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Abstract

This paper analyzes the role of sharing rules in the existence and
form of Bertrand equilibria for general demand and cost functions.
It derives characteristics of equilibria that either do not depend on
sharing rules or only on very general properties. We show that sign-
preserving sharing leads to existence and uniqueness of zero-profit
equilibria under fairly mild assumptions, while all other rules, in-
cluding the “classical rule” of equal sharing, may either lead to non-
existence of pure and mixed equilibria, or existence of a continuum of
positive-profit equilibria.
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1 Introduction

The question of existence and multiplicity of pure and mixed equilibria in
Bertrand pricing games has been widely researched. The results obtained
depend on properties of the demand and production cost specifications, and
on three ”"rules” embodied in the payoffs: the sharing rule, the rationing rule,
and what can be termed the ”supply rule”.

The sharing rule determines how demand is distributed between the set
of firms charging the lowest price. The sharing rules has a decisive role
to play, because in a large number of cases (including all classical ones)
candidate equilibria will involve more than one firm charging the lowest price.
Common rules are ”equal sharing”, where each firm receives the same share
of demand, and ”"random sharing”, where total demand is attributed to one
single firm with equal probability for all firms charging the lowest price.
The latter sharing rule is used in the papers by Baye and Morgan (1997
, 1999), and referred to by Vives (1999), p. 199. The reason that it is
of interest is that zero-profit pure equilibria exist, and are unique, under
rather weak assumptions. Thus it translates the standard intuition that
Bertrand equilibria involve zero profits, which for equal sharing only holds
under constant returns to scale.

The rationing rule determines how much demand is left to firms not
charging the lowest price when the low-price firms do not serve the whole
market. Finally, the supply rule determines whether a firm must serve total
demand at the price it quotes (output is ”demand-determined”), or whether
it can refuse to sell more than a certain quantity (”voluntary trading”),
normally defined by the supply function or a capacity constraint.

Voluntary trading gives rise to Bertrand-Edgeworth competition, while
this paper deals with the traditional case of Bertrand competition, where
supply is demand-determined.! In particular, we assume that output is
demand-determined, therefore the rationing rule is irrelevant. Instead we
concentrate on the sharing rule. For simplicity, we only consider the sym-
metric case where all firms have the same production technology. Differences
in production costs give rise to additional issues which are not central to the
concerns of this paper.

1See Vives (1999), ch. 5.1 for an overview, and ch. 5.2 for Bertrand-Edgeworth com-
petition.



2 Bertrand Oligopoly and Sharing Rules

Assume that there are n identical firms in an industry for a homogeneous
good?, posting prices pi,..,p, € Ri. Let p; = min;4p;, and m = |[{i =
1.n | p; < p;}| the number of firms charging the lowest price. The demand
function D : R, — R, is non-increasing, and the cost function C': R, — R,
non-decreasing with C'(0) = 0. A monopolist’s profit is 71 (p) = pD (p) —
C (D (p)), and 7., (p) denotes the profits of each of the m firms charging the
lowest price p. Thus firm #’s payoff is

N 0 if pi>ps
IL (p1y o) =8 T (pi) if pi=10i - (1)
1 (pz) if pi <Dpi

The sharing rule is implied by 7, (p), as discussed below. Fqual sharing
amounts to m,, (p) = pD (p) /m — C (D (p) /m), and is the sharing rule tra-
ditionally assumed. Random sharing means that one of the firms charging
the lowest price is randomly selected with identical probability, and yields
Tm () = m1 (p) /m.

It is easy to see that under constant returns to scale, C'(q) = cq with
some ¢ > 0, the payoffs under the two sharing rules coincide,

Tm (p) = pD (p) /m — cD (p) /m = 71 (p) /m (2)

and that they differ in general otherwise. For increasing returns to scale and
equal sharing, 7, (p) < w1 (p) /m, while for decreasing returns to scale even
Tm (p) > m1 (p) may be true.

The equivalence of payoffs under constant returns may explain why the
random sharing rule has not received much attention. Nevertheless, under
random sharing each firm’s profits simply are a multiple of a monopolist’s
profits, independently of the demand and cost functions. Therefore it is not
surprising that existence and uniqueness of symmetric pure equilibria are
trivial, as shown below. Under equal sharing, as discussed below the situation
is much more complicated, with non-existence, uniqueness or existence of
continua of pure and mixed symmetric equilibria depending on production
cost.

The most general definition of a sharing rule would be an arbitrary map-
ping (D, C,p,m) — 7, (p), on suitably defined spaces of demand and cost
functions. In fact, in the more general setting of ”games with endogenous

2We assume that entry decisions and costs are sunk, thus do not consider two-stage
models of entry and production.



sharing rules” Simon and Zame (1990) show that there is always a ”sharing
rule” such that a mixed equilibrium exists if the strategy space is compact
and demand is continuous. This sharing rule is an a prior:i arbitrary selection
from the payoff correspondence, in particular in the Bertrand context it may
change with any assumptions about demand, cost, and the number of firms.

As a first attack on the issue, and to impose some regularity on the prob-
lem, we will be more restrictive and let a sharing rule be given by two map-
pings ¢ : N xR — R and x : Nx R, — R_, continuous and non-decreasing
in their second argument?, with

Tm (p) = ¢ [m, x[m, D (p)lp — C (x [m, D (p)])].

The maps ¢ and x are independent of D and C', and the double appearance of
x assures that quantity sold equals quantity produced for each firm. Equal
sharing corresponds to ¢ (m,x) = x and x (m,z) = z/m, while random
sharing is obtained with ¢ (m,z) = z/m and x (m,x) = x.

Apart from being continuous in their second argument, there are other
natural properties that one may want to impose on (¢, x). Let us first make
the following definitions:

Definition 1 A function f : R — R is
1. zero-preserving if f (x) =0 if x = 0;
2. sign-preserving if f (z) % 0 if and only if x % 0 for all z € R.

One may impose that x (m, D (p)) is zero whenever D (p) = 0, i.e. when
there is no demand at the price p. This is nothing else but x being zero-
preserving in its second argument. Similarly, it makes sense to have 7, (p) =
0 whenever D (p) = 0. Together with x being zero-preserving, this means
that ¢ should be zero-preserving as well. A stricter condition would be that
either y or ¢ are sign-preserving functions, which is implied to being zero-
preserving and strictly increasing.

