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Abstract

This paper examines a test for the hypothesis of weak dependence, whose
limit distribution, G(z), is a Gumbel distribution which appears as one of the
three possible limit distributions in the theory of extreme-values. However, since
G (z) may be a poor approximation to the finite sample distribution, the rate of
convergence being logarithmic, see Hall (1979), inferences based on G(z) may
not be very reliable for moderate sample sizes. For that reason, we describe
an approach to bootstrapping the test based on a naive, e.g. Efron (1979),
resampling of the data. We show that the bootstrap principle is consistent
under very mild regularity conditions. This can be quite surprising since Efron’s
resampling scheme is generally inconsistent under dependence.
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1. INTRODUCTION

In recent years we have observed an increasing interest on qualitative hypothesis test-
ing, such as testing for monotonicity, convexity or whether a (nonparametric) curve
is positive. Examples of the former, in a regression model context, are given in Bow-
man, Jones and Gijbels (1998), Hall and Heckman (2000), Ghosal, Sen and Van der
Vaart (2000), and Diimbgen and Spokoiny (2001), whereas in the context of density
functions, Woodroofe and Sun (1999) test uniformity against monotonicity. Testing
for these type of hypothesis appears to be a necessary prerequisite to any previous at-
tempt to estimate curves satisfying the restrictions, see for example Mammen (1992)
and references therein. In this sense, it is not surprising that the tests can be regarded
as goodness-of-fit tests.

*This article is based on research funded by the Economic and Social Research Council (ESRC)
reference number: R000238212.



Although the literature has dealt with cross-section data, there is not apparent
reason to believe that it may not appear in the context of time series. One leading
example is when trying to investigate cycles in macroeconomic or geophysical data.
It is obvious that previous to attempt estimating the length of the cycle one needs
to test for its presence. The existence of a cycle is shown by a sharp peak of the
estimated spectral density function. One model capable to induce peaks is

Xy = o+ py COS ()\Ot) + pysin ()\Ot) + &4, (1.1)

where p; and p, are zero mean uncorrelated random variables with the same variance
and {e,} is a stationary sequence of random variables independent of p; and py. Model
(1.1) has enjoyed extensive use and different techniques have been proposed for the
estimation of the frequency, amplitude and phase (see Whittle (1952), Grenander
and Rosenblatt (1957), Hannan (1961, 1973) and Chen (1988)). Extensions to a
model with more than one periodic component have been examined by Quinn (1989)
and Kavalieris and Hannan (1994), whose interest was also in testing the number of
sinusoidal /cosinusoidal components.

A second statistical model capable of exhibiting peaks in its spectral density func-
tion is the autoregressive AR (2) process

(1 — a1L — (IQLQ) Tt = E¢ (12)

when the roots of the polynomial (1 —a1L — agLQ) are complex, with A\ identified

as the arccos (2\/‘—2—]72) Models (1.1) and (1.2) represent two extreme situations

explaining cyclical behaviour of the data and the peakness of the spectral density
function. Model (1.2) possesses a continuous spectral density function whereas model
(1.1) has a spectral distribution function with a jump at the frequency A\, The
cyclical component of the data remains constant or invariant with time in model
(1.1), whereas the cyclical pattern of model (1.2) fades out with time fairly quickly.

Between these two extreme situations, there exists a class of intermediate models
in which the spectral density function of a; exhibits a pole at the frequency A°. For
that purpose, define the spectral density function of x; as the function f(A) which
satisfies the relationship

v (j) = Cov (24, x445) = i F(N)eos(GN)dr, j=0,1,2,... (1.3)

We say that f (\) has a pole at \” if

F)~CIA=X

e

as A — A\, (1.4)

where C € (0,00), a € (0,1) is the memory parameter and ”~” means that the ratio

of the left- and right-hand sides tends to 1. One of the main objectives of this paper
is the estimation of A°.

One model capable of generating such a cyclical behaviour in the data has been
proposed by Andel (1986) and Gray et al. (1989, 1994), and defined as

(1-2 (COS)\O)LJrLz)dJZt =&y, (1.5)

where L is the backshift operator, d = «/2 for \* € (0,7) whereas for A’ = 0 or
m, d = a/4. The model (1.5) was coined by Gray et al. (1989) as the Gegenbauer



model, who extended it to the GARM A model where the innovation ¢; follows an
autoregressive moving average (ARM A) process, and later by Giraitis and Leipus
(1995) allowing for more than one pole or cyclical component. The GARM A process
is characterized by having a spectral density function defined as

9 2

o ; o —2d |a (e 0
f()\):%“*Z(COS)\O)BA‘FGQ)\‘ ( )

— — < .
b 0) T<ALZm (1.6)

where 02 > 0, and a (-) and b (-) are polynomials of finite degree, all of whose zeroes
lie outside the unit circle. When A° = 0, we have the more familiar FARIM A model,
apparently originated by Adenstedt (1974), and studied by Granger and Joyeux (1980)
and Hosking (1981). GARM A models are characterized by a stronger and more
persistent cyclical behaviour than ARM A models, e.g. (1.2), but unlike model (1.1),
their amplitude does not remain constant over time.

So that the problem of testing for a cycle can be regarded as a qualitative hy-
pothesis testing. That is, does the spectral density function possess a peak or can
be regarded as monotonic? When the peak is assumed to be smooth, the problem
of testing for a cycle is similar to testing for a mode in the probability density func-
tion. However, a cycle explained by a smooth peak implies that this fades out rather
quickly with time. On the other hand, it is observed that, if exist, this cycles can
be long dependent in time. This could be explained by the so called strong depen-
dence. We can roughly define strong dependence as a process for which there exists
at least a frequency \° € [0, 7] whose spectral density function, f()), behaves as

0
C |)\ — )\O’_a(/\ ), with 0 < « ()\O) < 1, in a neighbourhood of A’ The frequency
A’ has the interpretation of being the cycle of the data, which is more persistent
than those characterize by ARM A models but not deterministic as regression based
models.

In this context, the value « (/\0) can be regarded as determining the (local) shape
of the spectral density function around \Y, whose shape can discriminate among dif-
ferent time series. In addition, it gives indication and summarizes the dependence
structure at the long run, albeit it induces quite different statistical/probabilistic
properties of estimates (possibly implicit ones) depending on whether a (/\O) > 0 or
= 0. For example, the estimation of the sample moments of the data, see Taqqu
(1975), or M —estimation, see Beran (1985) or Koul and Surgailis (1997). Another
examples are on the estimation of the probability distribution function via the em-
pirical distribution, see Dehling and Taqqu (1987) or Ho and Hsing (1996), or in the
context of estimation of the spectral density function. As Giraitis and Hidalgo (2001)
have shown, the asymptotic properties of, possibly, nonlinear transformation of x,
depends very much on whether or not z; is strong dependent, even if the transforma-
tion of x; induces a spectral density function which is Lipchitz continuous in [0, 7].
Finally, it is worth mentioning that when « ()\O) > 0, estimators of A have been
provided in parametric and nonparametric frameworks, see Giraitis et al. (2001) and
Hidalgo (2001) respectively.

The remainder of the paper is as follows. In the next section, we describe the
hypothesis testing and introduce the test for « (/\0) =0 for all \° € [0,7]. Section
3 describes a semiparametric estimator of « ()\O), which is needed to implement the
test, as well as we give the statistical properties of the tests. Because the limit
distribution of the test is that obtained in the theory of extreme-values, whose finite



sample distribution is poorly approximated by its asymptotic counterpart, Section 4
describes and proposes a bootstrap approach based on Efron’s (1979) naive scheme,
showing its consistency. Finally, the proofs of the results in Sections 3 and 4 are given
in Appendix A which makes use of a series of Lemmas in Appendix B.

2. FORMULATION OF THE TEST

The class of models investigated are processes x; which, after maybe some transfor-
mation, are covariance stationary and observed at times t = 1,...,n. We assume that
x has an absolute continuous spectral distribution, so that it has an spectral density
function, f (M), defined by the relation

v(j) = E((x0 — Exo) (z; — Ex;)) = :rf(/\)eij*d/\, j=0,+£1,+2 ... (2.1)

As we mentioned in the introduction, the main objective of the paper is to introduce
a test, examining its statistical properties, for the hypothesis of weak dependence.
More precisely, we are concerned with the following hypothesis testing

Hy : JK>O0suchthat K~'< f(\) <K V\el0,7]
Hy @ 3 €0,7] such that £ (A\”) =0o0r f~+ (\°) =0. (2.2)

An alternative formulation of (2.2) could have been given in terms of the autocovari-
ance function v (j). Specifically whether or not Z;io Iy ()] < 0.

Some existing work, see Lobato and Robinson (1997), has focused on testing if
f(0) is continuous and positive, that is testing for I (0). However many time series
appears to exhibit a periodic behaviour, which it is manifested by a peak of the
spectral density estimate. Although knowledge of the location of the (possible) peak
can be realistic in many situations, for instance with seasonal data, with no seasonal
observations that knowledge is not so clear. An example of the latter is, as we
mentioned in the introduction, when the practitioner is interested in estimating the
cycle in macroeconomic or geophysical data. So that it seems appropriate to extend
Lobato and Robinson (1997) to all frequencies A € [0, 7], that is the hypothesis testing
given in (2.2). It is worth noting that it can be generalized to say, A € [a, ] C [0, 7].
However, for simplicity of exposition, we will let @ = 0 and b = 7.

