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Devwudfw

Wklv sdshu vshfl�hv d uhjuhvvlrq prgho ghvfulelqj krprjhqhrxv frlqwhjudwlqj uhodwlrqv ehwzhhq yduldeohv

dw wkh lqglylgxdo ohyho1 Wkh prgho doorzv iru fruuhodwlrq ehwzhhq wkh uhjuhvvruv dqg wkh uhjuhvvlrq huuru

wkurxjk vkrfnv wkdw duh frpprq wr doo furvv0vhfwlrq xqlwv vr wkh frqglwlrq derxw vwulfwo| h{rjhqrxv uh0

juhvvruv lv qrw lpsrvhg1 Lw lv vkrzq wkdw wkh hvwlpdwru rewdlqhg e| d furvv0vhfwlrq uhjuhvvlrq shuiruphg

dw dq| srlqw lq wlph lv d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj sdudphwhuv dqg lwv olplwlqj glvwul0

exwlrq lv qrupdo1 Wkh prgho lv h{whqghg wr doorz iru wkh frlqwhjudwlqj sdudphwhuv wr gl�hu udqgrpo|

dfurvv xqlwv1 Lq wklv fdvh d furvv0vhfwlrq uhjuhvvlrq zloo jlyh d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj

sdudphwhu phdqv1

Nh|zrugv= G|qdplf prghov> Frlqwhjudwlqj uhodwlrqv> Furvv0vhfwlrq uhjuhvvlrq

MHO fodvvl�fdwlrq= F64> F65

4
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwuégh 9/ 4788 Nek1 N1/ Ghqpdun

Hpdlo= hglwk1pdgvhqChfrq1nx1gn

4



4 Lqwurgxfwlrq

Uhfhqwo| wkh wrslf ri xqlw urrwv dqg frlqwhjudwlrq kdv irxqg lwv zd| lqwr wkh hfrqrphwulf dqdo|vlv ri

sdqho gdwd1 Prvw ri wkh uhvhdufk zlwklq wklv duhd kdv ehhq frqfhuqhg zlwk dv|pswrwlf surshuwlhv lq qrq0

vwdwlrqdu| sdqho gdwd prghov zkhuh erwk wkh furvv0vhfwlrq glphqvlrq +Q, dqg wkh wlph vhulhv glphqvlrq

+W , duh odujh1 Vrph ri wkh frqwulexwlrqv wr wklv qhz uhvhdufk duhd duh uhylhzhg lq Edqhumhh +4<<<,1 Lw lv

gl�huhqw iurp prvw ri wkh suhylrxv uhvhdufk shuiruphg lq sdqho gdwd prghov dv wklv kdv ehhq frqfhqwudwhg

rq dv|pswrwlf surshuwlhv lq vwdwlrqdu| sdqho gdwd prghov zkhuh wkh furvv0vhfwlrq glphqvlrq lv odujh dqg

wkh wlph vhulhv glphqvlrq lv vpdoo/ l1h1 dv|pswrwlfv lq prghov iru vr0fdoohg plfursdqhov1 Vxuyh|v ri prvw

ri wkh uhvhdufk shuiruphg zlwklq wklv iudphzrun fdq eh irxqg lq Kvldr +4<;9,/ Pdw|dv ) Vhyhvwuh +4<<5,

dqg Edowdjl +4<<8,1

Zkhq shuiruplqj dq hfrqrphwulf dqdo|vlv zlwklq wkh iudphzrun ri d g|qdplf sdqho gdwd prgho wkh

ehvw vlwxdwlrq lv wr kdyh revhuydwlrqv ri d orw ri furvv0vhfwlrq xqlwv ryhu d orqj shulrg ri wlph1 Dowkrxjk

pruh dqg pruh vxfk sdqho gdwd vhwv ehfrph dydlodeoh wkhuh duh vwloo fdvhv zkhuh rqo| furvv0vhfwlrq gdwd

lv dydlodeoh/ iru h{dpsoh wkh X1V1 Frqvxphu H{shqglwxuh Vxuyh| dqg wkh X1N1 Idplo| H{shqglwxuh

Vxuyh|1 Reylrxvo| rqh furvv vhfwlrq fdq qrw jlyh dq| lqirupdwlrq rq wkh vshfl�f g|qdplf surshuwlhv1

Wkh txhvwlrq lv zkdw grhv d furvv vhfwlrq rewdlqhg dw vrph srlqw lq wlph uh hfw zlwklq wkh iudphzrun

ri d g|qdplf prgho1 Iru lqvwdqfh/ gr furvv0vhfwlrq hvwlpdwhv uh hfw orqj0uxq ru vkruw0uxq uhodwlrqvB Lq

rughu wr dqvzhu vxfk txhvwlrqv dq h{solflw g|qdplf prgho lv qhfhvvdu|1 Wkh �uvw frqwulexwlrq wr wklv

glvfxvvlrq lv wkh sdshu e| Juxqihog +4<94,1 Wkh sdshu frqvlghuv d g|qdplf sdqho gdwd prgho +d sduwldo

dgmxvwphqw prgho, dqg lqyhvwljdwhv zkdw d furvv0vhfwlrq uhjuhvvlrq zloo uhyhdo1 Lq sduwlfxodu lw jlyhv

frqglwlrqv iru d furvv0vhfwlrq uhjuhvvlrq wr uhyhdo orqj0uxq uhodwlrqv1 Wkh sdshu zdv zulwwhq orqj ehiruh

orqj0uxq uhodwlrqv zhuh jlyhq d qdwxudo lqwhusuhwdwlrq lq whupv ri frlqwhjudwlrq zlwklq d qrq0vwdwlrqdu|

iudphzrun1 Uhfhqwo| dq xqsxeolvkhg sdshu e| Dggd ) Urelq +4<<;, kdv wdnhq xs wkh glvfxvvlrq djdlq1

Wkh sdshu lqyhvwljdwhv hvwlpdwruv rewdlqhg e| furvv0vhfwlrq uhjuhvvlrq lq wkh fdvh zkhuh wkh yduldeohv duh

ghvfulehg e| xqlw urrwv surfhvvhv1 Wkh suhvhqw sdshu lv lqvsluhg e| Dggd ) Urelq +4<<;,1 Lwv sxusrvh

lv wr vshfli| d g|qdplf prgho lq zklfk d furvv0vhfwlrq uhjuhvvlrq zloo uhyhdo wkh frlqwhjudwlqj uhodwlrqv1

Wkh vwduwlqj srlqw lv d uhjuhvvlrq prgho ghvfulelqj krprjhqhrxv frlqwhjudwlqj uhodwlrqv ehwzhhq

yduldeohv dw wkh lqglylgxdo ohyho1 Vxssrvh wkdw wkh L +4, uhjuhvvru lv jhqhudwhg lqghshqghqwo| ri wkh
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vwdwlrqdu| uhjuhvvlrq huuru dqg wkdw lqqrydwlrqv duh llg dfurvv furvv0vhfwlrq xqlwv1 Lq wklv fdvh d furvv0

vhfwlrq uhjuhvvlrq shuiruphg dw dq| srlqw lq wlph zloo jlyh d frqvlvwhqw hvwlpdwru +dv Q $ 4, ri wkh

sdudphwhuv lq wkh frlqwhjudwlqj uhodwlrqv1 Krzhyhu lq wkh wlph vhulhv dqdo|vlv ri frlqwhjudwhg yduldeohv wkh

dvvxpswlrq derxw wkh uhjuhvvru ehlqj vwulfwo| h{rjhqrxv lv xvxdoo| uhjdughg dv ehlqj wrr vwurqj1 Lw lv fohdu

wkdw lq wkh fdvh zlwk xquhvwulfwhg fruuhodwlrq ehwzhhq wkh L +4, uhjuhvvru dqg wkh vwdwlrqdu| uhjuhvvlrq

huuru d furvv0vhfwlrq uhjuhvvlrq zloo jlyh dq lqfrqvlvwhqw hvwlpdwru +dv Q $ 4, ri wkh frlqwhjudwlqj

sdudphwhuv1 Dggd ) Urelq +4<<;, vkrzv wkdw wkh dv|pswrwlf eldv zloo eh vpdoo dv wkh srlqw lq wlph

zkhuh wkh furvv vhfwlrq lv rewdlqhg ehfrphv odujh1 Krzhyhu wklv uhvxow lv qrw yhu| xvhixo lq sudfwlfh dv

lw grhv qrw jlyh dq| lqirupdwlrq rq krz wr pdnh lqihuhqfh rq wkh frlqwhjudwlqj sdudphwhuv1 Lq vlplodu

prghov iru sdqho gdwd zlwk odujh Q dqg odujh W / wkh dvvxpswlrq derxw vwulfwo| h{rjhqrxv uhjuhvvruv lv

qrw qhhghg lq rughu wr rewdlq d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj sdudphwhuv1 Skloolsv ) Prrq

+4<<<, vkrzv wkdw d prgl�hg srrohg hvwlpdwru rewdlqhg e| xvlqj whfkqltxhv iurp wkh wlph vhulhv dqdo|vlv

wr fruuhfw iru wkh fruuhodwlrq ehwzhhq wkh uhjuhvvru dqg wkh uhjuhvvlrq huuru lv frqvlvwhqw +dv Q $ 4 dqg