A class of sharing rules of special interest is the following:

Definition 2 A sharing rule (¢, x) is sign-preserving (SP) if m,,, (p) has the
same sign as m (p), for all m and p, and all demand and cost functions.

While random sharing is sign-preserving, equal sharing is not, as will be
discussed below. In fact, sign-preserving sharing (SPS) rules take on a simple
form (All proofs can be found in the appendix).

30ne may also imagine sharing rules that depend on the total number of firms in the
market, 7, ,, (p), but even for these our arguments continue to hold.
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Proposition 3 A sharing rule (¢,x) is sign-preserving if and only if ¢ is
sign-preserving in its second argument and x (m,z) = x for all m and x, i.e.

Tm (p) = ¢ (m, 71 ().

In the following we will argue that the family of SPS rules has the same
properties concerning existence and uniqueness of (zero-profit) Bertrand equi-
libria as in the traditional case of equal sharing and constant returns to scale
in production. In a sense made precise below it is the only family that has
this property.

Let us now define some other useful properties of sharing rules:

Definition 4 A sharing rule (¢, x) is, given sets of demand functions D and
cost functions C,

1. decreasing if mp, (p) < w1 (p) for all (D,C,p,m) € D x C xRy x N with
m > 1 and m (p) > 0;

2. non-decreasing if there is (D,C,p,m) € D xC x Ry x N such that
Tm (p) = 1 (p);

3. sum-decreasing if mm,, (p) < 7 (p) for all (D,C,p,m) € D x C xRy x
N.

4. quantity-decreasing if x (m, D (p)) < D (p) for all (D,p,m) € DxR, x
N.

Any sum-decreasing sharing is decreasing. An SPS rule is decreasing if
¢ is decreasing in m, etc. Random sharing is sum-decreasing, as are other
simple sharing rules such as the SPS rule 7, (p) = Amy (p) /m with A € (0,1)
and m > 2. Equal sharing is sum-decreasing for constant returns, and non-
decreasing in general.

The property of being quantity-decreasing is a natural one: No firm
should be attributed an output higher than market demand.* Still, it will
only be used in section 5.1 to show non-existence of equilibria under certain
sharing rules.

3 Some Properties of Bertrand Equilibria

In this section we will derive some characteristics of Bertrand equilibria, and
how these are related to assumptions about the sharing rule, the demand and

4This requirement can obviously be strengthened.
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cost functions. Starting from the assumption that equilibria exist, there is
surprisingly much that one say, even though we do not presuppose a certain
sharing rule, nor continuity.

First we would like to raise a rather technical issue, about the differ-
ence between the “set of prices played in (mixed) equilibrium” P, and the
“support of the equilibrium (mixed) strategy” S. With continuous strategy
spaces, P may essentially be a strict subset of S, i.e. not all prices in the
equilibrium price support are equilibrium prices. This fact complicates some
of our arguments below, but for brevity we relegate the discussion of this
issue to appendix 7.1.

Let let J, = {j|lI; > 0} and J, = {j|II; = 0} be the sets of firms with
positive and zero expected equilibrium profits, respectively (There can be
none with negative profits, given that C'(0) = 0.), and J = J, U J, be the
set of all firms.

The following two examples show that there can be Bertrand equilibria
where some firms make positive profits in equilibrium while others make zero
profits. They also show that firms in J, may play lower prices even though
they make zero profits (example 1), while firms j € J, may play one or more
prices in equilibrium (example 2).

Example 1 (see Figure 1). Under ES with two firms, demand is D (p) =
max {0, 1 — p}, cost ¢(0) = 0, c¢(q) = Fy € [1/9,2/9) for ¢ € (0,1/3], and
c(q) = F» =1/4 for ¢ > 1/3. An equilibrium is firm 1 playing p; = 2/3 and
firm two randomizing between p, = 1/2, played with probability P € (0,1),
and other prices larger than 2/3. Expected payoffs are I1; = (2/9 — F}) P >
0, and II, = 0. Note that 7 has a left-discontinuity at the equilibrium price
1/3, m2(1/3) <0, and that lower prices create losses.
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Figure 1: Only one firm makes zero profits.

Example 2. ES with three firms, demand D (p) = max {0,1 — p}, cost:
c(0) =0, c(q) = ¢*/2 + 0.047 (u-shape average cost). Let p; = 0.31 and
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po = 0.32, then for the profits before fixed cost 79 it is true that 7 (p;) <
0 <7 (p;) <0.047 < 7§ (p;), i = 1,2. Let firms 1 and 2 play the two-firm
mixed equilibrium on p; and ps (as described in section 4), and firm 3 some
p > po. This is clearly an equilibrium with positive profits for firms 1 and
2, while firm 3 cannot make positive profits playing p;, ps or any other price
below p,, and has to make do with zero profits. It is important to note
that this result is not driven by the discontinuity in costs (C' can be made
continuous without changing the result), but by the presence of increasing
returns followed by decreasing returns to scale.
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Figure 2: A mixed equilibrium where only one firm makes zero profits.

The following proposition lists some of the properties of Bertrand equilib-
ria where some firms have positive profits. Let ”maximum profits” be defined
as ™™ = supy,, Tk (p). In the classic Bertrand model with ES and constant
marginal costs these are equal to monopoly profits sup,, m; (p).

Proposition 5 Assume there exists a mized or pure Bertrand equilibrium
i a market for a homogeneous good with n > 2 identical firms under a given
sharing rule, and at least one firm has positive expected profits. Then the
following holds:

1. If maximum profits m™ are finite, then all firms in J, play the same

finite mazimum price t < oco. For all firms in J, this price is an atom,
or possibly a limit point of atoms if |J,| = 1, while all firms in J, play
prices p > t with positive probability.

2. If J, # 0, the sets P; of all firms j € J, are countable.” If for j €
Jp, 7 € Pj is not an atom, then it is a limit point of atoms and if
additionally r < t then it must be an atom for all firms in J,. Any
price p < t with 71 (p) > 0 must be an atom.

