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Abstract

This paper specifies a regression model describing homogeneous cointegrating relations between variables
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gressors is not imposed. It is shown that the estimator obtained by a cross-section regression performed
at any point in time is a consistent estimator of the cointegrating parameters and its limiting distri-
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1 Introduction

Recently the topic of unit roots and cointegration has found its way into the econometric analysis of
panel data. Most of the research within this area has been concerned with asymptotic properties in non-
stationary panel data models where both the cross-section dimension (V) and the time series dimension
(T) are large. Some of the contributions to this new research area are reviewed in Banerjee (1999). It is
different from most of the previous research performed in panel data models as this has been concentrated
on asymptotic properties in stationary panel data models where the cross-section dimension is large and
the time series dimension is small, i.e. asymptotics in models for so-called micropanels. Surveys of most
of the research performed within this framework can be found in Hsiao (1986), Matyas & Sevestre (1992)
and Baltagi (1995).

When performing an econometric analysis within the framework of a dynamic panel data model the
best situation is to have observations of a lot of cross-section units over a long period of time. Although
more and more such panel data sets become available there are still cases where only cross-section data
is available, for example the U.S. Consumer Expenditure Survey and the U.K. Family Expenditure
Survey. Obviously one cross section can not give any information on the specific dynamic properties.
The question is what does a cross section obtained at some point in time reflect within the framework
of a dynamic model. For instance, do cross-section estimates reflect long-run or short-run relations? In
order to answer such questions an explicit dynamic model is necessary. The first contribution to this
discussion is the paper by Grunfeld (1961). The paper considers a dynamic panel data model (a partial
adjustment model) and investigates what a cross-section regression will reveal. In particular it gives
conditions for a cross-section regression to reveal long-run relations. The paper was written long before
long-run relations were given a natural interpretation in terms of cointegration within a non-stationary
framework. Recently an unpublished paper by Adda & Robin (1998) has taken up the discussion again.
The paper investigates estimators obtained by cross-section regression in the case where the variables are
described by unit roots processes. The present paper is inspired by Adda & Robin (1998). Its purpose
is to specify a dynamic model in which a cross-section regression will reveal the cointegrating relations.

The starting point is a regression model describing homogeneous cointegrating relations between

variables at the individual level. Suppose that the I (1) regressor is generated independently of the



stationary regression error and that innovations are iid across cross-section units. In this case a cross-
section regression performed at any point in time will give a consistent estimator (as N — o0) of the
parameters in the cointegrating relations. However in the time series analysis of cointegrated variables the
assumption about the regressor being strictly exogenous is usually regarded as being too strong. It is clear
that in the case with unrestricted correlation between the T (1) regressor and the stationary regression
error a cross-section regression will give an inconsistent estimator (as N — o) of the cointegrating
parameters. Adda & Robin (1998) shows that the asymptotic bias will be small as the point in time
where the cross section is obtained becomes large. However this result is not very useful in practice as
it does not give any information on how to make inference on the cointegrating parameters. In similar
models for panel data with large N and large T, the assumption about strictly exogenous regressors is
not needed in order to obtain a consistent estimator of the cointegrating parameters. Phillips & Moon
(1999) shows that a modified pooled estimator obtained by using techniques from the time series analysis
to correct for the correlation between the regressor and the regression error is consistent (as N — oo and
T — o0). With one cross section it is clearly not possible to use such techniques. This paper shows that
the assumption about strictly exogenous regressors can be weakened in order to allow for some degree
of correlation between the regressor and the regression error. This is done by allowing for correlation
to occur through shocks that are common to all cross-section units and therefore can be removed by
subtracting the cross-section sample mean from all variables. When this type of endogeneity is allowed in
the regression model described above the paper shows that the usual asymptotic results (as N — oo) well
known from ordinary regression theory apply to the estimator obtained by a cross-section regression.
In particular the estimator is a consistent estimator of the cointegrating parameters and its limiting
distribution is normal. Similar results are shown for the model with randomly different cointegrating
parameters. In this case a cross section regression will give a consistent estimator of the cointegrating
parameter means. This result is shown in the paper by Pesaran & Smith (1995) under the stronger
assumption that the regressors are strictly exogenous.

The paper is organized in the following way. Section 2 introduces the basic model and gives the
underlying assumptions. Section 3 derives the asymptotic properties of the estimator obtained by a

cross-section regression. Section 4 extends the model to allow for deterministic variables. Section 5



derives the asymptotic properties of the cross-section estimator in an extended version of the basic

model with randomly different cointegrating parameters. Finally, Section 6 concludes the paper.

2 The basic model and assumptions

We consider the stochastic variables Y (kg % 1), Xq4:(k1 x 1) and Xo; (ko x 1) where ¢ = 1,..., N and
t=1,2,.... For every cross-section unit ¢ = 1, ..., N we assume that the variables are generated by the

following equations

Yie = ’)/1X1it + ’}/QXQit + Nost (1)
Xt = Mg (2)
Xogg = Xoj—1+ Moy ®3)

where v, and 7, are k1 X kg and k2 X ko matrices of parameters, respectively, and where the innovation
Processes 1oz, M15¢ and 1y, are (weakly) stationary for every cross-section unit ¢ = 1,..., N.

Under additional assumptions concerning the innovation processes 71g,;, 77; and 7,; that we will
give below, the model expresses the following. Viewing the variables Y;;, X1, and Xo;; as time series,
the variables Y;; and Xa;; are I (1) whereas the variable X3, is stationary. Furthermore the two I (1)
variables Y;; and Xo;; are cointegrated where the cointegrating relations are described by equation (1).
Equation (2) can also be considered as a cointegrating relation expressing that the variable X is
trivially cointegrated since this variable is stationary. Altogether this implies that the cointegrating
relations are the same for all cross-section units. Another way of expressing the time series behavior of
the variables is by saying that the variable Y;; tracks a linear combination of the I (1) variable Xy as
described by the columns in 7, up to a stationary deviation. Thus v, describes a long-run or equilibrium
relation between the two non-stationary variables Y;; and Xs;; which is the same for all cross-section
units. Notice that the parameter matrix y; does not have a similar interpretation. In fact the parameter
v is not identified in the time series sense as Y;; — v5Xo;; plus any linear combination of the variable
X is stationary.

When viewing the variables Y;;, X1, and Xs;; as time series, the model is of the same kind as in the
work by Park & Phillips (1989). In line with this work equation (1) can be considered as a regression

equation where the common exogeneity condition is not imposed. That is for every cross-section unit



1 =1,..., N some correlation between the regressors X1;; and Xo;; and the regression error 7,,, is allowed.
As shown in Park & Phillips (1989) it is possible to obtain a (super)consistent estimator of the long-run
relation i.e. the parameter matrix v, from a time series regression with or without including X, as a
regressor. However in order to obtain a consistent estimator of the long-run relation from a cross-section
regression it might be necessary to include the stationary variable X7, as a regressor. We will return to
this issue in the following.