W $ 4,1 Zlwk rqh furvv vhfwlrq lw lv fohduo| qrw srvvleoh wr xvh vxfk whfkqltxhv1 Wklv sdshu vkrzv wkdw

wkh dvvxpswlrq derxw vwulfwo| h{rjhqrxv uhjuhvvruv fdq eh zhdnhqhg lq rughu wr doorz iru vrph ghjuhh

ri fruuhodwlrq ehwzhhq wkh uhjuhvvru dqg wkh uhjuhvvlrq huuru1 Wklv lv grqh e| doorzlqj iru fruuhodwlrq

wr rffxu wkurxjk vkrfnv wkdw duh frpprq wr doo furvv0vhfwlrq xqlwv dqg wkhuhiruh fdq eh uhpryhg e|

vxewudfwlqj wkh furvv0vhfwlrq vdpsoh phdq iurp doo yduldeohv1 Zkhq wklv w|sh ri hqgrjhqhlw| lv doorzhg lq

wkh uhjuhvvlrq prgho ghvfulehg deryh wkh sdshu vkrzv wkdw wkh xvxdo dv|pswrwlf uhvxowv +dv Q $ 4, zhoo

nqrzq iurp ruglqdu| uhjuhvvlrq wkhru| dsso| wr wkh hvwlpdwru rewdlqhg e| d furvv0vhfwlrq uhjuhvvlrq1

Lq sduwlfxodu wkh hvwlpdwru lv d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj sdudphwhuv dqg lwv olplwlqj

glvwulexwlrq lv qrupdo1 Vlplodu uhvxowv duh vkrzq iru wkh prgho zlwk udqgrpo| gl�huhqw frlqwhjudwlqj

sdudphwhuv1 Lq wklv fdvh d furvv vhfwlrq uhjuhvvlrq zloo jlyh d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj

sdudphwhu phdqv1 Wklv uhvxow lv vkrzq lq wkh sdshu e| Shvdudq ) Vplwk +4<<8, xqghu wkh vwurqjhu

dvvxpswlrq wkdw wkh uhjuhvvruv duh vwulfwo| h{rjhqrxv1

Wkh sdshu lv rujdql}hg lq wkh iroorzlqj zd|1 Vhfwlrq 5 lqwurgxfhv wkh edvlf prgho dqg jlyhv wkh

xqghuo|lqj dvvxpswlrqv1 Vhfwlrq 6 ghulyhv wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru rewdlqhg e| d

furvv0vhfwlrq uhjuhvvlrq1 Vhfwlrq 7 h{whqgv wkh prgho wr doorz iru ghwhuplqlvwlf yduldeohv1 Vhfwlrq 8

6



ghulyhv wkh dv|pswrwlf surshuwlhv ri wkh furvv0vhfwlrq hvwlpdwru lq dq h{whqghg yhuvlrq ri wkh edvlf

prgho zlwk udqgrpo| gl�huhqw frlqwhjudwlqj sdudphwhuv1 Ilqdoo|/ Vhfwlrq 9 frqfoxghv wkh sdshu1

5 Wkh edvlf prgho dqg dvvxpswlrqv

Zh frqvlghu wkh vwrfkdvwlf yduldeohv \
lw

+n3 � 4,/ [4lw+n4 � 4, dqg [5lw+n5 � 4, zkhuh l @ 4> ===> Q dqg

w @ 4> 5> === 1 Iru hyhu| furvv0vhfwlrq xqlw l @ 4> ===> Q zh dvvxph wkdw wkh yduldeohv duh jhqhudwhg e| wkh

iroorzlqj htxdwlrqv

\
lw

@ �3
4
[4lw . �3

5
[5lw . �

3lw
+4,

[4lw @ �
4lw

+5,

[5lw @ [5lw�4 . �
5lw

+6,

zkhuh �
4
dqg �

5
duh n4 � n3 dqg n5 � n3 pdwulfhv ri sdudphwhuv/ uhvshfwlyho|/ dqg zkhuh wkh lqqrydwlrq

surfhvvhv �
3lw
/ �

4lw
dqg �

5lw
duh +zhdno|, vwdwlrqdu| iru hyhu| furvv0vhfwlrq xqlw l @ 4> ===>Q 1

Xqghu dgglwlrqdo dvvxpswlrqv frqfhuqlqj wkh lqqrydwlrq surfhvvhv �
3lw
/ �

4lw
dqg �

5lw
wkdw zh zloo

jlyh ehorz/ wkh prgho h{suhvvhv wkh iroorzlqj1 Ylhzlqj wkh yduldeohv \
lw

/ [4lw dqg [5lw dv wlph vhulhv/

wkh yduldeohv \
lw

dqg [5lw duh L +4, zkhuhdv wkh yduldeoh [4lw lv vwdwlrqdu|1 Ixuwkhupruh wkh wzr L +4,

yduldeohv \
lw

dqg [5lw duh frlqwhjudwhg zkhuh wkh frlqwhjudwlqj uhodwlrqv duh ghvfulehg e| htxdwlrq +4,1

Htxdwlrq +5, fdq dovr eh frqvlghuhg dv d frlqwhjudwlqj uhodwlrq h{suhvvlqj wkdw wkh yduldeoh [4lw lv

wulyldoo| frlqwhjudwhg vlqfh wklv yduldeoh lv vwdwlrqdu|1 Dowrjhwkhu wklv lpsolhv wkdw wkh frlqwhjudwlqj

uhodwlrqv duh wkh vdph iru doo furvv0vhfwlrq xqlwv1 Dqrwkhu zd| ri h{suhvvlqj wkh wlph vhulhv ehkdylru ri

wkh yduldeohv lv e| vd|lqj wkdw wkh yduldeoh \
lw

wudfnv d olqhdu frpelqdwlrq ri wkh L +4, yduldeoh [5lw dv

ghvfulehg e| wkh froxpqv lq �
5
xs wr d vwdwlrqdu| ghyldwlrq1 Wkxv �

5
ghvfulehv d orqj0uxq ru htxloleulxp

uhodwlrq ehwzhhq wkh wzr qrq0vwdwlrqdu| yduldeohv \
lw

dqg [5lw zklfk lv wkh vdph iru doo furvv0vhfwlrq

xqlwv1 Qrwlfh wkdw wkh sdudphwhu pdwul{ �
4
grhv qrw kdyh d vlplodu lqwhusuhwdwlrq1 Lq idfw wkh sdudphwhu

�
4
lv qrw lghqwl�hg lq wkh wlph vhulhv vhqvh dv \

lw

� �3
5
[5lw soxv dq| olqhdu frpelqdwlrq ri wkh yduldeoh

[4lw lv vwdwlrqdu|1

Zkhq ylhzlqj wkh yduldeohv \
lw

/ [4lw dqg [5lw dv wlph vhulhv/ wkh prgho lv ri wkh vdph nlqg dv lq wkh

zrun e| Sdun ) Skloolsv +4<;<,1 Lq olqh zlwk wklv zrun htxdwlrq +4, fdq eh frqvlghuhg dv d uhjuhvvlrq

htxdwlrq zkhuh wkh frpprq h{rjhqhlw| frqglwlrq lv qrw lpsrvhg1 Wkdw lv iru hyhu| furvv0vhfwlrq xqlw
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l @ 4> ===> Q vrph fruuhodwlrq ehwzhhq wkh uhjuhvvruv [4lw dqg[5lw dqg wkh uhjuhvvlrq huuru �3lw lv doorzhg1

Dv vkrzq lq Sdun ) Skloolsv +4<;<, lw lv srvvleoh wr rewdlq d +vxshu,frqvlvwhqw hvwlpdwru ri wkh orqj0uxq

uhodwlrq l1h1 wkh sdudphwhu pdwul{ �
5
iurp d wlph vhulhv uhjuhvvlrq zlwk ru zlwkrxw lqfoxglqj [4lw dv d

uhjuhvvru1 Krzhyhu lq rughu wr rewdlq d frqvlvwhqw hvwlpdwru ri wkh orqj0uxq uhodwlrq iurp d furvv0vhfwlrq

uhjuhvvlrq lw pljkw eh qhfhvvdu| wr lqfoxgh wkh vwdwlrqdu| yduldeoh [4lw dv d uhjuhvvru1 Zh zloo uhwxuq wr

wklv lvvxh lq wkh iroorzlqj1

Lq rughu wr vshfli| wkh ehkdylru ri wkh yduldeohv ixuwkhu zh dvvxph wkdw wkh lqqrydwlrq surfhvvhv �
3lw
/