5 As of yet, it is an open question whether the same holds when J, = 0.
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Some as of yet unresolved questions are:

1. With 7™ < oo and J, = (), are there equilibria where firms play prices
that are not (limit points of) atoms? (look at Kaplan and Wettstein 2000)

2. Do firms in J, play atoms where firms in J, play atoms?

3. Can we say something about limit points of atoms, in particular ¢ for
|Jp| =17

The following proposition lists some properties of the payoff functions
and the sharing that must be satisfied in non-zero profit equilibria. All the
proofs are in the appendix.

Proposition 6 Assume that 7™ < oo and there exists a Bertrand equilib-
rium where at least one firm makes positive profits. Lett = maxP; forj € J,
be the joint highest price played by positive-profit firms.

1. If M =|J,| > 2 there is some m = M..n with 7, (t) > 0 and m, (t) >
71 (t), or my (t) > 0 and has a left-discontinuous upward jump at t.

2. If J, # 0 then there are at most countably many prices p < t with
71 (p) > 0. For all prices p € Pj, j € Jp, it is true that there is some
m = 2.n with 7, (p) > 0 and 7, (p) > 71 (p), or 1 (p) > 0 and m
has a left-discontinuous upward jump at p with liminf, », m (p') < 0.

Statement 1 of this proposition means that it is necessary for positive-
profit equilibria that either the sharing rule is non-decreasing or that w1 has a
specific kind of discontinuity at the maximum price that positive-profit firms
play. Statement 2, which includes the more difficult case of a single firm with
positive profits, extends this statement to all prices played in equilibrium.
Moreover, and this can be a very strong condition, it follows that there can be
no continuum of positive single firm profits below the highest price positive-
profit firms play in equilibrium if there are some firms that make zero profits
in equilibrium.

From proposition 6 follows directly:

Corollary 7 If 1. mazximum profits are finite, 2. the sharing rule is de-
creasing, and 3. profits m do not have left-discontinuous upward jumps at
points p where 71 (p) > 0, then any pure or mized Bertrand equilibrium must
involve zero profits for every firm.

This corollary is a vast generalization of the necessity part of Kaplan and
Wettstein (2000, p. 69) to arbitrary sharing rules, demand and cost func-
tions®: They show that under equal sharing, constant returns to scale and

®Baye and Morgan (1999) do only show the existence of positive profit equilibria under
RS and infinite monopoly profits but do not demonstrate necessity.
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continuous demand, positive profit equilibria exist if and only if lim,, .. D (p)p =
oo. Their case is contained in our proposition since with constant returns to
scale equal sharing is decreasing, and 7, is continuous, and shows that the
condition on maximum profits is necessary.

The second condition, on the sharing rule, given a set of demand and
cost functions, is also necessary. This is made clear by the result of Dastidar
(1995) that with ES and strictly increasing returns to scale, and some con-
tinuity and differentiability assumptions, positive profit equilibria exist. In
this case the sharing is non-decreasing.

Lastly, the following example shows that also the third condition is nec-
essary:

Example 3: Under RS and two firms, let D (p) = max {0,1 — p}, c(q) =
0if ¢ <2/3,and c(q) = F > 2/9 if ¢ > 2/3. Then p = 1/3, the point of
discontinuity, for both firms is an equilibrium yielding expected profits of 1/9
to each firm.

Figure 3: Positive profits because of discontinuity.

Sufficient conditions for the third condition to hold are that m; is left-
continuous, that 7, is lower semi-continuous (as discussed in Baye and Mor-
gan 1997), and of course that 7, is continuous.

Finally, it must also be stressed that our assumption of C'(0) = 0 for
all cost functions is not at all innocuous. ”Zero profits” as such are only
a benchmark if they correspond to the profits that make a firm indifferent
between participating in the equilibrium or pricing itself out of the market.
In other words, if a firm has fixed costs even if it produces nothing, then
these fixed costs can be neglected for the determination of the (post-entry)
equilibrium while one should remember than ”zero profits” then refers to
gross profits. Any fixed cost implied by C' are production-related, not entry-
related.”

"Sharkey and Sibley (1993) assume that fixed costs are avoidable, but occur in an entry
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After this treatment of positive profit Bertrand equilibria we will now
consider zero-profit equilibria. It is rather difficult to say anything about the
form of the equilibrium strategies, on the contrary to the case with positive
profits. For example, the argument in the proof of the previous proposition
involving the highest price played in equilibrium does not work since firms
with zero profits can play arbitrarily high prices without changing their pay-
offs: Nothing can be deduced from a maximum price (if one exists at all).
We make the following definitions concerning 7y:

Definition 8 An “initial viable price” (IVP) is a price s such that wy (s) > 0
and 71 (p) < 0 for all p < s. If in addition m (s) = 0 then s is an “initial
break-even price” (IBP).®

Contrary to Theorem 1 in Baye and Morgan (1997), which is based on the
implicit assumption of RS, in general an IBP (or IVP) may not give rise to
a symmetric pure equilibrium, because 7 (s) > 0 does not imply 7, (s) > 0
(for RS it does). Together with the following proposition this means that
an IBP in general is neither necessary nor sufficient for the existence of a
zero-profit (”Bertrand paradox”) equilibrium.

The following proposition lists some properties that payoffs must satisfy
in any zero-profit Bertrand equilibrium. Given a mixed equilibrium, let s =
min; min .S;, which again exists because every S; is closed and bounded from
below. Without loss of generality order firms by the values of sup Sj, j = 1..n
, such that t; <t, < .. <t,.

Proposition 9 Assume there exists a mized or pure zero-profit Bertrand
equiltbrium in a market for a homogeneous good with n identical firms under
a given sharing rule. Then

1. Single firm profits are non-positive, w1 (p) < 0, for all p < s, and for
almost all p < ty. If w1 (p) > 0 for some p € [s,ts], then it must be an
atom for at least one firm, or for at least two firms if p < t1, and there
must be an m = 2..n such that 7, (p) < 0.

2. For any price p € P;, for some j € J, and with p < ty, it is true that
either w1 (p) = 0, or there is an m = 2..n such that m,, (p) > 0 > 1 (p),
or w1 (p) > 0 and 7y is left-discontinuous at p.

stage, while production decisions are made in a subsequent stage. Incidentally, verbally
they assume ES but base their mathematics on RS (see their equation 3.1) since they do
not assume constant marginal cost.

8The latter notion was introduced in Baye and Morgan (1997).



