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Wkhuh lv dssduhqwo| d sdudgr{ lq wu|lqj wr dvvhvv/ erwk hpslulfdoo| dqg wkhr0
uhwlfdoo|/ wkh lpsdfw ri frpshwlwlyh suhvvxuh rq lqqrydwlrq dqg jurzwk1 Rq rqh
kdqg/ lq wkh Vfkxpshwhuldq wudglwlrq/ wkh uhzdug surylghg e| prqrsro| uhqw
lv uhtxluhg wr vwlpxodwh vx�flhqw U)G lqyhvwphqw dqg whfkqrorjlfdo surjuhvv/
dqg wkh phdqv dqg sur�wdelolw| ri lqqrydwlrq duh mhrsdugl}hg e| lqwhqvh frp0
shwlwlwrq1 Rq wkh rwkhu kdqg/ wkh lqfhqwlyhv wr lqqrydwh duh zhdnhu zkhq wkhuh
lv d prqrsro| wkdq lq d ohvv frqfhqwudwhg lqgxvwu| +Duurz 4<95/ Gdvjxswd dqg
Vwljolw}/ 4<;3,1 Zkhq frpshwlwlrq lv lqwhqvh rq wkh surgxfw pdunhw/ lqqrydwlrq
pd| eh vhhq dv wkh rqo| zd| iru d �up wr vxuylyh1

Lq wkh qhr0Vfkxpshwhuldq prghov ri hqgrjhqrxv jurzwk +Vhjhuvwurp hw do1/
4<<3/ Djklrq dqg Krzlww/ 4<<5/ dqg Jurvvpdq dqg Khospdq/ 4<<4, lqqrydwlrq
doorzv d �up lq dq lqgxvwu| wr wdnh wkh ohdg dqg jdlq sur�w1 Exw wkh prqrsro|
uhqw hqmr|hg e| wkh zlqqhu lv rqo| whpsrudu|/ dqg d qhz lqqrydwru/ fdslwdol}lqj
rq dffxpxodwhg nqrzohgjh/ lv dozd|v deoh wr _ohdsiurj% wkh ohdghu1 Lq vxfk d
sdwhqw0udfh prgho +Uhlqjdqxp/ 4<;8,/ dowkrxjk wkh lghqwlw| ri wkh prqrsr0
olvw lq hdfk lqgxvwu| nhhsv ydu|lqj ryhu wlph/ wkh pdunhw vwuxfwxuh uhpdlqv wkh
vdph1 Wklv lv d prgho ri jurzwk wkurxjk fuhdwlyh ghvwuxfwlrq/ vwuhvvlqj frp0
shwlwlrq dw wkh uhvhdufk ohyho/ dqg qrw dw wkh surgxfwlrq ohyho1 Pruh uhfhqwo|
Djklrq/ Kduulv dqg Ylfnhuv +4<<:,/ vxssrvlqj d gxrsro| lq hdfk vhfwru/ erwk dw
wkh uhvhdufk dqg wkh surgxfwlrq ohyhov/ kdyh lqwurgxfhg zkdw wkh| fdoo _vwhs0
e|0vwhs lqqrydwlrq% dffruglqj wr zklfk whfkqrorjlfdo surjuhvv doorzv d �up wr
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wdnh wkh ohdg/ exw zlwk wkh odjjlqj �up uhpdlqlqj dfwlyh dqg hyhqwxdoo| fdsdeoh
ri fdwfklqj xs1 Wklv prgho kdv ehhq h{whqghg e| Hqfdrxd dqg Xosk +5333,/
doorzlqj iru wkh srvvlelolw| wkdw wkh odjjlqj �up ohdsiurjv wkh ohdghu/ zlwkrxw
gulylqj lw rxw ri wkh pdunhw1 Dv vxjjhvwhg e| Wkrpsvrq dqg Zdogr +4<<7,/
wkhvh wrxuqdphqw prghov uhsuhvhqw d zd| wr frpelqh wkh wzr nlqgv ri lqqryd0
wlyh fdslwdolvpv ghvfulehg e| Vfkxpshwhu +4<5;,/ _frpshwlwlyh fdslwdolvp% dqg
lwv fuhdwlyh0ghvwuxfwlyh surfhvv/ dqg _wuxvwl�hg fdslwdolvp%/ iru zklfk uhvhdufk
frpshwlwlrq wdnhv sodfh dprqj dfwlyh �upv lq wkh vdph lqgxvwu|1 Wkh dgydq0
wdjh ri wkhvh qhz wrxuqdphqw prghov lv wr shuplw dq dqdo|vlv ri wkh h�hfwv ri
ydu|lqj wkh surgxfw frpshwlwlrq uhjlph +lpso|lqj gl�huhqw lqwhqvlw| ri ulydou|
ehwzhhq �upv, rq lqqrydwlrq dqg jurzwk1 Exw lq wkhvh dqdo|vhv/ wkh qxpehu ri
�upv/ hyhq wkrxjk gl�huhqw iurp prqrsro|/ uhpdlqv �{hg1

Rxu sxusrvh lv wr vwxg| wkh uhodwlrqvkls ehwzhhq wrxjkqhvv ri frpshwl0
wlrq rq wkh surgxfw pdunhw/ vwudwhjlf U)G lqyhvwphqw dqg jurzwk/ lq d prgho
zkhuh wkh qxpehu ri �upv lv hqgrjhqrxvo| ghwhuplqhg1 Dv xvxdoo| xqghuvwrrg/
_wrxjkhu frpshwlwlrq% phdqv orzhu sulfhv dqg pdunxsv iru dq| jlyhq qxpehu ri
�upv1 Zh ghyhors dq ryhuodsslqj jhqhudwlrqv prgho/ zkhuh �upv dv zhoo dv frq0
vxphuv kdyh d wzr0shulrg olih +lq frqwudvw zlwk wkh suhylrxv wrxuqdphqwv prghov
zkhuh �upv duh lq�qlwho|0olyhg,1 Ilupv lqyhvw lq U)G gxulqj wkh �uvw shulrg
dqg frpshwh rq wkh surgxfw pdunhw lq wkh vhfrqg shulrg1 Frpshwlwlrq dw wkh
uhvhdufk ohyho lv vwloo prghoohg dv d wrxuqdphqw xqghu xqfhuwdlqw|= lw lv d sdwhqw
udfh exw lqfoxglqj wkh srvvlelolw| ri vhyhudo vlpxowdqhrxv zlqqhuv dqg lpshuihfw
sdwhqw surwhfwlrq +wkhuh duh vslooryhu h�hfwv,1 Iru d �up/ wkh vwudwhjlfdoo| fkr0
vhq suredelolw| ri lqqrydwlqj/ dqg wkxv ri lqfuhdvlqj whfkqrorjlfdo nqrz0krz/
lv surgxfhg e| vlpsoh oderu/ dv vxssolhg e| |rxqj frqvxphuv/ h{shfwlqj vrph
vkduh ri sur�wv zkhq rog1 Wkh qxpehu ri �upv lv hqgrjhqrxvo| ghwhuplqhg
wkurxjk fdslwdo pdunhw fohdulqj/ qrw wkurxjk d }hur sur�w frqglwlrq1 Rxu pdlq
frqfoxvlrq zloo eh wkh qrq0prqrwrqlflw| ri wkh uhodwlrq ehwzhhq wkh wrxjkqhvv
ri wkh frpshwlwlrq uhjlph dqg wkh lqfhqwlyhv wr lqqrydwh1 Wkh htxloleulxp ohyho
ri U)G h�ruw pljkw eh ghfuhdvlqj ru kxps0vkdshg zlwk lqfuhdvlqj frpshwlwlrq
wrxjkqhvv1