�
4lw

dqg �
5lw

fdq eh ghfrpsrvhg lq wkh iroorzlqj zd|

�
3lw

@ �
3l
. x3w . y3lw +7,

�
4lw

@ �
4l
. x4w . y4lw +8,

�
5lw

@ �
5l
. x5w . y5lw +9,

Wkh whupv �
3l
/ �

4l
dqg �

5l
ghvfuleh lqglylgxdo0vshfl�f h�hfwv wkdw duh frqvwdqw ryhu wlph1 x3w/ x4w

dqg x5w uhsuhvhqw wlph0ghshqghqw lqqrydwlrqv wkdw duh wkh vdph iru doo furvv0vhfwlrq xqlwv1 Ilqdoo| y3lw/

y4lw dqg y5lw ghvfuleh lqglylgxdo0vshfl�f h�hfwv wkdw duh wlph0ghshqghqw1 Wr eh pruh h{solflw derxw wkh

qdwxuh ri wkh whupv lq wkh h{suhvvlrqv +7,0+9, zklfk gh�qh wkh lqqrydwlrq surfhvvhv/ zh hpsor| vrph

dvvxpswlrqv frqfhuqlqj wkhvh whupv1

Dvvxpswlrq 4 �
l

@ +�3
3l
> �3

4l
> �3

5l
,3 zkhuh l @ 4> ===> Q lv d vhtxhqfh ri lqghshqghqw dqg lghqwlfdoo|

glvwulexwhg udqgrp yduldeohv zlwk �qlwh vhfrqg prphqw1

Qrwh wkdw lw lv qrw dvvxphg wkdw �
l

kdv phdq }hur1 Wkh whup �
4l
doorzv iru lqglylgxdo0vshfl�f h�hfwv

lq wkh ohyho ri wkh yduldeoh [4lw wkdw duh frqvwdqw ryhu wlph1 Wkh whup �
5l
kdv d vlplodu h�hfw rq fkdqjhv

lq wkh yduldeoh [5lw1 Wklv phdqv wkdw �
5l

jhqhudwhv dq lqglylgxdo0vshfl�f olqhdu wuhqg lq wkh surfhvv

[5lw zkhq ylhzhg dv d wlph vhulhv1 Ilqdoo| wkh whup �
3l
doorzv iru lqglylgxdo0vshfl�f ghyldwlrqv iurp wkh

orqj0uxq uhodwlrq jlyhq e| +4, wkdw duh frqvwdqw ryhu wlph1

Dvvxpswlrq 5 Iru hyhu| furvv0vhfwlrq xqlw l @ 4> ===> Q wkh surfhvv y
lw

@ +y3
3lw

> y3
4lw

> y3
5lw

,3 lv zhdno|

vwdwlrqdu| zlwk phdq }hur1 Lq dgglwlrq wkh y
lw

*v duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg dfurvv furvv0

vhfwlrq xqlwv1
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Wkh whup y
lw

ghvfulehv lqglylgxdo0vshfl�f h�hfwv wkdw duh wlph0ghshqghqw dqg doorzhg wr eh vhuldoo|

fruuhodwhg1 Zkhq y5lw lq dgglwlrq wr ehlqj vwdwlrqdu| lv L +3, zkhq ylhzhg dv d wlph vhulhv wkhuh duh

lqglylgxdo0vshfl�f vwrfkdvwlf wuhqgv lq wkh yduldeoh [5lw dqg e| wkdw lq wkh yduldeoh \
lw

zkhq wkhvh duh

ylhzhg dv wlph vhulhv1 Wklv phdqv wkdw vrph ri wkh lqglylgxdo0vshfl�f fkdqjhv lq wkh yduldeoh [5lw kdyh

shupdqhqw h�hfw rq wkh ohyho ri [5lw dqg e| wkdw rq wkh ohyho ri \
lw

1 Wr looxvwudwh wklv vxssrvh y5lw lv

zklwh qrlvh1 Lq wklv fdvh wkhuh lv dq lqglylgxdo0vshfl�f udqgrp zdon lq wkh yduldeoh [5lw zkhq ylhzhg

dv d wlph vhulhv1 Rq wkh rwkhu kdqg vxssrvh y5lw lv jhqhudwhg e| y5lw @ z
lw

� z
lw�4 zkhuh z

lw

lv zklwh

qrlvh/ l1h1 y5lw lv vwdwlrqdu| exw qrw L +3,1 Lq wklv fdvh wkh lqglylgxdo0vshfl�f h�hfw rq [5lw lv ghvfulehg

e| zklwh qrlvh1 Lq sudfwlfh lw pljkw yhu| zhoo eh wkh fdvh wkdw wkh wlph vhulhv ehkdylru ri wkh yduldeoh

[5lw lv ghvfulehg e| erwk w|shv ri surfhvvhv/ phdqlqj wkdw vrph ri wkh lqglylgxdo0vshfl�f fkdqjhv lq wkh

yduldeoh [5lw kdyh shupdqhqw h�hfw dqg vrph kdyh rqo| wudqvlwru| h�hfw rq wkh ohyho ri [5lw1

Dvvxpswlrq 6 Iru hyhu| furvv0vhfwlrq l @ 4> ===> Q wkh iroorzlqj krogv=

l, �
3l

lv lqghshqghqw ri �
4l

dqg �
5l

ll, y3lw lv jhqhudwhg lqghshqghqwo| ri y4lw dqg y5lw

Wkh dvvxpswlrq deryh lpsolhv wkdw qr fruuhodwlrq ehwzhhq wkh uhjuhvvruv [4lw dqg [5lw dqg wkh

uhjuhvvlrq huuru �
3lw

lv doorzhg wkurxjk wkh lqglylgxdo0vshfl�f whupv1 Krzhyhu wkh dvvxpswlrq derxw wkh

uhjuhvvruv ehlqj xqfruuhodwhg zlwk wkh uhjuhvvlrq huuru lv xvxdoo| uhjdughg dv ehlqj wrr vwurqj lq wkh

olwhudwxuh rq wlph vhulhv dqdo|vlv ri frlqwhjudwhg yduldeohv1 Wkhuhiruh zh zloo doorz iru vrph fruuhodwlrq

ehwzhhq wkh uhjuhvvruv dqg wkh uhjuhvvlrq huuru dqg zh gr wklv wkurxjk wkh lqqrydwlrqv wkdw duh frpprq

iru doo furvv0vhfwlrq xqlwv1

Dvvxpswlrq 7 Wkh surfhvv x
w

@ +x3
3w
> x3

4w
> x3

5w
,3 lv zhdno| vwdwlrqdu| zlwk phdq }hur1 Lq dgglwlrq

S
v@4

v@�4
�5x +v, lv srvlwlyh gh�qlwh zkhuh �5x +v, lv wkh dxwrfryduldqfh ixqfwlrq ri wkh surfhvv x5w1

Wkh whup x
w

uhsuhvhqwv vkrfnv wkdw duh frpprq wr doo xqlwv1 Dv phqwlrqhg deryh zh doorz iru vrph

ghjuhh ri hqgrjhqhlw| ehwzhhq wkh uhjuhvvruv [4lw dqg [5lw dqg wkh ghshqghqw yduldeoh \
lw

wkurxjk

wklv whup vlqfh wkh frpsrqhqwv lq x
w

duh qrw dvvxphg wr eh xqfruuhodwhg1 Lw lv yhu| lpsruwdqw iru wkh

uhvxowv lq wkh qh{w vhfwlrq wkdw lw lv srvvleoh wr uhpryh wkh frpprq vkrfnv dqg e| wkdw wkh hqgrjhqhlw|

ehwzhhq wkh uhjuhvvruv dqg wkh ghshqghqw yduldeoh e| vxewudfwlqj wkh furvv0vhfwlrq vdpsoh phdq iurp

9



doo yduldeohv1 Wklv phdqv wkdw qr lqglylgxdo0vshfl�f uhdfwlrq wr frpprq vkrfnv lv doorzhg lq wkh prgho1

Doo furvv0vhfwlrq xqlwv pxvw uhdfw lq suhflvho| wkh vdph pdqqhu wr frpprq vkrfnv dqg wklv lv d txlwh

vwurqj dvvxpswlrq1 Lq dgglwlrq wkh whup x
w

lqwurgxfh wkh prvw vlpsoh irup ri ghshqghqf| ehwzhhq wkh

furvv0vhfwlrq xqlwv1 Wkh dvvxpswlrq rq wkh dxwrfryduldqfh ixqfwlrq ri x5w hqvxuhv wkdw doo frpsrqhqwv ri

[5lw duh L +4, dqg wkdw wkhuh duh qr frlqwhjudwlqj uhodwlrqv ehwzhhq wkhvh frpsrqhqwv/ vhh Skloolsv +4<;9,1

Wklv lpsolhv wkdw wkh prgho gh�qhg e| wkh htxdwlrqv +4,0+6, lv lqghhg zkdw lw vhhpv wr eh1 Lq sduwlfxodu

wkh sdudphwhu pdwul{ �
5
ghvfulehv d orqj0uxq uhodwlrq ehwzhhq wkh wzr qrq0vwdwlrqdu| yduldeohv \

lw

dqg

[5lw1

Dovr dq dvvxpswlrq frqfhuqlqj wkh lqlwldol}dwlrq ri wkh L +4, yduldeoh [5lw lv qhhghg1 Wkh dvvxpswlrq

lv wkh iroorzlqj1

Dvvxpswlrq 8 [5l3 zkhuh l @ 4> ===> Q lv d vhtxhqfh ri lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp

yduldeohv zlwk �qlwh vhfrqg prphqw1

Ilqdoo|/ zh qhhg dq dvvxpswlrq derxw wkh pxwxdoo| ghshqghqf| ri wkh gl�huhqw whupv jhqhudwlqj wkh

yduldeohv \
lw

/ [4lw dqg [5lw1

Dvvxpswlrq 9 �
l

/ y
lv

/ x
w

dqg [5l3 duh pxwxdoo| lqghshqghqw iru doo l @ 4> ===> Q dqg doo v> w @ 4> 5> === 1

