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Abstract: As a rule, econometric data are non-experimental. The same

data set is used to select the model and, conditional on the selected model,

to forecast. In applied econometrics, however, one typically reports the prop-

erties of the (conditional) forecast, ignoring the fact that its properties are

a�ected by the model selection (pretesting).

This is wrong, and in this paper we show that the error can be very

substantial. We obtain explicit expressions for this error. To illustrate the

theory we consider the regression approach of Pesaran and Timmermann

(1994) to stock market forecasting, and show that their proposed recursive

predictions are much less robust than naive econometrics might suggest.
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1 Introduction

Econometrics, like astronomy but unlike biology, medicine and physics, is a

non-experimental science. Typically we use the same data for both model

selection and forecasting (and estimation). Standard statistical theory is

therefore not directly applicable, because the properties of forecasts (and

estimates) depend not only on the stochastic nature of the selected model,

but also on the way this model was selected.

The simplest example of this situation is the standard linear model y =

X�+
z+", where we are uncertain whether to include z or not. The usual

procedure is to compute the t-statistic on 
, and then, depending on whether

jtj is `large' or `small', decide to use the unrestricted or the restricted model.

We then forecast yn+1 from the selected model. This forecast is a pretest

forecast, but we commonly report its properties as if forecasting had not

been preceded by model selection. This is clearly wrong. We should correctly

report the bias and variance (or mean squared error) of the forecasts, taking

full account of the fact that model selection and forecasting are an integrated

procedure. This paper attempts to do this, both in theory and practice.

Section 2 contains the set-up and notation and reviews some earlier re-

sults, which are required for the development of the theory. The main result

is presented in Section 3 (Theorem 1), giving the mean square forecast error

of the pretest forecast. In Section 4 we apply the theory to problem of fore-

casting stock market moves (Pesaran and Timmermann (1994, 1995)), and

show that the recommendations of Pesaran and Timmermann are much less

robust than naive econometrics would seem to imply, thus questioning the

usefulness of the implied switching-portfolio strategy. In Section 5 we present

a continuous analogue of pretesting which can greatly improve the properties

of forecasts. In Section 6 we address the problem of how to incorporate the

(obvious) fact that �2 is not known in our theory and applications. The e�ect

of this extension is small. Some conclusions are o�ered Section 7.

2 Set-up, notation, and preliminary results

The set-up is the same as in Magnus and Durbin (1999) and Danilov and

Magnus (2001). We consider the standard linear regression model

y =X� +Z
 + "; (1)

where y (n � 1) is the vector of observations, X (n � k) and Z (n �m) are

matrices of nonrandom regressors, " (n�1) is a random vector of unobservable

disturbances, and � (k�1) and 
 (m�1) are unknown nonrandom parameter
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vectors.1 We assume that k � 1,m � 1, n�k�m � 1, that the design matrix

(X : Z) has full column-rank k+m, and that the disturbances "1; "2; : : : ; "n
are i.i.d. N(0; �2).2

The reason for distinguishing between X and Z is that X contains ex-

planatory variables (`focus' regressors) that we want in the model on theo-

retical or other grounds, while Z contains additional explanatory variables

(`auxiliary' regressors) of which we are less certain.

We de�ne the matrices

M = In �X(X 0
X)�1

X
0 and Q = (X 0

X)�1
X

0
Z(Z 0

MZ)�1=2
;

and the scaled parameter vector � = (Z 0
MZ)1=2
=�. The least-squares

(LS) estimators of � and 
 are bu = br �Q�̂ and 
̂ = (Z 0
MZ)�1

Z
0
My,

where br = (X 0
X)�1

X
0
y and �̂ = (Z 0

MZ)1=2
̂. The subscripts `u' and

`r' denote `unrestricted' and `restricted' (with 
 = 0) respectively. Letting

�̂ = �̂=�, we see that �̂ � N(�; Im).

Let Si be an m�ri selection matrix of rank ri � 0, so that S0

i
= (Iri : O)

or a column-permutation thereof. The equation S0

i

 = 0 thus selects a subset

of the 
's to be equal to zero. Following Danilov and Magnus (2001), the LS

estimators of � and 
 under the restriction S0

i

 = 0 are then given by

b(i) = br �QWi�̂; c(i) = (Z 0
MZ)�1=2

Wi�̂;

where

Wi = Im�Pi; Pi = (Z 0
MZ)�1=2

Si

�
S

0

i
(Z 0

MZ)�1
Si

�
�1
S

0

i
(Z 0

MZ)�1=2

are symmetric idempotentm�m matrices of ranks m�ri and ri respectively.