To fix ideas and give the intuition of our strategy to test for Hy, let us suppose
first that f () is completely known up to a finite set of parameters 6. That is, (2.1)

becomes
s

v(3;0) = [ f(N0)eTrdN,  §j=0,41,42, ... (2.3)

—Tr
Next, assume that for some fixed frequency, say A°, we suspect that f~! (/\0; 9), or
f ()\O; 9), is zero. Then, based on estimates of 6§, say the Whittle estimator @, the test
for Hy can be implemented by looking at whether or not f—! (Ao;a), or f (Ao;a), is

significantly different than zero. For example, if f (\) is parameterized by a GARM A
model, introduced in Gray et al. (1989,1996), and defined as

a2 [0 (0]

0) — (1 — 0) i\ 4,20\
f(0) = (1—2cos (\V) e + €*) |(I)(ei)‘;92)‘2



where § = (a,6},65)" with —1 < @ < 1if A’ # 0,7 and —1/2 < a < 1/2 if
A’ = 0,7, and where © (e;0') and @ (ei’\;92) are the MA and AR polynomials
with no common roots and outside the unit circle. Then given 5, Hj can be tested by
looking at whether or not @ is significantly different than zero. Note that when A’ = 0,
f (\;0) becomes the popular FARIM A model apparently introduced in Adenstedt
(1974) and examined by Granger and Joyeux (1980) and Hosking (1981).

Next, let A’ be unknown and the Whittle estimator of @ is performed when \°
is taken to be the Fourier frequencies \; = (27j) /n, for integer j. Then, for each
Aj we would have an estimate of a, say & (j). From here, it is intuitive that the
null hypothesis Hp in (2.2) can be based on whether or not for all j = 0,...,[n/2],
a (j) are not simultaneously different than zero. That is, we would reject Hy if
SUP;_o, .. [n/2 |0 (J)| is greater than some critical value. This is the idea of the test
given in Giraitis and Hidalgo (2001), which can be thought as a Wald type test.
Since, the estimation of the parameters of f (\;6) involves nonlinear optimization
procedures, it seems appealing to use an LM test since only the model under the null
needs to be estimated. The test can be implemented by looking at the discrepancy
between the periodogram and the fitted model under Hy via a Kolmogorov-Smirnov
statistic. That is,

o ([o (0)]
sup / ——51(A\) —1]dA|,
n€f0,1] |Jo ’@ (ev\;gz)‘

where 51 and /9\2 are the Whittle estimators of #' and 6% respectively.

However, the previous approach is very sensitive to a correct specification of the
model, which can be difficult to know a priory. More specifically, if the correct speci-
fication is, say, a Bloomfield’s (1974) exponential instead of an ARM A one, the tests
based on a parameterization of f can be misleading and invalid. This is in particular
the case if an LM test is implemented. In this case, the null hypothesis would be
rejected with probability approaching 1 as n — oo even if a were equal to zero, e.g.
the data is weakly dependent. Hence, it seems desirable to have a test for (2.2) which
does not depend on any particular parameterization of f.

To that end, we first describe how the hypothesis testing in (2.2) can be written in
a more standard formulation, e.g. in terms of whether or not a (set of) parameter(s)
is equal to some particular value. Suppose first that f is continuous and positive,
which implies that for all A € [0, 7

K'<f\N)=h(\) <K, (2.4)
where henceforth K denotes a positive finite constant.
On the other hand, under Hy, we have that
FO)Y=h (M%) A =X07° (2.5)

for some A\’ € [0,7] with o # 0. In particular, if f (AO) = 0 it means that o < 0,
whereas =1 (\°) = 0 implies that a > 0.
In (2.5) write a = « (/\0), that is, the rate at which f (\) increases to infinity or
decreases to zero at the frequency A\°. Then, (2.2) can equivalently be written as
Hy : ! ()\O) =0 YA’ €0,7]
H, : A% € [0,7] such that o (/\0) e (-1,1)/{0}. (2.6)



(Recall that since Ex? < oo and the process is invertible, a € (—1,1).) On the other
hand, if we were interested to test the hypothesis f (\) > K~! against f ()\O) =0 for
some A € [0, 7], (2.6) would be

Hy + a(\)=0 v\’ €0,
H, I\’ € [0, such that a (\°) < 0. (2.7)

Similarly, a test for f (\) < K against f~* (A\°) = 0 for some A" € [0, 7], the hypoth-
esis testing would be

Hy + a(\)=0 VA’ €0,
H, A’ € [0,7] such that « ()\O) > 0. (2.8)

Once we have written the hypothesis testing in terms of parameters, we now
describe the main ideas of the test. Assuming that f () follows model (2.4), suppose
that for a given A\°, we estimate o ()\O), denoted a ()\O), by some semiparametric
method. For instance the log-periodogram and local Whittle estimators given in
Robinson (1995a,b), or the estimator given in Hidalgo and Yajima (2000). Then, a
test for (2.6) can be based on whether & ()\O) is significantly different than zero for
all \° € [0, 7]. Similarly, a test for (2.7) and/or (2.8) can be based on whether & (/\O)
is significantly greater than zero or less than zero, respectively.

From the above comments, we can now easily formulate the tests. Suppose that
the estimate of a, denoted @ (s), is computed at frequencies A5, s = 0,1, ..., [n/2] = 7.
Then, under Hy, we should expect that & (s) =~ 0 for all s =0, 1, ..., 72, whereas under
Hq, a(s) # 0 for some s. Hence, a test for (2.2) can be based on

= sw [a(s). (2.9)

s=0,1,...,7

On the other hand, tests for the hypothesis testing in (2.7) or (2.8) can be based on

To= sup (—a(s)) (2.10)
s=0,1,...,n
or
T3= sup af(s), (2.11)
s=0,1,...,n

respectively. Then, we reject the null hypothesis if 75, j = 1,2, 3, is greater than some
(positive) critical value.

3. THE LIMIT BEHAVIOUR OF THE TEST

To implement the test we need first to provide an estimator of a (\°), for A’ € [0, 7],
which does not depend on any particular parameterization of f, e.g. h(\) given in
(2.5). For a specific value A’ several semiparametric estimators of the ”memory”
parameter « ()\O) have been proposed and examined. However, in this paper we
employ a modification of an estimator proposed in Parzen (1986). To motivate the
estimator, let us assume that the spectral density f(\) satisfies

FO) =02 for Ae (0,2, (3.1)



and \” = 0, without loss of generality. If f follows the model given in (3.1), then after
standard calculations we have that

b
a(0) = X‘l/o log f (\)dA —log f (A) . (3.2)

Suppose now that A = A, with & = o(n). Then, we can expect that the Riemann’s
discrete approximation of the right side of (3.2), that is

k
1
2> _log f, —log fi
p=1

to be closed to a (0), where henceforth for a generic function 9 () we abbreviate ¥ (\;)
However, f () is not known, so to make feasible the last displayed expression, we
need to estimate f (). For that purpose, let us introduce the periodogram of w;
n 2
Io=|@rn) 23 wet™| | 0=1,..0 (3.3)
t=1
with Iy = 0. Note that our definition of I, entails sample-mean correction. To
estimate f; we employ the weighted periodogram estimator

fo=% 3 Wu Qo= M) (3.4)

where Wir (A) = M) . W (M (A+2mj)), with J the set of natural numbers,

M = M (n) a number which increases slowly with n, that is M~ + Mn~! — 0, and
W (M) a symmetric differentiable nonnegative function which integrates 1 and satisfies

/ MW (V)] dX < oc.
When W (\) lies in a compact set, say (—m, ), the estimator given in (3.4) becomes

N 1 m
fo=5—7 > W () Lites

j=—m

where m = [n/4M]. That is, f; weights the periodograms of the 2m + 1 closest
frequencies to Ay.

Denote
~ 1 m
fp (s) = om + 1 Z Wiljipys

j=-m

where )\, is the closest Fourier frequency to A’ and W; = W (A;). Then, we define
our estimator of v (\s) as

k
a(s) = 205" (7134 2 tupploafy ()~ (log e (s) +loa Fos (5)) |



where w, = w(p/k), W = ZI;:1 wp, 0 < ¢, = —fol w(u) (logu)du < oo and for
notational simplicity we write k = m [log m].

It is worth observing two points. Firstly, for A, = 0,7, @ (s) given in (3.5) collapses
to

k
;1% pr (logfp (s) — log fx (5))
p=1

due to symmetry of f around 0 and 7. The second point gives the motivation to use
(3.5) instead of

k
a(s) = g{);l% pz::lwp (logﬁ, (s) — log]?k (s)) .