Comment: 1. The first statement of the proposition is very strong: It
means that the supports of the two lowest-price firms (firms 1 and 2) can at
most contain a countable number of prices p where single-firm profits m; are
positive. This result establishes a tight upper limit on these supports, see
e.g. the example in the following section.

2. An IVP or IBP may not be part of the equilibrium supports, since
even if one knows that for a price p with s < p < t5 it is true that 7 (p) > 0,
then one cannot exclude the existence of prices p’ € (s,p) with m (p’) > 0
even if there can only be countably many such prices. It is also not necessary
that s € P; for any j. On the other hand, if there is such a j, then s is an
IVP if the sharing rule is decreasing; if furthermore 7, is left-continuous then
s is an IBP, leading to a generalization of Baye and Morgan’s (1997) result.

3. Dastidar (1995) has shown that under ES and strictly decreasing
returns to scale there may be (among many others) a pure symmetric zero-
profit equilibrium with 7, (s) = 0 and 7 (s) < 0, see our section 4. In this
example P; = {s} for all firms, and the sharing rule is non-decreasing.

In the following section we will apply these propositions to show the non-
existence of pure and mixed Bertrand equilibria in a particular example.

4 Equal Sharing

The classical treatments of Bertrand oligopoly, which have handed down to
us the cherished intuitions of ”zero profits” and ”price equals marginal cost”
were based on a specific cost function, that is, constant returns, and a specific
sharing rule, equal sharing. While the former has been the subject of some
investigation, the latter went almost unnoticed. In this section we will give an
account of the most important results on equilibria under ES. For simplicity
we will assume that demand and costs are continuous unless explicitly stated
otherwise.

Under constant returns to scale in production, pricing at marginal cost
constitutes a symmetric pure equilibrium. For two firms, Harrington (1989
) has shown that this is the unique equilibrium when demand is bounded,
continuous and has a finite choke-off price. With more than two firms, there
is a continuum of zero-profit equilibria where at least two firms always choose
price equal to marginal cost, and the other firms randomize arbitrarily be-
tween prices not lower than marginal cost. This multiplicity of equilibria is
”inessential” in the sense that equilibrium production, profits and consumer
welfare are the same for all these equilibria.

On the other hand, Kaplan and Wettstein (2000) show that infinite
monopoly profits and price are not only sufficient but also necessary in
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duopoly for (mixed) equilibria other than this standard Bertrand equilib-
rium to obtain. In these equilibria expected profits are positive and equal
to w1 (s), where s is the lowest price played. Price supports are [s, 00), and
equilibrium is based on the trade-off between ever higher profits and ever
lower probability of achieving them as prices go to infinity.”

Let us now consider strictly decreasing returns. Dastidar (1995) has
shown, subject to continuity and differentiability of demand and cost func-
tions, that in symmetric oligopoly there is a continuum of pure symmetric
equilibria. These contain the ”competitive” equilibrium where price equals
marginal costs but firms make positive profits, and exactly one equilibrium
where all firms make zero profits. These equilibria exist on an interval
s € [Qn,ﬁn} where 7, (s) > m (s) > w1 (p) for all p < s, thus underbidding
is not profitable. It is essential to notice that this interval exists precisely
because equal sharing under strictly decreasing returns is non-decreasing.

We show now that it is straightforward to even construct a continuum
of mized equilibria from the above pure equilibria'®. This means that for
strictly decreasing returns to scale there is a true plethora of equilibria that
are truly different from each other. For simplicity we analyze a symmetric

duopoly where both firms randomize between two prices. Let p; < py with
pi € [22,]32}, then 7y (p2) > mo (p1) > max{0,7; (p1)}. The equilibrium

probability of playing the lower price P = P (p;) is defined through

H:Pﬂ'g(pl)—i‘(l—P)ﬂ'l(pl):(1_P)7T?(p2)a

_ T2 (p2) — 71 (p1)
b= 7T2(]02)—7T1(201)-1-7T2(]01)6[071]7
n = T2 (p1) ™2 (p2) >0

T2 (p2) — 71 (p1) + 72 (p1) —

Note also that if firm 2 plays p; or po, firm 1 will not choose any price different
from p; and ps. Since 7 is increasing on D, ]52], any price below p; leads

to payoffs m (p) < II, p € (p1,p2) leads to profits (1 — P)my (p) < II, and
p > pe2 to zero profits. Expected equilibrium profits are zero if and only if
P1 =D, otherwise they are positive.

9Baye and Morgan, in the context of random sharing, have also demonstrated the
existence of these equilibria, but not shown necessity of infinite monopoly profits.

10See Hoernig (2001) for the corresponding existence result involving arbitrary finite
numbers of firms and prices.
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After showing that under decreasing returns to scale there may be ”too”
many equilibria, we now show that under increasing returns there may be
none, not even a mixed one. Consider the following example, also discussed
in Vives (1999), p. 118, in a similar form.

Example 4: Let there be n firms, ES, and D (p) = max{0,1— p},
C(0) =0and C(q) = F > 0 for ¢ > 0. Let monopoly be strictly viable,
F e (0,1/4). Wehave my(p) = (1 —p)p—F > 1 (p) = (1 —p)p/m — F
whenever 7 (p) > 0 and for any m = 2..n, thus ES is decreasing. There is a
left-discontinuous upward jump at p = 1 but with 71 (1) = 0. Since maximum
profits are finite, by corollary 7 there are no pure or mixed equilibria involving
positive profits for any firms.

Assume now there is a zero-profit equilibrium. The highest price p*
such that there are only countably many p < p* with w1 (p) > 0 is p* =
(1 —v1—-4F ) /2, and by proposition 9, ts < p*, where t5 is the second-
lowest supremum of the equilibrium supports S;. In fact, m; (p*) = 0 and
Tm (p) < 0 for all p < p* and all m = 1..n. Thus no firm wants to play a
lowest price in this range, i.e. the only possibility is that at least firms 1 and
2 play p* with probability 1, and all other firms do not play prices below
p*. This leads to negative profits for firms 1 and 2 since m,, (p*) < 0 for all
m = 2..n, a contradiction. Thus we have shown that there do not exist pure
or mixed equilibria, neither with positive nor with zero profits.

0.154

0.17 ml
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Figure 4: No pure or mixed equilibria.