In order to specify the behavior of the variables further we assume that the innovation processes 7¢;;,

N1 and 7y, can be decomposed in the following way

Moit = foi + Uor + Voit (4)
Mt = fi U+ V14t (5)
Moit = o U2t + V24t (6)

The terms pg;, ptq; and po; describe individual-specific effects that are constant over time. wuo:, uit
and ug represent time-dependent innovations that are the same for all cross-section units. Finally vg,
v15¢ and v describe individual-specific effects that are time-dependent. To be more explicit about the
nature of the terms in the expressions (4)-(6) which define the innovation processes, we employ some

assumptions concerning these terms.

Assumption 1 pu; = (ul,, (ih;, pth;)" where i = 1,...,N is a sequence of independent and identically

distributed random variables with finite second moment.

Note that it is not assumed that p; has mean zero. The term p;; allows for individual-specific effects
in the level of the variable X3;; that are constant over time. The term po; has a similar effect on changes
in the variable Xs;;. This means that p,; generates an individual-specific linear trend in the process
Xo;; when viewed as a time series. Finally the term p; allows for individual-specific deviations from the

long-run relation given by (1) that are constant over time.

Assumption 2 For every cross-section unit ¢ = 1,...,N the process vy = (v(’]it,viit,véit)/ s weakly
stationary with mean zero. In addition the vy ’s are independent and identically distributed across cross-

section units.



The term v;; describes individual-specific effects that are time-dependent and allowed to be serially
correlated. When vg;; in addition to being stationary is I (0) when viewed as a time series there are
individual-specific stochastic trends in the variable X5;; and by that in the variable Y;; when these are
viewed as time series. This means that some of the individual-specific changes in the variable X»;; have
permanent effect on the level of Xo;; and by that on the level of Y;;. To illustrate this suppose vo; is
white noise. In this case there is an individual-specific random walk in the variable X9;; when viewed
as a time series. On the other hand suppose v is generated by vy = wy — wi—1 where wy; is white
noise, i.e. vy is stationary but not I (0). In this case the individual-specific effect on Xo;; is described
by white noise. In practice it might very well be the case that the time series behavior of the variable
Xo;; is described by both types of processes, meaning that some of the individual-specific changes in the

variable X5;; have permanent effect and some have only transitory effect on the level of Xo;;.

Assumption 3 For every cross-section i = 1,..., N the following holds:
i) o, 1s independent of pqy; and o,

ii) voir 1s generated independently of vi; and va

The assumption above implies that no correlation between the regressors Xi;; and Xs; and the
regression error 1,, is allowed through the individual-specific terms. However the assumption about the
regressors being uncorrelated with the regression error is usually regarded as being too strong in the
literature on time series analysis of cointegrated variables. Therefore we will allow for some correlation
between the regressors and the regression error and we do this through the innovations that are common

for all cross-section units.

Assumption 4 The process u; = (up,,uh,,uh,)" is weakly stationary with mean zero. In addition

S0 Tau (s) is positive definite where Tay (s) is the autocovariance function of the process ug;.

S=—00

The term u; represents shocks that are common to all units. As mentioned above we allow for some
degree of endogeneity between the regressors Xi;; and Xo; and the dependent variable Y;; through
this term since the components in u; are not assumed to be uncorrelated. It is very important for the
results in the next section that it is possible to remove the common shocks and by that the endogeneity

between the regressors and the dependent variable by subtracting the cross-section sample mean from



all variables. This means that no individual-specific reaction to common shocks is allowed in the model.
All cross-section units must react in precisely the same manner to common shocks and this is a quite
strong assumption. In addition the term u; introduce the most simple form of dependency between the
cross-section units. The assumption on the autocovariance function of us; ensures that all components of
Xait are I (1) and that there are no cointegrating relations between these components, see Phillips (1986).
This implies that the model defined by the equations (1)-(3) is indeed what it seems to be. In particular
the parameter matrix v, describes a long-run relation between the two non-stationary variables Y;; and
Xt

Also an assumption concerning the initialization of the I (1) variable Xa;; is needed. The assumption

is the following.

Assumption 5 Xy;,9 where i =1,..., N is a sequence of independent and identically distributed random

variables with finite second moment.

Finally, we need an assumption about the mutually dependency of the different terms generating the

variables Y, Xq;; and Xoj;.

Assumption 6 i, v;s, uy and Xo,9 are mutually independent for alli =1,....,N and all s,t =1,2,... .

Altogether we have a linear regression model describing cointegrating relations between the two non-
stationary variables Y;; and Xo;;. The terms in Xo;; which cause the non-stationarity in the time series
sense are first of all stochastic trends that are common to all cross-section units and an individual-
specific linear trend. In addition to these terms there might be individual-specific stochastic trends as
well. An important feature of the model is that endogeneity between the regressors Xq;; and Xs;; and
the dependent variable Yj; is allowed through terms that are common to all cross-section units. This
means that all stationary variables X7;; where correlation with the I (1) regressor Xa;; occur through

individual-specific terms must be included as regressors in the model.
3 Cross-section regression

We consider the dynamic model specified in previous section as a model for the variables at the individual

level. Suppose a cross section obtained at some point in time is available. The cross section is a



sample consisting of observations of N cross-section units at time ¢ where ¢ € N. First of all the

cross-section sample mean is subtracted from all variables and the corrected variables are defined as
* 1 N * 1 N * 1 N :

Yi = Yu — >t Yie, Xis = X1t — v =1 X1ae and X3, = Xoy — » > ;=1 X2i¢. For notational

convenience the stacked (k1 + k2)-dimensional stochastic variable X7 is defined as X3, = (X7, X37,)

and the corresponding (k1 + ko) x ko parameter matrix as v = (v,,74). Now the regression equation

in (1) describing the cointegrating relations can be expressed in terms of the corrected variables in the

following way
Yi=vX5+n5: i=1,..,NandteN (7)

N . . . .
where 1%, = Mo — % >oie1 Moi- Lhe corresponding cross-section ordinary least square estimator denoted

Y, 1 defined as

N -1 /N
Ang = (ZX:;X;;’) (Z X:;l@’;’) (8)
=1

i=1
According to Assumption 3 the regressor X}, is independent of the regression error 7, as the common
shocks have been removed from the variables. This immediately implies that 7 , is an unbiased estimator
of v, i.e. E(Yy,) ="~- The asymptotic behavior as N — oo of the cross-section estimator 4y, is given

in the proposition below.