Wklv frqfoxvlrq uhyhuvhv wkh uhvxowv uhdfkhg e| wkh wrxuqdphqw prghov deryh/
dw ohdvw lq frpsdudeoh vlwxdwlrqv +l1h1/ zkhq doo �upv lq dq lqgxvwu| kdyh wkh
vdph nqrzohgjh ohyho h{ dqwh,1 Wkhuh/ pruh lqwhqvh surgxfw pdunhw frpshwlwlrq
0 vxfk dv xqghu Ehuwudqg frpshwlwlrq zlwk uhvshfw wr Frxuqrw frpshwlwlrq 0
hqkdqfhv lqqrydwlrq dqg jurzwk1 Exw lw dovr frqwudglfwv wkh uhvxowv rewdlqhg
lq qrq0wrxuqdphqw prghov ghdolqj zlwk wkh vdph lvvxh1 Iru lqvwdqfh/ ydq gh
Noxqghuw dqg Vpxoghuv +4<<:, dovr vkrz wkdw Ehuwudqg frpshwlwlrq lpsolhv d
kljkhu udwh ri lqqrydwlrq wkdq Frxuqrw frpshwlwlrq1 Wkh nh| wr wkhlu uhvxow
lv wkdw wrxjkhu frpshwlwlrq lpsolhv pruh frqfhqwudwlrq/ l1h1 �up ghvwuxfwlrq
wkurxjk surgxfw pdunhw frpshwlwlrq/ qrw wkurxjk uhvhdufk frpshwlwlrq1 Exw
lq wkhlu prgho/ whfkqrorjlfdo surjuhvv lv qrq0vwrfkdvwlfdoo| dqg frpshwlwlyho|
ghwhuplqhg e| wkh U)G lqyhvwphqwv ri hdfk �up/ wdnlqj dv jlyhq wkh fdslwdo
pdunhw udwh ri lqwhuhvw/ dqg wkh qxpehu ri �upv lv ghwhuplqhg e| wkh }hur0sur�w
frqglwlrq1 Lq d vlplodu prgho/ vwxg|lqj wkh lqwhughshqghqfh ri pdunhw vwuxfwxuh
dqg jurzwk/ wkh vdph srvlwlyh dvvrfldwlrq ehwzhhq frpshwlwlrq wrxjkqhvv dqg
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jurzwk lv rewdlqhg e| Shuhwwr +4<<<,/ dovr wkurxjk lqgxvwu| frqfhqwudwlrq1 Rxu
rzq frqfoxvlrq lv pruh dnlq wr uhfhqw uhvxowv lq lqgxvwuldo rujdqlvdwlrq +Errqh/
5334, vkrzlqj/ lq vwdqgdug sduwldo htxloleulxp vhwwlqjv/ exw zlwk dq h{whuqdo
U)G vhfwru/ wkh qrq0prqrwrqh uhodwlrq ehwzhhq lqwhqvlw| ri frpshwlwlrq dqg
wkh lqfhqwlyhv wr lqqrydwh1 Krzhyhu/ wkhuh/ wkh qrq0prqrwrqlflw| lv gxh wr
�up dv|pphwulhv= wkh lghqwlw| ri wkh �up zloolqj wr elg wkh kljkhvw sulfh iru
wkh h{whuqdoo| surgxfhg lqqrydwlrq pd| fkdqjh1 Lq rxu prgho/ �upv duh doo
lghqwlfdo lqlwldoo| dqg frpshwh iru lqqrydwlrq lqglylgxdoo|1

Lq wkh qh{w vhfwlrq/ zh lqwurgxfh rxu prgho zlwk d frqwlqxxp ri roljrsrolv0
wlf lqgxvwulhv dqg fkdudfwhul}h frqvxpswlrq dqg surgxfwlrq1 Wkhq/ lq vhfwlrq 6/
zh vshfli| gl�huhqw frpshwlwlrq uhjlphv zlwk ydu|lqj ghjuhh ri wrxjkqhvv dqg
dqdo|}h vwudwhjlf lqyhvwphqw1 Zh ghulyh wkh uhodwlrqv ehwzhhq d zlqqhu*v h{0
shfwhg jdlqv xqghu ydulrxv uhjlphv1 Lq vhfwlrq 7/ zh gh�qh jhqhudo htxloleulxp
dqg frqvwuxfw rxu h{dpsoh wr hvwdeolvk wkh qrq0prqrwrqlflw| ri wkh lqfhqwlyhv
wr lqqrydwh dv d ixqfwlrq ri frpshwlwlrq wrxjkqhvv1

� �����	
�� ��� 	�����
��

Zh frqvlghu dq ryhuodsslqj jhqhudwlrqv prgho zlwk wzr w|shv ri djhqwv= �upv
dqg frqvxphuv1 Erwk w|shv olyh iru wzr shulrgv1

Rq wkh surgxfhuv vlgh/ wkhuh lv d frqwlqxxp ri xqlirupo| glvwulexwhg roljrsrolv0
wlf lqgxvwulhv ri pdvv 41 Lq hdfk lqgxvwu| l/ wkhuh lv/ lq hdfk shulrg w/ d vpdoo
+dqg ydu|lqj, qxpehu Qlw�4 +Qlw�4 � 5, ri �upv/ fuhdwhg lq wkh suhfhglqj
shulrg/ surgxflqj jrrg l iru lpphgldwh frqvxpswlrq/ zlwk oderxu vxssolhg e|
|rxqj frqvxphuv1 Fdslwdo/ wr eh vhhq dv d irup ri nqrzohgjh/ uhvxowv iurp wkh
vwrfn ri nqrzohgjh Nlw�4 dffxpxodwhg lq wkh lqgxvwu|/ dgmxvwhg iru fxuuhqw sh0
ulrg lqqrydwlrq1 Lqqrydwlrq lv d udqgrp yduldeoh ghshqglqj xsrq wkh ohyhov ri
U)G lqyhvwphqw/ ghflghg e| hdfk �up lq shulrg w� 41 Lqyhvwphqw lv lq oderxu
surylghg e| |rxqj frqvxphuv1

Rq wkh frqvxphuv vlgh/ wkhuh lv d frqwlqxxp ri lghqwlfdo frqvxphuv ri frq0
vwdqw xqlw pdvv/ iru hdfk rqh ri wkh wzr frh{lvwlqj jhqhudwlrqv1 Zh dvvxph wkdw
oderxu lv lqhodvwlfdoo| vxssolhg e| |rxqj frqvxphuv hlwkhu wr rog surgxflqj �upv
ru wr qhz lqyhvwlqj rqhv/ dw wkh vdph zdjh +qrupdol}hg wr 4,1 Lq shulrg w/ hdfk
|rxqj krxvhkrog fdq doorfdwh lwv zdjh lqfrph +htxdo wr 4/ e| vr qrupdol}lqj wkh
oderxu hqgrzphqw, hlwkhu wr fxuuhqw frqvxpswlrq {w/ dw sulfhv sw/ ru wr vdylqj4

4� ksw> {wl1 Vdylqj lv vxssrvhg wr eh lqyhvwhg lq ixqgv wkdw doorz wr fdqfho rxw
lglrv|qfudwlf ulvnv/ exw qrw djjuhjdwh ulvn/ vr wkdw wkh |rxqj frqvxphu dqwlf0
lsdwhv d uhwxuq idfwru rq fdslwdo huw.4/ zklfk lv d udqgrp yduldeoh ghshqglqj
xsrq wkh vxffhvv ri wkh lqqrydwlyh h�ruwv e| doo lqyhvwlqj �upv1

\rxqj frqvxphuv kdyh wr fkrrvh suhvhqw frqvxpswlrq {w 5 U
^3>4`
. dqg vdylqj

}w 5 U./ xqghu wkh exgjhw frqvwudlqw ksw> {wl . }w @ 4/ dqg dovr dqwlflsdwhg
ixwxuh frqvxpswlrq h{w.4/ zklfk lv d udqgrp yduldeoh lqgxfhg e| huw.4 dqg hsw.4

dffruglqj wr wkh exgjhw frqvwudlqw khsw.4> h{w.4l @ huw.4}w1 Iru vlpsolflw| zh

�B��i? + @?_ 5 Mi*L?}�?} |L Udfc�oc �i *i| '+c 5� _i?L|i |�i �??ih ThL_�U|
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dvvxph v|pphwulf orj0olqhdu vxe0xwlolw| ixqfwlrqv/ vr wkdw zh rewdlq wkh rswlpdo
suhvhqw dqg ixwxuh frqvxpswlrqv ri dq| jrrg l= {lw @ +4� }w, @slw dqg h{lw.4 @huw.4}w@hslw.41