Incidentally, in this example the sum of payoffs is not upper semi-continuous,
violating one of the assumptions of the Dasgupta-Maskin (1986) existence
theorem, while it fulfills this assumption under random sharing. Vives (1999,
p.118) shows that indeed an equilibrium exists under RS, a pure symmetric
equilibrium where both firms play p* and make zero expected profits.

It remains to note that of course this list is not exhaustive of all possi-
bilities under ES, since in general cost functions may exhibit increasing or
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decreasing returns over some regions. Our examples 1 and 2 are of this type.

5 Sign-preserving Sharing

In this section we will highlight some of the special properties that sign-
preserving sharing has, in particular in relation to existence and uniqueness
of equilibrium outcomes. We will then continue to show that other sharing
rules are either plagued by non-existence or multiplicity of equilibria.

First we note that equilibria under SPS are much simpler than in the
general case:

Proposition 10 Under SPS, in any equilibrium firms either all make pos-
itive profits, or all make zero profits. Firms with positive profits only play
prices p with m (p) > 0, and all prices p < t, played by zero-profit firms
involve Ty (p) = 0.

Comment: 1. The last proposition means in particular that we do not
have to worry about atoms, since under SPS atoms cannot cancel out payofts
of opposite sign.

The following proposition is a generalization of the Baye and Morgan
(1997) result on the relation between IBP’s and zero-profit equilibria. Its
derivation shows that it depends decisively on the SPS assumption.

Proposition 11 Under SPS any IVP gives rise to a pure symmetric equi-
librium. There is a zero-profit equilibrium if and only if there is an IBP.

Comment: 1. Note the we had to invoke SPS for both the necessity and
the sufficiency part of the last proposition.

We will now investigate when equilibria exist, and given the last propo-
sition it is useful to concentrate on IVP’s and IBP’s.

Lemma 12 Assume that monopoly is viable, i.e. there is a price p such that
71 (p) > 0. Under SPS, a (smallest) IVP exists if w1 upper semi-continuous
from the right on |0, p|.

Comment: 1. A simple example of non-existence of equilibrium stemming
from the failure of upper semi-continuity is the following: With RS, D (p) =
1—p, C(q) =cqfor 0 <gqg<1—c¢ and C(q) = 2cq for g > 1—c (let
c € (0,1)). Profits m; are right-discontinuous at p = ¢, and by corollary 7
and proposition 9 neither pure nor mixed equilibria exist.

2. Sufficient conditions for m; being usc from the right are 7; being usc, or
right-continuous, or continuous. These are conditions on the profit function,
but it is useful to obtain some conditions on the fundamentals:
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Lemma 13 If demand D and costs C' are lower semi-continuous then my s
right-continuous.

Comment: 1. It may a be a little bit surprising that the condition on
D is lower- and not upper semi-continuity. In most games choosing optimal
strategies involves maximization, and here upper semi-continuity of payoffs
is indispensable. The reason that upper semi-continuity of demand is not
relevant for the existence of equilibria in our context is that discontinuities
in demand cause downward jumps in revenue which pose no problem when
transmitted to the payoffs. Non-existence can only be caused by magnifica-
tion of the jumps in demand through the cost function into upward jumps in
profits. Right-continuity at these upward jumps then follows from D being
Isc, not usc.

2. In fact, since demand D is non-increasing, left- (right-) continuity of D
are equivalent to upper (lower) semi-continuity. Similarly, since costs C are
non-decreasing, left- (right-) continuity of C' are equivalent to lower (upper)
semi-continuity. Therefore we can use these terms interchangeably in the
statements of our propositions. The proofs are elementary and similar to the
ones in the previous lemmas.

Let us now turn to IBP’s and zero-profit equilibria.

Lemma 14 If demand is bounded and m; lower semi-continuous from the
left then any IVP pg is an IBP. For the latter it is sufficient that D and C

are upper semi-continuous.

Comments: 1. The assumption of bounded demand is necessary: With
D(p) = 1/p and C(q) = 0 one can define a continuous profit function
7 (p) = 1 on Ry, with IVP py = 0 and positive equilibrium profits equal to
1/n.

2. The assumption of left-continuity is also essential: In Example 3 p =
1/3 is an IVP but not an IBP. In fact, no IBP exists.

Finally, we tackle the question of uniqueness of equilibrium, which can
be a thorny question in general. There are two aspects to this question.
The first aspect is the uniqueness of the ”zero-profit outcome”, as discussed
in Baye and Morgan (1997), while the second one is the uniqueness of the
equilibrium price as such. As concerns the first aspect, corollary 7 shows that
if m; has no right-continuous upward jumps where it is positive, and if the
sharing rule is decreasing then zero profits is indeed the unique equilibrium
outcome. SPS being decreasing means simply that ¢ (m, z) < z for all x and
m > 2, but apart from this SPS does not add anything fundamentally new
to this aspect.
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It is not possible to establish uniqueness of equilibrium prices without
imposing continuity conditions, but uniqueness of zero-profit equilibria is
straightforward, even if at the price of a rather strict condition:

Lemma 15 Under SPS, if m, is strictly quasi-concave there is at most one
symmetric zero-profit Bertrand equilibrium.

Comments: 1. As in the case of ES and constant marginal cost, with
more than two firms zero-profit equilibria are generically non-unique. All
firms but two can play any prices above ¢y, and even randomize between
them.

We summarize the preceding discussion in the following theorem:

Theorem 16 Assume monopoly is viable. Under SPS, if demand and cost
are lower semi-continuous then (pure symmetric) equilibria exist. If demand
and cost are continuous, then zero-profit Bertrand equilibria exist .If in addi-
tion single-firm profits w, are also strictly quasiconcave there is at most one
zero-profit equilibrium, or if ¢ (m,z) < x for all x € R and m > 2 then there
are no positive-profit equilibria.

Therefore under SPS the classical ”Bertrand paradox” of zero profits is
restored, with the new interpretation that ”price is equal to average cost”.
The ”competitive outcome” of price equal to marginal cost is the exception
rather than the rule, and generically occurs only under constant returns to
scale. It is also worth noting that uniqueness only applies to symmetric equi-
libria, and when there are more than two firms then there exists a continuum
of pure (and even mixed) equilibria.