Proposition 1 Under Assumption 1-6 the following holds:

YNt 18 a consistent estimator of 7y, i.e.
. P
Ng =7 as N — 00 )
The limiting distribution of 4y, is given by
VN (Ane =) SN (0,57 Q) as N — 0o (10)

The variance in the limiting distribution can be estimated consistently by using the following results

==

N
SOX5XG 5 S as N — oo (11)
=1

(Vi — Al X5) (Vi — Al X5) 5 Q as N — oo (12)

==
™=

s
Il
=



The proof of Proposition 1 is given in Appendix A.1. The proposition shows that by using ordinary
regression methods it is possible to make asymptotic inference on the parameters in the cointegrating
relations from a cross section obtained at any point in time. In particular it is possible to uncover the
long-run relations between the two non-stationary variables Y;; and Xs;; from a cross-section regression.
The only difference between the result above and the well known result from ordinary regression is that
the variance in the limiting distribution depends on the point in time where the cross section is obtained.
Clearly this is because the regressor Xo;; is non-stationary when viewed as a time series.

Now, consider the cross-section estimator of 7, defined as the submatrix of 4 , corresponding to the
regressor Xo;r. To be more specific let this estimator denoted 4, x ;, be the last k3 rows in Y, and let

22t be the lower ko x kg diagonal block matrix of 7', i.e.
_ -1
»22% — (S22, — 221,t211{t212,t) (13)

where Y; is decomposed according to Xi;; and Xo;; as

Yie X124
E o ’ ) 14
¢ [ Yo oo } (14)

Then according to Proposition 1 the limiting distribution of 4, y , is given by
VN (F2,ne = 72) = N (0, ¥ Q) as N — oo (15)
The following assumption is used in the results given below.

Assumption 7 For a € R the diagonal matriz F; is defined in the following way

[ Iy 0
Ft_[o t@],cg]

and the following condition is satisfied
tlim (FiX Fy) is positive definite (16)

The assumption implies that when the components of ¥; are normalized correctly with respect to
t then the limit of the normalized matrix F;3;F; as t — oo is well-defined and positive definite. The
results below concern the properties of the variance in the limiting distribution of 45 y , as the point in

time where the cross-section is obtained goes to infinity.



Result 1 Let T, (s) be the autocovariance function of the weakly stationary process (v, vh;,)" and
assume that this process has absolutely summable autocovariances. Then the following holds:

(a) If Assumption 7 is satisfied with a = —1 then
S0 Q=0(t?) (17)
(b) If Assumption 7 is satisfied with a = —1/2 then
S oQ=0@1") (18)
(c) If Assumption 7 is satisfied with a =0 then
Jim (220 Q) is well-defined (19)

The proof of these results are given in Appendix A.2. The assumption in (a) implies that Var (us;) is
positive definite. In the time series dimension this means that there is an individual-specific linear trend
in the variable X5;;. From the time series analysis it is well known that asymptotically as t — oo a linear
trend will dominate possible I (1) trends. In the cross-section dimension this means that the variation
between the components of Xo; is of order 2. Combining this with the property that the regression
error 7o, is stationary implies that the convergence rate of the variance in the limiting distribution is
at most of order t~2 meaning that the variance in the limiting distribution converges to zero faster than
t=2+¢ for any p > 0 as t — oo. The assumption in (b) and (c) implies that Var (uy;) = 0 meaning
that there is no individual-specific linear trend in the variable Xo;; when viewed as a time series. A
possible linear trend in Xo;; is the same for all cross-section units and is therefore removed when the
cross-section sample mean is subtracted. In addition the assumption in (b) implies that > oc T, (s)
is positive definite where Ty, ($) is the autocovariance function of vg;;. As mentioned earlier this means
that there is an individual-specific I (1) trend in all components of Xs;; when viewed as a time series and
these components are not cointegrated, see Phillips (1986). Thus the cross-section variation between the
components of Xo; is of order t meaning that the variance in the limiting distribution still converges
to zero but at a slower rate than in (a). The proof in Appendix A.2 shows that Y .o Ta,(s) is

the so-called long-run variance matrix of the process vg;1 + ... + vo;¢ viewed as a time series and that

%Egg,t converges to this long-run variance as ¢ — oo. On the other hand the assumption in (c) implies

10



that Z:ifoo Iy, (s) = 0 or in other words that the long-run variance of va;1 + ... + v2; is zero. Again
according to Phillips (1986) this implies that vg;1 + ... + ve;; is stationary. More precisely it converges to
its stationary distribution as ¢t — oo.

It is clear that Result 1 depends on the regression error 7,, being stationary when viewed as a time
series. As a possible extension of the model consider the case where the regression error contains an
individual-specific linear trend when viewed as a time series. This means that the cointegrating relations
between the two non-stationary variables Y;; and Xo;; are trend-stationary. This extension of the model
might be of interest in empirical applications. One example is the model for labor demand functions for
industries used in Pesaran & Smith (1995). If the individual-specific linear trend in the regression error
is independent of all terms in the regressors Xi;; and Xs;; then ordinary regression methods as given
in Proposition 1 can be used to make asymptotic inference on the cointegrating parameters. The only
difference is that the variance in the limiting distribution will be different as the cross-section variation
of 1o;; will be of order t? and hence €2 will be time-dependent.

As a special case of the model defined in Section 2 consider the following model

Yie = v5Xoit + po; + Uot + Voit (20)

Xoit = Xoio+ pot + u21 + ... + uge + v + ... + V2 (21)

The only individual-specific terms present in the I (1) regressor Xo;; are the initial value and cumulated
process vg;1 + ... + v Consider the case where vg;; is white noise with E (vg;v5;,) = Yo. From the
proof of Result 1 given in Appendix A.2 it follows that 22! = (Var (Xa;0) + tZQ)_l implying that for
any k > 0 the following holds ¥122¢ > $22(t4k) j e 322t _ 522(t4k) j5 positive definite?. Comparing with
(15) this in turn implies that the cross-section estimator 45 y ;. obtained at time ¢ + & is more efficient
(asymptotically as N — o0o) than the cross-section estimator 7, y, obtained at time t. Therefore as
regards estimators of the long-run parameters in this model there is a gain in efficiency by using a cross
section obtained at a later point in time when vs;; is white noise. However this result relies on the time
series properties of the process vo;; and it is easy to find examples where Y22t — $:22(:4k) 5 not positive

definite. This is for example the case when the cumulated process vg;1 + ... + v94; is the sum of a random

-1
2 Ay = Var (X2i0)+1t32 is positive definite. Then 322t y122(t+k) — A;l —(A¢ + kEg)_l = A;l (A;l + %E;1> A;l

-1
is positive definite as (A;l + %E;l) is positive definite.

11



walk and a stationary VAR(1) process for suitable values of all parameters. Altogether this illustrates
that the properties described in Result 1 are asymptotic properties as ¢ — oco. The results depend on
the time series properties of the individual-specific terms in Xo;; and with just one cross-section it is not
possible to get any information on these properties. Thus the results are not very useful in practice but
are merely suppositions.