Zh ixuwkhu dvvxph lqwhuwhpsrudo suhihuhqfhv ri |rxqj frqvxphuv uhsuh0
vhqwhg e| wkh xwlolw| ixqfwlrq=

X+{> h{, @ �

] 4

3

oq{lgl. +4� �,

] 4

3

oq h{lgl/ zlwk � 5 `3> 4^ 1

Khqfh/ wdnlqj {w dqg h{w.4 dv ixqfwlrqv ri }w/ wkh sureohp ri wkh |rxqj frqvxphu
lv htxlydohqw wr pd{lpl}lqj � oq +4� }w, . +4� �, oq }w/ ohdglqj wr wkh vroxwlrq
}w @ 4� �1

Fohduo|/ wkh rog frqvxphuv dw shulrg w rswlpdoo| fkrrvh/ jlyhq uw +wkh df0
wxdo uhwxuq idfwru, dqg sw/ frqvxpswlrqv {3

lw @ +4� �, uw@slw1 Wkxv/ dgglqj
frqvxpswlrqv e| |rxqjv dqg rogv/ zh rewdlq wkh djjuhjdwh ghpdqg iru jrrg l=

g+slw> Dw, @
Dw

slw
/

zlwk djjuhjdwh h{shqglwxuh

Dw @ �. +4� �,uw1 +4,

Frplqj edfn wr wkh surgxfhuv vlgh/ zh pd| qrz frqvlghu iru hdfk lqgxvwu|
l wkh vhw ri Qlw �upv zklfk zloo eh srwhqwldoo| dfwlyh lq shulrg w. 4/ dffruglqj
wr wkh lqwhuwhpsrudo htxloleulxp ri wkh hfrqrp| +wr eh gh�qhg odwhu,1 Iru wkhvh

�upv/ wkh vlwxdwlrq dsshduv dv d wzr0vwdjh qrq0frrshudwlyh jdph �+Qlw> hDw.4,/

sdudphwhul}hg lq Qlw dqg wkh udqgrp yduldeoh hDw.41 Revhuyh wkdw/ dv zh kdyh
dvvxphg d frqwlqxxp ri lqgxvwulhv/ wklv udqgrp yduldeoh lv xqd�hfwhg e| vhf0
wrudo lglrv|qfudwlf yduldwlrqv1 Lq wkh �uvw vwdjh ri wkh jdph/ fruuhvsrqglqj wr
wkh lqyhvwphqw shulrg w/ hdfk �up m/ surgxflqj jrrg l/ fkrrvhv vwudwhjlfdoo|
d frpplwwlqj ohyho ri U)G lqyhvwphqw ohdglqj wr d suredelolw| �lmw ri vxffhvv1
Wklv ohyho ri U)G lqyhvwphqw fruuhvsrqgv wr wkh frvw F +�lmw,/ lq oderxu/ ri
hqvxulqj wkdw suredelolw| ri vxffhvv1 Zh dvvxph d txdgudwlf frvw ixqfwlrq=

F +�, @ !. +f@5, �5/

zlwk d �{hg frvw ! A 31 Lq wkh vhfrqg vwdjh/ xqfhuwdlqw| rq wkh djjuhjdwh
h{shqglwxuh lv vxssrvhg wr eh uhvroyhg/ dqg hdfk �up m dffruglqjo| fkrrvhv
d txdqwlw| |lmw.41 Zh zloo frqvlghu vxejdph shuihfw htxloleuld ri hdfk jdph

�+Qlw> hDw.4,1 Odwhu/ lq vhfwlrq 7/ xvlqj wkh vroxwlrqv wr wkh idplo| ri wzr0vwdjh

jdphv
q
�+Qlw> hDw.4,

r
zh zloo gh�qh htxloleulxp iru wkh zkroh hfrqrp|/ dqg

wkxv �{ sdudphwulfdoo| wkh qxpehu ri �upv lq hdfk lqgxvwu| dw hdfk shulrg1
Zh dvvxph d Free0Grxjodv surgxfwlrq ixqfwlrq I / olqhdu lq erwk oderxu

olmw.4 dqg wkh dffxpxodwhg vwrfn ri nqrzohgjh lq wkh lqgxvwu| Nlw1 Lq dgglwlrq/
surgxfwlrq lv pxowlsolfdwlyho| d�hfwhg e| wkh lqqrydwlrq vwhs n A 4 li wkh �up
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lv vxffhvvixo1 Rwkhuzlvh/ lw lv vxemhfw wr vslooryhu h�hfwv frplqj iurp lqqrydwlrq
e| dq| rwkhu vxffhvvixo �up1 Wr eh h{solflw/ zh vxssrvh=

I +�lmw.4> olmw.4>Nlw, @ Nlwn
�lmw.4olmw.4/

zlwk �lmw.4 @ 4/ li m lv vxffhvvixo +zlwk suredelow| �lmw,/ �lmw.4 @ � 5 ^3> 4^ +wkh
vslooryhu frh�flhqw/ vxssrvlqj rqh vxffhvvixo �up dw ohdvw,/ dqg �lmw.4 @ 3 li qr
�up vxffhhgv1

Zh dovr kdyh wr lqwurgxfh vrph fkdudfwhul}dwlrq ri wkh nqrzohgjh dffxpx0
odwlrq surfhvv1 Iru wkdw sxusrvh/ zh vkdoo dvvxph wkdw wkh jurzwk udwh ri wkh
vwrfn ri nqrzohgjh lq lqgxvwu| l lv sursruwlrqdo wr wkh shufhqwdjh ri vxffhvvixo
�upv/ wkh sursruwlrq idfwru ehlqj wkh lqqrydwlrq lqfuhphqw +n � 4,=

Nlw.4

Nlw

� 4 @ +n � 4,
qlw

Qlw

1 +5,

Lq wkh qh{w vhfwlrq/ zh dqdo|}h vxffhvvlyho| +dqg edfnzdugv, wkh wzr vwdjhv

ri wkh jdph �+Qlw> hDw.4, xqghu gl�huhqw frpshwlwlrq uhjlphv1

� ������
�� �� 	���
�
�
�� �
�
�
�

Dw wkh vhfrqg vwdjh/ frpshwlwlrq dprqj �upv pd| eh pruh ru ohvv wrxjk/ df0
fruglqj wr wkh w|sh ri frruglqdwlrq wkdw wkh| vxffhhg lq hqiruflqj1 D vwdqgdug
glvwlqfwlrq lv ehwzhhq Frxuqrw dqg Ehuwudqg frpshwlwlrq1 Lq wkh suhvhqw frq0
wh{w ri krprjhqhrxv surgxfwv lq hdfk vhfwru dqg U)G wrxuqdphqw zlwk srvvleo|
pxowlsoh zlqqhuv/ wkh Ehuwudqg vroxwlrq dsshduv dv udwkhu h{wuhph1 Lqghhg/ h{0
fhsw lq wkh fdvh ri d vlqjoh zlqqhu/ dq| �up/ zkhwkhu vxffhvvixo ru qrw/ zloo hduq
}hur sur�w1 D ohvv h{wuhph vroxwlrq/ zklfk zh fdoo wkh olplw0sulflqj htxloleulxp/
frqvlvwv lq dvvxplqj wkdw vxffhvvixo �upv frruglqdwh rq wkh kljkhvw sulfh doorz0
lqj holplqdwlrq ri wkh xqvxffhvvixo/ li dq|/ dqg wkdw wkh| sod| Ehuwudqg li wkh|
duh hlwkhu doo vxffhvvixo ru doo xqvxffhvvixo51

