ��
n����� ; �\�	��� � ��� � � . This puts the demand game and the importance of
risk limits as opposed to impatience in the resolution of conflicts into new perspective.

7.1 Pooling Equilibria of the Demand Game

We first clarify the effect of the choices in the demand game on the outcome of the escalation
game, when in the equilibrium all types of the same player make the same demand. In the
direct mechanism, the designer of the mechanism is constrained to choose one project for
each of the players and, depending on the reports, assign probabilities on each project. For
the demand pair �[
C��� �	; � � � � � � � � � choosen in the pooling equilibrium, the strategies
of players with the same risk limit coincide in the escalation game. � � depends on the pair� which has been selected. From Proposition 1, it follows that 	 �+��D 
�� � is a decreasing
convex function of � � . As a result, the expected payoff in the demand game of type j � is
given by � 
 ���Bj�� ; � ��
��3�	� ��; j��f�6�b�����	��� ; j��f�3���3�	� �*; j*����� 	 �+���9�Bj��f��
�� �
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Assume that � � �
��� �������� ����� � 
 � ��j �	; � �6� �
 � �Bj �"; � �	�
the pair ( 
 ;�K � satisfying (A2) and (A3) defines a Pareto undominated incentive compat-
ible direct mechanism for � , then the demand game augmented by an escalation game
implements the direct mechanism for K

Consider the following simple example:
���	��� ; j��f�3�`(<� 
��3�\� �\j*� �E����� ; j��	�i�`(��l
��6� � � j��

and j � is uniformly distributed with support � :<; �&� . If j is public information, this specifi-
cation defines a bargaining problem ��
 ; (-� for which

� � 
�� � ��( � � j��j�� �-� � ��( � �i� j��j*� � �
is the linear Pareto frontier of 
kD For (�
 � :<;�: � ; �

 ���
��! ; ����!�� and j � 
 j � , we ob-
tain a symmetric bargaining game. If j is private information and � is a money transfer
for player 1 to player 2, then j�� measures the (locally constant) marginal utility of income
or, alternatively, in a quasi-linear environment, j measures altruism, increasing in j � for
player 1 and decreasing in j�� for player 2. The choice of � has been addressed in bargain-
ing models studying the division of an Euro (Rubinstein) and in the double auction model
(Chatterjee and Samuelson). Take (L
)� :<;�: � and ��
)������! ; �
��!"� in the former case and
take ( 
C� :�; ����� and � 
n��� ; ��� in the latter case4.

The distributions for the types and their weights are� �+��� ��
�� � ; �\�	��
 � � � � � � � � �
� � � � � �A���Z��� � � � � �

and �� �+��� � 
�� � ; �\�	��
 � � � �� ] !���� � � � � �i�A��� �	� � � � � � ^��!
� �9�b���Z��� � � ���9������� �����A���Z��� � � �U� �U� �
defined on the supports � :�; �\��� ���� �9�b���Z��� � � ���
In this specification, there is no discrimination between types and the utilitarian welfare
function takes � � 
$�Z�n���Z��� � � � ��! as weights for the two players. These distributions
satisfy (A2) guaranteeing that Pareto-undominated mechanisms can be implemented as an

escalation game. It has furthermore been checked that, for some demands, for ��� ; ���� the

outcome of an escalation game is preferred to the dictatorial outcome.
By increasing her demand, a player increases her own payoff. But, since distributions

of the risk limits with high demands first order stochastically dominate distributions with
low demands, this player faces less types of her opponent with low risk limits. As a result,
the probability of winning is decreased.