5.1 Comparison to other sharing rules

In the previous section we have seen that under the SPS rule Bertrand equi-
libria exist under fairly general conditions, and that only the zero-profit out-
come arises if SPS is decreasing. We will now show that either sharing rules
that are not sign-preserving can be problematic in that for each of them there
are examples where either no (pure or mixed) equilibria exist!!, or there is
a continuum of equilibria. For simplicity we will deal with a market of only
two firms.

Proposition 17 Consider a market for a homogeneous good with two firms,
and a given sharing rule (¢, x). Assume that ¢ and x are zero-preserving, that

1'We will use the techniques of example 4 to show this.
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X 18 strictly increasing in its second argument and quantity-decreasing. If this
sharing rule is not sign-preserving then either no (pure or mized) Bertrand
equilibria exists, or there is a continuum of pure and mized equilibria.

This result means that there may be little hope in getting rid of the
problems of non-existence on the one hand, or ”excessive” multiplicity of
equilibria on the other hand, without recurring to sign-preserving sharing
rules.

6 Conclusions

In this paper, unlike most of the literature, we took a different point of view
in analyzing Bertrand oligopoly. We did not take a sharing rule as given, in
particular “equal sharing”, but derived very general properties of pure and
mixed Bertrand equilibria which are either independent of the sharing rule,
or depend on a very small set of their properties.

We then set out classic and recent results about Bertrand equilibria under
the classic “equal sharing” rule, proving that in extreme cases there may be
continua of (non-trivial) mixed equilibria, or no pure or mixed equilibrium
at all. “Sign-preserving sharing”, a generalization of “random sharing” was
shown to not suffer from the these problems, with existence and uniqueness
of (zero-profit) equilibria occurring under fairly general conditions.

Lastly, if some reasonable assumptions are imposed (such as “no positive
sales if demand is zero”)), we showed that a sharing rule that is not sign-
preserving gives rise either to non-existence of equilibria or existence of a
continuum of positive-profit equilibria.

Topics for further research are the following: Determine the relation be-
tween our treatment and conditions in papers such as Dasgupta and Maskin
(1986), Simon (1987) and Reny (1999 ), and to possible treatments of ties
in auctions (have not found one yet...). An analysis of Bertrand-Edgeworth
oligopoly using our techniques may also yield interesting results.

7 Appendix

7.1 Support vs Equilibrium Prices

The set P contains all prices between which a firm will randomize in equilib-
rium, and a fundamental requirement is that all prices in P yield the same
expected payoff. On the other hand, the support S is defined as the smallest
closed subset of the strategy space with probability measure one (Kirman
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1981, p. 198).12 Thus S contains exactly the prices all of whose neighbor-
hoods contain positive probability weight, either because they themselves are
atoms or limit points of atoms, or because they are part of a continuum of
prices played in equilibrium. This means that 7P N .S contains all prices that
are payoff-relevant,'® therefore we can without loss of generality assume that
P C S. Then P is dense in S, but may be a strict subset of S. This fact
creates some problems.

An illustrative example may be helpful: Let U : [0, 1] — {0, 1} be defined
as U(0) = 0, and U (x) = 1 for z > 0 (This could be the payoff given
opponents’s strategies). Then any x € (0, 1] maximizes payoffs, but x = 0
does not. Consider the uniform distribution on (0, 1], which also leads to
expected profits of 1. The point x = 0 is part of the support as defined
above, but leads to profits of zero and is a dominated strategy.'*

Working with the set S is rather efficient, since it is closed and at least
bounded from below. Still, following the above argument the best we can say
is the following: Assume that a property A holds for any price in P. Then
in each neighborhood of any price p € S there is a price p’ for which A holds
(because p’ € P). This observation explains some of the complications in
the arguments below which are necessary since we do not presume continuity
from the outset.

7.2 Proofs

Proof of Proposition 3:
Proof. Clearly for x (m,z) = x we have that m,, (p) = ¢ (m, 7 (p)), and
this sharing rule is sign-preserving if and only if ¢ is sign-preserving.

Now assume that 7, (p) is sign-preserving. We will choose a price p and
a cost function C' to produce a contradiction!®. First, for each m, ¢ cannot
be always positive or always negative as 7 (p) can be positive or negative
for arbitrary demand and cost functions. We can conclude that there are y;
and y,, such that ¢ (1,y;) > 0 and ¢ (m, y,,) < 0.

12Q0r, given the price distribution F, the support S of I is defined as the set of all prices
p such that F (p+¢) — F (p—¢) > 0 for all ¢, as in Kaplan and Wettstein (2000).

13The points in P\S are of total weight zero, which are irrelevant in stochastic and
payoff terms.

"Vives (1999), p. 45, writes that ”..in a mixed strategy equilibrium all actions in the
support of the equilibrium distribution of a player are best responses to the distributions
used by the rivals.” Does he use a different notion of support, or simply have in mind the
finite case?

15These are a priori arbitrary, and the demand function is implicit. An interesting ex-
tension of this work would be to limit the classes of demand and cost functions considered.
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Assume now that there are x; and m such that x (m, z1) = x,, < ;. Let
¢ = C(z1) and ¢, = C(z,,) for some still to be determined cost function
C, for which we will only make use of these two values. We will now choose
a price p > 0 and costs ¢; > ¢, > 0 (because costs are non-decreasing) such
that

Y1 =T1Pp — C1, Ym = TmpP — Cm-

In other words, we need to find a price p > 0 such that
C1=2T1p — Y1 2 Cn = TmP — Ym 2> 0,

which is obtained for any price

pz{g,&y_mu}, 3)

T Ty Ty — T

The same condition results for x (m,z;) = x,, > x1 and ¢, < ¢;. In both
cases, by construction 71 (p) = ¢ (1,21p — ¢1) > 0and 7, (p) = & (M, Tp — ) <
0, i.e. the sharing rule is not sign-preserving. =

Proof of Proposition 5:

Proof. . 1. Let S}, j = 1..n, be the support of firm j’s equilibrium strategy,
i.e. the smallest closed set that contains probability mass 1 (see appendix
7.1), F; (p) = Pr(p; < p) its distribution function, G; (p) = Pr (p; > p), and
note that G;(p) is left-continuous in p. P; is the set of prices played in
equilibrium, and we can without loss of generality assume that P; C ;.
Furthermore, P; is dense in S;, and the expected profits in equilibrium are
I1; = I1; (p) for all p in P;.