Wkhvh wkuhh htxloleulxp frqfhswv fdq eh ylhzhg dv wkuhh lqvwdqfhv ri d uhod0
wlyho| odujh dqg �h{leoh frqfhsw ri roljrsrolvwlf htxloleulxp/ wkh _plq0sulflqj
htxloleulxp%/ doorzlqj iru pxowlsoh vroxwlrqv wkdw fdq eh udqnhg lq lqfuhdv0
lqj frpshwlwlrq wrxjkqhvv/ dffruglqj wr d ghfuhdvlqj pdunhw sulfh ohyho iurp
Frxuqrw wr Ehuwudqg htxloleulxp sulfh +vhh g*Dvsuhprqw hw do1/ 4<<4,1 Wkh
htxloleulxp pdunhw sulfh lv wkh plqlpxp ri wkh sulfhv dqqrxqfhg e| wkh sur0
gxfhuv/ hdfk idflqj d uhvlgxdo ghpdqg1 Wklv lv d zd| wr irupdolvh sulfh irupdwlrq
lq ydulrxv roljrsrolvwlf frqwh{wv dqg lw lqfoxghv wkh xvh ri gl�huhqw nlqgv ri _id0
flolwdwlqj sudfwlfhv%/ qdpho| dgydqfh qrwlfh dqg pdwfklqj srolflhv wrjhwkhu zlwk
sdudooho udwlrqlqj1
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Irupdoo|/ dplq0sulflqj htxloleulxp lv d vlpxowdqhrxv vroxwlrq +slmw.4> |lmw.4,m
wr wkh iroorzlqj idplo| ri lqglylgxdo surjudpphv +zlwk m @ 4> ===> Qlw,=

pd{
+slmw.4>|lmw.4,

��
plq
m3

islm3w.4j �
4

Nlwn
�lmw.4

�
|lmw.4

�
/

v1w1 |lmw.4 � pd{

;?
=g+plq

m3
islm3w.4j > Dw.4,�

[
m3 9@m

|lm3w.4> 3

<@
> =

Wkhuh lv d odujh lqghwhuplqdf| lq vroylqj wkhvh surjudpphv/ erwk lq sulfhv
ehwzhhq wkh Frxuqrw dqg wkh Ehuwudqg htxloleulxp ohyhov/ dqg lq txdqwlwlhv
+vlqfh wkhuh lv duelwudulqhvv lq wkh zd| wkh pdunhw lv vkduhg,1 Exw zh zloo irfxv
rq wkh wkuhh phqwlrqhg vroxwlrqv/ zlwk htxdo wuhdwphqw dprqj htxdo frvw �upv1

��� ������� 
��
�
��
�

Dw wkh Frxuqrw htxloleulxp/ hdfk surgxfhu fkrrvhv wkh vdph rswlpdo sulfh
djdlqvw d uhvlgxdo ghpdqg/ zlwkrxw ehlqj eorfnhg e| wkh plq0vfkhph61 Wklv
jlyhv wkh zhoo0nqrzq vroxwlrq +zlwk qlw � 4 vxffhvvixo �upv dqg +Qlw � qlw,
xqvxffhvvixo �upv,=

|Flmw.4 @

�
4�

+Qlw � 4,n4��lmw.4

qlw . +Qlw � qlw,n4��

�
\ F
lw.4/ zlwk +6,

\ F
lw.4 @

[
m3

|Flm3w.4 @ Dw.4Nlw

+Qlw � 4,n

qlw . +Qlw � qlw,n4��
/ +7,

surylghg qlw ? n4��@
�
n4�� � 4

�
/ hqvxulqj wkdw doo �upv duh dfwlyh71 Wkh fruuh0

vsrqglqj sulfh lv=

sFlw.4 @
qlw . +Qlw � qlw,n

4��

+Qlw � 4,n

4

Nlw

1

Li qr �up lv vxffhvvixo/ zh jhw iru hyhu| m

|Flmw.4 @ Dw.4Nlw

4� 4@Qlw

Qlw

/ sFlw.4 @
Qlw

+Qlw � 4,Nlw

1

Wkh vhfrqg vwdjh htxloleulxp sur�w shu xqlw ri vhfwrudo h{shqglwxuh Dw.4=

�F +�lmw.4> qlw> Qlw, @

�
4�

+Qlw � 4,n4��lmw.4

qlw . +Qlw � qlw,n4��

�5
/ +8,

li 4 � qlw � n4��@
�
n4�� � 4

�
/

�F +3> 3> Qlw, @
4

+Qlw,
5
/ li qlw @ 3/ +9,
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zkhuh �lmw.4 wdnhv wkh ydoxhv 4 ru � +uhvs1 3,/ dffruglqj wr �up m ehlqj vxffhvvixo
ru xqvxffhvvixo zlwk qlw � 4 +uhvs1 qlw @ 3,1

��� �
������ ��� �
�
����
	
�� 
��
�
��
�

Dw wkh Ehuwudqg htxloleulxp/ xqvxffhvvixo �upv uhpdlq lqdfwlyh/ dqg zh dvvxph
wkdw vxffhvvixo �upv htxdoo| vkduh vhfwrudo ghpdqg dw d sulfh sElw.4 @ 4@Nlwn
htxdo wr wkhlu surgxfwlrq frvw +li 4 ? qlw � Qlw,=

|Elmw.4 @
Dw.4Nlwn

qlw
li vxffhvvixo/ |Elmw.4 @ 3/ rwkhuzlvh1 +:,

Dw wkh olplw0sulflqj htxloleulxp/ vxffhvvixo �upv frruglqdwh lq fkrrvlqj d
sulfh sOlw.4 @ 4@Nlwn

� htxdo wr wkh surgxfwlrq frvw ri wkh xqvxffhvvixo �upv
+li 4 � qlw ? plq

�
Qlw> n

4��@
�
n4�� � 4

��
,81 Zh vxssrvh wkdw wkh odwwhu duh

dffruglqjo| holplqdwhg dqg wkdw wkh iruphu vkduh wkh wrwdo txdqwlw| htxdoo|=

|Olmw.4 @
Dw.4Nlwn

�

qlw
li vxffhvvixo/ |Olmw.4 @ 3/ rwkhuzlvh1 +;,

Li qlw @ 4/ wkh Ehuwudqg htxloleulxp jlyhv wkh olplw0sulflqj rxwfrph1 Dqg/
li qlw @ 3 ru qlw @ Qlw/ zh dvvxph wkdw wkh Ehuwudqg vroxwlrq dssolhv lq wkh
olplw0sulflqj uhjlph/ zlwk sOlw.4 @ 4@Nlw ru s

O
lw.4 @ 4@Nlwn/ uhvshfwlyho|1

Wkh vhfrqg vwdjh olplw0sulflqj htxloleulxp sur�w shu xqlw ri vhfwrudo h{shq0

glwxuh Dw.4 lv/ iru 4 � qlw ? plq
�
Qlw> n

4��@
�
n4�� � 4

��
=

�O +4> qlw> Qlw, @

�
4

Nlwn�
�

4

Nlwn

�
Nlwn

� 4

qlw
@

4

qlw

�
4� n��4

�
/ +<,

�O +�> qlw> Qlw, @ 31 +43,

Li qlw @ 3 ru qlw @ Qlw/

�O +3> 3> Qlw, @ �E +3> 3>Qlw, @ �O +4> Qlw> Qlw, @ �E +4> Qlw> Qlw, @ 3/ +44,

zkhuh �E ghqrwhv wkh Ehuwudqg htxloleulxp sur�w ixqfwlrq1 Qrwlfh dovr wkdw
�E +4> 4> Qlw, @ 4� n��41

Zkdwhyhu wkh w|sh ri vxejdph frqvlghuhg dw wkh vhfrqg vwdjh/ Frxuqrw/
Ehuwudqg ru olplw0sulflqj/ zh vkdoo ghqrwh s�lw.4 @ s� +qlw> Qlw, @Nlw wkh htxlole0
ulxp plq0sulfh dqg |�lmw.4 @ |� +�lmw.4> qlw> Qlw,Dw.4Nlw wkh dvvrfldwhg rxwsxw1
Dovr/ zh gh�qh wkh fruuhvsrqglqj oderxu ghpdqg iurp surgxflqj �upv=

O� +qlw> Qlw,QlwDw.4 @

�
qlw
Qlw

|� +4> qlw> Qlw,

n

�
QlwDw.4

.