Once again consider the model above when vy;; is white noise. Using (21) it follows that for any

0 < k < t the regressor Xs;; can be expressed as the sum of Xs;;_; and an error term.

Xoiy = Xoj—p + wy

Wit Hok + Uzt g1 + oo U2+ V21 T+ e V23

As vg;; is white noise, dependency between Xo;;  and the error term w;; occurs only through terms that
are common to all individuals. Note that this will not be the case if X5;; contains an individual-specific

linear trend. Using the expression in (21) the cointegrating relation in (20) can be expressed as

Yit = Yo Xoit—k + Yowit + Moy

Using the same arguments as before it is clear that a cross-section regression of Y;; on X3, , (the
variables corrected for their cross-section sample mean) will give an unbiased estimator of ,. Using (20)

and (21) the following expression for AY;; is obtained

AYi = v9AXoi + Angye = vy (pg + u2e + v2i) + Angyy

Again as vg;; is white noise, the change in the dependent variable is independent of all lags of the regressor
when both are corrected for their cross-section sample mean, i.e. AY;; and X;;, , are independent. This
is in fact just the conditions derived in Grunfeld (1961) for a cross-section regression of the type described
above to give an unbiased estimator of long-run parameters within the framework of a partial adjustment
model with stationary variables. Repeating the arguments in the proof of Proposition 1 in Appendix
A1 the estimator obtained by regressing Y5 on X3, , is also consistent (as N — oo) with a limiting
distribution which is normal. Note that the error term v5w;; + 1;; is not stationary when viewed as a

time series implying that the variance in the limiting distribution is different from the one in Proposition

1.

12



4 A model with deterministic variables

When specifying a model for variables at the individual level it is common to allow for differences between
units by including some deterministic variables, for instance dummy variables to distinguish between
cross-section units (individuals, households) with different demographic characteristics. In a regression
model deterministic variables are usually included as additional explanatory variables without specifying
how they affect other explanatory variables. Following this line we would just include deterministic
variables as regressors in the regression equation (1) describing the cointegrating relations. However in
the model defined in Section 2 the behavior of regressors Xi;; and Xs;; is specified to some extent and
therefore we must also specify how the deterministic variables affect the regressors X4 and X5;. This is
formalized by introducing a vector of deterministic variables D;;(I x 1) wherei =1,..., Nand ¢t =1,2, ...

and making the following extension of the model defined by the equations (1)-(3)

Yie = ®¢Di + 71 X1it +v9X2it + Noi (22)
Xy = q)llpit + N4t (23)
Xoit = PHADy + Xoi—1 + 1oy (24)

As before the processes 71g;,, 71;; and 7y, are stationary for every cross-section unit ¢ = 1,..., N and
satisfy the assumptions in Section 2. ®y, ®; and P, are | X kg, [ X k1 and [ X ko matrices of parameters,

respectively. In addition, the following assumption concerning the deterministic variable D;; is made.

Assumption 8 The deterministic variable Dy satisfies the following conditions:
i) Dig=0 foralli=1,..,N
it) Dip and n;, where i =1,..., N are orthogonal for allt,s =1,2, ...

iii) Dyt and Xo;0 where i =1,..., N are orthogonal for allt =1,2, ...

Using that D;y = 0 we obtain the following expression for Xo;;

Xoit = oDt + Xoio + Nog1 + o + Noyy

Thus, in this model the deterministic variable D;; appears in levels in all relations, both in (22)-(23)

defining the stationary relations and in the relation (24) which causes the non-stationarity in the model.

13



Another formulation which seems straight forward is to include the level of D;; in the expression (24)
implying that the deterministic variable gets cumulated in the non-stationary variable Xs;;. However
with the specification chosen above, the model for the variables Y;;, Xy and Xo; corrected for the
deterministic variable D;; is the one specified in Section 2. This follows by ii) and iii) in Assumption 8.
To be more specific, let the variables Y;;, X1;+ and X9, corrected by cross-section ordinary least squares
for D; be denoted Yj.p, X14.p and Xoi.p, respectively. These variables are generated by the model
specified in Section 2. Then as in the previous section we correct these variables for their cross-section
sample mean and denote the resulting variables Y} 5, X7, p and X3, ,, respectively, and the stacked
variable X7,  is defined as X}, , = (X7 p Xoh. D)/. The estimator obtained by cross-section regression

of Y;j.p on X7, , denoted 7y, is defined as
N -1/ N
5’N,t = (Z Xit.p i*t/-D> (Z Xﬁ-DE?’D) (25)
i=1 i=1
Then using the same arguments as in the previous section it immediately follows that 7 , is an unbiased

estimator of v and also the asymptotic results in Proposition 1 apply. This is formulated in the following

result.

Result 2 When the deterministic variable D;; satisfies Assumption 8 the cross-section estimator 7y ,

has the asymptotic properties given in Proposition 1 except that (11) and (12) are replaced by

==

N
S XX D0 as N — oo (26)
i=1

( D~ %v,t i*t~D) (Y;.D - %v,t i*t-D)/ L Q2 as N — o0 (27)

2=

1

<
Il

5 A model with heterogeneous cointegrating relations

We consider an extension of the model defined in the previous where the cointegrating relations are

allowed to differ randomly across units. The variables are now generated by the following equations

Yii = Y1X1a + 79 X2i + Noi (28)
Xt = M (29)
Xogw = Xoj—1+ 1oy (30)

14



where the innovation processes 7, 71;; and 1y, are stationary for every cross-section unit ¢ =1,..., N
and satisfy the assumptions in Section 2. The random coefficient matrices 7y, and +y,, satisfy the following

assumption.

Assumption 9 The (ki + ko) x ko dimensional stochastic variables v, = (V4;,v;) where i = 1,..., N

define a sequence of independent and identically distributed random variables with finite fourth moment.

In addition we need the terms generating the variables Y;;, Xi;; and Xo;; to satisfy a stronger
moment condition and the random coefficients to be independent of all other terms as summarized in

the assumptions below.
Assumption 10 Xos,0, i;, ut, and vie all have finite fourth moments.

Assumption 11 ~; is independent of Xai0, i, ut, and vir for alli=1,...,.N and allt =1,2, ... .