Dowrjhwkhu zh kdyh d olqhdu uhjuhvvlrq prgho ghvfulelqj frlqwhjudwlqj uhodwlrqv ehwzhhq wkh wzr qrq0

vwdwlrqdu| yduldeohv \
lw

dqg [5lw1 Wkh whupv lq [5lw zklfk fdxvh wkh qrq0vwdwlrqdulw| lq wkh wlph vhulhv

vhqvh duh �uvw ri doo vwrfkdvwlf wuhqgv wkdw duh frpprq wr doo furvv0vhfwlrq xqlwv dqg dq lqglylgxdo0

vshfl�f olqhdu wuhqg1 Lq dgglwlrq wr wkhvh whupv wkhuh pljkw eh lqglylgxdo0vshfl�f vwrfkdvwlf wuhqgv dv

zhoo1 Dq lpsruwdqw ihdwxuh ri wkh prgho lv wkdw hqgrjhqhlw| ehwzhhq wkh uhjuhvvruv [4lw dqg [5lw dqg

wkh ghshqghqw yduldeoh \
lw

lv doorzhg wkurxjk whupv wkdw duh frpprq wr doo furvv0vhfwlrq xqlwv1 Wklv

phdqv wkdw doo vwdwlrqdu| yduldeohv [4lw zkhuh fruuhodwlrq zlwk wkh L +4, uhjuhvvru [5lw rffxu wkurxjk

lqglylgxdo0vshfl�f whupv pxvw eh lqfoxghg dv uhjuhvvruv lq wkh prgho1

6 Furvv0vhfwlrq uhjuhvvlrq

Zh frqvlghu wkh g|qdplf prgho vshfl�hg lq suhylrxv vhfwlrq dv d prgho iru wkh yduldeohv dw wkh lqglylgxdo

ohyho1 Vxssrvh d furvv vhfwlrq rewdlqhg dw vrph srlqw lq wlph lv dydlodeoh1 Wkh furvv vhfwlrq lv d

:



vdpsoh frqvlvwlqj ri revhuydwlrqv ri Q furvv0vhfwlrq xqlwv dw wlph w zkhuh w 5 Q1 Iluvw ri doo wkh

furvv0vhfwlrq vdpsoh phdq lv vxewudfwhg iurp doo yduldeohv dqg wkh fruuhfwhg yduldeohv duh gh�qhg dv

\ �
lw

@ \
lw

� 4

Q

S
Q

l@4
\
lw

/ [�

4lw
@ [4lw � 4

Q

S
Q

l@4
[4lw dqg [�

5lw
@ [5lw � 4

Q

S
Q

l@4
[5lw1 Iru qrwdwlrqdo

frqyhqlhqfh wkh vwdfnhg +n4 . n5,0glphqvlrqdo vwrfkdvwlf yduldeoh [�

lw

lv gh�qhg dv [�

lw

@ +[�3

4lw
> [�3

5lw
,3

dqg wkh fruuhvsrqglqj +n4 . n5, � n3 sdudphwhu pdwul{ dv � @ +�3
4
> �3

5
,31 Qrz wkh uhjuhvvlrq htxdwlrq

lq +4, ghvfulelqj wkh frlqwhjudwlqj uhodwlrqv fdq eh h{suhvvhg lq whupv ri wkh fruuhfwhg yduldeohv lq wkh

iroorzlqj zd|

\ �
lw

@ �3[�

lw

. ��
3lw

l @ 4> ===> Q dqg w 5 Q +:,

zkhuh ��
3lw

@ �
3lw

� 4

Q

S
Q

l@4
�
3lw
1 Wkh fruuhvsrqglqj furvv0vhfwlrq ruglqdu| ohdvw vtxduh hvwlpdwru ghqrwhg

a�
Q>w

lv gh�qhg dv

a�
Q>w

@

#
Q[
l@4

[�

lw

[�3

lw

$
�4#

Q[
l@4

[�

lw

\ �3
lw

$
+;,

Dffruglqj wr Dvvxpswlrq 6 wkh uhjuhvvru [�

lw

lv lqghshqghqw ri wkh uhjuhvvlrq huuru ��
3lw

dv wkh frpprq

vkrfnv kdyh ehhq uhpryhg iurp wkh yduldeohv1 Wklv lpphgldwho| lpsolhv wkdw a�
Q>w

lv dq xqeldvhg hvwlpdwru

ri �/ l1h1 H
�
a�
Q>w

�
@ �1 Wkh dv|pswrwlf ehkdylru dv Q $ 4 ri wkh furvv0vhfwlrq hvwlpdwru a�

Q>w

lv jlyhq

lq wkh sursrvlwlrq ehorz1

Sursrvlwlrq 4 Xqghu Dvvxpswlrq 409 wkh iroorzlqj krogv=

a�
Q>w

lv d frqvlvwhqw hvwlpdwru ri �/ l1h1

a�
Q>w

S$ � dv Q $ 4 +<,

Wkh olplwlqj glvwulexwlrq ri a�
Q>w

lv jlyhq e|

s
Q

�
a�
Q>w

� �
�

z$ Q
�
3>	�4

w




�
dv Q $ 4 +43,

Wkh yduldqfh lq wkh olplwlqj glvwulexwlrq fdq eh hvwlpdwhg frqvlvwhqwo| e| xvlqj wkh iroorzlqj uhvxowv

4

Q

Q[
l@4

[�

lw

[�

3

lw

S$ 	
w

dv Q $ 4 +44,

4

Q

Q[
l@4

�
\ �
lw

� a�3
Q>w

[�

lw

� �
\ �
lw

� a�3
Q>w

[�

lw

�
3 S$ 
 dv Q $ 4 +45,

;



Wkh surri ri Sursrvlwlrq 4 lv jlyhq lq Dsshqgl{ D141 Wkh sursrvlwlrq vkrzv wkdw e| xvlqj ruglqdu|

uhjuhvvlrq phwkrgv lw lv srvvleoh wr pdnh dv|pswrwlf lqihuhqfh rq wkh sdudphwhuv lq wkh frlqwhjudwlqj

uhodwlrqv iurp d furvv vhfwlrq rewdlqhg dw dq| srlqw lq wlph1 Lq sduwlfxodu lw lv srvvleoh wr xqfryhu wkh

orqj0uxq uhodwlrqv ehwzhhq wkh wzr qrq0vwdwlrqdu| yduldeohv \
lw

dqg [5lw iurp d furvv0vhfwlrq uhjuhvvlrq1

Wkh rqo| gl�huhqfh ehwzhhq wkh uhvxow deryh dqg wkh zhoo nqrzq uhvxow iurp ruglqdu| uhjuhvvlrq lv wkdw

wkh yduldqfh lq wkh olplwlqj glvwulexwlrq ghshqgv rq wkh srlqw lq wlph zkhuh wkh furvv vhfwlrq lv rewdlqhg1

Fohduo| wklv lv ehfdxvh wkh uhjuhvvru [5lw lv qrq0vwdwlrqdu| zkhq ylhzhg dv d wlph vhulhv1

Qrz/ frqvlghu wkh furvv0vhfwlrq hvwlpdwru ri �
5
gh�qhg dv wkh vxepdwul{ ri a�

Q>w

fruuhvsrqglqj wr wkh

uhjuhvvru [5lw1 Wr eh pruh vshfl�f ohw wklv hvwlpdwru ghqrwhg a�
5>Q>w

eh wkh odvw n5 urzv lq a�
Q>w

dqg ohw

	55w eh wkh orzhu n5 � n5 gldjrqdo eorfn pdwul{ ri 	�4
w

/ l1h1

	55w @
�
	55>w �	54>w	

�4

44>w
	45>w

�
�4

+46,

zkhuh 	
w

lv ghfrpsrvhg dffruglqj wr [4lw dqg [5lw dv

	
w

@

�
	44>w 	45>w

	54>w 	55>w

�
+47,

Wkhq dffruglqj wr Sursrvlwlrq 4 wkh olplwlqj glvwulexwlrq ri a�
5>Q>w

lv jlyhq e|

s
Q

�
a�
5>Q>w

� �
5

�
z$ Q

�
3>	55w 



�
dv Q $ 4 +48,

Wkh iroorzlqj dvvxpswlrq lv xvhg lq wkh uhvxowv jlyhq ehorz1

Dvvxpswlrq : Iru d 5 U wkh gldjrqdo pdwul{ I
w

lv gh�qhg lq wkh iroorzlqj zd|

I
w

@

�
L
n4

3
3 wdL

n5

�

dqg wkh iroorzlqj frqglwlrq lv vdwlv�hg

olp
w$4

+I
w

	
w

I
w

, lv srvlwlyh gh�qlwh +49,

Wkh dvvxpswlrq lpsolhv wkdw zkhq wkh frpsrqhqwv ri 	
w

duh qrupdol}hg fruuhfwo| zlwk uhvshfw wr

w wkhq wkh olplw ri wkh qrupdol}hg pdwul{ I
w

	
w

I
w

dv w $ 4 lv zhoo0gh�qhg dqg srvlwlyh gh�qlwh1 Wkh

uhvxowv ehorz frqfhuq wkh surshuwlhv ri wkh yduldqfh lq wkh olplwlqj glvwulexwlrq ri a�
5>Q>w

dv wkh srlqw lq

wlph zkhuh wkh furvv0vhfwlrq lv rewdlqhg jrhv wr lq�qlw|1

<



Uhvxow 4 Ohw �
y

+v, eh wkh dxwrfryduldqfh ixqfwlrq ri wkh zhdno| vwdwlrqdu| surfhvv +y3
4lw

> y3
5lw

,3 dqg

dvvxph wkdw wklv surfhvv kdv devroxwho| vxppdeoh dxwrfryduldqfhv1 Wkhq wkh iroorzlqj krogv=