Every S;, j € J,, then has a finite maximum ¢; = supP; since the
maximum profits 7" are finite: For each firm, the probability that a price p is
the lowest price converges to zero as p goes to infinity since lim,, o, F; (p) = 1
for all firms ¢ = 1.n. As m (p) remains bounded by 7™, expected profits
converge to zero as well. Yet, expected profits are positive by assumption,
therefore each support must have a finite supremum, and since it is closed it
has a finite maximum ¢; € S;.

Let there be more than one firm making positive profits, M = |.J,| > 1.
The maxima t; for j € J, must all be equal to the same 0 < ¢ < oo,
because any price above the lowest ¢; would never be the lowest price and
yield zero profits instead. By the same reasoning, G; (t) > 0 for all firms
in J,. Moreover, the price t must be an atom for all j € J,, and therefore
t € P;: Assume to the contrary that for firm ¢ € J, the price ¢ is not an
atom, lim, ~ F; (p) = 1. Consider firm j # 4 with equilibrium payoff I; >0
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and note that there is a sequence {p,} C P; with II; (py) = II; for all k, and
limy_,o0 pr = ¢, because P; is dense in S;. Then we arrive at a contradiction
because

I = Jim I (pe) < 7" lim (1= F (pe)) = 0.

The statement for M = 1, say J, = {1}, follows from the proof in the next
paragraph applied to ¢ = max.S; = sup P;. Note that we cannot conclude
teP.

2. Assume now that J, # 0, and that r € S; for some firm j € J, is
neither an atom nor a limit point of atoms. Since every neighborhood of
r must contain positive probability mass, P; contains (uncountably many)
prices arbitrarily close to r which are not atoms. Thus there is a price p € P;,
with Fj (p) < 1, that is not an atom for firm 1 and for some other firm ¢ € J,.
Expected profits of playing p are II; (p) = II; > 0 for firm j, and II; (p) < 0
for firm 7. But since both firms play p with zero probability, we have

II; (p) (1 = E; (p)) = 1L; (p) (1 = Fj (p)) > 0,

a contradiction. Therefore S; and P; both contain only atoms or limit points
of atoms.

Assume that P; for a firm j € J, contains some price p < ¢ which is not
an atom, and that there is some firm ¢ € J, for which p is not an atom,
either. By the argument of the last paragraph firm ¢ could make positive
profits playing p, a contradiction to ¢ € J,. Thus p must be an atom for all
firms in J,. Additionally, since there can only be countably many atoms for
each player, there can only be countably many limit points of atoms in P;,
i.e. P; is a countable set.

As for the last sentence, note simply that any price p < t which is not an
atom for any firm gives rise to positive profits if w1 (p) > 0. In fact, there
must either be an atom by at least one firm in J, or at least two firms in J.
|

Proof of Proposition 6:
Proof. . 1. Let M = |J,| > 2, and let t = max P}, j € J,, as defined above.
The payoff of playing ¢ for a firm 7 € J, is

I, = (H e <t>> > Rul)m. (1) >0,
i k=M

where Ry, (t) > 0, k = M..n, is the probability that k£ — 1 firms other than 4
play ¢, given that all firms j # iplay at least ¢, and Y ,_,, Ri (t) = 1. The
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sum term arises because firms j € J, may also be playing ¢ with positive
probability, otherwise it would simply be equal to 7y (t). Underbidding ¢

slightly, in the limit firm ¢ can make profits (H izi Gi (t)) limsup,, - 71 (p),
therefore it is necessary that

limsup,, -, 71 (p) < Z Ry (t) mp (t) .
k=M

Since the term on the right-hand side is a weighted average of my (¢), k =
M..n, thereis anm = M..n such that 7, (t) > 0 and 7, (t) > limsup,, - m1 (p).
Then either m,, (t) > w1 () or 1 (t) > mp (t) > max {0, limsup,, - 71 (p) }.

2. Let J, # (. By proposition 6, any price p < t with 71 (p) > 0 must
be an atom for some firm, but there can only be countably many atoms.
Therefore 71 (p) < 0 for almost all prices p < ¢t. Any of the at most countably
many prices p € P; for any j € J, must fulfill >, Rjy (p) 7 (p) > 0, thus
71 (p) > 0 and 7 has a left-discontinuous upward jump at p, or there is some
m = 2..n such that 7, (p) > 0 and 7, (p) > 71 (p). =

Proof of Proposition 9

Proof. Assume that all firms have zero expected profits in equilibrium. It
is clear that m; (p) < 0 for all p < s because otherwise firms would undercut
each other. We can also immediately conclude that 7 (p) < 0 for almost all
p < ty, following the argument in the proof of proposition 6, observing that
it is enough to consider deviations of the firm with the smallest upper limit
of its support. Any price p < t5 with 71 (p) > 0 must be an atom for at least
one firm 4, because otherwise some firm j # i could make positive profits
playing this price. On the other hand, for p < ¢; it must be an atom for
at least two firms because otherwise the single firm playing this price makes
positive profits.

Consider a price p € P;, p < t;, for some j € J, with G;(p) > 0 for
all © # j. This means that either p < t;, or p = t; < oo and is an atom
for all firms with sup.S; = t;. The expected profits for firm j of playing

p are (Hi# G; (p)) Y i Rjk (p) m (p) = 0, thus the weighted average of
7k (p), k = 1..n, is zero. Thus either 7, (p) = 0, or m; (p) > 0 and 7 has
is left-discontinuous at p, or there is an m = 2..n such that m, (p) > 0

and 7, (p) > 0 > m (p). The same argument holds for all prices p € Px,
t1 <p<ty, withG;(p) >0fori>1. m

Proof of Proposition 10
Proof. Assume i € J, # 0 and j € J, # 0. Then since any price p played
by i leads to positive expected profits and since all 7, (p), m = 1..n, have
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the same sign, they must all be positive. Thus firm j could also play p and
make positive profits even if p was an atom, a contradiction. Finally, any
price p’ < t; played by j in equilibrium makes zero expected profits but has
positive probability of being the lowest price, therefore 7, (p’) = 0, m = 1..n.
]