�
A good which has net value ��� (after deducting shipping cost) to player 2, who is moving and value 1 to

player 2.
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7.2 Separating Equilibria for the Demand Game

In the separating equilibria, players with types j � ��� ��� ����� � � select � � � � � from the
menu. The demand � � in the demand game reveals � ��� �	� to the opponent, who knows her
type in the escalation game. The distribution of types in the escalation game depend on the
demand pair � � � � � � � which has been selected. The strategies of all types in � ��� �	� with
the same risk limit coincide. From Proposition 1, it follows that 	 �+��D 
�� � is a decreasing
convex function of � � . As a result, the expected payoff in the demand game of type j��
choosing � � is given by� 
 ���Bj�� ; ������
 � �	
 � � � � �*; j � ������3�	����� ; j*���i�����	� �*; j������ 	 �	�U�9�Bj���� 
�� � ; �\�	� �
Incentive compatibility requires that� 
 � �Bj �	; � � � & �
 � �Bj ��; ���
����� 
�����
�� ����� ��� � 
 ����
 � ��� 
!����

Similarly for player 2. It follows that, in an equilibrium,�#"�� �	$&%(' � ")���*",+.-/�"�0 � "�� � " �21 -/3"40 � "4� � �" � � ��� �" ���5"76
Extending thesocial choiceproblem selecting oneproject out of apair of efficient projects
to a problem with a a fixed number of efficient projects can therefore be viewed as a two
step procedure. In the formulation of her demands in the first step, each player reveals the
element � "�� �	$ of apartition of thetypes � " which containsher type. In thesecond step, the
playersreveal their risk limit. If ��
�� ���	8!�*9:� �	; isasingleton, no further screening isneeded
in thesecond step. If < 
 0 � 
=0 � 
 � � � 
 �?> < 9@0 � 
 0 � 
 � � � 9 �BA < 
=0 � 9@0 � 9 � � � 
 �?> < 9C0 � 9C0 � 9 � � � 9 � ,
then player 1 winswith probability 1 in thefirst and uniqueround of thescreening process
of the risk limits. Otherwise, player 2 winswith probability 1. Since, in that case,D "40FE�0 � " �HG � 
=� � 9 � %(I5JLKNM�"FE�0 � " � %(I�JLK)M�" < " 0 � " � � " � J < " 0 � M�" � � " �< "40 � "�� � " � J < "�0POQ� � " �
it follows that - / " 0 � " � � " � %SR < "�0 � "4� � " � if K)M�"&%UT< " 0 � M�" � � " � if K M�" %(I
If all the outcomes of the demand game are singletons, the incentive constraints of the
demand game determine the allocations, as in the familiar implementation in Bayesian
Nash equilibrium. In the other case, the escalation game allows for further screening.
Finescreening ispossibleonly if theprobability of thedisagreement outcomeis increased.
Coarse screening, on the other hand, implements the project of one player in some cases
for which theproject of theother player isdesirable from thesocial point of view.

Assumethat, for a fixed number of choices,' � 

 �:VWV V � � 
X � � 9 
 ��V V V � � 9X 6Y�Z?[4\B]^Z _� �� � ` ` ` � � �a � � ; � � ` ` ` � � ;a bc:d 
�� X�e c,f d 
�� Xhg�i:jCk �Fl m �nQo k ;.l m ; n f�p -/ 
 0 � 
 � � 
c �q> -/ 9 0 � 9 � � 9 c�f �7r
Assumethat thepairs( s 0 � 
c � � 
c,f � �.t30 � 
c � � 
c�f � defineaParetoundominatedincentivecom-
patiblecoarsedirect mechanism for each pair 0 � 
c � � 
c f � satisfying (A2) and (A3). Then the
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family of demand games augmented by an escalation game with t30 � 
c � � 
c f � is an NTU-
bargaining game implementing thedirect mechanism.