�
4�

qlw
Qlw

�
|� +�> qlw> Qlw,

n�
QlwDw.4/

li qlw � 4/ rwkhuzlvh

O� +3> Qlw,QlwDw.4 @ |� +3> 3> Qlw,QlwDw.41
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Li zh zdqw wr vshfli| wkh w|sh ri htxloleulxp wkh vwdu zloo eh uhsodfhg e| F/ E
ru O/ dffruglqjo|1 Wkh vdph frqyhqwlrq zloo eh dssolhg wr wkh sur�w ixqfwlrq
��1

Lw lv qrz hdv| wr yhuli|=

Ohppd 4 Wkh wkuhh vroxwlrqv fdq eh udqnhg dffruglqj wr _frpshwlwlrq wrxjk0

qhvv%/ l1h1

sE +qlw>Qlw, ? sO +qlw> Qlw, ? sF +qlw>Qlw, / li 4 ? qlw ? Qlw/

sE +qlw>Qlw, @ sO +qlw> Qlw, ? sF +qlw>Qlw, / li qlw @ 3> 4> Qlw1

Qrw vxusulvlqjo|/ zh vhh wkdw frpshwlwlrq xqghu Frxuqrw lv ohvv lqwhqvh wkdq
xqghu olplw0sulflqj/ zklfk lv qhyhu pruh lqwhqvh wkdq xqghu Ehuwudqg91

��� �����
�
	 
��
���
�� ���
� �
 
�
�� �
�
�
�

Lqyhvwphqw lq U)G lv ghwhuplqhg e| wkh fkrlfh e| �up m ri wkh +lqghshqghqw,
suredelolw| ri vxffhvv �lmw1 Wklv lv ghflghg lq wkh �uvw vwdjh/ e| pd{lpl}lqj zlwk

uhvshfw wr wklv yduldeoh wkh h{shfwdwlrq ri ixwxuh sur�w Hw
��
�
�lmw> �l+�m,w

�
+zlwk

Hw ghqrwlqj wkh frqglwlrqdo h{shfwdwlrq rshudwru,1 Ghqrwlqj e| �� wkh vhfrqg
vwdjh sur�w shu xqlw ri h{shqglwxuh dw wkh vhohfwhg plq0sulflqj htxloleulxp/ dqg
e| Dw.4 @ Hw

hDw.4 wkh h{shfwhg ydoxh ri wkh udqgrp yduldeoh hDw.4 frqglwlrqdo
rq lqirupdwlrq dydlodeoh lq shulrg w/ zh pd| zulwh=

Hw
��
�
�lmw> �l+�m,w

�
@

�lmw
Qlw�4S
�@3

Su
�
� m �l+�m,w

�
�� +4> � . 4> Qlw,Dw.4 . +4� �lmw,��

Su
�
3 m �l+�m,w

�
�� +3> 3> Qlw, .

Qlw�4S
�@4

Su
�
� m �l+�m,w

�
�� +�> �>Qlw,

�
Dw.4

�F +�lmw, 1

zkhuh/ dvvxplqj �l+�m,w @ +�lw> ===> �lw,/

Su
�
� m �l+�m,w

�
@

+Qlw � 4,$

+Qlw � 4� �,$�$
��lw +4� �lw,

Qlw�4�� 1 +45,

Wkh h{shfwdwlrq ri ixwxuh sur�w lv fohduo| vwulfwo| frqfdyh lq wkh vwudwhj| yduldeoh
�lmw1 Wdnlqj wkh +qhfhvvdu| dqg vx�flhqw, �uvw rughu frqglwlrq iru dq lqwhulru
pd{lpxp=

F3 +�lmw, @ Su
�
3 m �l+�m,w

�
^�� +4> 4> Qlw,��� +3> 3> Qlw,`Dw.4 .

Qlw�4S
�@4

Su
�
� m �l+�m,w

�
^�� +4> � . 4> Qlw,��� +�> �>Qlw,`Dw.4
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iru hdfk m/ zh fdq ghulyh wkh v|pphwulf htxloleulxp U)G lqyhvwphqw +zlwk
�lmw @ �lw/ iru dq| m,1 Iru vlpsolflw| ri qrwdwlrq/ zh ghqrwh

J� +�, @ �� +4> � . 4>Qlw,��� +�> �>Qlw, iru � � 4 +46,

J� +3, @ �� +4> 4> Qlw,��� +3> 3> Qlw, iru � @ 3 +47,

wkh jdlq lq sur�w zkhq vzlwfklqj iurp d vwdwh ri idloxuh wr d vwdwh ri vxffhvv1
Li zh wdnh lqwr dffrxqw wkdw wklv jdlq ghshqgv xsrq wkh qxpehu � ri vxffhvvixo
frpshwlwruv/ zklfk lv d udqgrp yduldeoh �� iroorzlqj d elqrpldo odz zlwk sdudp0
hwhuv Qlw � 4 dqg �lw/ zh fdq zulwh wkh �uvw rughu frqglwlrq lq wkh v|pphwulf
fdvh dv

F 3 +�lw, @ H ^J� +��, m Qlw � 4> �lw`Dw.4 � J
�

+Qlw> �lw,Dw.4/ +48,

wkdw lv/ wkh htxdolw| ri wkh pdujlqdo frvw ri U)G dqg ri wkh h{shfwhg ydoxh
ri wkh jdlq lq sur�w li wkh U)G h�ruw vxffhhgv1 Ri frxuvh/ li F 3 +4, @ f ?

J
�

+Qlw> 4,Dw.4/ wkh fruqhu vroxwlrq �lw @ 4 dssolhv1 Dv F 3 lv lqfuhdvlqj/ zlwk
F3 +3, @ 3/ wkhuh lv dozd|v d ydoxh ri �lmw vdwlvi|lqj htxdwlrq +48,1

Lq wkh Frxuqrw fdvh/ zh pd| frpsxwh iurp +46,/ +47, dqg +48,/ xvlqj +7,/
+8,/ +9, dqg +45,/ wkdw wkh h{shfwhg ydoxh ri wkh jdlq/ shu xqlw ri h{shqglwxuh/
ri vxffhvvixo U)G lv=

J
F
+Q> �, @

Q�4S
�@3

+Q � 4,$

+Q � 4� �,$�$
�� +4� �,

Q�4��
�3

C#4 . +Q � 4� �,
�
n4�� � 4

�
4 . � . +Q � 4� �,n4��

$5

�

�
� � +� � 4,n4��

� . +Q � �,n4��

�54D 1

Lq wkh olplw sulflqj fdvh +e| uhihuulqj wr htxdwlrqv +;, dqg +<,0+44,,/ zh rewdlq=