Proof of Proposition 11

Proof. Let p be an IVP, i.e. 7 (p) > 0 and m; (p') < 0 for all p’ < p. By
SPS, 7., (p) > 0 for all m = 2..n, therefore playing p with probability 1 is a
pure symmetric equilibrium with non-negative profits. An IBP p is an IVP
with 71 (p) = 0, i.e. leads to a zero-profit equilibrium. For the converse,
assume there is a zero-profit equilibrium. By proposition 9 any price p < t,
such that 7 (p) > 0 must be an atom for at least one firm. By SPS the
expected profits of playing p for this firm are positive, a contradiction to
zero profits. Therefore we must have 71 (p) < 0 for all p < t5. There are
equilibrium prices p < ¢, p € P; for some j, and by proposition 10 they
fulfill 7y (p) = 0. Thus all such p are IBP’s. =

Proof of Lemma 12
Proof. Define p* < p as p* = inf{p > 0|m (p) > 0}. By upper semi-
continuity from the right, we must have m (p*) > lim,\ 71 (p) > 0. By
definition of p*, w1 (p) < 0 for all p < p*, thus p* is an IVP, and it is the
smallest one. m

Proof of Lemma 13
Proof. Fix a price pg > 0. Since D is Isc and non-increasing, we have
limp 5, D (p) = D (po) ,and since C' is Isc and non-decreasing, we have limg, »p(p,)
C(q) = C(D(po)). Therefore lim,,, 71 (p) = m1 (po) and 7 is right-
continuous at py. W

Proof of Lemma 14
Proof. Let py > 0 be an IVP. Then by lower semi-continuity from the left
of m at py:

0 > lim infmy (p) > 1 (po) > 0,
p,/'Po

ie. m (po) = 0. If pp = 0 is an IVP then 7 (0) > 0 by definition. On the
other hand, m; (0) = 0x D (0)—C (D (0)) < 0 since D is bounded, and again
it follows that 7 (py) = 0.

Fix a price py > 0. Since D is usc and non-increasing, we have limy, »,, D (p)
= D (po) ;and since C' is usc and non-decreasing, we have limg\ p(py) C (¢) =

C (D (po)). Therefore lim,, »,, 71 (p) = 71 (po) and 7 is left-continuous at py.
|
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Proof of Lemma 15
Proof. Let p; = inf {p > 0|m; (p) > 0} and py = sup{p > O|m; (p) > 0}. If
p1 < po, then since 7 is strictly quasi-concave on the continuum of prices
p € (p1,p2) profits m; are positive, thus by proposition 9 ¢t < p;, where
ty is the second-smallest upper limit of the supports. The same is true for
p1 = pa. Since by definition 7 (p) < 0 for any p < p, the two firms with
lowest upper limit of support play p; with probability 1. Thus the unique
symmetric zero-profit equilibrium is the pure equilibrium where all firms play

pi. W

Proof of Proposition 17
Proof. For clarity, we omit the first argument from ¢ and x. If (¢, x) is
not sign-preserving there are either situations where 7; > 0 and 75 < 0, or
w1 < 0 and w5 > 0 (but without equality for both). We will show that in the
first case there may be no equilibria, whereas in the second case there may
exist a continuum of them.

1. First assume that there is a price pg, with demand dy = D (py) and
production cost C' (dp) such that (let x, = x (do))

Tio = podo — C (do) >0,
oo = ¢ [poxo — C (x0)] <O.

If one the above two inequalities is an equality raise or lower py slightly
without changing d, to achieve strict inequalities.

We must have dy > 0 since w19 > 0. Let {; = poxo—C (Xg), then ¢ (z) <0
for all x < (,. Since ¢ and x are zero-preserving we have that y, > 0, and
Co <0, thus C (y,) > 0. Since x is quantity-decreasing we have x, < dy and
C (xo) < C (do)-

Define the cost function C* (0) =0 and C* (z) = C* = C () > 0 for all
x, and the demand function D* (p) = max {0, x ! (% (2po — p)) }, which is
well-defined since yx is strictly increasing. It is continuous, strictly decreasing
and positive on [0,2po], with D (0) = x~'(2x,) < oo. Furthermore, for
p< 2]70;

m(p) = ¢[px (D" (p)) — C" (x (D" (p)))]
= ¢ [p@ (2po —p) — C*} :
Po
while 75 (p) = 0 for p > 2p, since ¢ is zero-preserving. By construction, the

7y takes on a local maximum at p = pg, with m (po) = ¢ (pox, — C*) < 0,
we have my (p) < 0 for all p € [0, 2py).
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On the other hand, for p < 2pg
_ —-1 ( Xo %
m ) = (2 em-n) -C

and 7 (p) = 0 for p > 2py, thus 7 is continuous apart from the jump to
71 (2po) = 0. We have that 71 (po) = pox ! (xo) — C* > podo — C (dy) > 0,
therefore monopoly is strictly viable.

The sharing rule (¢, x) is decreasing since 7 (p) > 5 (p) whenever 7 (p) >
0 since there 7 (p) < 0, and by corollary 7 there are no equilibria involving
positive profits for any firm. Let 0 < p* < py be the unique price such that
m (p*) = 0, then 7 (p) < 0 (and 79 (p) < 0) for all p < p*. By proposition
9 the only possible pure or mixed equilibrium is both firms playing p* with
probability 1, which leads to negative payoffs, a contradiction. Thus for this
example there are no equilibria.

2. Now assume that there is a price pg, with demand dy = D (po) and
production cost C' (dy) such that (let x, = x (do))

T = podo — C (dp) <0,
0 = ¢[poxo— C (xo)] > 0.

If one the above two inequalities is an equality raise or lower py slightly
without changing d, to achieve strict inequalities.

Let D* (p) = (4 — p/po) do/3 and keep the cost function. We have D* (py) =
dy, and revenue takes on its unique local maximum at p = 2py. Then rev-
enue is increasing and costs are non-increasing on [0,2pg], thus m (p) =
pD* (p) — C (D* (p)) is increasing. Therefore there is an ¢ > 0 such that
71 is negative on [0,pg + €), and 7 (p) = ¢ [px [D* (p)] — C (x [D* (p)])] is
positive on E = (pg — €,po + €). Then every price p € E gives raise to a
pure symmetric equilibrium with positive profits, thus there is a continuum
of pure equilibria. Furthermore, from these non-trivial mixed equilibria in-
volving any finite number of prices can be constructed as shown in Hoernig
(2001). m
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