The interpretation of this model is as described in Section 2 with the difference that the cointegrating
relations are allowed to differ across individuals. Using stacked notation the regression equation in (28)

can be expressed as
Yie = i Xae + Mo = ' X + wir + 0oy (31)

where v = E (y;) and w; = (y; — fy)lXit. Note that Y;; — v/ X;; is not a cointegrating relation as w;;
is not stationary unless v, = E (vy;) with probability 1, i.e. the cointegrating relations are homogeneous
almost surely. Instead v is the mean of the cointegrating parameters. Pesaran & Smith (1995) consider
a special case of the model specified above where the most important difference is that in their model
the common shocks are not present meaning that the regressors are assumed to be strictly exogenous.
The estimator obtained by cross-section regression of the variable Y;; on X;; when both are corrected
for their cross-section sample mean is defined in equation (8). It is important to note that the common
shocks uq; and ug are still present in w;; after the cross-section sample mean has been subtracted. This
is because w;; contains a term where there is an interaction between the common shocks and the random
coefficients. This will complicate the deviation of the asymptotic properties of the estimator 4y , given

in the proposition below and it requires the existence of fourth moments of the regressors Xy;; and Xoj;

and the regression error w;; + 1g;-
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Proposition 2 Under Assumption 1-6 and 9-11 the following holds:

YN, 18 a consistent estimator of v = E (v;), i.e.
’AyNytg’y as N — oo (32)
When ui; “= 0 and ug, “= 0, the limiting distribution of YN 18 gen by
VN (Ane =) 5 N (0, (S, @ I, ) O (S 0 Iy, )) as N — 00 (33)

When uy; “S 0 and ug “2 0, the variance in the limiting distribution can be estimated consistently by

using the following results

N

1 :

~ SoXXE B9 as N — oo (34)
=1

1 & '

= > vee (X7 (¥i — e X5)") (veo (X5 (Vi = 3n, X)) €4 as N — o0 (35)
=1

The Proof of Proposition 2 is given in Appendix A.3. The proposition shows that in a model
with heterogeneous cointegrating relations a cross-section regression performed at any point will give
a consistent estimator of the cointegrating parameter means. This is shown without imposing the
assumption that the regressors are strictly exogenous. Endogeneity is allowed through the common
shocks. It is clear from the proof in Appendix A.3 that Assumption 11 about the random coefficients
being independent of the regressors is crucial here. In order to derive the limiting distribution the
assumption about the regressors being strictly exogenous is imposed. It might be possible to derive the
limiting distribution without imposing this assumption and it will then involve a mixture of distributions

but that goes beyond this paper.

6 Conclusion

This paper specifies a dynamic model in which a cross-section regression will reveal the cointegrating
parameters. More specifically the paper specifies a regression model describing cointegrating relations
between variables at the individual level and shows that ordinary regression methods can be used in order
to make asymptotic inference on the cointegrating parameters from a cross section obtained at any point
in time. An important feature of the model is that the assumption about strictly exogenous regressors is

not imposed. The model allows for some degree of correlation between the regressors and the regression
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error namely through shocks that are common to all cross-section units. This in turn introduces the most
simple type of dependency between the cross-section units and for instance individual-specific reactions
to the common shocks are ruled out with this formulation. This is the common problem of how to model
cross-section dependence in a satisfactory way.

One serious drawback of having just one observation of the cross-section units at some point in
time is that it is not possible to test if the time series behavior of the variables is correctly specified.
For instance it is not possible to determine whether the variables are in fact described by unit root
processes. Obviously, observations of the cross-section units over time are needed in order to learn about
the dynamic properties of the variables. The more observations over time the better. As mentioned in
the introduction there is already papers concerning estimation of cointegrating parameters when both
the cross-section dimension and the time series dimension are large. In between that and the situation
considered in this paper is the situation where the cross-section dimension is large and the time dimension

is fixed. So far that situation is more or less unexplored.
Acknowledgments

The author thanks M. Browning and H.C. Kongsted for useful discussions and comments.

17



A Appendices
A.1 Proof of Proposition 1

This appendix contains the proof of Proposition 1 in the main text. The results in the proposition are
all based on the Lindeberg-Levy version of the Central Limit Theorem (CLT) and the Strong Law of

Large Numbers (SLLN). The lemma given below appears to be useful in following.

Lemma 1 Consider the following regression model
Y, =0'X;4+¢e fori=1,.,N (36)
where the following assumptions are imposed

X; and €; are iid with finite second moment
E(X;)=0and E(g;) =0 (37)

X; and ¢; are independent

Define the variables corrected for sample mean in the following way

* N
Y =Yi- F T Y

K2

Xp=Xi-{ T X (38)

K2

e =i N i i
The ordinary least square estimator B N obtained by regressing Y;* on X can be expressed as
R N -1/ nN
By =0+ (Z X X; /) (Z X:Ei/) (39)
i=1 i=1
The limiting distribution of VN (@ N — ,6’) is given by the following expression
\/N(BN—,B)&N(O,E*@Q) as N = oo (40)

where > = Var (X;) and Q = Var (¢;). In particular 3 — 3 L0 as N — oo.
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Proof of Lemma 1:

First of all we show that — ZZ 1 XFer’ and lN Zfil X,e} are asymptotically equivalent.

since = ZZ 1 Xi = E(X;) = 0as N — oo by SLLN and ﬁ ZZJ\;I ¢; converges in distribution by
the Lindeberg-Levy CLT. This implies that ﬁ Zfil Xfey and ﬁ Zfil Xe) have the same limiting

distribution as given by the following expression
ZX* YENO0,X%Q) as N — oo (41)

This follows by the Lindeberg-Levy CLT as X is iid across ¢ with E (X;e;) = 0 and Var (X;e}) =
Var (X;) ® Var (g;) = ¥ ® Q as X; and ¢; are independent with finite second moment. Next we show

that = SV XX and - SV | Xi X/ are asymptotically equivalent.

I
2|~
2
N
>
|
=~
WE
>
N———
N
>
|
Z| =
]
>
v\
|
>
>

smceNX:z 1 X HE( ;) = 0as N — oo by SLLN. This implies that 4 Zz L XrX and £ ZZ 1 XiX]

have the same probability limit. Using SLLN on % Zfil X; X! the above implies the following
1 & P
¥ ZX{‘X;" = E(X;X]) = Var(X;) =Y as N — 0 (42)

Combining (41) and (42) the following can be obtained

-1

N N
VN (B -8 —(i X:X;") (i X;‘e:’) BN (0,57 00) as N - oo
(w=5) =52 7% 2 ( )
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Especially Zi’N -0 L0as N — o0 O

Proof of Proposition 1:
Summing over t in equation (3) gives the following expression for Xa;;
¢
Xoit = Xoio + ans
s=1

Inserting the expressions for 1g;;, 71, and 7o, given in (4)-(6) we obtain the following

Nose = Mo T Uot + Voie
Xiit = Mg = My T U1+ V1
t t t
Xoyy = Xoio+ Z (to; + uor + vasr) = Xaio + tug; + Z U2s + vas
s=1 s=1 s=1

Subtracting the cross-section sample means in equations above gives

1 & 1 &
Mot = Hoi + Voit — N Z;/«Loz' N Z;Umt
. N | N
Xfie = M+ Ve — N ;Nu N ;Ulit

*
X2it

s=1

We define the following variables

Moie = Hoi — B (1o;) + voit
Xiie = i — B (py;) + v1ae
t
Xoiw = Xoio— E(Xaio) + tpg; — tE (tg) + Y Vi
s=1

t 1]V 1N t 1]V
Xoio + tpg; + V2is — 77 Xaio — = Hoi — ~ V2is

For every t € N these variables all define sequences that are iid across ¢ with mean zero and finite second

moment. In addition Xm and Xgit are independent of 7g;,. This follows by Assumption 1-3 and 5.