+d, Li Dvvxpswlrq : lv vdwlv�hg zlwk d @ �4 wkhq

	55w 

 @ R
�
w�5

�
+4:,

+e, Li Dvvxpswlrq : lv vdwlv�hg zlwk d @ �4@5 wkhq

	55w 

 @ R
�
w�4

�
+4;,

+f, Li Dvvxpswlrq : lv vdwlv�hg zlwk d @ 3 wkhq

olp
w$4

�
	55w 



�
lv zhoo0gh�qhg +4<,

Wkh surri ri wkhvh uhvxowv duh jlyhq lq Dsshqgl{ D151 Wkh dvvxpswlrq lq +d, lpsolhv wkdw Ydu +�
5l
, lv

srvlwlyh gh�qlwh1 Lq wkh wlph vhulhv glphqvlrq wklv phdqv wkdw wkhuh lv dq lqglylgxdo0vshfl�f olqhdu wuhqg

lq wkh yduldeoh [5lw1 Iurp wkh wlph vhulhv dqdo|vlv lw lv zhoo nqrzq wkdw dv|pswrwlfdoo| dv w $ 4 d olqhdu

wuhqg zloo grplqdwh srvvleoh L +4, wuhqgv1 Lq wkh furvv0vhfwlrq glphqvlrq wklv phdqv wkdw wkh yduldwlrq

ehwzhhq wkh frpsrqhqwv ri [5lw lv ri rughu w51 Frpelqlqj wklv zlwk wkh surshuw| wkdw wkh uhjuhvvlrq

huuru �
3lw

lv vwdwlrqdu| lpsolhv wkdw wkh frqyhujhqfh udwh ri wkh yduldqfh lq wkh olplwlqj glvwulexwlrq lv

dw prvw ri rughu w�5 phdqlqj wkdw wkh yduldqfh lq wkh olplwlqj glvwulexwlrq frqyhujhv wr }hur idvwhu wkdq

w�5.� iru dq| � A 3 dv w $ 41 Wkh dvvxpswlrq lq +e, dqg +f, lpsolhv wkdw Ydu +�
5l
, @ 3 phdqlqj

wkdw wkhuh lv qr lqglylgxdo0vshfl�f olqhdu wuhqg lq wkh yduldeoh [5lw zkhq ylhzhg dv d wlph vhulhv1 D

srvvleoh olqhdu wuhqg lq [5lw lv wkh vdph iru doo furvv0vhfwlrq xqlwv dqg lv wkhuhiruh uhpryhg zkhq wkh

furvv0vhfwlrq vdpsoh phdq lv vxewudfwhg1 Lq dgglwlrq wkh dvvxpswlrq lq +e, lpsolhv wkdw
S
4

v@�4
�5y +v,

lv srvlwlyh gh�qlwh zkhuh �5y +v, lv wkh dxwrfryduldqfh ixqfwlrq ri y5lw1 Dv phqwlrqhg hduolhu wklv phdqv

wkdw wkhuh lv dq lqglylgxdo0vshfl�f L +4, wuhqg lq doo frpsrqhqwv ri [5lw zkhq ylhzhg dv d wlph vhulhv dqg

wkhvh frpsrqhqwv duh qrw frlqwhjudwhg/ vhh Skloolsv +4<;9,1 Wkxv wkh furvv0vhfwlrq yduldwlrq ehwzhhq wkh

frpsrqhqwv ri [5lw lv ri rughu w phdqlqj wkdw wkh yduldqfh lq wkh olplwlqj glvwulexwlrq vwloo frqyhujhv

wr }hur exw dw d vorzhu udwh wkdq lq +d,1 Wkh surri lq Dsshqgl{ D15 vkrzv wkdw
S
4

v@�4
�5y +v, lv

wkh vr0fdoohg orqj0uxq yduldqfh pdwul{ ri wkh surfhvv y5l4 . === . y5lw ylhzhg dv d wlph vhulhv dqg wkdw

4

w

	55>w frqyhujhv wr wklv orqj0uxq yduldqfh dv w $ 41 Rq wkh rwkhu kdqg wkh dvvxpswlrq lq +f, lpsolhv

43



wkdw
S
4

v@�4
�5y +v, @ 3 ru lq rwkhu zrugv wkdw wkh orqj0uxq yduldqfh ri y5l4 . === . y5lw lv }hur1 Djdlq

dffruglqj wr Skloolsv +4<;9, wklv lpsolhv wkdw y5l4. ===. y5lw lv vwdwlrqdu|1 Pruh suhflvho| lw frqyhujhv wr

lwv vwdwlrqdu| glvwulexwlrq dv w $ 41

Lw lv fohdu wkdw Uhvxow 4 ghshqgv rq wkh uhjuhvvlrq huuru �
3lw

ehlqj vwdwlrqdu| zkhq ylhzhg dv d wlph

vhulhv1 Dv d srvvleoh h{whqvlrq ri wkh prgho frqvlghu wkh fdvh zkhuh wkh uhjuhvvlrq huuru frqwdlqv dq

lqglylgxdo0vshfl�f olqhdu wuhqg zkhq ylhzhg dv d wlph vhulhv1 Wklv phdqv wkdw wkh frlqwhjudwlqj uhodwlrqv

ehwzhhq wkh wzr qrq0vwdwlrqdu| yduldeohv \
lw

dqg [5lw duh wuhqg0vwdwlrqdu|1 Wklv h{whqvlrq ri wkh prgho

pljkw eh ri lqwhuhvw lq hpslulfdo dssolfdwlrqv1 Rqh h{dpsoh lv wkh prgho iru oderu ghpdqg ixqfwlrqv iru

lqgxvwulhv xvhg lq Shvdudq ) Vplwk +4<<8,1 Li wkh lqglylgxdo0vshfl�f olqhdu wuhqg lq wkh uhjuhvvlrq huuru

lv lqghshqghqw ri doo whupv lq wkh uhjuhvvruv [4lw dqg [5lw wkhq ruglqdu| uhjuhvvlrq phwkrgv dv jlyhq

lq Sursrvlwlrq 4 fdq eh xvhg wr pdnh dv|pswrwlf lqihuhqfh rq wkh frlqwhjudwlqj sdudphwhuv1 Wkh rqo|

gl�huhqfh lv wkdw wkh yduldqfh lq wkh olplwlqj glvwulexwlrq zloo eh gl�huhqw dv wkh furvv0vhfwlrq yduldwlrq

ri �
3lw

zloo eh ri rughu w5 dqg khqfh 
 zloo eh wlph0ghshqghqw1

Dv d vshfldo fdvh ri wkh prgho gh�qhg lq Vhfwlrq 5 frqvlghu wkh iroorzlqj prgho

\
lw

@ �3
5
[5lw . �

3l
. x3w . y3lw +53,

[5lw @ [5l3 . �
5
w. x54 . ===. x5w . y5l4 . ===. y5lw +54,

Wkh rqo| lqglylgxdo0vshfl�f whupv suhvhqw lq wkh L +4, uhjuhvvru [5lw duh wkh lqlwldo ydoxh dqg fxpxodwhg

surfhvv y5l4 . === . y5lw1 Frqvlghu wkh fdvh zkhuh y5lw lv zklwh qrlvh zlwk H +y5lwy
3

5lw
, @ 	51 Iurp wkh

surri ri Uhvxow 4 jlyhq lq Dsshqgl{ D15 lw iroorzv wkdw 	55w @ +Ydu +[5l3, . w	5,
�4 lpso|lqj wkdw iru

dq| n A 3 wkh iroorzlqj krogv 	55w A 	55+w.n,/ l1h1 	55w �	55+w.n, lv srvlwlyh gh�qlwh5 1 Frpsdulqj zlwk