(If ri = 0 then Pi = O.) The distribution of b(i) is given by

b(i) � N
�
� + �QPi�; �

2
�
(X 0

X)�1 +QWiQ
0
��

:

The WALS (weighted-average least-squares) estimator of � is de�ned as

b =
P

i
�ib(i), where we assume that the weights �i satisfy �i = �i(My),

�i � 0 and
P

i
�i = 1. These assumptions are satis�ed in all standard cases.

The sum is taken over all 2m di�erent models, obtained by setting a subset

of 
1; : : : ; 
m equal to zero. The pretest estimator is the special case of the

WALS estimator when all �i's are 0 except one which is 1.

1We follow the notation proposed in Abadir and Magnus (2002).
2In contrast to our estimation paper, we may allow k = 0 here, in which case X is

absent. All subsequent results hold in that case, but some care needs to be taken about

the interpretation of the formulas.
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It follows that b = br �QW�̂, where W = Im � P and P =
P

i
�iPi.

(Notice that both P and W are random matrices.)

The equivalence theorem (for estimation) now says that

E(b) = � � �QE(W�̂ � �); var(b) = �
2
�
(X 0

X)�1 +Q var(W�̂)Q0
�
;

and hence that

MSE(b) = �
2
�
(X 0

X)�1 +QMSE(W�̂)Q0
�
;

showing that the properties of the complicated pretest estimator b of � de-

pend critically on the properties of the less complicated estimator W�̂ of

�.

3 The equivalence theorem for forecasting

Suppose now that our interest is in forecasting rather than estimation. We

assume that the data are generated by (1), possibly with one or more of the


i equal to zero. Under the restriction S0

i

 = 0 the one-period-ahead LS

forecast is given by

ŷ
(i)

n+1 = x
0

n+1b(i) + z
0

n+1c(i)

= x
0

n+1

�
br �QWi�̂

�
+ z0

n+1

�
(Z 0

MZ)�1=2
Wi�̂

�

= x
0

n+1br � !0
Wi�̂ = x

0

n+1br � �!
0
Wi�̂

where

! = Q
0
xn+1 � (Z 0

MZ)�1=2
zn+1;

where xn+1 and zn+1 denote next period's values of the `focus' and `auxiliary'

regressors respectively. Since the actual choice of model is uncertain and

depends on the data and the model selection procedure, the forecast could

be based on any of the 2m available models. Hence the pretest forecast takes

the form

ŷn+1 =
X
i

�iŷ
(i)

n+1 = x
0

n+1br � �!
0
W�̂: (2)

Since yn+1 = x
0

n+1� + z0
n+1
 + "n+1, we obtain the forecast error (FE) as

FE = ŷn+1 � yn+1

= x
0

n+1(br � �)� �!
0
W�̂ � �z

0

n+1(Z
0
MZ)�1=2

� � "n+1

= x
0

n+1(br � � � �Q�)� �!
0(W�̂ � �)� "n+1:
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The following properties of the forecast error can now be established.

Theorem 1 (Equivalence theorem for forecasting): The pretest fore-

cast error FE has the following expectation, variance, and mean square error:

E(FE) = ��!0 E(W�̂ � �);

var(FE) = �
2
�
x
0

n+1(X
0
X)�1

xn+1 + !
0 var(W�̂)! + 1

�
;

and hence

MSFE = �
2
�
x
0

n+1(X
0
X)�1

xn+1 + !
0MSE(W�̂)! + 1

�
:

Proof: The essential ingredient is that br and My are independent. This

implies that br andW�̂ are independent, and hence that (br;W�̂; "n+1) are

all independent of each other. The results follow. k

We see that if we can �nd �i's such that W�̂ is an optimal estimator of

� (in the sense of minimizing the mean squared error), then the same �i's

will provide an optimal forecast. Moreover, these �i's are also the ones which

provide the optimal WALS estimator of �.

We shall see in Section 5 how the use of optimal �i's (based on the `neutral'

Laplace prior) can improve the forecasts.

We now compare the actual MSFE (given in Theorem 1) with the reported

MSFE, denoted^MSFE, and given by

^MSFE = �
2
�
x
0

n+1(X
0
X)�1

xn+1 + !
0
W! + 1

�
:

To compare MSFE and^MSFE, we de�ne the underreporting ratio UR as

UR = 1�
^MSFE

MSFE
=

q
0(R(�)�W )q

q0R(�)q + (1=q20)
;

where

R(�) = MSE(W�̂); q =
!p
!0!