J
O
+Q> �, @

Q�5S
�@3

+Q � 4,$

+Q � 4� �,$�$
�� +4� �,

Q�4�� 4� n��4

4 . �
1

Ilqdoo|/ lq wkh Ehuwudqg fdvh/ zh vlpso| jhw=

J
E
+Q> �, @ +4� �,

Q�4
�
4� n��4

�
1

Iurp wkhvh h{suhvvlrqv/ zh pd| lpphgldwho| ghulyh wkh iroorzlqj surshuwlhv=

Ohppd 5 +l, 3 ? J
F
+Q> 3, ? J

E
+Q> 3, @ J

O
+Q> 3, dqg 3 @ J

E
+Q> 4, @

J
O
+Q> 4, ? J

F
+Q> 4,>

+ll, J
E
+Q> �, � J

O
+Q> �,/ iru dq| � 5 ^3> 4`/ zlwk vwulfw lqhtxdolw| iru � 5

`3> 4^ dqg Q A 51

Surri1 Vhh Dsshqgl{1
Wkhvh uhodwlrqv ehwzhhq wkh zlqqhu*v h{shfwhg jdlqv xqghu ydulrxv uhjlphv

duh wkh nh| wr frpsduh lqfhqwlyhv wr lqqrydwh dv wkh| ydu| zkhq frpshwlwlrq

43



wrxjkqhvv lqfuhdvhv1 Iurp wklv ohppd zh vhh wkdw/ e| frqwlqxlw|/ wkh uhodwlrq
ehwzhhq frpshwlwlrq wrxjkqhvv dqg wkh zlqqhu*v h{shfwhg jdlq lv qrq0prqrwrqh
iru orz ydoxhv ri wkh suredelolw| ri vxffhvv ri klv frpshwlwruv:1 Iru kljk ydoxhv/
wkh uhodwlrq lv prqrwrqh exw U)G lqfhqwlyhv ghfuhdvh zlwk frpshwlwlrq wrxjk0
qhvv1 Wkh vdph lv wuxh zkhq frpsdulqj wkh olplw0sulflqj dqg wkh Ehuwudqg
uhjlphv iru doo ydoxhv ri wkdw suredelolw|1 Zh vkdoo qrz h{dplqh wkh frqvh0
txhqfhv ri wkhvh revhuydwlrqv lq d jhqhudo htxloleulxp lqwhuwhpsrudo prgho1

! "
�
��� #��
�
��
��

Wkh frqvwuxfwlrq ri d jhqhudo htxloleulxp frqfhsw zloo eh edvhg rq wkh suhfhglqj
dqdo|vlv/ glvwlqjxlvklqj wkh wkuhh fdvhv fruuhvsrqglqj wr wkh wkuhh ghjuhhv ri
frpshwlwlrq wrxjkqhvv1 Zh zloo surfhhg lq wzr vwhsv/ �uvw gh�qlqj whpsrudu|
dqg lqwhuwhpsrudo htxloleuld/ dqg wkhq irfxvlqj rq txdvl0vwdwlrqdu| v|pphwulf
rqhv1

!�� �
������$ ��� 
��
��
������ 
��
�
��
�

Xvlqj wkh vroxwlrqv wr wkh idplo| ri wzr0vwdjh jdphv
q
�+Qlw> hDw.4,

r
dvvrfldwhg

zlwk dq| sduwlfxodu w|sh ri vhfwrudo plq0sulflqj htxloleuld dw wkh vhfrqg vwdjh/ zh
fdq qrz gh�qh rxu frqfhsw ri htxloleulxp iru wkh zkroh hfrqrp|1 Lq sduwlfxodu/
wklv zloo �{ sdudphwulfdoo| wkh qxpehu ri �upv lq hdfk lqgxvwu| dw hdfk shulrg1
Ehfdxvh ri wkh v|pphwu| ri wkh prgho/ zh vkdoo rqo| gh�qh htxloleuld wuhdwlqj
v|pphwulfdoo| hdfk fdwhjru| ri �upv +vxffhvvixo ru xqvxffhvvixo,1

Dq lqwhuwhpsrudo vwrfkdvwlf htxloleulxp lv d vhtxhqfh + �Dw/ �uw/
�
�slw> ��lw> �Qlw> �Nlw

�
l

,

ri ixqfwlrqv ri wkh udqgrp yduldeohv +�qlw�4,l iroorzlqj d elqrpldo odz ri sdudp0
hwhuv �lw�4 dqg Qlw�4 vxfk wkdw/ iru hyhu| w dqg iru hyhu| uhdolvdwlrq ri wkhvh
udqgrp yduldeohv/

+4,
�
�Dw> �uw>

�
�slw> ��lw> �Qlw

�
l

�
lv d whpsrudu| htxloleulxp jlyhq wkh sdvw uhdolvd0

wlrqv +Nlw�4> Qlw�4> qlw�4,l/ dqg wkh h{shfwhg ydoxh Dw.4 @ Hw
hDw.4/ dv gh�qhg

e|=
+l, plq0sulflqj htxloleulxp lq hdfk lqgxvwu| l

slw @ s� +qlw�4> Qlw�4, @Nlw�4/ Dw @ �. +4� �, uw +49,

+ll, oderxu pdunhw fohdulqj] 4

3

^Qlw�4O
� +qlw�4> Qlw�4,Dw .QlwF +�lw,` gl @ 4/ iru qlw�4 � 4/ +4:,

] 4

3

^Qlw�4O
� +3> Qlw�4,Dw .QlwF +�lw,` gl @ 4/ rwkhuzlvh1 +4;,

.� t�4�*@h ?L?�4L?L|L?�U�|) �t i ��M�|i_ M) �LL?i E2ff�� M�| uLh L|�ih hi@tL?tc �? @
_i|ih4�?�t|�U UL?|i |c ��|� i @?|i ULt| @t)44i|h�it @?_ hiti@hU� _L?i M) tL4i �?_iTi?_i?|
*@MLh@|Lh)�

44



+lll, fdslwdo pdunhw fohdulqj

]
4

3

QlwF +�lw,gl @ 4� �/ zlwk F3 +�lw, @ J
�

+Qlw> �lw,Dw.41 +4<,

+5, jlw�4 � Nlw@Nlw�4 � 4 @ +qlw�4@Qlw�4, +n � 4,/ iru doo l +wkh nqrzohgjh
dffxpxodwlrq uxoh lv yhul�hg,1
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�����
����$ �$��
��
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�
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�

Txdvl0vwdwlrqdu| v|pphwulf htxloleuld duh lqwhuwhpsrudo vwrfkdvwlf htxloleuld
zlwk udqgrp yduldeohv +�qlw,l iroorzlqj wkh vdph; elqrpldo odz ri frqvwdqw sd0
udphwhuv +Q> �,/ wkxv lqgxflqj frqvwdqw h{shfwhg ydoxhv iru=

F3 +�, @ J
�

+Q> �,D +53,

u @ +D� �, @ +4� �, +54,

q @ Q� +55,

j @ � +n � 4, 1 +56,

Iurp wkh lqyhvwphqw rswlpdolw| frqglwlrq/ wrjhwkhu zlwk wkh idfwru pdunhw
fohdulqj frqglwlrqv/ zh rewdlq dq htxdwlrq lq Q dqg � vwuhvvlqj lqyhvwruv* eh0
kdylrxu/ dqg h{klelwlqj dffruglqjo| d gl�huhqw vshfl�fdwlrq iru hdfk rqh ri wkh
wkuhh w|shv ri plq0sulflqj htxloleuld zh kdyh wr frqvlghu +Frxuqrw/ Ehuwudqg
dqg olplw sulflqj,=

F 3 +�, @ J
�

+Q> �,D� +Q> �, @ J
�

+Q> �,
�

QO� +�Q>Q,
/ +57,

Wkh txdvl0vwdwlrqdu| v|pphwulf htxloleulxp ri wkh hfrqrp| lv ghwhuplqhg e|
wklv htxdwlrq/ wrjhwkhu zlwk d vhfrqg uhodwlrq ehwzhhq Q dqg �/ wkh fdslwdo
pdunhw fohdulqj frqglwlrq/ zklfk vwuhvvhv vdyhuv* ehkdylrxu=

QF +�, @ 4� �1 +58,

Iurp wklv htxdwlrq/ zh vhh wkdw vrph uhvwulfwlrqv kdyh wr eh lpsrvhg rq wkh
sdudphwhuv ri wkh frvw ixqfwlrq +! dqg f, dqg rq wkh surshqvlw| wr vdyh +4��,/
hqvxulqj wkdw fdslwdo ghpdqg dqg vxsso| fdq eh htxdol}hg iru Q A 5 +exw qrw
wrr odujh/ lq rughu wr uhpdlq lq rxu vlpsoh fdvh= Q ? n4��@