~ ~ ~ /
We define the (ki + k2)-dimensional stacked variable X;; = (X{it,Xéit) . For later use we need the

following

Q = Var(ig;) = Var (ug;) + Var (voir)
S Y1 M2
‘ o ‘ { 2/12,75 Yoz, ]

20
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where the 3;;’s are
Y11 = Var (f(m) = Var (pq;) + Var (v14)
Y12, = Cov (f(m, Xgit) =t Cov (fiq, fo;) + 22:1 E (v1440;,)
Y99+ = Var (Xgit) = Var (X240) + t? Var (uy;) + 2221 Z;Zl E (’Ugis’l}éij)
This follows by Assumptions 1-3 and 5-6. Finally note the following relations
Noir = Moit — % Zi\; Nost
Xiu = Xm - % Zi]il Xlit

* Y. 1 N Y
X3 = Xoit — N Zi:l Xait

The estimator 4 , defined in (8) can be written as

N -1 /N
et (z X:tx;f) (z X;;na;t)
=1

=1

(47)

(48)

According to the relations in (47) and by using Lemma 1 the estimator has a limiting distribution given

by the following
\/N(&N,t_'y) E’N(O,E;IQOQ) as N — oo

In addition 4y, — Loas N - oo meaning that 4, , is a consistent estimator of .

To show (11) we use the result in (42) from the proof of Lemma 1.
1 . .
S Y XiXi B E (XitX£t> = Var (Xit> =% as N — 00

i=1

Using the same arguments we also obtain

N
1 k 3k P "~
N ZXM?O;& —F (Xit%it> = 0as N —
=1
1 Y »
S it B i) = Vario) = 25 N oo
i=1

21

(49)



Finally we show (12). Using that ZZJ\;I X (Vi — AN X ) = 0 and the relation Y} = v/ X}, + ng;, we

obtain the following

(Y; 'VN th*t) (Y; 'VN th*t)

==
™=

s
Il
=

Vi (Vi = X3/ An)

I
==
M-

1

<
Il

I
=] =
AMZ

(VX5 4 ) (X3 + 06 — X5/ AN )

=1
1 N
= 75 ;X;XZ%’ (v =And) 75 ;Xﬁnéit
N

1 .
+ Z Mo Xit (Y= Ana) + 5 Z Moaoit

From (49) and (51) we have that as N — oo the sequences 4 , —v and 3 Zi\le X}in§i, both converges
in probability to zero. According to (50) the sequence = ZZJ\;I XX has a well-defined probability
limit. This gives
1 & y o x) al P
NZ(Y; ’YNtX)(Y; ’YNt *NZ oME’SQtHOasNHOO
i=1 =

Combing this with (52) we obtain

N
1 N * * ~
N Z Yii — ’Y/Nt ) (th A tXn) L Var (Toie) = 2 as N — o0 (53)

which is the result in (12).

Altogether we have obtained the results stated in the proposition. []

A.2 Proof of Result 1

This appendix contains the proof of Result 1 in the main text. The result is based on the properties of
a weakly stationary process given in the lemma below.

Let C be a k X k matrix. In the following the norm of C is defined as
IC]I' = max |Cy] (54)

Lemma 2 Let vy be a weakly stationary k-dimensional vector process and Ty, (s) the corresponding auto-

covariance function. Assume that the autocovariances are absolutely summable i.e. > oo ||Ty (s)|| < oo.

22



In this case the following holds

%ZZE(US%) — Z Ty (s) ast — oo (55)

S§=—00

For any a > 0 it holds that

Proof of Lemma 2:

Using that I, (s) is the autocovariance function of v, we obtain the following

t t t t

ZZE(USU;):ZZDJ(S—] ) =tT, +Z (t—s) $)+ T, (5))

s=1 j=1 s=1j=1

It is easily follows that

t ot t—1
1 S
- Zl > E(vev)) =T, (0) + Zl (Tw (s) + Ty (s)') — - (T (s) + Tu (s)')
s=1j=1 s=
The assumption about the autocovariances being absolutely summable implies that for any ¢ > 0 we can

find j such that
ITo G+ DI+ [T G +2)[[ + ... <e/4 (57)
For this given j we can find T such that for all ¢ > T the following holds
1 2
7 I I+ 2 T @) + o 43 HF ()l <e/4

Using these results it follows that for all ¢ > T" we have the following

> F @R < I (@) T @)l <2370 ()
s=1 s=1 s=1
J
= QZtHF |+2Z T (
s=1 —]+1
J
< 2) 20 Gs G2 3 (@)l <e
s=1 s=j+1
Altogether this gives the result in (55). That is
1 t t [e%e] [e'e]
- Z;ZE (vsvf) = T (0) + 2; (Tu () +Tu (5)) = Y Tu(s) ast— oo (58)
s=1 j=1 s= s=—00

where the limit on the right hand side is well-defined as > o=, ', (s) is well-defined by the assumption

about the process v; having absolutely summable autocovariances.
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The result in (56) is simply a consequence of the assumption that Y oo (T, (s) is well-defined as the

limit of 320_ T, (s) as t — oo i.e.

ZE (vvl) = X_:I‘v (s) — ZF” (s) ast — oo (59)
s=1 s=0 s=0

Proof of Result 1:
Let ¥%?* be the lower ky x ky diagonal block matrix of 32, *. Comparing with (45) in Appendix A.1 we

obtain the following
_ -1
2 = (222,t - 2/12,tz111212,t)

According to (46) also in Appendix A.1 we have the following expressions

Yoo+ = Var (X2i0) + t* Var (po;) + 22:1 Z§:1 E (”2isvéij)

60
Y12, = t Cov (fuy, fig;) + 22:1 E (v1iv;5) (60)

For a € R the diagonal matrix F; is defined as

[, o
Ft[o t“[kz]

The condition in Assumption 7 concerns the limit as ¢ — oo of the matrix F;X>;F; which can be decom-

posed in the same way as X; as follows

(61)

| Zn 1919,
FtZtFt - |: taz/12,t t2a222’t

(a) Comparing with (60) we obtain the following expressions

t t
1 1 1
t_2222’t = Var (/‘LQz) + t_2 ZZ E (Ugisvéij) + t_2 Var (XQiO)
s=1 j=1
1 1
;El2,t = Cov (pyss poi) + 7 ; E (0131,

Using Lemma 2 above we obtain the following

1
t—ngg’t — Var (pg;) ast — oo

1
2212,t — Cov (py;, pg;) ast — oo
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Setting @ = —1 in (61) this implies that as t — oo

S 1%, Y1 Cov (fa1, f12;)
EY by = , i - e
T 212, Fm222t Cov (95 f11;) Var (uo;)
As Assumption 7 is satisfied with a = —1 the limit on the right hand side in the expression above is

positive definite which in turn implies that Var (pg;) —Cov (pig;, f1;) 213 Cov (111;, tlo; ) is positive definite.
This means that as ¢ — oo

1 1 11
t2222t — <t_2222¢ - /127t21 1

-1
_ —1
p 1 2212,t> - (Var (12:) — Cov (pa;, pa;) E111 Cov (Mmﬂm‘))

Therefore that lim; .o (125! © Q) is well-defined which gives (17) in Result 1. Note that (16) in As-

sumption 7 also implies that Var (py;) is positive definite.