NTU-bargaininggameswithasymmetric informationandwithout money transfershave
not beenconsidered in theliterature, which focusesonmechanismswithquasi-linear utility
functions. Webrief ly discusstheeffect of introducingmoney transfersinbargaininggames
inorder tocompareour result with theexpectedexternality mechanismof d’Aspremont and
Gérard-Varet. Let � % I if thewinner paysatransfer � "40 � " � to her opponent and let � % T
if thewinner paysthistransfer toathirdparty. If utility isadditivein theproject andincome,
thepayoffsex post are< �" 0 � "�� � "�0 � " � � � " � % < "40 � "�� � " � J < X" 0 � "�0 � " � � � " �
for thewinner and< � M�" 0 � " � � " 0 � " � � � M�" � % < M�" 0 � " � � M�" �q> �q< X" 0 � " 0 � " � � � M�"W" �
Moreover,E �" 0 � � % E?"�0 � � J �q< X" 0 � M�"4� � " � 0 < "�0 � "4� � "�� � " � J < "�0POQ� � " �4�q> < X" 0 � "4� � " � 0 < "�0 � M�"4� � " � J < "�0POQ� � " �4�� < �" 0 � " � � " � � " ��� J < " 0POQ� � " ��� 0 < " 0 � " � � " � � " �4� J < " 0POQ� � " �4�
so that increasing thetransfer of thewinner reducesher risk limit if < "40 � M�"�� � " �BA < "�0POQ� � " �
or � % I . The expected externality mechanism of d’Aspremont and Gérard-Varet (1979),
restricted to two players, takes � % I and risk neutral players. In that case, there exist
money transferswhich implementsan ex-post efficient outcomein Bayesian Nash equilib-
rium. Theescalation gamesfollowing thedemand gameyield dictatorial outcomesand do
not have any positive contribution. However, if the players have different degrees of risk
aversion, then thedemand gameisunableto partition theplayer types into singletons. The
escalation games following the demand game may improve on the allocation. In auctions
with private values, < "40 � M�"�� � " � % < "�0POQ� � " � or � % T and E �" 0 � � % E@"40 � � % I and the
escalation games do not have any positive contributions. Nevertheless, escalation games
following undecisive bidding games may be welfare improving under less restrictive as-
sumptions.

8. Concluding Remarks

Demand games followed by an escalation gamewereproposed asasolution to NTU- bar-
gaining games with asymmetric information, whether or not monetary transfers are avail-
able. Thechoiceof themenu from which theplayers can choose in thedemand gameand
the choice of the profile of t determining the outcome for the escalation game can also
be viewed as the outcome of a preliminary cooperative bargaining game, before the types
arerevealed which, ex-ante, cannot bePareto improved in thesubsequent escalation game
played after the types havebeen revealed. This is the task of thosepreparing thedemands
of the officials at the negotiation table of a conference with a strict time table. Due to un-
predictabledevelopments, thepreferencesof theofficial negotiatorscannot bedetermined
exactly at thestart of a conference. Schelling (1980) argues that negotiators, as a bargain-
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ing tactic, purposely createuncertainty by reducing thescopeof their own authority: union
officials stir up excitement and determination on the part of the membership, government
decisions are not entirely predictabledue to internal disputes. It implies that an escalating
player runs therisk of an undesired outcome, such asastrikeor awar.

But inaneffort tocontain theconf lict, at least in thelongrun, onemay try to regulatethe
profile of t so as to obtain the sequence s which maximizes the social welfare function.t can be considered as a measure of the impact of third parties who are able, with some
probability, to impose the disagreement outcome which is disliked by both players. In
another interpretation it takesintoaccount thepossibility that thepreferencesof theplayers
change (negotiators may be replaced by another team favouring another outcome, one of
the players gets another opportunity which she prefers to the continuation of the current
relationship, players get excited). If, as an example, some of the outside parties are too
powerful and are able to impose early submission on a player whose project is desirable
from a social point of view by threatening with a deadlock after her move, they may be
eventually restrained by new legislation or rules and conversely. Similarly, governments
may try to inf luencetheoutcomeof wagenegotiationsby taxing thewinner or superpowers
may try to speed up peacesettlementsby subsidizing theparty who iswilling to submit.

Thepaper showsthat when theoptimal direct mechanism satisfiesconditions(A2) and
(A3), then the social choice problem with two players can be decentralized and the con-
strained optimal social choicecan beattained without an impartial intermediator. If this is
thecase, then it doesnot matter whether theplayershaveinformationwhich isnot provided
to theintermediator, provided that theplayershavetoagreeif oneof thetwoParetoundom-
inated solutions is implemented. The present model is therefore helpful in understanding
thewisdom of Solomon in his judgement.
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