; q
2
0 =

!
0
!

xn+1(X 0X)�1xn+1

:

Notice that q0q = 1. The UR is a random variable, since it depends on W ,

which depends on �̂. Both the UR and its expectation are unobservable,

since they depend on � via R(�).

We know from Danilov and Magnus (2001, Theorem 3) that major sim-

pli�cations occur when Z 0
MZ = Im. This condition can always be achieved
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by taking appropriate linear combinations of the m `auxiliary' regressors in

Z (leaving the `focus' regressors unchanged). More speci�cally, let T1 be

an orthogonal m�m matrix such that T 0

1Z
0
MZT1 = � (diagonal). Then,

letting T = T1�
�1=2, we have T 0

Z
0
MZT = Im. Now de�ne new `auxiliary'

regressors Z� = ZT and z�
n+1 = T

0
zn+1. As a consequence of this transfor-

mation, !, R(�), and MSFE will all change, but !0
! and q

2
0 will not change.

This follows because

! = Q
0
xn+1 � (Z 0

MZ)�1=2
zn+1

= (Z 0
MZ)�1=2

�
Z

0
X(X 0

X)�1
xn+1 � zn+1

�
;

so that

!
� = (Z�0

MZ
�)�1=2

�
Z

�0

X(X 0
X)�1

xn+1 � z�n+1

�
= T

0
�
Z

0
X(X 0

X)�1
xn+1 � zn+1

�
:

Hence, since TT 0 = (Z 0
MZ)�1, we see that !�0

!
� = !

0
!, and hence that

q
�

0
2 = q

2
0 . Thus the only di�erence between

MSFE = �
2(!0

!)

�
1

q20

+
!

0
R(�)!

!0!
+

1

!0!

�
;

and

MSFE� = �
2(!�0

!
�)

�
1

q
�

0
2
+
!

�0
R

�(�)!�

!�0!�
+

1

!�0!�

�
;

lies in the two expressions

�
2 :=

!
0
R(�)!

!0!
and �

�2 :=
!

�0
R

�(�)!�

!�0!�
:

At �rst sight, the di�erence between �
2 and �

�2, and hence between MSFE

and MSFE�, may seem trivial. This, however, is not so. First, while MSFE

depends on the model selection procedure (for example, general-to-speci�c or

speci�c-to-general), MSFE� is independent of the selection procedure. Sec-

ondly, while the eigenvalues of R(�) are not necessarily bounded, the eigen-

values of R�(�) are always bounded, so that ��2 is always �nite even when

�
2 is in�nite. Thirdly, simple analytical expressions exist for the MSFE�, but

not for MSFE. And �nally, the `optimal' WALS forecast can be applied quite

easily in the case of MSFE�, but not in the case of MSFE (see Section 5).



8

4 Forecasting stock returns

In order to investigate the e�ect of ignoring pretesting on forecasts, we con-

sider the question discussed by Pesaran and Timmermann (1994), hereafter

PT94: can the annual excess returns on common stocks for the Standard &

Poor 500 (SP 500) index be predicted?3

Of course, PT94 pretested. In fact, they state explicitly (p. 339) that

they \experimented with a number of speci�cations". The dependent vari-

able in the linear regression is �t, the excess returns in year t. In analyzing the

e�ect of pretesting we have to decide which regressors play a role and which

of these are `focus' regressors and which are `auxiliary'. The distinction is

not completely unambiguous, but we decided | after reading their model

selection description | that PT94's model contains four `focus' regressors

(k = 4) and four `auxiliary' regressors (m = 4).4 The `focus' regressors are:

constant term,

PIt�2: annual in
ation rate (lagged two periods),

DI3t�1: change in 3-month T-bill rate (lagged one period),

TERMt�1: term premium (lagged one period),

and the `auxiliary' regressors are:

YSPt�1: dividend yield on SP 500 portfolio (lagged one period),

DIPt�1: annual change in industrial production (lagged one period),

PERt�1: price-earnings ratio (lagged one period),

DLEADt�2: annual change in leading business cycle indicator (lagged two

periods).