+48, wklv lq wxuq lpsolhv wkdw wkh furvv0vhfwlrq hvwlpdwru a�
5>Q>w.n

rewdlqhg dw wlph w. n lv pruh h!flhqw

+dv|pswrwlfdoo| dv Q $ 4, wkdq wkh furvv0vhfwlrq hvwlpdwru a�
5>Q>w

rewdlqhg dw wlph w1 Wkhuhiruh dv

uhjdugv hvwlpdwruv ri wkh orqj0uxq sdudphwhuv lq wklv prgho wkhuh lv d jdlq lq h!flhqf| e| xvlqj d furvv

vhfwlrq rewdlqhg dw d odwhu srlqw lq wlph zkhq y5lw lv zklwh qrlvh1 Krzhyhu wklv uhvxow uholhv rq wkh wlph

vhulhv surshuwlhv ri wkh surfhvv y5lw dqg lw lv hdv| wr �qg h{dpsohv zkhuh 	55w �	55+w.n, lv qrw srvlwlyh

gh�qlwh1 Wklv lv iru h{dpsoh wkh fdvh zkhq wkh fxpxodwhg surfhvv y5l4. ===.y5lw lv wkh vxp ri d udqgrp

5
�| ' V@h Ef2�f�n|P2 lv srvlwlyh gh�qlwh1 Wkhq P

22|
3P

22E|n&�
' �

3�

|
3E�| n &P2�

3�
' �

3�

|

�
�
3�

|
n

�

&
P
3�

2

�
3�

�
3�

|

lv srvlwlyh gh�qlwh dv

�
�
3�

|
n

�

&
P
3�

2

�
3�

lv srvlwlyh gh�qlwh1
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zdon dqg d vwdwlrqdu| YDU+4, surfhvv iru vxlwdeoh ydoxhv ri doo sdudphwhuv1 Dowrjhwkhu wklv looxvwudwhv

wkdw wkh surshuwlhv ghvfulehg lq Uhvxow 4 duh dv|pswrwlf surshuwlhv dv w $ 41 Wkh uhvxowv ghshqg rq

wkh wlph vhulhv surshuwlhv ri wkh lqglylgxdo0vshfl�f whupv lq [
5lw

dqg zlwk mxvw rqh furvv0vhfwlrq lw lv qrw

srvvleoh wr jhw dq| lqirupdwlrq rq wkhvh surshuwlhv1 Wkxv wkh uhvxowv duh qrw yhu| xvhixo lq sudfwlfh exw

duh phuho| vxssrvlwlrqv1

Rqfh djdlq frqvlghu wkh prgho deryh zkhq y
5lw

lv zklwh qrlvh1 Xvlqj +54, lw iroorzv wkdw iru dq|

3 ? n ? w wkh uhjuhvvru [
5lw

fdq eh h{suhvvhg dv wkh vxp ri [
5lw�n dqg dq huuru whup1

[
5lw

@ [
5lw�n . z

lw

z
lw

@ �
5

n . x
5w�n.4 . ===. x

5w
. y

5lw�n.4 . ===. y
5lw

Dv y
5lw

lv zklwh qrlvh/ ghshqghqf| ehwzhhq[
5lw�n dqg wkh huuru whup z

lw

rffxuv rqo| wkurxjk whupv wkdw

duh frpprq wr doo lqglylgxdov1 Qrwh wkdw wklv zloo qrw eh wkh fdvh li [
5lw

frqwdlqv dq lqglylgxdo0vshfl�f

olqhdu wuhqg1 Xvlqj wkh h{suhvvlrq lq +54, wkh frlqwhjudwlqj uhodwlrq lq +53, fdq eh h{suhvvhg dv

\
lw

@ �3
5

[
5lw�n . �3

5

z
lw

. �
3lw

Xvlqj wkh vdph dujxphqwv dv ehiruh lw lv fohdu wkdw d furvv0vhfwlrq uhjuhvvlrq ri \ �
lw

rq [�
5lw�n +wkh

yduldeohv fruuhfwhg iru wkhlu furvv0vhfwlrq vdpsoh phdq, zloo jlyh dq xqeldvhg hvwlpdwru ri �
5

1 Xvlqj +53,

dqg +54, wkh iroorzlqj h{suhvvlrq iru �\
lw

lv rewdlqhg

�\
lw

@ �3
5

�[
5lw

.��
3lw

@ �3
5

+�
5

. x
5w
. y

5lw
, . ��

3lw

Djdlq dv y
5lw

lv zklwh qrlvh/ wkh fkdqjh lq wkh ghshqghqw yduldeoh lv lqghshqghqw ri doo odjv ri wkh uhjuhvvru

zkhq erwk duh fruuhfwhg iru wkhlu furvv0vhfwlrq vdpsoh phdq/ l1h1 �\ �
lw

dqg [�
5lw�n duh lqghshqghqw1 Wklv

lv lq idfw mxvw wkh frqglwlrqv ghulyhg lq Juxqihog +4<94, iru d furvv0vhfwlrq uhjuhvvlrq ri wkh w|sh ghvfulehg

deryh wr jlyh dq xqeldvhg hvwlpdwru ri orqj0uxq sdudphwhuv zlwklq wkh iudphzrun ri d sduwldo dgmxvwphqw

prgho zlwk vwdwlrqdu| yduldeohv1 Uhshdwlqj wkh dujxphqwv lq wkh surri ri Sursrvlwlrq 4 lq Dsshqgl{

D14 wkh hvwlpdwru rewdlqhg e| uhjuhvvlqj \ �
lw

rq [�
5lw�n lv dovr frqvlvwhqw +dv Q $ 4, zlwk d olplwlqj

glvwulexwlrq zklfk lv qrupdo1 Qrwh wkdw wkh huuru whup �3
5

z
lw

. �
3lw

lv qrw vwdwlrqdu| zkhq ylhzhg dv d

wlph vhulhv lpso|lqj wkdw wkh yduldqfh lq wkh olplwlqj glvwulexwlrq lv gl�huhqw iurp wkh rqh lq Sursrvlwlrq
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7 D prgho zlwk ghwhuplqlvwlf yduldeohv

Zkhq vshfli|lqj d prgho iru yduldeohv dw wkh lqglylgxdo ohyho lw lv frpprq wr doorz iru gl�huhqfhv ehwzhhq

xqlwv e| lqfoxglqj vrph ghwhuplqlvwlf yduldeohv/ iru lqvwdqfh gxpp| yduldeohv wr glvwlqjxlvk ehwzhhq

furvv0vhfwlrq xqlwv +lqglylgxdov/ krxvhkrogv, zlwk gl�huhqw ghprjudsklf fkdudfwhulvwlfv1 Lq d uhjuhvvlrq

prgho ghwhuplqlvwlf yduldeohv duh xvxdoo| lqfoxghg dv dgglwlrqdo h{sodqdwru| yduldeohv zlwkrxw vshfli|lqj

krz wkh| d�hfw rwkhu h{sodqdwru| yduldeohv1 Iroorzlqj wklv olqh zh zrxog mxvw lqfoxgh ghwhuplqlvwlf

yduldeohv dv uhjuhvvruv lq wkh uhjuhvvlrq htxdwlrq +4, ghvfulelqj wkh frlqwhjudwlqj uhodwlrqv1 Krzhyhu lq

wkh prgho gh�qhg lq Vhfwlrq 5 wkh ehkdylru ri uhjuhvvruv [
4lw

dqg [
5lw

lv vshfl�hg wr vrph h{whqw dqg

wkhuhiruh zh pxvw dovr vshfli| krz wkh ghwhuplqlvwlf yduldeohv d�hfw wkh uhjuhvvruv [
4lw

dqg [
5lw

1 Wklv lv

irupdol}hg e| lqwurgxflqj d yhfwru ri ghwhuplqlvwlf yduldeohv G
lw

+o� 4, zkhuh l @ 4> ===>Q dqg w @ 4> 5> ===

dqg pdnlqj wkh iroorzlqj h{whqvlrq ri wkh prgho gh�qhg e| wkh htxdwlrqv +4,0+6,

\
lw

@ �3
3

G
lw

. �3
4

[
4lw

. �3
5

[
5lw

. �
3lw

+55,

[
4lw

@ �3
4

G
lw

. �
4lw

+56,

[
5lw

@ �3
5

�G
lw

.[
5lw�4 . �

5lw

+57,

Dv ehiruh wkh surfhvvhv �
3lw

/ �
4lw

dqg �
5lw

duh vwdwlrqdu| iru hyhu| furvv0vhfwlrq xqlw l @ 4> ===> Q dqg

vdwlvi| wkh dvvxpswlrqv lq Vhfwlrq 51 �
3
/ �

4
dqg �

5
duh o� n

3
/ o� n

4
dqg o� n

5
pdwulfhv ri sdudphwhuv/

uhvshfwlyho|1 Lq dgglwlrq/ wkh iroorzlqj dvvxpswlrq frqfhuqlqj wkh ghwhuplqlvwlf yduldeoh G
lw

lv pdgh1

Dvvxpswlrq ; Wkh ghwhuplqlvwlf yduldeoh G
lw

vdwlv�hv wkh iroorzlqj frqglwlrqv=

l, G
l3
@ 3 iru doo l @ 4> ===> Q

ll, G
lw

dqg �
lv

zkhuh l @ 4> ===> Q duh ruwkrjrqdo iru doo w> v @ 4> 5> ===

lll, G
lw

dqg [
5l3

zkhuh l @ 4> ===> Q duh ruwkrjrqdo iru doo w @ 4> 5> ===

Xvlqj wkdw G
l3

@ 3 zh rewdlq wkh iroorzlqj h{suhvvlrq iru [
5lw

[
5lw

@ �3
5
G
lw

.[
5l3

. �
5l4

. ===. �
5lw

Wkxv/ lq wklv prgho wkh ghwhuplqlvwlf yduldeoh G
lw

dsshduv lq ohyhov lq doo uhodwlrqv/ erwk lq +55,0+56,

gh�qlqj wkh vwdwlrqdu| uhodwlrqv dqg lq wkh uhodwlrq +57, zklfk fdxvhv wkh qrq0vwdwlrqdulw| lq wkh prgho1
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Dqrwkhu irupxodwlrq zklfk vhhpv vwudljkw iruzdug lv wr lqfoxgh wkh ohyho ri G
lw

lq wkh h{suhvvlrq +57,

lpso|lqj wkdw wkh ghwhuplqlvwlf yduldeoh jhwv fxpxodwhg lq wkh qrq0vwdwlrqdu| yduldeoh [
5lw