�
n4��

� 4
�
,1 Wr

looxvwudwh/ wkh iroorzlqj sursrvlwlrq vkrzv wkdw vxfk uhvwulfwlrqv duh vx�flhqw
iru d txdvl0vwdwlrqdu| v|pphwulf htxloleulxp wr h{lvw lq wkh wkuhh frpshwlwlyh
uhjlphv1

Sursrvlwlrq 6 Dvvxph=

! � plq i+4� �, @6> +4� �� f, @5j 1 +59,
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Wkhq wkhuh h{lvwv d txdvl0vwdwlrqdu| v|pphwulf htxloleulxp/ zlwk Q 5 `5> +4� �, @!^
lq wkh olplw0sulflqj uhjlph/ dqg lq wkh Frxuqrw uhjlph li n4�� lv odujhu exw forvh

hqrxjk wr 4/ zlwk doo �upv dfwlyh1 Lq wkh Ehuwudqg uhjlph/ d txdvl0vwdwlrqdu|

htxloleulxp h{lvwv iru f srvlwlyh exw forvh hqrxjk wr 31

Surri1 Frqvlghu wkh ydoxh ri � dv ghwhuplqhg e| wkh fdslwdo pdunhw fohdulqj
frqglwlrq=

� @ �+Q > f> !, �

v
5

f

�
4� �

Q
� !

�
/

d ghfuhdvlqj ixqfwlrq ri Q / qdpho| � +�> f> !, =
�
5> Q

�
$ ^3> 4`/ zkhuh Q @

+4� �, @!1 Zh qrz vkrz wkdw/ iru Q @ +4� �, @ +!. f@5, 5
�
5> Q

�
/ vxfk wkdw

� +Q > f> !, @ 4/

J
�

+Q>�+Q > f> !,,D� +Q>�+Q > f> !,,

� +Q > f> !,
? f

dqg
J
�
�
Q>�

�
Q > f> !

��
D�

�
Q>�

�
Q > f> !

��
�
�
Q > f> !

� A f1

Wkh vhfrqg lqhtxdolw| lv vdwlv�hg vlqfh �
�
Q > f> !

�
@ 3/ dqgJ

�
�
Q> 3

�
D�

�
Q> 3

�
A

3 +e| Ohppd 5,/ hqwdlolqj lq�qlw| ri lwv uljkw kdqg vlgh1 Dv wr wkh �uvw lqhtxdo0
lw|/ lw lv yhul�hg li lwv ohiw kdqg vlgh lv htxdo ru forvh wr }hur1 E| Ohppd 5/

J
O
+Q> 4, @ J

E
+Q> 4, @ 3 dqg/ e| +BB,/

J
F
+Q> 4, @

�
4

Q

�5

�

#
4� +Q � 5,

�
n4�� � 4

�
Q . n4�� � 4

$5

/

zklfk whqgv wr 3 dv n4�� whqgv wr 41 Wkhq/ e| frqwlqxlw|/ htxdwlrq +57, pxvw eh
vdwlv�hg iru vrph Q� lq wkh lqwhuydo

�
Q>Q

�
dqg iru �� @ �+Q�> f> !,1 Dovr/ iru

n4�� forvh hqrxjk wr 4/ Q ? n4��@
�
n4�� � 4

�
/ vr wkdw doo �upv zloo eh dfwlyh

dw Frxuqrw htxloleulxp1 Lq wkh Ehuwudqg uhjlph/ vlqfh J
E
+Q> �,DE +Q> �, A 3

iru � 5 ^3> 4^/ wkh htxdwlrq F3 +�, @ J
E
+Q> �,DE +Q> �, dozd|v kdv d vroxwlrq

iru f orz hqrxjk1

& '� 
(����


Zh vkdoo qrz frph edfn wr rxu pdlq sxusrvh/ qdpho| wr ixuwkhu h{soruh wkh uhod0
wlrqvkls ehwzhhq frpshwlwlrq wrxjkqhvv dqg U)G lqyhvwphqw1 Lq wkh iroorzlqj
h{dpsoh +vhh Iljxuh 4,/ zh frpsduh wkh wkuhh uhjlphv ri frpshwlwlrq/ uhsuh0
vhqwhg e| wkh wkuhh fxuyhv ghwhuplqhg e| wkh lqyhvwphqw rswlpdolw| frqglwlrq
+57,/ qdpho| Frxuqrw +vrolg fxuyh,/ olplw0sulflqj +gdvkhg fxuyh, dqg Ehuwudqg
+grwwhg0gdvkhg fxuyh,1 Wkh fruuhvsrqglqj htxloleuld uhvxow iurp wkh lqwhuvhf0
wlrq ri hdfk rqh ri wkhvh fxuyhv zlwk rqh ri wzr vwhhs grwwhg fxuyhv +xqghu wzr
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ydoxhv ri wkh �{hg frvw,/ frpsxwhg iurp wkh fdslwdo pdunhw fohdulqj frqglwlrq
+58,1

0

0.2

0.4

0.6

0.8

1

theta

2 4 6 8 10 12N

� @ =:8/ n @ 4=4/ � @ =48/ f @ =36/ ! 5 i=358> =388j

Iljxuh 4

Wkh lqwhuhvwlqj ihdwxuh ri wklv h{dpsoh lv wkh qrq0prqrwrqlflw| ri wkh uh0
odwlrqvkls ehwzhhq wkh lqwhqvlw| ri frpshwlwlrq dqg wkh U)G h�ruw +dqg wkh
uhvxowlqj jurzwk udwh,1 Zh revhuyh wkdw/ iru wkh kljkhu �{hg frvw +fruuhvsrqglqj
wr wkh ohiw vwhhs grwwhg fxuyh,/ wkh htxloleulxp ohyho ri U)G h�ruw ghfuhdvhv zlwk
frpshwlwlrq wrxjkqhvv/ iurp Frxuqrw +� * =:7, wr Ehuwudqg +� * =6;, wkurxjk
olplw0sulflqj +� * =99,/ zlwk dq lqfuhdvlqj qxpehu Q ri lqyhvwlqj �upv forvh wr
71 Krzhyhu/ iru wkh orzhu �{hg frvw +fruuhvsrqglqj wr wkh uljkw vwhhs grwwhg
fxuyh,/ wklv rughulqj lv xsvhw/ wkh kljkhvw htxloleulxp ohyho ri U)G h�ruw ehlqj
dvvrfldwhg wr olplw0sulflqj +� * =7<,/ zlwk Frxuqrw lq dq lqwhuphgldwh srvlwlrq
+� * =75, dqg Ehuwudqg lq wkh orzhvw rqh +� * =55,/ wkh qxpehu ri lqyhvwlqj
�upv �xfwxdwlqj ehwzhhq ; dqg 431

Wklv frqwudvwv gudpdwlfdoo| zlwk wkh uhvxow rewdlqhg e| ydq gh Noxqghuw dqg
Vpxoghuv +4<<:, lq d qrq0wrxuqdphqw prgho/ vkrzlqj wkdw wkh +gl�huhqwldwhg,
Ehuwudqg htxloleulxp dozd|v lpsolhv d kljkhu udwh ri lqqrydwlrq +dqg pruh frq0
fhqwudwlrq, wkdq wkh Frxuqrw htxloleulxp1< Lq wkhlu prgho/ wrxjkhu frpshwlwlrq/
phdqlqj orzhu pdunxsv dqg sulfhv/ hqodujhv wkh pdunhw dqg zhdnhqv wkh uhod0
wlyh zhljkw ri U)G frvwv/ lqfuhdvlqj wkh dwwudfwlyhqhvv ri U)G lqyhvwphqw/ exw
uhgxfhv wkh qxpehu ri �up/ lpso|lqj odujhu �up vl}h dqg pruh phdqv ghyrwhg
wr U)G dfwlylw|1