Assume that A’ = ), is known for simplicity and suppose that o (\s) = a(s) is esti-
mated by @ (s). As in other semiparametric estimators, for example Robinson (1995a),

one source of the bias of (2m)1/2 (@ (s) — a(s)) comes from the replacement of f (\)

by h(As) P\ — )\Ora(s)’ see condition C1 below, which in our case is proportional to

k
(2m)*/? (Z wp (Ap = M+ O (X + Ai))) =0 (n_1m3/2) :

p=1

The main reason for this behaviour is that when A° = 0 or 7, by symmetry we
have W/ (0) = h'(w) = 0, whereas for A # 0 or 7, I’/ (\) may not be zero and
the approximation of f(\) by h(Xs) A —As| ™%, e.g. =L (As) A= X" F(N), is 1+
R~ (X)W (As) (A= Ag) + O (\/\ - /\5\2) by a Taylor expansion of the function & (\)
around As. However, when the estimator @ (s) in (3.5) is employed, the contribution

of the above approximation (Taylor expansion) to the bias of (2m)1/ 2@ (s) — a(s))
is proportional to

k
@m)"? 3w, (Ap — M + 0 (A2 + A7)

p=1

k
+(@2m)" 2> w, (A= A + 0 (A2 + A7)
p=1

(0] (m5/2n*2) .

Remark 1. Alternative estimators of « in case of \° = 0 were examined by Geweke
and Porter-Hudak (1983) and Robinson (1995a,b). In fact, the estimator a (\g) is
very similar to the log-periodogram and local Whittle estimators as we now illustrate.
Suppose for simplicity that A =0. The log-periodogram estimator of « is defined as




since the denominator approaches 1 asn — oo. So, if instead of using the periodogram
I, as an ”estimator” of f, we used fg, or that provided in (7?), for n large enough,
aroc would be as

k

——Zlogfg log (¢/k) — Z G/k) | . (3.6)

On the other hand, by standard algebra and that by symmetry o p (Ag) = @—p (Aq),
we have that

Q)

I (¢ ko (e
o Zl‘)gff ng@”(g);%“(@) ’

where v = k! ZI;:1 vp. So, we have that (3.6) is of the form a(0), but with a
weighting function wy = (¢,,0) " (Zﬁ:z w(l/p)v(p/k)p~t — Wy (f/k)) replaced by
- (log (0/k) — k=t 25:1 log (5/ k)) From the above discussion, we observe that our

estimator @ (s) of the long memory parameter can be written as 2~ k=1 Zile Y (L/k) log (ﬁﬂfs,g)

such that lezl ¥ (£/k) =0 and 25:1 Y (£/k)log (¢/k) = —1. However, we prefer to
write the estimator as in (??), since as will be discussed below, to achieve asymptotic
normality of the estimator of the pole requires some extra regularity conditions on
w (u) and v (u) which can be rather complicated in terms of 1 (u).

With respect to Robinson’s (1995b) local Whittle estimator, similar arguments
apply. The only difference is to note that A\jI, — 1 is the first term in the Taylor
expansion of log (A Iy) around 1. So, replacing A1, — 1 by log (Af'I;) in the first or-
der conditions of Robinson’s (1995b) estimator, and following the same arguments as
above, we readily observe a similar connection between & (0) and the estimator exam-
ined in Robinson (1995b) and the connection described between the log-periodogram
and & (0) estimators.

Let us introduce the following regularity conditions:

C1

NP =X vefo,m/ (0,

A) = 0
) A)|A+Aoy’”‘(”, if \el[-m0]/{-\},

where « (AO) € (—1,1) and where h (A) is a positive bounded symmetric function
with two continuous derivatives for 0 < A < .

C2 {z;} is a covariance stationary linear process

oo oo
2
$t=Zﬁj€t—j, Zﬁj <oo fy=1
=0 =0

where e; is a sequence of independent identically distributed random variables
such that E (e;) = 0; E [ef] = 1; E [\etﬂ =pu, for{=3,...,p>8.



C3 For A(\) = 372, Beii if a = « (A°) # 0 at some frequency A € [0, 7]

dii log (JA (M) =0 (A7") as A — A°.

C4 The weighting function W (\) is an even, nonnegative function on [—, 7], twice
continuously differentiable in (0,7), bounded away from zero on [0, 7 —¢) for
some ¢ € (0, 7) which integrates 1.

nlogm m® log® m(log log m
C5 nlogm 4 £e )

— 0 as n — oo, and k = m [log m].

Condition C1 indicates that under Hy, the "memory” parameter « is equal to 0 for
all \” € [0, 7], so that f (\) = h (\), that is f ()\) is continuously differentiable in (0, 7).
On the other hand, under Hi, there exists A’ for which a ()\O) = 0, which implies
that f is only twice differentiable outside any open set containing +A°. Moreover, it
does not allow f (A) to have more than one frequency A at which « (\) # 0, although
it can be easily relaxed at the expense of unnecessarily complicating the notation
and mathematics. Condition C2 is standard and not very strong besides the linearity
condition that it implies. Condition C3 was used elsewhere, see Robinson (1995a), so
his comments apply here. Examples of weighting functions W () satisfying Condition
C4 are

WA =r'(1=7"A) and W)= % (1—cos(N), A€ l[-m,7].

To simplify the notation and arguments, in what follows we take w, = 1 for all
Ip| = 1,..., k. Let us introduce

k -1

() =35 (424 2 flos (A7, () ~tog (A7, (5)) — 1o (AT 9) |

p=1 p=—

m

7 1 —a(s)
Fo(s) = 5mg 20 Wid, ik

j=—m

with \q\Jr = max{1,]|q|}.

Proposition 3.1. Assuming C1-C5, for any finite collection sy, ..., s, such that
min; |$;—$;+1|> 2m, as n — oo

(2m)"2 (@ (s1) =& (51) s (54) =0 (84)) 2 N (0, D* diag (1, ..., 1))

s 1/2
where & = (f_1 W2 (\) d)\) and & (s)=a (s) +a(s).

Proposition 1 forms the basis to perform the test for (2.2) and by extension to the
hypotheses testing given in (2.7) and/or (2.8). Note that under Hy, e.g. a(s) = 0 for
all s =0,...,n, Proposition 1 indicates that

2m)"2 (@ (s1) @ (54)) 5 N (0, D2diag (1,...,1))

10



Moreover, an important consequence of Proposition 1 is that the asymptotic distri-
bution does not depend on f, e.g. on the dependence structure of x;. In other words,
whether x; is #id sequence of random variables or follows, for example, an ARM A
model, the asymptotic distribution is unaltered. This observation will have relevant
consequences when implementing the bootstrap test for the hypothesis testing given
in (2.2), and by extension the hypothesis testings in (2.7) or (2.8).

We now state our main results.

Theorem 3.2. Let § € (0,1) be such that M = n®. Assuming C1-C5, under H,
given in (2.7) or (2.8), asn — oo, forj = 2,3

Prob{(bn ((2m)1/2 513_17]-—1)”) < z} — exp (—e7%),

with ¢,,=(2log M)*/?,

K (W 1
bu= b+, {log ( ;1(/2 )> +§ [log 6+ log log n]}

where
W2(—1)+W? (1)

B (W)= ijl W2 (z) dx

if K1 (W)> 0, and otherwise
1 (K 1/
bu= b0 log l— (F52) ]
71' 2

X

where Ko (W) = (sz W’ (z)® da:) / (2 sz W (z)? d:zc) and W' (z) =L W ().

Remark 2. The uniform kernel W (z) = 1/2, |z| < 1 falls under the first case, while
the triangular or Hanning-Tukey kernels fall under the second case.

Remark 3. The techniques of proof of the result may readily be adapted to prove
limit theorems as that of Woodroofe (1967) or Van-Ness and Woodroofe (1967) for
the maximum deviation at the points Aoy,j, at j = 0,1, ..., M, respectively, where by,
and ¢,, are as defined in Theorem 3.1.

Theorem 3.3. Assuming C1-C5, under Hy given in (2.2), as n — o0
Prob {¢n ((2m)1/2 1T, fbn) < z} —exp (—2¢77),
where by, and ¢,, are as defined in Theorem 3.1.

Proof. The proof of this theorem is straightforward from Theorem 3.1, after we
observe that the limiting distribution of the sup, and inf, are independent random
variables, see for example Theorem 1.8.3 of Leadbetter et al. (1983). 0

Once we have obtained under Hy the limiting distribution of 7}, the next step is
to show that 7; is consistent. The later is a basic feature for any test. Moreover, to
gain some idea about the test, it is also convenient to compute the limiting power
function. This is obtained by computing the limit distribution of 7; under a sequence
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of (contiguous) alternatives that approach the null at some appropriate rate. For that
purpose, consider

H,: 3\ €[0,7] such that f(\) ~C (\°)|x— Aoram(ﬂ)

1/2

where o, ()\O) = (m log? M ) " awith a # 0. Then, we have the following corollary

Corollary 3.4. Assuming C1-C5, under H,, as n — oo

Prob {6, ((2m)"/* 671 T,b,) < 2} —exp (—2e7 )
and forj = 2,3

Prob{qbn ((gm)l/g 915717}—31”) < z} — exp (—e*(zfﬂé)) ;
where by, and ¢,, are as defined in Theorem 3.1.

From the results of the previous corollary, we can expect the test to be consistent,
since for fixed alternatives, that is ay, (/\0) = «, Corollary 1 suggests that

m—00 m—00

lim Prob {¢n (m1/2<I>*1’T1 — bn) < z} = lim exp (26_('2_(7” log? M)I/QO‘)) =0,

for example. This is formalized in the next corollary

Corollary 3.5. Assuming C1-C5, under Hy, as n — oo

lim Prob{an ((2m)1/2 513717}—1)”) < z} =0

m—00

forallze Randj=1,2,3.