(b) Setting a = —1/2 in (61) leads us to consider the following

t t

1 1 1
222% = tVar (M?z) + ? z; z; FE (UQisUéij) + ; Var (XQ»L'())
s=1j=
1 1 <
Aot = t1/2 Cov (1 pra;) + iz D E (vrirvh)
s=1

According to Lemma 2 the limits as t — oo of these expressions are well-defined if and only if Var (p,;) =

0. In the case where Var (f15;) = 0 the results in Lemma 2 give the following as ¢ — oo

1 oo
EEQQ,t — Z T2y (8)

§=—00

1
mzm,t — 0

where I'y,, (s) is the autocovariance function corresponding to va;;. Thus we have
0 3ol T2 (s)

Again as Assumption 7 is satisfied with a = —1/2 the limit on the right hand side in the expression

FXFy =

1
11 TTE 212t
—

1 / 1
/2 212,t IEQQ,t

o0
S=—00

above is positive definite which in particular means that Ty, (8) is positive definite. This gives

that as t — oo

—1
1 1 1 ! >
tZQQt = (2222,75 — m /12’t2111t17212’t> — < Z FQU (8))

S=—00

which gives (18) in Result 1. Note that the limit of %222,75 is the so-called long-run variance of the

process vg;1 + ... + Vas¢.
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(c) When a = 0 we have F; = Ij, t1, the assumption that (16) is satisfied implies that lim; o (3;)
is well-defined which in turn implies that lim;_, (22%) is well-defined. This gives (19) in Result 1.
Consider the expressions in (60). One necessary condition for these expressions to have well-defined lim-
its as t — oo is that Var (uy;) = 0. Another necessary condition is that } S Z;Zl E (vgi5v9;;) — 0
as t — oo that is 3.°° _ Ty, (s) = 0. Otherwise the limit as t — oo of 3.\, 22:1 E (vgisvh,;) is not

well-defined. [J

A.3 Proof of Proposition 2

This appendix contains the proof of Proposition 2 in the main text. The consistency result is as before
based on the Lindeberg-Levy CLT and SLLN. When deriving the limiting distribution the lemma below

is useful.

Lemma 3 Let x;, y;, z; and v; where i = 1,..., N be sequences of iid scalar variables with mean zero

and finite fourth moments then as N — oo
1 & 1 & 1 & 1 & 1 & P
ZN = N - (»Tz N 2$z> (yz N Z?Jz) (Zz N Zl‘z) (Ui N sz) = E(ziyiziv;)

Proof of Lemma 3:

As all variables are assumed to have mean zero and finite fourth moments SLLN gives the following

N
1
NingE(xi)zoasNHoo

my =
i=1
s _ I~ P
My = 7§ szyz = F(x;y;) as N — o0
i=1
3 1 P
My, = N szylzl = FE(xy;2;) as N — o0
i=1
4 _ 1 al P
Myyzo = N szyzzzvz — E(x;y:2;v;) as N — 00
i=1
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where the indexes can be any combination of x,y, z and v. Using the notation introduced above and the

results concerning the probability limits we find

1 N
T — . 3 3 3 3
N = N T3Yi 23V — Mgy My — Mgy Mz — My My — My Mg
i=1
+m2mm Jermm Jermm +m2mm +m2mm Jermm — 3memy,m.m
xy' vz xz' 'Yt zo!TtYz yz''tx ity yv Ttttz zv'ttx Yy x ity ez
P
= E (z;y;zv;) as N — oo

O

Remark 1 The result in Lemma 3 also holds when for example x; = y;. In that case
N N 2 N N
1 1 1 1 P (42 N
I (e m e (o h ) [y on) & P tan) v o
i=1 i=1 i=1 i=1
Proof of Proposition 2:

From (50) and (51) in Appendix A.1 we have the following results

N

1

= SOXX DS as N — oo (62)
=1

1 N

N in’;nggt L 0as N — oo (63)
=1

The estimator 7, , can be expressed as follows

1< AR 1<
v (yom)((Fx )« (53w (60
i=1 i=1 i=1
where wy = (v; — ) Xu and w}, = wy — + Zivzl wig. Thus 4, is a consistent estimator of v if

& Zil Xhwi £ 0as N — co. To show this we use the results derived below. As 7, is independent of

X240, p; and vy by Assumption 11, SLLN gives the following as N — oo

N

1 P
N > (Yai = 72) Xaio = E ((v; —7) Xai0) = E (v; —7)' E (X2i0) =0
1

%
N

1 1 P
N 21 (Yoi = 7¥2) M2t = N Zl (Yai = Y2)' (Ha; + uae + v2ie) = E (o = v2)' (E (na;) + uge + E (v2it)) = 0

%

=z |

N

1 1 P

N Z (Yii = 71) e = N Z (Y1i = 11) (13 + wae + 1) = 0
i=1

i=1

Comparing with the expressions for Xi;; and Xa;; in (43) and (44) in Appendix A.1 the above implies

that
1 & 1 o
NZwit:NZ(yif*y)/XithasNﬂoo (65)
i=1 i=1
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Again by using the expressions for X1;; and Xa;; in (43) and (44), SLLN gives the following as N — oo

N N
1 1 i
1 & 1 &
N ;Xgit = N ; (X210 + tpg; + Uy + ... + ugg + V241 + ... + V24t)
P
- E (Xai0) + tE (ptg;) + ug1 + ... + uge

Thus, + Zil Xt has a well-defined (stochastic) probability limit as N — oo. By using this and (65) it

follows that + ZZ L Xwy and + Zf\il Xwl, are asymptotically equivalent, i.e.