Rxu uhvxow dovr frqwudvwv zlwk Hqfdrxd dqg Xosk +5334,1 Ri frxuvh lq rxu
prgho �upv olyh rqo| iru wzr shulrgv dqg duh doo lghqwlfdo h{ dqwh/ vr wkdw wkh
gl�huhqw ohdghu0iroorzhu vlwxdwlrqv wkdw wkh| dqdo|vh dw wkh lqyhvwphqw vwdjh gr
qrw rffxu khuh1 Krzhyhu/ li zh frqvlghu lq wkhlu prgho wkh vlwxdwlrqv zkhuh
doo �upv duh dw wkh vdph ohyho ri nqrzohgjh dw wkh lqyhvwphqw vwdjh/ Ehuwudqg

b�L|�Ui |�@| |�i�h ~� E3ihL ThL�|� U�h�i ULhhitTL?_t �? u@U| |L L�h U@T�|@* 4@h!i| U*i@h�?}
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L�h �?�it|4i?| LT|�4@*�|) U�h�i�
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frpshwlwlrq jhqhudwhv kljkhu lqqrydwlrq dqg kljkhu jurzwk wkdq Frxuqrw frp0
shwlwlrq1 Lq rxu prgho/ wrxjkhu +exw qrw wrr wrxjk, frpshwlwlrq vwuhqjwkhqv
wkh lqfhqwlyh wr lqqrydwh rqo| zkhq vxffhvvixo lqqrydwlrqv duh h{shfwhg iru mxvw
d vpdoo sursruwlrq ri wkh lqyhvwlqj �upv/ wkdw lv/ zkhq Q lv odujh dqg � orz +fru0
uhvsrqglqj lq rxu h{dpsoh wr wkh kljk �{hg frvw fdvh,1 Rwkhuzlvh/ zlwk d odujh
survshfwlyh sursruwlrq ri zlqqhuv/ zkhq Q lv vpdoo dqg � kljk +fruuhvsrqglqj
wr wkh orz �{hg frvw fdvh,/ wkh zlqqhu*v jdlq lv odujhu zkhq frpshwlwlrq lv vriwhu/
dv lq wkh Frxuqrw uhjlph/ dqg wkh U)G lqyhvwphqw ehfrphv pruh dwwudfwlyh
wkhq1

' ����� �� )
��� �

Vwdwhphqw +ll, lv d wulyldo frqvhtxhqfh ri +BB, dqg +BB,/ dqg vr lv wkh htxdolw|

J
O
+Q> �, @ J

E
+Q> �, iru � 5 i3> 4j1 Dv J

E
+Q> 4, @ 3/ wkh odvw sduw ri

vwdwhphqw +l, lpphgldwho| uhvxowv/ e| +BB,/ iurp

4 . +Q � 4� �,
�
n4�� � 4

�
4 . � . +Q � 4� �,n4��

A
� � +� � 4,n4��

� . +Q � �,n4��
/

zkhq � @ Q � 4/ wkdw lv/

4

Q
A

4� +Q � 5,
�
n4�� � 4

�
Q . +n4�� � 4,

1

Wkxv/ wkh surri lv frpsohwh rqfh zh vkrz wkdw 3 ? J
F
+Q> 3, ? J

E
+Q> 3,/ wkdw

lv/

3 ?

#
4 . +Q � 5,

�
4� n��4

�
Q � +4� n��4,

$5

�

�
4

Q

�5

? 4� n��41

Wkh �uvw lqhtxdolw| lv fohduo| wuxh1 Xvlqj wkh qrwdwlrq { � 4�n��4 5 `3> 4^/ wkh
odvw lqhtxdolw| fdq eh zulwwhq=

Q5 +4 . +Q � 5,{,
5
� +Q � {,

5
? Q5 +Q � {,

5
{/

ru

i +{>Q, � �Q5{5 .
�
Q5 +Q � 5,

5
. 5Q6

� 4
�
{�Q

�
Q6

� 5 +Q � 4,
5
�
? 3/

zklfk lv dozd|v vdwlv�hg iru { 5 `3> 4^/ vlqfh i +4>Q, @ � +Q � 4,
5
? 3 dqg

i 3 +4>Q, @ Q5 +Q � 5,
5
. 5Q5 +Q � 4,� 4 A 31 �

Uhihuhqfhv

Djklrq/ S1/ F1 Kduulv/ dqg M1 Ylfnhuv/ 4<<:/ _Frpshwlwlrq dqg jurzwk zlwk
vwhs0e|0vwhs lqqrydwlrq= Dq h{dpsoh1%/ Hxurshdq Hfrqrplf Uhylhz 74/ ::40:;51
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Djklrq/ S1 dqg S1 Krzlww/ 4<<5/ _D Prgho ri Jurzwk Wkurxjk Fuhdwlyh
Ghvwuxfwlrq1%/ Hfrqrphwulfd/ Yro1 93/ 65606841

Duurz/ N1/ 4<95/ _Hfrqrplf Zhoiduh dqg wkh Doorfdwlrq ri Uhvrxufhv iru
Lqyhqwlrq1% lq U1 Qhovrq/ hg1/ Wkh Udwh dqg Gluhfwlrq ri Lqyhqwlyh Dfwlylw|=

Hfrqrplf dqg Vrfldo Idfwruv/ Sulqfhwrq Q1M1= Sulqfhwrq Xqlyhuvlw| Suhvv1
g*Dvsuhprqw/ F1/ U1 Grv Vdqwrv Ihuuhlud dqg O10D1 J�hudug0Yduhw/ 4<<4/

_Sulflqj Vfkhphv dqg Frxuqrwldq Htxloleuld%/ Dphulfdq Hfrqrplf Uhylhz/ Yro1
;4/ 9909:61

Errqh/ M1/ 5334/ _Lqwhqvlw| ri frpshwlwlrq dqg wkh lqfhqwlyh wr lqqrydwh1%/
Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 4</ :380:591

Gdvjxswd/ S1 dqg M1 Vwljolw}/ 4<;3/ _Lqgxvwuldo Vwuxfwxuh dqg wkh Qdwxuh ri
Lqqrydwlyh Dfwlylw|1%/ Hfrqrplf Mrxuqdo/ Yro1 <3/ 59905<61

Hqfdrxd G1 dqg G1 Xosk/ 5333/ _Fdwfklqj0xs ru Ohdsiurjjlqj B Wkh h�hfwv
ri frpshwlwlrq rq lqqrydwlrq dqg jurzwk1%/ Fdklhuv gh od PVH 53331<:/ Dxjxvw1

Jurvvpdq/ J1 dqg H1 Khospdq/ 4<<4/ Lqqrydwlrq dqg Jurzwk lq wkh Joredo

Hfrqrp|1/ PLW Suhvv/ Fdpeulgjh/ PD1
Shuuhwr S1/ 4<<</ _Frvw uhgxfwlrq/ hqwu|/ dqg wkh lqwhughshqghqfh ri pdunhw

vwuxfwxuh dqg hfrqrplf jurzwk1%/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 76/ 4:604<81
Uhlqjdqxp/ M1 I1/ 4<;</ _Wkh wlplqj ri lqqrydwlrq= Uhvhdufk/ ghyhorsphqw

dqg gl�xvlrq%/ lq U1 Vfkpdohqvhh dqg U1 G1 Zloolj/ hgv1/ Kdqgerrn ri Lqgxvwuldo
Rujdql}dwlrq/ Hovhylhu Vflhqfh Sxeolvkhuv/ Dpvwhugdp1

Vhjhuvwurp S1/ W1 Dqdqw dqg H1 Glqrsrxorv/ 4<<3/ _D Vfkxpshwhuldq prgho
ri wkh surgxfw olih f|foh1%/ Dphulfdq Hfrqrplf Uhylhz ;3/ 43::043<51

Wkrpsvrq/ S1 dqg G1 Zdogr/ 4<<7/ %Jurzwk dqg wuxvwl�hg fdslwdolvp1%/
Mrxuqdo ri Prqhwdu| Hfrqrplfv 67/ 77807951

ydq gh Noxqghuw/ W1 dqg V1 Vpxoghuv/ 4<<:/ %Jurzwk/ Frpshwlwlrq dqg
Zhoiduh1% Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <<+4,/ <<044;1
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