Results of Theorems 3.1 and 3.2 give justification to perform the tests. On the
other hand, following results in Hall (1979), it is known that the rate of convergence
of the finite sample distribution to the asymptotic one is very slow. In particular,
that rate is logarithmic. Moreover, following Konakov and Piterbarg (1984) for other
although related problems, this rate appears to be the best possible one. So, critical
values relying on the asymptotic distribution can be a poor approximation to the
finite sample distribution. One solution could be to employ Edgeworth expansions.
But even here the rate is only improved to be O (T‘5 ) for any 6 > 0, see for instance
Konakov and Piterbarg (1984). So that, the rate is still very slow. In addition,
Hall (1990) has shown that Edgeworth corrections do not do a good job, compared
to bootstrap schemes, at the tails of the distribution, which is precisely the most
interesting region when testing. Because of that, in the next section, we propose
to use a bootstrap scheme to obtain a better approximation of the finite sample
distribution than that based on it asymptotic counterpart.

4. BOOTSTRAP TEST FOR H,

In this section we describe and analyze the bootstrap analogue to the statistic in
(2.9), and by extension those given in (2.10) and (2.11). The resampling scheme must

12



be such that, given the sample x = {z1,...,2,}, the conditional distribution of the
bootstrap statistic Tj*, Jj = 1,2,3, consistently estimates the distribution of 7; for
j = 1,2,3, under the null hypothesis and local alternatives. That is, TJ* —q4- 7T in
probability, where “— 4+in probability” means convergence in bootstrap distribution
according to the following definition, see Giné and Zinn (1990),

Definition 4.1. Let x* denote the bootstrap sample drawn from x using some given
resampling scheme. Let T* be the test statistic computed from x*. We say that
T;" converges weakly in bootstrap distribution to the random variable T; (with dis-
tribution function G (z)), and denoted as T;" —q~ T; in probability, whenever the
sequence of random variables Pr (T;* < z | x) converges to G (z) in probability for
every continuity point z of G (z).

A second requirement for the bootstrap test to be valid, and thus consistent, is
that under the alternative hypothesis H7, the bootstrap statistic must also converge
in bootstrap distribution although, possibly, to a different distribution. In our frame-
work, as Theorem 4.1 below shows, the (asymptotic) distribution of 7* is the same
under both the null and alternative hypothesis.

Following our comments made after Proposition 1, since the asymptotic distrib-
ution of @ (s) is independent of the dependence structure of x;, it implies that the
limit distribution of 7;, j = 1,2, 3, is also independent of the covariance structure of
x¢. This observation prompts us to bootstrap the tests 7; in (2.9) — (2.11) as follows.

STEP 1 Draw independent bootstrap observations x}, t =1, ..., n, from the empiri-
cal distribution of x = {z1,...,z,}, that is, for all t =1, ..., n,

Priz; =a}=n"1s=1.,n

STEP 2 Compute the bootstrap periodogram of =}, t =1,...,n,

n 2
Iy = |@en) 23 apet™ | 0=1,..0,
t=1

with I§ = 0, and the bootstrap spectral density estimator
1 m

L) == > Willipes (4.1)

j=—m

STEP 3 Compute the bootstrap analogue of @ (s), that is

() =5 [+ 2 Howf ()~ (toafi (5) +los () |, (42

and finally,

STEP 4 Compute the bootstrap test for Hy against Hy given in (2.7) as

Tr= sw |6 (s), (43)

s=0,1,...,n

13



whereas for the hypothesis testing in (2.7) and (2.8) is

T,,= sup a"(s) and 73 = sup —a(s), (4.4)

8=0,1,...,71 8=0,1,...,71
respectively.

Remark 4. Observe that the resample was done from the raw observations x; instead
of the rescale one _

- Ty —T

£L't:(t,\—), t:1,...,n

Ox

where T = n~' Y1 &, and 62 = n~ '), (x; —T)°. The reason is because I}
entails sample-mean correction and from the definition of &* (s) given in (4.2), it is
obvious that it is also invariant to multiplicative constants, e.g. 0.

Another possibility to bootstrap & (s) is following Franke and Hardle (1992), see
also Dahlhaus and Janas (1996) for similar ideas, as follows:

STEP 1’ For p =1,...,n, compute
P -1
we () ().
p=1

STEP 2’ Resample with replacement from the empirical distribution of v,, p =
1,...,n. That is, obtain the boostrap sample I;;, p = 1,...,7, which satisfies for
all p
Pr{ly=v}=n"(=1,.,n,

with I = 0.

STEP 3’ Given the random sample I}, p = 1,..., 7, compute the bootstrap analogue
to the spectral density estimator

A* 1 m .
L&) =57 30 Williipe (4.5)

j=—m

and define the bootstrap analogue of & (s) as

k -1

a(s)= % % Z+ Z logf;‘ (s) — (logf,j (s) +log f* . (5)) , (4.6)

=1 p=—k
and finally,
STEP 4’ Compute the bootstrap test as in STEP 4 but using (4.6) instead of (4.2).

Remark 5. In the definition of f;; (s) given in (4.5), we could have defined it as

m

fy(s) = # Z Wiljipis: (4.7)

j=—m

14



However, this is irrelevant for our purposes. Indeed, if (4.7) were used, from the
definition of @" (s) in (4.6), the bootstrap analogue of a (s) would become

" (s) € 8" (5) +s),

which implies that if (4.7) were chosen, the definition of the bootstrap test would be
given by

=+ def ~
T, =T —a(s)
where T, j = 1,2,3, is given in (4.3) and (4.4). That is, the difference between T}

and 7; would be that the latter had to be centered around its “sample mean” & (s).

Theorem 4.2. Assuming C1-C5, under the maintain hypothesis, e.q. HyUH ;, as

n — oo
Prob{qbn ((Qm)l/g 925_1’]'1*—17") < z’ X} L exp (—2e77),

and for j = 2,3
Prob{(bn ((2m)1/2 @_I’Z}*—bn) < z‘ X} £ exp (—e_z) ,
where ¢,, and b, are as in Theorem 3.1.

Theorem 4.1 gives the theoretical justification for the bootstrap test. However,
since the conditional distribution of 7" given x is computationally very difficult, if
possible, to obtain, it implies that the bootstrap critical value of the test at, say, g
significance level CTL(1— ) can not be obtained. So, the value CTL(1— ) which satisfies

Pr TJ* > 02(17[1)‘ X) = (3, has to be approximated via Monte Carlo, as accurate as

desired. To that end, we can use the quantiles obtained from the empirical distribu-
tion of the Monte Carlo sample of 7;* as estimators of the corresponding quantiles of

/
T,. That is, consider B bootstrap samples of size n, **)= m;(k),mz(k), ...,xfb(k) ,

k = 1,...,B, and compute for each of the samples the corresponding test statis-
ti*c value 7}*(’@‘) as*in STEP 5’ Then, the critical value cf;(l_ 3) is approximated by
cn(l_ﬁ)ﬂ,where Ch(1—p).B satisfies

B
B71 ZI (,T]*(k) > C:(l—ﬁ%B) — ﬂ
k=1

That is, ¢}, _g) p is the (1 — B) th quantile of the Monte Carlo sample (Tj*(k), k=1,.., B),
so that the null hypothesis is rejected when 7; > 02(17 8),B" Finally, if the second boot-

strap approach were implemented, then the procedure would be the same as above
but with 2**) and STEP 3 being replaced by I and STEP 3 respectively.

APPENDIX A

Proof of Proposition 1 Let us introduce,

m

ST Wi (fjapesZ (G+p #£0) + foraZ (j +p=0)).