1 o 1 o 1 o
p
N Zth wyy — N ZXitw;t == (N ZXit> (N szt> —0as N — o0
i=1 i=1 i=1
This implies that + ZZ L Xpwy and & Zi\rzl Xiiw!, have the same probability limit as N — co. There-
fore showing that % Ziil Xiwl, L 0as N — oo will imply that 4, is a consistent estimator of ~.
This is done by showing that % Zf\il Xiswl, converges to zero in mean square. Using that X;; and ~;

are independent by Assumption 11 and both identically distributed across ¢ we find that

N N
1 1
E (N ;Xitw§t> =K (ﬁ ;Xith(t (vi — ) ZE XuX{)E(v;—7) =0 (66)

N N !
1
= WE (vec (Z Xt X (v, — *y)) (vec (Z it X, )))
i=1 i=1
1 N N
— FE ( (I, ® X X;,) vee (v Z vec ( ) (I ® Xz X! )))
i=1 i=1
1 N
— v ! X /
2 F (Z (Tko 0 Xt Xjp) Var (y; =) (I, ® XitXit))
i=1

1
= P (ko Xt X7,) Var (v; — ) (Ie, ® Xt X}))

The third equality sign in the expression above follows by using the law of iterated expectations and that
(v, — ) is iid across ¢ with mean zero according to Assumption 9. The fourth equality sign follows by us-
ing that X, is identically distributed across ¢ according to the assumptions in Section 2. By Assumption
10 the variable X;; have finite fourth moment that is E ((Ix, ® X;;X7,) Var (v; — ) (Ig, ® X5 X)) < 00

implying that

N
1
Var (N ZXitwgt> —0as N — o0
i=1
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Altogether this shows that % Zil Xiywj, converges to zero in mean square implying that ¥ , Eit v as

N — oo.

Now assume that u;; = 0 and ug; = 0 almost surely. Note that this implies that w;; = (7, — ’y)/Xit
where ¢ =1, ..., N defines a sequence of iid variables. First of all we show that ﬁ Zil X3, (why + nh)
and ﬁ Zivzl Xyt (wig + 7g;,) are asymptotically equivalent. Using the relations in (47) in Appendix

A.1 the following is obtained

1 o 1eag 1 1« Y - ,
= \/—NZ(X“NZX“> (witﬁzwitJrﬁoitNZﬁOit) *—NZXit (Wit + Toit)

since % Zi\le Xt 5 E (f(n) = 0 as N — oo by SLLN and both ﬁ Zi\le Nose and ﬁZil Wiy
converges in distribution by the Lindeberg-Levy CLT as both g, and w;; where i = 1,..., N define
sequences of iid variables with finite second moment. This implies that \/— ZZ L X5 (w4 my,) and

ﬁ SV | Xit (wig + 7o) have the same limiting distribution as given by the expression below
ZX” wiy, +n5i) = N(0,0;) as N — oo (67)
where ©; = Var ( it (Wit + o) ) This follows by the Lindeberg-Levy CLT as X;; (wir + 7g;) is iid
across ¢ with mean
E (Xit (wit + ﬁOit)/) =B (Xith{t (vi — 7)) +E (Xit%it> =0
and variance

Var (Xie (wic + i)’ )
~ Var thn)+var( it )
- Var( XX} (73 =) ) + Var (i)
veo (KX (3 =2)) (oo (KXt 0= ) ) ) o Var () 0 Ve ()

- E((IkOGOthX )vec(’yif’y) (vec (v; — 7))’ (Iko % X X! ) P00
(

- E (Iko % Xu X! ) Var (v; — ) (Iko ® Xitf(gt)) Y00

29



The first equality sign in the expression for the variance above results from Xjw/, and X}, being
uncorrelated as 7, is independent of X;; and w;; and has mean zero. From the last equality sign in the
expression above it is clear that the variance of Xt (wi + ﬁmt)/ is well-defined as Xj;; has finite fourth

moments by Assumption 10. Now combining (62) and (67) the following is obtained

2 1 al * *
VN (“YN,t - 7) - (N ZXitXit/> ZXn Wiy, + 1gi)
i=1

w

S N0, (S @ Ik) O (51 @1,%)) as N — oo

which is the result (33) in Proposition 2.

Finally to show (35) we deduce the following results from Lemma 3

5 > vee (XX (vee (X3X7Y) = Op (1) (68)
% Zvec (X5 X)) (vec (Ximik)) = Op(1) (69)
_ ZVQC X”X;;/) (VeC (X tht)) = Op (1) (70)
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This follows as all the variables Xit, Nos and w;; are iid across ¢ with mean zero and finite fourth

moment. Using these results we obtain the following

ee (X5 (Vi — 3 X2)") (vee (X5 (v~ e X2)'))

=
<

s
Il
=

vec (X, tht + thnon) (vec (thwn + Xfméit))

!
2|~
7=

s
Il
=

vee (X5X5 (v — Awa) + Xowi, + Xgmeh) (vee (X5X3 (v — Ana) + Xpw + Ximii))

I
=] =

s
Il
=

vee (Xfwly + Xigi) (vee (Xjwi! + Xingh,))'

!
2|~
7=

s
Il
=

ec (X5 X5 (v = Ane)) (vee (X5 X5 (v = An)))

Il
=~
<

s
Il
—

ec (Xi*tXi*t/ (’7 - ’AYN,t)) (vec (thwzt + Xﬁné&))/

+

==

=
<

s
Il
=

ec (Xw + Ximsh) (vee (X5XH (v —Any)))

_|_
=)=

Il
=

7
N

~ 1 * * * * ~
= ((7 - WN,t)/ & Ikl+k2> N ZVQC (X5 X3) (vec (XitXit/))/ ((7 - ’YN,t) oY Ik1+1cz)
im1

~ ! * ok * sk
+ ((’Y - ’YN,t) ® Ik1,+k2) Zvec (X5 X3) (vee (Xjwyy + Ximoét))/
1 * k) * %/ * vok/\\/ ~ . P
N ZVQC (Xjwiy + Ximow) (vee (X5X7)) (v = Aw,e) @ Tey+k,) — 0as N — 00
—

According to the above what remains is to show that = Zil vee (Xwy + Xinsk,) (vee (Xhws! 4+ Xinsk)) il

O, as N — oo. This is done by using the result in Lemma 3 once again and we obtain the following

* *, ok P
~ ZVQC (Xjwy + Xgmgie) (vee (Xjwiy + thnoit)) -
=1

~ ~ /
E <Vec (Xitwgt) (Vec Xipwly ) +FE <V€C ztnon) (Vec (Xit%it)) )
~ ~ /
+FE (Vec (Xitwgt) (Vec XitToi ) > <Vec zt%zt) (Vec (Xitwgt)) )
~ ~ /
= E <vec (Xitw;t> (Vec Xiwhy ) +E <vec ztnon) (vec (Xit%it>) )

= Var ( it (Wit + o) ) =0

where we have also used that X;;w}, and X, are uncorrelated.

Altogether we have shown the results stated in Proposition 2. [J
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