1 Krzhyhu

zlwk wkh vshfl�fdwlrq fkrvhq deryh/ wkh prgho iru wkh yduldeohv \
lw

/ [
4lw

dqg [
5lw

fruuhfwhg iru wkh

ghwhuplqlvwlf yduldeoh G
lw

lv wkh rqh vshfl�hg lq Vhfwlrq 51 Wklv iroorzv e| ll, dqg lll, lq Dvvxpswlrq ;1

Wr eh pruh vshfl�f/ ohw wkh yduldeohv \
lw

/ [
4lw

dqg [
5lw

fruuhfwhg e| furvv0vhfwlrq ruglqdu| ohdvw vtxduhv

iru G
lw

eh ghqrwhg \
lw�G/ [4lw�G dqg [

5lw�G/ uhvshfwlyho|1 Wkhvh yduldeohv duh jhqhudwhg e| wkh prgho

vshfl�hg lq Vhfwlrq 51 Wkhq dv lq wkh suhylrxv vhfwlrq zh fruuhfw wkhvh yduldeohv iru wkhlu furvv0vhfwlrq

vdpsoh phdq dqg ghqrwh wkh uhvxowlqj yduldeohv \ �
lw�G/ [

�
4lw�G dqg [�

5lw�G/ uhvshfwlyho|/ dqg wkh vwdfnhg

yduldeoh [�
lw�G lv gh�qhg dv [�

lw�G @ +[�3
4lw�G> [

�3
5lw�G,

31 Wkh hvwlpdwru rewdlqhg e| furvv0vhfwlrq uhjuhvvlrq

ri \ �
lw�G rq [�

lw�G ghqrwhg ��
Q>w

lv gh�qhg dv

��
Q>w

@

#
Q[
l@4

[�
lw�G[

�3
lw�G

$�4#
Q[
l@4

[�
lw�G\

�3
lw�G

$
+58,

Wkhq xvlqj wkh vdph dujxphqwv dv lq wkh suhylrxv vhfwlrq lw lpphgldwho| iroorzv wkdw ��
Q>w

lv dq xqeldvhg

hvwlpdwru ri � dqg dovr wkh dv|pswrwlf uhvxowv lq Sursrvlwlrq 4 dsso|1 Wklv lv irupxodwhg lq wkh iroorzlqj

uhvxow1

Uhvxow 5 Zkhq wkh ghwhuplqlvwlf yduldeoh G
lw

vdwlv�hv Dvvxpswlrq ; wkh furvv0vhfwlrq hvwlpdwru ��
Q>w

kdv wkh dv|pswrwlf surshuwlhv jlyhq lq Sursrvlwlrq 4 h{fhsw wkdw +44, dqg +45, duh uhsodfhg e|

4

Q

Q[
l@4

[�
lw�G[

�3

lw�G
S$ 	

w

dv Q $ 4 +59,

4

Q

Q[
l@4

�
\ �
lw�G � ��3

Q>w

[�
lw�G

� �
\ �
lw�G � ��3

Q>w

[�
lw�G

�3 S$ 
 dv Q $ 4 +5:,

8 D prgho zlwk khwhurjhqhrxv frlqwhjudwlqj uhodwlrqv

Zh frqvlghu dq h{whqvlrq ri wkh prgho gh�qhg lq wkh suhylrxv zkhuh wkh frlqwhjudwlqj uhodwlrqv duh

doorzhg wr gl�hu udqgrpo| dfurvv xqlwv1 Wkh yduldeohv duh qrz jhqhudwhg e| wkh iroorzlqj htxdwlrqv

\
lw

@ �3
4l

[
4lw

. �3
5l

[
5lw

. �
3lw

+5;,

[
4lw

@ �
4lw

+5<,

[
5lw

@ [
5lw�4 . �

5lw

+63,
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zkhuh wkh lqqrydwlrq surfhvvhv �
3lw

/ �
4lw

dqg �
5lw

duh vwdwlrqdu| iru hyhu| furvv0vhfwlrq xqlw l @ 4> ===> Q

dqg vdwlvi| wkh dvvxpswlrqv lq Vhfwlrq 51 Wkh udqgrp frh!flhqw pdwulfhv �
4l

dqg �
5l

vdwlvi| wkh iroorzlqj

dvvxpswlrq1

Dvvxpswlrq < Wkh +n
4
. n

5
, � n

3
glphqvlrqdo vwrfkdvwlf yduldeohv �

l

@ +�3
4l

> �3
5l

,3 zkhuh l @ 4> ===> Q

gh�qh d vhtxhqfh ri lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeohv zlwk �qlwh irxuwk prphqw1

Lq dgglwlrq zh qhhg wkh whupv jhqhudwlqj wkh yduldeohv \
lw

/ [
4lw

dqg [
5lw

wr vdwlvi| d vwurqjhu

prphqw frqglwlrq dqg wkh udqgrp frh!flhqwv wr eh lqghshqghqw ri doo rwkhu whupv dv vxppdul}hg lq

wkh dvvxpswlrqv ehorz1

Dvvxpswlrq 43 [
5l3

/ �
l

/ x
w

/ dqg y
lw

doo kdyh �qlwh irxuwk prphqwv1

Dvvxpswlrq 44 �
l

lv lqghshqghqw ri [
5l3

/ �
l

/ x
w

/ dqg y
lw

iru doo l @ 4> ===> Q dqg doo w @ 4> 5> === 1

Wkh lqwhusuhwdwlrq ri wklv prgho lv dv ghvfulehg lq Vhfwlrq 5 zlwk wkh gl�huhqfh wkdw wkh frlqwhjudwlqj

uhodwlrqv duh doorzhg wr gl�hu dfurvv lqglylgxdov1 Xvlqj vwdfnhg qrwdwlrq wkh uhjuhvvlrq htxdwlrq lq +5;,

fdq eh h{suhvvhg dv

\
lw

@ �3
l

[
lw

. �
3lw

@ �3[
lw

.z
lw

. �
3lw

+64,

zkhuh � @ H +�
l

, dqg z
lw

@ +�
l

� �,3[
lw

1 Qrwh wkdw \
lw

� �3[
lw

lv qrw d frlqwhjudwlqj uhodwlrq dv z
lw

lv qrw vwdwlrqdu| xqohvv �
l

@ H +�
l

, zlwk suredelolw| 4/ l1h1 wkh frlqwhjudwlqj uhodwlrqv duh krprjhqhrxv

doprvw vxuho|1 Lqvwhdg � lv wkh phdq ri wkh frlqwhjudwlqj sdudphwhuv1 Shvdudq ) Vplwk +4<<8, frqvlghu

d vshfldo fdvh ri wkh prgho vshfl�hg deryh zkhuh wkh prvw lpsruwdqw gl�huhqfh lv wkdw lq wkhlu prgho

wkh frpprq vkrfnv duh qrw suhvhqw phdqlqj wkdw wkh uhjuhvvruv duh dvvxphg wr eh vwulfwo| h{rjhqrxv1