~ 1
Io(s) = 2m +1
j=

—m
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From the definition of @ (s) and a (s), a(s) —a(s) =271 22:1 aq (s) where

=
(]~

“w@) = ;X (108 £, () /7, () = (108 fi (5) /i (5))

@ () = %g(logf_pw)/f_p(s))—(1ogf_k<s>/f_k<s>)

as(s) = %i (1085, () /7, (5)) = (108 fi (5) /T (<)) (A1)
(o) = 23 (10870 6) F_y ) (108 s (5 /4 )

3
Il
—

w(s) = ~2a(s) (%Zlog@/k)—l).

k
Because by Lemma 2 of Robinson (1995b), k= 3" log (p/k) +1 = O (k=" logk),
p=1

the proposition is shown if az (s)+a4 (s) = o (m~*/2) and for any finite set of constants

1/}17 -~-71/}q

(2m WZw (a1 (s¢) + as (s¢)) N( @221/;(3) (A.2)
Next, we examine a;f?sl) + a4 (s) = as1 () + as2 (s) + a1 (s) + a2 (s), where
asi (s) = %i(mgm /7, (5)) and
an(s) = _i (1087, (5) /T, () ~ (108 e (5) /7 (5))
and likewise a4 (s) and a: ('2) We first estimate asz (s) + a4z (s). By C1,
B R0 -1 = T 0 gy 30 A s - 90
et

= 7;1 (2m+1 Z )\;fps J-H?g/ (As) +27 1)‘2+p9 (X)>>

j=—m

__1 m
= fP (2m+1 Z )‘]er J+pg/ ()‘s)) +0 ()‘gk>v

j=—m
where in the second equality we have employ Taylor expansion, being X is an interme-
diate point between A; and Ay, and for the equality that f,, Y em+1)t S /\j_fIESHQ =
0] ()\gk) Likewise,

—1

T fpls)-1 =

\hl

704(5 ) .
2m+1 Z Jt+p gS*J*P 9s)

j=—m
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< 720 (g 54 (e 0042 (7))

j=—m

= _7;1 (2m+1 Z )‘;fps J+pg/ ()‘s)) +O()‘§k>7

j=—m

where \ is an intermediate point between A and A;_,_; and because f_,, (s) = f,, (s).
Thus, by the mean value theorem, for some £ = ¢ (p) with [¢] < 1,

1g<;’;8 1+1>+1g< ((‘3 1+1>
1

< |(#6) F6) (60 (26 ) v
Fp(®) Fp(®) Fp(s) fp(®) 1+€ (7, () fp(s) 1)
because |log (ce — 1+ 1)| < K|ce —1|and (ce — 1) = (¢ = 1)+(e — )+(c—1) (e — 1),
which implies that (2m)"? (asz (s) + as2 (s)) = O (m'/2X3;) = o(1) by C5. Proceed-
ing similarly, we obtain that (2m)"/? (as1 (s) + a4y (s)) = O (m 3202 [k) = o (m'/2)2)
by C5 and that (2m)1/2 (a3 (s) + aq (s)) = o(1).
To complete the proof we need to show (A.2). To this end, and denoting g, (s) =
fp_l (s) ]/C;, (s) — 1, it suffices to show that

(2m 1/221/}@ br (8¢) +b_r (s¢)) —>N< @221/}@> (A.3)

{=1

where by (s¢) = k™! Zf;:l 9p (80)—gr (s¢) and b_y (s¢) = k! 22:1 9—p (80) =9k (s0),
and forall £ =1,...,q,

(2m)" {(ar (s¢) = br (s0)) + (a2 (s¢) = by (50))} = 0, (1) (A4)
We begin showing (A.3). Write ¢y, (s¢) = ((Qm)l/2 /k:) Zp 1 9p (s¢). First,

m 2m—1
E (ck (Sz))(Zm)l/Q%{ZE(gp(Se S B+ 3 Bl }

p=1 p=14+m p=2m

By Proposition A.1 part (a) of Hidalgo and Robinson (2001), the first term on the
right of the last displayed equation is

0(%2( als)- 1/210ng(a(s)>0)+%I(a(s)<0))> :o(%) —o(1)

o pa(s)

by C5, whereas by Proposition A.1 part (b) of Hidalgo and Robinson (2001), the
second term is bounded by

mt/2 223 (log? m T (a(s) > 0)logm
Z(a(s) <0)+ =0 (k'm'?1log®m) .
k Z m ( ( ) ) ml—a(s) (2p _ m)a(s) ( & )

p=14+m
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Finally, the third term is O (m*1/2 logm) = o(1) by Proposition A.1 part (a) of
Hidalgo and Robinson (2001) and C5.
Next, the variance of ¢, (s¢) is bounded by

(Var ( ng Se ) + Var (% i 9p (8£)> +Var (% pz 9p (SZ)>> :

p=14+m =2m
(A.5)
The third term of (A.5) is

k k
52 Z Var (g, (Sg))+2k—}§ Z Cov (gp (s¢), 94 (5¢))

p=2m 2m<p<q

_ O(%) + im Z Cov (gp (se) , 9q (s¢))

2m<p<q

because Hidalgo and Robinson’s (2001) Proposition A.2 implies that mVar (g, (s¢)) =
O (1) for p > m. The second term on the right of the last displayed equation is
bounded in absolute value by

Er S vart” (g, (s0) Var'’? (g, (se)) + 3100 (g (s6) 0 (s0)] | =0 (1)
Ip.q TEq

where 7, g = {2m <p < ¢ < k,|¢—p| <m}and J5, = {2m < p < ¢ < k,[qg — p| > m},
as we now show. The second term on the left is O (k mzp om (N1 + m_3/2)) =

o0 (1) because by Proposition 2 part (a) of Hidalgo and Yajima (2000), because p, q >
2m implies p~1¢~'/? < m~3/2, whereas the first term is also o (1) because the sum
> T has at most km terms and by Proposition 2 part (a) of Hidalgo and Yajima
(2000), Var (gp (s¢)) = O (m™*) and by C5 m/k — 0. So, we conclude that the third
term of (A.5) is o(1).

Next, the second term of (A4.5) is bounded by

9 2m-—1

S Var (g, (s0) = o(1),

p=14+m

since by Proposition A.2 part (b) of Hidalgo and Robinson (2001), the left side is

O (k72 (m? + m'**® log>m)) = o (1) if ar(s) € (—1,1/2), for a (s) = 1/2 using that
w0 log ((p+m) /p)| = |3 (log (v +1) ~ log (v)) dov| < K, and for a (s) €

(1/2,1), because

9 3m/2 20(s)—2 1+a(s) 2 2 1+a(s) 2
m Z m m log®m m°+m log®m
= < prals)-t * 2 O( k? )Oﬂ)y
p=

using that m~! Z;”:_ll (p/m)l_za(s) < K. Finally, the first term of (A.5) is also o (1)

using Proposition 2 part (¢) of Hidalgo and Yajima (2000). Thus, we obtain that
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o (s) = ((2m)'/* /) 5y gp (50) = 0p (1). Likewise, e (se) = ((2m)"/? /k) S5 _, g-, (50) =
op (1), which implies that

(2m)"? (i (s¢) + b (s0)) = — (2m)" (gr. (s¢) + gk (50)) + 0, (1)

which converges in distribution to A (0, <I>2) by Lemma 1 in Appendix B. Form here
(A.3) holds true.
To complete the proof, we need to show (A.4). First, for any arbitrary €, > 0,

Pr{’(?m)l/2 a1 (s) — by (5)’ > 5} = Pr{’(?m)l/2 ay (s) — by (s)‘ > g sgp lgp (s)| > 17}

#Pr{|em e 9) < e 9] > &5 suplgy (9] < 0}

The first term on the right converges to zero since sup,, |g,, (s)| = o, (1) by Proposition
A.3 of Hidalgo and Robinson (2001), with » = 2 there. Since |logz — (z —1)] <
271 (z — 1)? for = close to 1, by Markov inequality, the first term on the right also
converges to zero if

k k k
ZE (g9 (s) + Z (Var(gp(s)) + Var (g (s))) + Z (E?(gp (s)) + E? (gx (5)))
p=1 p=1 p=1

k
= °\az )

which is the case by Hidalgo and Robinson’s (2001) Propositions A.2 and A.1 respec-
tively. Similarly,

Pr {((zm)l/2 as (s) — b_y, (5)‘ > 5} 0.
This concludes the proof of the theorem. O
Proof of Theorem 3.1 Using (A.1),

5

(s) = am(s) =) ag(s)+a(s).

q=1

Proceeding as with the proof of Proposition 1 and by Lemma 4, sup,_, 5 Z?:3 laj (s)| =
o (m~/2log™" n) and sup,_ 5 |a(s)| = o (m/?log™" n), respectively. So, we are
left to examine the behaviour of aq (s). Let hy (s) = a1 (s) — ¢1(s) and ha(s) =
as (8) — ca (8), where

c1(s) = 1 : fp(sl_fp(s) B fk(sl—ﬁ(s)

o kZ{( £ (5) ) ( T () )}

e (s) = 1 - M B J?—k(i)fik(s) '
¥ ’“;1{< [ (s) ) ( i (s) )}

We show first that
(2m)1/2 sup |h;(s)|=o0,(1), j=1,2. (A.6)

s=0,...,n
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Since the proof for j = 1 and j = 2 are similar, we only handled the case j = 1. For
any arbitrary €, > 0,

Pr{ sup 2m1/2h1(s)‘>5} = Pr{ sup (2m)1/2h1(s)‘>€; sup |§q|>77}
q=0,...,n s=0,...,7 q=0,...,n
R CORC BRI S
§=0,...,n q=0,...,n

where £, = f_lf —1). The first term on the right of the last displayed equa-
q a Ja

tion converges to zero since Propositions A.1 and A.3 of Hidalgo and Robinson
(2001) imply that sup, ’§q| = 0, (1). So, using the definition of a; (s) and that
llogz — (z — 1)] <27 (z — 1)? for z close to 1, we obtain that

1/2 (2m)1/2 : 2 2
em)? swp |h (9] £ K s ST g () + 67 (5)
s=0,...,n s=0,...,n a=1
< K (2m)1/2 sup 512,.
p=0,...,7n

Therefore, to conclude the proof of (A4.6), it suffices to show that

(2m)1/2 s(;up ~ |§12)| =0, (log71 n). (A7)
p=0,...,
Denoting
1 _ L. I .
Y1 = Z Wi fitp <£ — (2m) =4 p)
2m +1 =g tpts fj+p O¢
1 m E (I+ )
Uy = Y. Wifiw <1 - —Jp>
2m+1 Jm—m g dpts fi+p
1 m I
gt
V3, = Dy Z W; fi+p <(27T) % - 1) ;
J=—m.j+ps ¢
we obtain that
~_ I(lp—sl<m
= Iy (i vy 4 vy + TS ) (B, -1, (A

Since sup, 512) = (supp lﬁp’)z, the contribution of the last term on the right of
(A.8) into the left side of (A.7) is o (log ™" n) by C5 and because by Proposition Al
of Hidalgo and Robinson (2001) and that K1 < |j7“m(5)| < K for j = 1,...,7,
|E¢, — 1| = O (n"'m+m~tlogm). Next, Hidalgo and Robinson’s (2001) Proposi-
tion A.3 implies that the contribution due to vy, (s) 4 1, (s) + IO%‘ZEMISWS_I)
into the left side of (A.7) is O, (m_1/2 log? n) =op (log71 n). So, it remains to show
that the contribution due to 13, (s) is also o, (1og_1 n), which follows by Lemma 3
in Appendix B. So, (A.7) holds true.
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Thus, to complete the proof of the theorem, it suffices to examine the limit distri-
bution of ¢,, (supsz()’.._ﬁ (2m)1/2 D=1 (c1(8) +c2(s)) — bn). To that end, denote

crels) = %i{f,ﬂ(s) (£ Qo2 =1) = £ () (F w420 - 1) }

p=1
k
e = 2{FE (B O+ -1) = FLe) (ROt -1)}
p=1
where N
Je )= 2m1+ 1 Yo Wif G+ w

J=—m,j+p#s ¢

We first show that
sup ¢ (s) —¢je (8)] = 0p (mfl/Q log™* n) , j=1,2 (A.9)
s=1,...,n
We deal only with the proof for j = 1, that for j = 2 being similarly handled.
Proceeding as with the proof that sup,_, 5 2m)"/* n, (5)‘ = o, (log™"'n), (A.9)
holds true if

m
~_ [ 1 27T _
sup (i () D> Wifipaes (M - Q)Ie,j+1+s> =0p (m1/2 log ™ ”) -
#=0, j=—mog s Jiies 02

Writing 02 = 1, without loss of generality, and observing that under HyU H,, K~ <
f1(s) < K for all A; € [0, 7], we have that the left side of the last displayed equation
is bounded by

m I s
K{ sup +  sup } Z Wi fit1+s < ) Ie,j+1+s> :
s=0,...,m s=m+1,...,n j=—mn,jtpts fj+1+s
(A.10)
Since K~! < f; < K for all j # s and W ()) is bounded, the expectation of the first
term of (A.10) is bounded by

2m

M E
s=1

by C5, proceeding as in the proof of equation (4.8) of Robinson (1995b), but using
Lemma 4 of Appendix B instead of Theorem 2 of Robinson (1995a) there. On the
other hand, the second term of (A.10) is o, (m1/2 log™! n) by Proposition A.3 of
Hidalgo and Robinson (2001), which completes the proof of (A.9).

To finish the proof we need to examine 1, = ¢,, ((Qm)l/2 D sup,_g 5 (Cre(s) + cae(s)) — bn)

under Hy. Note that under Hy, ., (s) and @(s) are zero. We first give an intu-
ition /heuristic explanation about what we should expect regarding the behaviour of

I
= _2n) L,
-l

=0 (mn ") =0 (m1/2 log™* n)

v,,. Because (2m)1/ 2 ¢je(8), 7 = 1,2, behaves as independent random variables
when evaluated at Ag,,¢ for £ = 1,..., M, whereas for any Al and M\? such that
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|/\1 - )\2| < d4mm/n, (Zm)l/2 (cte (/\1) + coe ()\1)) and (2m)1/2 (e (>\2) +coe (/\2))
has a correlation structure which satisfies condition (v) of Theorem A.1 of Bickel and
Rosenblatt (1973), see also Pickands (1969) equation (1.2). Hence, we should expect
that the limiting distribution of v,, corresponds to that given in Theorem 1 of Bickel
and Rosenblatt (1973), see also Theorem 8.2.7 of Leadbetter et al. (1983).

So, to show that

Prob {(bn <(2m)1/2 7! sup (cre(s)+cae(s)) — bn> < z} — exp (—e %),
5=0,...,n

(A.12)
the strategy will be to show that (Zm)l/ % ¢e () converges to a Gaussian process, say
B (u), in D[0,00) with a covariance structure satisfying conditions (v) and (vi) of
Theorem A1 of Bickel and Rosenblatt (1973) with o« = 1 or 2 there depending on
W (M), see also Pickands (1969) equations (1.2) and (2.1). It worth noting that the
proof of

Prob {¢n ((2m)1/2 7' sup —(cre(s) +eae(s)) — bn> < Z} —exp (—e %)

s=0,...,n
follows similarly and thus is omitted.
To that end, we will show that c. (\,) converges to a Gaussian process in I [0, 00)
with Stone’s (1963) extension of Skorohod’s J; topology. Following Pollard (1980),
it suffices the convergence in D [0, K] for any K > 0. First, because under Hy,

fp_lﬁ, -1=0 (m_l) and sup,, |f, — fp+jl = o (mn_l), the distribution of 1, is

governed by that of ¢, ((Qm)l/2 Dl sup,_g 5 (Cre (5) + C2e (5)) — bn) where

zk:{(fe(ApHs)—l) ~(F a0 1))

=

51,@ (S) =

{(fe )\—p+)\s) - 1) - (fe ()‘—k +)\s) - 1)}

=

52,@ (S) =

and
o 2

feW =577 S Wi (A + ).

J=—m,j+pF#s

First, Proposition 1 and Wold’s device imply that the finite dimensional distri-
1/2 ~

butions of (2m)"/“ ¢, (s) converge to those of B (u). Next, we examine the corre-

lation structure of (2m)1/2 (C1,e () +C2,c (5)). Since k1 Zf}:l (fe (Ap+As) — 1) =

op (m~1/2 log™* n), say, we only need to examine the correlation structure of ((271') Fo O+ Ae) — 1) +
((277) fe Ok + Ao) — 1). Let M (A, — Ap,) = (2m) mb (€1, ¢2), where b(-) does not

depend on m_and without loss of generality greater than or equal to zero. From

definition of f. (Ax + A¢) it is well known that

Cov (fe Ok +20) + Fo O+ A0) o fe O+ 20) + Fo O + /\52)) =o(m™)
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if b(f1,02) > 1, whereas if 0 < b(l1,42) < 1

(2m)? lim 2mCov ( Fo e+ Ae) + Fo Oci+ M) fo O+ Ay) + o O + )\42))

| }fﬂW(u)W(qub)du
[T W2 (u)du ’

= r(b)=

where for notational simplicity we have denoted b ({1, ¢2) by the constant b. However
as b — 0, by Bickel and Rosenblatt’s (1973) Theorem B.1 and C3, the right side of
the last displayed equation satisfies

<

—
=

=
I

1—§|b\+o(|b|) i W (1) £ 0

K
r) = 1- 5 b]> + o (Ib\2) otherwise.

So, if the process ((277) 2 (Mg + Xe) — 1) + ((277) . Ak + X)) — 1) were tight, ap-
plying Theorem 3.1 of Bickel and Rosenblatt’s (1973), see also Stadtmiiller’s (1986)
Theorem 8, we would conclude the proof of the theorem. So, it remains to prove the

tightness condition to complete the proof.
To that end, denote

X, (k) = (ZmHl/Q ZW Ljik —E(Ijw), k=1,..,7

j=—m

and let k/2m = 1/2m,.... M = [n/4m]. So, X,, (k) is a process in I [0, M] equipped
with Skorohod’s metric. Extend D [0, M] to D0, 00) by writing X,, (00) = X, (M).
By Pollard (1981, Ch.V'), we need to show tightness in I [0, K] for any finite K > 0.
To that end, by Brillinger’s (1968) Theorem 15.6, it suffices to show the moment
condition

(1+6)/2 (1+8)/

k—Fk

B (12 () = X, (97 10 () - X, k) ) < ¢ 228 —

for some § > 0 and where 0 < k1/2m < k/2m < ky/2m < K. Because for any
0<a<b<c<K,le=bllb—a|l < |c—al’, by Schwarz’s inequality, the last
displayed inequality holds true if

(1496)

ka2 — ky ’ (A.13)

B X, (k) = X, (k)| < K| 2

which is the case as we now show. First, by Brillinger’s (1981) Theorem 5.2.3., if
|k‘2 — ]{?1| <2m

4
m

(2 + 1 PSRN Z W { ej+ks E(IE,j+k2)) - ([e,j-i-kl - E(Ie,j+k1))}
j=—m

ko — k1 ko — Ky |

< K|
m m

<K
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whereas if |ko — k1| > 2m,

4

1 m
E ot 0 WidTejine = B (Teji) = e jns — B (Ie jin,))}
j=—m
ko — ki |

m

<

K g
m

So (A.13) holds with ¢ = 1, which completes the proof of the tightness condition of
X, (k). By the same arguments it is clear that k! ZI;:1 (fe Ap+As) — 1) is also

tight. Similarly, the processes X,, (—k) and k=1 ZI;:1 (fe (Aop+As) — 1) are also
tight. This concludes the proof of the theorem. O

Proof of Corollary 1 Following the arguments of Theorem 3.1 and 3.2, we only
need to examine the behaviour of

o <(2m)1/2 &' sup af(s)— bn> .

s=0,...,n

However, from the proof of Theorem 3.1 and since under H, ¢,, (Zm)l/ 2 Qo (8) —
a and @ (s) = o (m~'/2log™" n) by Lemma 4, we only need to show that

Prob {dm <(2m)1/2 7' sup (cre(s) +eoe(s) — bn> <z-— a} — exp (—e7?).