Wkh hvwlpdwru rewdlqhg e| furvv0vhfwlrq uhjuhvvlrq ri wkh yduldeoh \
lw

rq [
lw

zkhq erwk duh fruuhfwhg

iru wkhlu furvv0vhfwlrq vdpsoh phdq lv gh�qhg lq htxdwlrq +;,1 Lw lv lpsruwdqw wr qrwh wkdw wkh frpprq

vkrfnv x
4w

dqg x
5w

duh vwloo suhvhqw lq z
lw

diwhu wkh furvv0vhfwlrq vdpsoh phdq kdv ehhq vxewudfwhg1 Wklv

lv ehfdxvh z
lw

frqwdlqv d whup zkhuh wkhuh lv dq lqwhudfwlrq ehwzhhq wkh frpprq vkrfnv dqg wkh udqgrp

frh!flhqwv1 Wklv zloo frpsolfdwh wkh ghyldwlrq ri wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru a�
Q>w

jlyhq

lq wkh sursrvlwlrq ehorz dqg lw uhtxluhv wkh h{lvwhqfh ri irxuwk prphqwv ri wkh uhjuhvvruv [
4lw

dqg [
5lw

dqg wkh uhjuhvvlrq huuru z
lw

. �
3lw

1
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Sursrvlwlrq 5 Xqghu Dvvxpswlrq 409 dqg <044 wkh iroorzlqj krogv=

a�
Q>w

lv d frqvlvwhqw hvwlpdwru ri � @ H +�
l

,/ l1h1

a�
Q>w

S$ � dv Q $ 4 +65,

Zkhq x
4w

d=v=

@ 3 dqg x
5w

d=v=

@ 3/ wkh olplwlqj glvwulexwlrq ri a�
Q>w

lv jlyhq e|

s
Q

�
a�
Q>w

� �
�

z$ Q
�
3>
�
	�4
w


 L
n3

�
�
w

�
	�4
w


 L
n3

��
dv Q $ 4 +66,

Zkhq x
4w

d=v=

@ 3 dqg x
5w

d=v=

@ 3/ wkh yduldqfh lq wkh olplwlqj glvwulexwlrq fdq eh hvwlpdwhg frqvlvwhqwo| e|

xvlqj wkh iroorzlqj uhvxowv

4

Q

Q[
l@4

[�
lw

[�3

lw

S$ 	
w

dv Q $ 4 +67,

4

Q

Q[
l@4

yhf
�
[�
lw

�
\ �
lw

� a�3
Q>w

[�
lw

�3��
yhf

�
[�
lw

�
\ �
lw

� a�3
Q>w

[�
lw

�3��3 S$ �
w

dv Q $ 4 +68,

Wkh Surri ri Sursrvlwlrq 5 lv jlyhq lq Dsshqgl{ D161 Wkh sursrvlwlrq vkrzv wkdw lq d prgho

zlwk khwhurjhqhrxv frlqwhjudwlqj uhodwlrqv d furvv0vhfwlrq uhjuhvvlrq shuiruphg dw dq| srlqw zloo jlyh

d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj sdudphwhu phdqv1 Wklv lv vkrzq zlwkrxw lpsrvlqj wkh

dvvxpswlrq wkdw wkh uhjuhvvruv duh vwulfwo| h{rjhqrxv1 Hqgrjhqhlw| lv doorzhg wkurxjk wkh frpprq

vkrfnv1 Lw lv fohdu iurp wkh surri lq Dsshqgl{ D16 wkdw Dvvxpswlrq 44 derxw wkh udqgrp frh!flhqwv

ehlqj lqghshqghqw ri wkh uhjuhvvruv lv fuxfldo khuh1 Lq rughu wr ghulyh wkh olplwlqj glvwulexwlrq wkh

dvvxpswlrq derxw wkh uhjuhvvruv ehlqj vwulfwo| h{rjhqrxv lv lpsrvhg1 Lw pljkw eh srvvleoh wr ghulyh wkh

olplwlqj glvwulexwlrq zlwkrxw lpsrvlqj wklv dvvxpswlrq dqg lw zloo wkhq lqyroyh d pl{wxuh ri glvwulexwlrqv

exw wkdw jrhv eh|rqg wklv sdshu1

9 Frqfoxvlrq

Wklv sdshu vshfl�hv d g|qdplf prgho lq zklfk d furvv0vhfwlrq uhjuhvvlrq zloo uhyhdo wkh frlqwhjudwlqj

sdudphwhuv1 Pruh vshfl�fdoo| wkh sdshu vshfl�hv d uhjuhvvlrq prgho ghvfulelqj frlqwhjudwlqj uhodwlrqv

ehwzhhq yduldeohv dw wkh lqglylgxdo ohyho dqg vkrzv wkdw ruglqdu| uhjuhvvlrq phwkrgv fdq eh xvhg lq rughu

wr pdnh dv|pswrwlf lqihuhqfh rq wkh frlqwhjudwlqj sdudphwhuv iurp d furvv vhfwlrq rewdlqhg dw dq| srlqw

lq wlph1 Dq lpsruwdqw ihdwxuh ri wkh prgho lv wkdw wkh dvvxpswlrq derxw vwulfwo| h{rjhqrxv uhjuhvvruv lv

qrw lpsrvhg1 Wkh prgho doorzv iru vrph ghjuhh ri fruuhodwlrq ehwzhhq wkh uhjuhvvruv dqg wkh uhjuhvvlrq
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huuru qdpho| wkurxjk vkrfnv wkdw duh frpprq wr doo furvv0vhfwlrq xqlwv1 Wklv lq wxuq lqwurgxfhv wkh prvw

vlpsoh w|sh ri ghshqghqf| ehwzhhq wkh furvv0vhfwlrq xqlwv dqg iru lqvwdqfh lqglylgxdo0vshfl�f uhdfwlrqv

wr wkh frpprq vkrfnv duh uxohg rxw zlwk wklv irupxodwlrq1 Wklv lv wkh frpprq sureohp ri krz wr prgho

furvv0vhfwlrq ghshqghqfh lq d vdwlvidfwru| zd|1

Rqh vhulrxv gudzedfn ri kdylqj mxvw rqh revhuydwlrq ri wkh furvv0vhfwlrq xqlwv dw vrph srlqw lq

wlph lv wkdw lw lv qrw srvvleoh wr whvw li wkh wlph vhulhv ehkdylru ri wkh yduldeohv lv fruuhfwo| vshfl�hg1

Iru lqvwdqfh lw lv qrw srvvleoh wr ghwhuplqh zkhwkhu wkh yduldeohv duh lq idfw ghvfulehg e| xqlw urrw

surfhvvhv1 Reylrxvo|/ revhuydwlrqv ri wkh furvv0vhfwlrq xqlwv ryhu wlph duh qhhghg lq rughu wr ohduq derxw

wkh g|qdplf surshuwlhv ri wkh yduldeohv1 Wkh pruh revhuydwlrqv ryhu wlph wkh ehwwhu1 Dv phqwlrqhg lq

wkh lqwurgxfwlrq wkhuh lv douhdg| sdshuv frqfhuqlqj hvwlpdwlrq ri frlqwhjudwlqj sdudphwhuv zkhq erwk

wkh furvv0vhfwlrq glphqvlrq dqg wkh wlph vhulhv glphqvlrq duh odujh1 Lq ehwzhhq wkdw dqg wkh vlwxdwlrq

frqvlghuhg lq wklv sdshu lv wkh vlwxdwlrq zkhuh wkh furvv0vhfwlrq glphqvlrq lv odujh dqg wkh wlph glphqvlrq

lv �{hg1 Vr idu wkdw vlwxdwlrq lv pruh ru ohvv xqh{soruhg1

Dfnqrzohgjphqwv

Wkh dxwkru wkdqnv P1 Eurzqlqj dqg K1F1 Nrqjvwhg iru xvhixo glvfxvvlrqv dqg frpphqwv1

4:



D Dsshqglfhv

D14 Surri ri Sursrvlwlrq 4

Wklv dsshqgl{ frqwdlqv wkh surri ri Sursrvlwlrq 4 lq wkh pdlq wh{w1 Wkh uhvxowv lq wkh sursrvlwlrq duh

doo edvhg rq wkh Olqghehuj0Ohy| yhuvlrq ri wkh Fhqwudo Olplw Wkhruhp +FOW, dqg wkh Vwurqj Odz ri

Odujh Qxpehuv +VOOQ,1 Wkh ohppd jlyhq ehorz dsshduv wr eh xvhixo lq iroorzlqj1

Ohppd 4 Frqvlghu wkh iroorzlqj uhjuhvvlrq prgho

\
l

@ �3[
l

. %
l

iru l @ 4> ===> Q +69,

zkhuh wkh iroorzlqj dvvxpswlrqv duh lpsrvhg

[
l

dqg %
l

duh llg zlwk �qlwh vhfrqg prphqw

H +[
l

, @ 3 dqg H +%
l

, @ 3 +6:,

[
l

dqg %
l

duh lqghshqghqw

Gh�qh wkh yduldeohv fruuhfwhg iru vdpsoh phdq lq wkh iroorzlqj zd|

\ �
l

@ \
l

� 4

Q

S
Q

l@4

\
l

[�
l

@ [
l

� 4

Q

S
Q

l@4

[
l

%�
l

@ %
l

� 4

Q

S
Q

l@4

%
l

+6;,

Wkh ruglqdu| ohdvw vtxduh hvwlpdwru a�
Q

rewdlqhg e| uhjuhvvlqj \ �
l

rq [�
l

fdq eh h{suhvvhg dv

a�
Q

@ � .

#
Q[
l@4

[�
l

[
�3
l

$�4#
Q[
l@4

[�
l

%
�3
l

$
+6<,

Wkh olplwlqj glvwulexwlrq ri
s
Q

�
a�
Q

� �
�
lv jlyhq e| wkh iroorzlqj h{suhvvlrq

s
Q

�
a�
Q

� �
�

z$ Q
�
3>	�4 



�
dv Q $ 4 +73,
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