5=0,...,1
(A.14)
But using the same arguments as in Theorem 3.1, (A.14) holds true if

(a) The finite dimensional distributions of (Zm)l/ 2 (c1,e (8) + c2e(s)) converges to
those of a Gaussian process with correlation structure r (b).

(b) Tightness condition of (2m)1/2 (c1,e (8) + c2,e ().

However, assuming for simplicity that f, =\, am(s) hecause for all p
(27) fp—1 = exp (—m~2log (n/p))—1 = O (m~/?log ™' n), we have that the distri-

From here, the proof of (a) and (b) follows proceeding as with the proof of Theorem
3.1. O

Proof of Corollary 2 The proof follows after observing that Proposition 1 implies
that a (s) 2 a(s). So,

2m)? @ (s) = 2m)"? (a(s) + 0, (1))

Now denote by A, the closest Fourier frequency to A\”. Then, the right side of the
last displayed equation implies that

sup {(2m)"? @ ()] — by > (2m)"? | (s7)| = b, > K (2m)"/? |a (s*)] — o,

§=0,...,n

which completes the proof. O
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Proof of~Theorem 4.1 Denote f, (s) = (2m + 1) > Wi, Since k! Zl;:l log f, (s)—
log f (s) = 0, it implies that

We first show that the finite dimensional distributions of @ (s) converge to those
of a Gaussian process. To that end, it suffices to show that for any finite set of
constants 1y, ..., 9,

q q
(2m)" 2y (s0) S N (0, o Zwi) -
=1 =1
For that purpose, and denoting g (s) = f,* (s) f; (s) — 1, it suffices to show that
Ly - q
(2m)"/ > e (b5 (s0) + 074 (s0)) S N (o,qu Zw?) (A.15)
=1 (=1

where by, (s¢) = k™1 Y0 g5 (se)—gi (se) and b, (se) = k™2 Y00y g%, (s0)—g" . (s0),
and forall £ =1,...,q,

(2m)"/2 @ (s0) — (B} (s0) + b (50))) = 0p- (1), (A.16)

We show (A.15) first. Write ¢}, (s¢) = ((2m)1/2 /k:) ZI;ZI g (s¢). Because E* [ =
(21) 7", E(c} (se)) = 0. Next,

k k

* * 2m * % * * *

E* (¢ (s0))* = =) STE g0+ Y. E* (g, (s0) g, (s0)
p=1 p1,p2=L1;p17#p2

om [ (g | 25 u i ; 2%
SR(ET) b s

p=1 p1,p2=1;p17#p2 |p1—p2|<m;p1#p2

using Proposition 10.3.2. of Brockwell and Davies (1991), where i, and 6> are the
sample estimators of the fourth order cumulant and variance of x;. But the right side
of the last displayed equation is

which implies that ¢}, (s¢) = o0p~ (1). Likewise ¢*; (s¢) = ((2m)1/2 /k) Zlgzl gx, (se) =
op+ (1). Thus, we conclude that

(2m)"? (b5 (se) +b% (s0)) = — (2m)""? (g5 (s¢) + 9% (5¢)) + 0p= (1)
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so that (A.15) is shown if (2m)"/2 320 4y (g7 (s¢) + 974 (s0)) & N (0, @71 S0, 42).
Proceeding as in the proof of E* (c}, (s¢))? 2 0, it is easily observed that

2mE* (Y0_1 e (g5 (se) + g7, (sz)))2 L @132 7. So, to complete the proof of
(A.15), we need to show the Lindeberg’s condition, that is

m

P
kaw ( Ik+s£>5) L.

]_7m

A sufficient condition is that E*m=2 """ e I;4,, = op (1), which is easily shown to
hold true.

Therefore, to complete the proof of the convergence of the finite dimensional dis-
tributions of @* (s), we need to show (A.16). First, for any arbitrary €, > 0,

Pr{’(?m)l/Q & (s) — (b (s0) + " (Sz))’ >y}

= Pr{’(Qm)lm a* (s) — (b}; (sg) + b7 (55))‘ > g sgp|g; (s)‘ > n|x}
+Pr {‘(Qm)l/Z a” (s) — (by (s¢) + by, (sz))‘ > & sgp ’g; (s)| <n X}-

The first term on the right converges to zero since sup,, | 9r (5)| = 0p+ (1) by an obvious
extension of Hidalgo and Robinson’s (2001) Proposition A3, with = 2 there. Since
llogz — (z —1)] <271 (z —1)? for z close to 1, by Markov inequality, the first term
on the right also converges to zero if

1/2 k p
SRR 60+ (4% () + % () S0

which is the case by Hidalgo and Robinson’s (2001) Propositions A2 and A1l respec-
tively. This concludes the proof of the finite dimensional distributions of &* (s).
Next we show that

(2m)"/ b (s)‘ =op (1), j=1,2 (A.17)

where h* (s) = a" (s) — ¢} (s) — c5 (s) with

e - I (BE-R6) ms)_fk(s))}
o k;{< Fo(s) ) ( T (5)

N RN N O R IO S AN O R YO
) kE{( T (5 ) ( e )}

Indeed, first for any arbitrary e, > 0,

Pr{ sup (2m)1/2h* (s)‘ >5X} = Pr{ sup (2m)1/2h* (s)‘ >¢g;  sup |§q| >77X}
g=0,...,1 $=0,...,7 g=0,...,n
+Pr{ sup [(2m)Y? h* (5)‘ > g5 sup [ <17x}.
s=0,...,n 0,...,n
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where 52 = (f:;lf(j — 1). The first term on the right of the last displayed equa-

tion converges to zero since Propositions A.1 and A.3 of Hidalgo and Robinson
(2001) imply that sup, « (1). So, using the definition of a* (s) and that

llogz — (z — 1)] <27 (z — 1)* for z close to 1, we have that

1/2 k

(2m)"* swp b (s) KS:SO“P ML R L R ARR ALY

IA

< K(@2m) 1/2 sup~§p.

p=0,...,n

Therefore, the proof of (A4.17) is completed if

(Zm)l/zp sup &= o0y (log™' n),

which is the case since following the same steps of Lemma 3 in Appendix B, it implies
that it is o)~ (m_1/4) = Opr (log71 n)

Thus, to complete the proof of the theorem it suffices to examine the limit distri-
bution of ¥ = ¢, (SUPS:owm (2m)1/2 D1 (5 (s)+ 5 (s)) — bn). To that end, we
need to show that

Prob {¢}, < z \x} L exp (-

However, since f, (s) is constant and f, (s) — [*, W (u) du = O (m™?), it suffices to
show that

Prob {0, ((2m)! 207 sp @ ()43 () = b ) < 2l f Lexn (7).

$=0,...,7
(A.18)
where
56 = 2 {(Fe-en) - (Fe-eo)
p=1
Gs) = %i{(&( )—@m ) = (Fr@ -0}
p=1

The strategy to show (A.18) is similar to that of (A.12). In particular, we will show
that ¢* (s) converges, in bootstrap, to a Gaussian process in D [0,00) with Stone’s
(1963) extension of Skorohod’s J; topology. Following Pollard (1980), it suffices
the convergence in D [0, K] for any K > 0. First, Proposition 1 and Wold’s de-
vice imply that the finite dimensional distributions of ¢* (s) converge in bootstrap to

those of B (u). Next, we examine the correlation structure of (Qm)l/ 2% (s). Since
~ 2

E” (k_l ZI;:1 (f; (s) — 1)) = 0, (m™! log ™2 n), we only need to examine the cor-

relation structure of ((27r) ﬁj (s) — 1) + ((27r) ffk (s) — 1). Let M (Ao, — A,) =

(2m) mb (€1, €2), where b(-) does not depend on m and without loss of generality
greater than or equal to zero. From definition of f}, ,(s) it is well known that

Cov* (fijl (s) ,ﬁ;k+£2 (s)) = n_l,ﬂ4 +m~ 1254 = Op (m_l)
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if b(f1,02) > 1, whereas if 0 < b(l1,42) < 1

ST W (W) W (u+b) du

() 2mCou” (e, (9)+ Fave, (9, Fias ()% P, (9) 57 0) = ==

Now proceeds as in the proof of Theorem 3.1. So, it remains to prove the tightness
condition to finish the proof.
Denote

m

* _ -1 _ ~
X* (k) = 2m+11/2J—2_m (M (27) ) k=1,..7

and let k/2m = 1/2m, ..., M = [n/4m]. So, X (k) is a process in D [0, M] equipped
with Skorohod’s metric. Extend D [0, M] to D0, 00) by writing X, (00) = X, (M).
By Pollard (1981, Ch.V'), we need to show tightness in [0, K] for any finite K > 0.
To that end, by Brillinger’s (1968) Theorem 15.6, it suffices to show the moment
condition

ko — k (1+6)/2 k—ky (1+6)/2

m

B (12 (ka) = X5 (K)* [ X (k) = X (k0)[*) < K Ho (ko k)

for some § > 0 with H,, (ko, k1) being bounded in probability, and where 0 < k1 /2m <
k/2m < ky/2m < K. Because for any 0 < a < b < ¢ < K, [e—=b||b—a|] < |c—al?,
by Schwarz’s inequality, the last displayed inequality holds true if

(149)

ka — by , (A.19)

B X} (k) — X (k1)|* < KH, (Ko, k1)

which is the case as we now show. First, by Brillinger’s (1981) Theorem 5.2.3., if
|k‘2 — ]{?1| <2m

4
E (2m +11/2];mw {(”"2 2 )1)7(;’4’“17(%)71)}
< k|l h <K—k2_l€1
< 2| S o )
whereas if |ko — k1| > 2m,
4
Pl 3w {(l - @0 7) - (s - )} < e[

j=—m

o (A.19) holds with § = 1 and H, (k2,k1) = 1. By the same arguments it is
clear that (Zm)l/ 2t Zﬁzl ( f;‘ (s) — (27r)71) is also tight. Similarly, the processes

X, (—k) and k1 215:1 (fip (s) — 1) are also tight. This concludes the proof of the
theorem. O
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APPENDIX B

Lemma 4.3. Let p = p (n) be such that p~I+p~Im+n=1p — 0. Assuming C1-C5,
as n — oo ,

(2m)""% (g, (s) +9_, (5)) % N (0,1),

where % means convergence in distribution.
Proof. The proof follows from Theorem 1 of Hidalgo and Yajima (2000). O

Lemma 4.4. Assuming C1-C5, as n — oo

sup ng| =0, (1).

p=1,...,n

Proof. Denote r = gm?, for ¢ =1,...,m =P, where 0 < 3 < 1. Then

sup |93, | = sup sip |az,|

p=1,...,n

where sup, and sup,, denote sup,_; _ ,,-s7 and sup,_y,_,,s .. The triangle in-
equality implies that the left side of the last displayed equation is bounded by

2o |y 3 W fw( )Ieg;’“l) (B.1)

— e

[ r [e’
+25upsup 5 +1 Z W; (fﬁr ((27r) ’” 1>fj+p <(27r);—2+pl>> :

1/4
Because sup, [c,| < (Zp |cp\4) , Brillinger’s (1981) Theorem 7.2.2 implies that the
expectation of the first term of (B.1) is bounded by

a\ 1/4

mPn m
1 I,ﬁr _ —1/2-8/4 1/4
K ;EzmHZWfW((zw) - 1) - o(m n )

j=—m €

= o(l),

by C4. Then Markov’s inequality implies that the first term of (B.1) is o, (1). The
proof is thus completed if the second term of (B.1) is also 0, (1). By triangle inequality,
the second term of (B.1) is bounded by

m [6 .
2supsup | +1 PORIATARS A (2 F= 1) (B.2)

1 m I, - [ej-‘,-p
+28upsup 1 Z Wi fitp <((27T) UJ —1) - <(27r)7 —1)) .

j=—m € €
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Since iWJ ((27r) Leager 1) = O, (m'/?) and the continuous differentiability of f
implies that |fj1r — fj4p| < K (r —p) /n it is straightforward to show that the first
term of (B.2) is o, (1). Finally the second term of (B.2) is, except constants,

m

> Wifirp Tejir = Lejip)|-

j=—m

supsgp Dy

The fourth power of the last displayed expression is bounded by

4
[m }—1—m
sup sup Z Wi fitp Uejip — Ele jyp)
¢ p |2m+1
Jj=p+m
4

[7” ] m

+SL{11pSI;p2 Jrl Z Wi fi+p (Lej+p = Ele jip)

j=p—m
whose expectation is bounded by
m /2 am’] , .
Z 1+z[:ﬁ] (q [mﬁ] N p) =0 (m4*25) =o(l)
=1 p=l+gq[m

by C4 and that from the proof of Brillinger’s (1981) Theorem 7.7.4.,

E|Y%2 it 41 WiFitp Lejap — EIejer)‘ < K (fy — £,)°. This completes the proof of

the Lemma. O
Denote the Fourier Discrete Transform of a sequence of random variables a; by

I &~
wq () = - Zate A
t=1

and v, (Aj) = wq (A;) /fl/2 (Aj), where f, (A) is the spectral density function of a;.
Lemma 4.5. Assuming C1-C3, as n — oo

(al) E (va (X)) s (X)) —Rap (X)) O (n~'logn),

(a2) E (va (A ) b(\) = O(n'logn

(a3) E (vg (N)Tp (\k)) O (n~"logn

(a4) E(va(N) v (M) = O(n"'logn

under the null hypothesis, whereas under local alternatives, that is o(m)= K /m,

7

)
)
)
)

(b1) E (va (0) Ty (\)) —Rap (V) = O(mln((mlog M)~ 1/2,j711ogn))
(02) E(va (\j)wup(Ny) = O(min((mloggM)_l/g,y_llogn))
(03) B (va (\) Ty (\) = o(mm((mlogzM)*”g,y 11ogn))
(b4) E(va(\) s (W) = O (min((mlog® M)~"* ;=" 1ogm))

where a; and by are x; and/or e;.
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Proof. The proof of (al) — (a4) follows from Theorem 4.3.2. of Brillinger (1981).
Next, (b1). For notational simplicity, we will consider the case where a; = by = x4,
the case when a; and/or b; is e; follows similarly if not easier. From definition of
vz (Aj) and the triangle inequality, |E (vs (A;) Tz (A;)) — 1| is bounded by

AW [ B0 RONEO-A) dx\ (B.3)
H[ B0 -nonea-ya| (B.4)

because under local alternatives, for all n K~! < f()\;) < K for j = 1,..., 72, where
G (u) is the Fejer’s Kernel and where we have written f( Y=F1 (M) fa ( ) such that

f2 (A) is continuously differentiable and f; (A) is continuously differentiable outside
1/2
any open set outside the origin and f; (\) = A=/ (mlog” M) oo\ 0.

By Theorem 4.3.2. of Brillinger (1981), (B.3) is O (n_l logn) . So, it remains to
examine (B.4). C1 implies that we can pick é§ so small that the component of (B.4)
due to integration over (—m,—§) U (6,7) is O (n~'logn) proceeding as in Robinson
(1995a, page 1061). Next, the contribution of the integral f:;"’/ % o (B.4) is bounded
by

—Xi/2
‘ / (L) = f1 (A7) 2 () G (A — ;) dA

IN

]/2
'/ (RO =D BN GO ) i

2;/2
+ / (fi (N) = 1) f2(A) G (A= Aj)dA
-6

= O(m™'j71),

because for A > 0, ‘/\_O‘/(mlog2 M) 1‘ =0 ((mlog2 M) Y 2) and [ G (A= A))dr =
O (j_l). By an identical argument, ‘f;/\j‘ =0 ((m log? M)_l/zj_l) and the contri-

bution of ‘f/\zj’\/’z is O ((m log? M)_l/z). To complete the proof that (B.4) is

O (min((m log? M)_1/2 ,i log n)), we have to examine the contribution of

A /2
‘/ () = f1 () G (A= Aj) dA

>\/2

<

o) (fr (N) = fr (X)) G (A= Aj) dA

/(—/\]-/2,/\]-/2)/(—7»2,n2)

-2

[ 0G0 -a00)60- 1) b

_n-2

+
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The first term on the right of the last displayed inequality is O ((m log® M )71/2)
proceeding as before, whereas the second term is bounded by

K max G(\— )\)/” (f1(>\)+f1(>\j))d)‘zo(”_1>'

[Aj<n—2 -2

This concludes the proof of (b1). The proof of (b2) — (b3) proceeds as in the proof of
Robinson’s (1995a) Theorem 2 and the arguments given in the proof of (b1). O

Lemma 4.6. Under the local alternative H,, @ (s) = o (m™1/2 log™! n).

Proof. Taking W; = 1 for notional simplicity, we have that

m m
am (s) y—am (s) _ _ 1 A (s)
2m+1 (A N 1) = g 3 (e 1)
=—m j=—m
1 m
= i Z exp (0 (5) log|p/ (p+5)I ) — 1)

= am(s)log (Ip/ (p+74)ls) +o (am (s) logn)

by Taylor expansion of e* around x = 0. So, from the definition of @(s) and Taylor
expansion of log z around z = 1, we obtain that

k m
1

als) = am(s) Epz::l 2m+1
+o0 (am (s)2 log n)
= o(am(s))

since (2m+1)"" Yo nloglp/ (p+4)|, = O(1) by integrability of log (z/ (1 + 2))
and that mk~! = o (1) by C5. Now use a, (s) = O (m~/?log~ ! n) to conclude. [

1 m k
- g2
’er] 2m+1j;_m k+7|,

j=—m
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