Employing a speci�c-to-general model selection procedure then yields the

following estimated model of the annual excess returns over the period 1954{

1991:

�̂t = �0:289 � 1:72PIt�2 � 0:060DI3t�1 + 0:11TERMt�1 + 9:17YSPt�1:

(0:077) (0:44) (0:023) (0:040) (2:02) (3)

We could not acquire exactly the same data set as PT94, but we almost

could. In addition, since our data set extends to the year 2001, we had

3PT94 also consider the Dow Jones Industrial portfolio, and also monthly and quarterly

frequencies. We shall only consider the SP 500 index and annual returns.
4In fact, PT94 did more pretesting than we analyze in this paper, so that m > 4 and

the e�ect of ignoring pretesting is even larger than we report.
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to employ a slightly di�erent de�nition of the term premium TERMt�1.
5

Estimating the annual excess returns over the same period as PT94 and em-

ploying a speci�c-to-general pretest procedure then leads to the same model,

but slightly di�erent estimates:

�̂t = �0:398 � 1:145PIt�2 � 0:0219DI3t�1 + 0:28TERMt�1 + 10:44YSPt�1:

(0:087) (0:44) (0:018) (0:059) (2:21) (4)

Our data set thus contains eight annual time series (plus a constant term)

over 48 years (1954{2001). A full description is given in the appendix.

We now discuss the e�ect of pretesting on the forecasts. The forecasts

discussed below are one-period-ahead forecasts for the period 1992{2001,

based on all information available at the moment of forecasting. For example,

the forecast for the year 2000 is based on the model estimated over the period

1954{1999.

We �rst consider the bias, see Figure 1.

FIGURE 1

The solid line in Figure 1 gives the point forecasts, and the two dotted lines

give the standard least-squares 95% con�dence bounds (ignoring the e�ects

of pretesting). The two dashed lines show the 95% con�dence bounds of the

pretest forecast.

A few words of explanation are required here. We know from the equiv-

alence theorem that the bias of the WALS forecast depends on � which is

not observable. However, we can obtain an interval estimator of the unob-

servable bias, that is, an interval which covers the true but unknown bias

with probability 95%. The dashed lines in Figure 1 represent this interval,

centered around the corresponding point forecast.

The con�dence interval for the bias turns out to be quite large, in certain

points even wider than the standard forecast interval (e.g. year 1999). The

WALS forecast is thus seriously biased.

In Figure 2 we consider the variance of the pretest forecast.

FIGURE 2

The solid line and the two dotted lines are the same as in Figure 1. The

dashed line now represents the 95% boundary for the standard deviation of

5PT94 measure the term premium as the di�erence between the 6-month commercial

paper rate (risky) and the 3-month T-bill rate (riskless) in January. Since the 6-month

commercial paper rate does not exist after 1997, we use the 3-month �nancial paper rate

instead.
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the WALS forecast. As with the bias, the standard deviation of the WALS

forecast is unobservable. But again an interval estimator can be constructed.

We see that the standard deviation is seriously underestimated. Using stan-

dard forecast intervals is thus very misleading for evaluating the accuracy of

the forecast.

Next we consider the total e�ect of pretesting on the accuracy of the fore-

cast.

FIGURE 3

Following Granger and Pesaran (2000), we now estimate the forecast prob-

ability Pr(yn+1 < 0). Since the error term is assumed to be normally dis-

tributed, we have

Pr(yn+1 < 0) = Pr
�
x
0

n+1� + z0
n+1
 + "n+1 < 0

�
= Pr

�
"n+1 < �x0

n+1� � z0n+1

�

= �

�
�x

0

n+1� + z0
n+1


�

�
;

where �(�) denotes the standard-normal c.d.f.
Let d(�) denote the bias E(W�̂ � �) and V (�) the variance of W�̂.

Then,

ŷn+1 �
�
x
0

n+1� + z0
n+1
 � �!

0
d(�); �2

�
x
0

n+1(X
0
X)�1

xn+1 + !
0
V (�)!

��
so that an approximate 95% con�dence interval for the parameter (x0

n+1�+

z
0

n+1
)=� is given by

ŷn+1

�
+ !0

d(�)� 1:96
q
x
0

n+1(X
0X)�1xn+1 + !0V (�)!:

This interval still depends on � and � which are unknown. We obtain an

estimated con�dence interval by replacing them by the estimates �̂ and �̂.

The estimated probability Pr(yn+1 < 0) is given by the solid line in Figure

3. The two dotted lines represent the standard 95% con�dence interval for

these forecast probabilities. The two dashed lines represent the estimated

95% con�dence interval for the forecast probabilities, where pretesting is

taken into account.

While the standard regression con�dence intervals are already large, al-

lowing only three years (1992, 2000, 2001) where a direction can be forecasted

with any con�dence, the (correct) pretest con�dence intervals are such that

we cannot be con�dent in any year. This con�rms our general conclusions
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from Figures 1 and 2, that the accuracy of the forecast is signi�cantly less

than usually reported, as a consequence of the fact that pretesting is not

usually properly accounted for.

We conclude that ignoring the e�ects of pretesting on the distribution of

the forecast can lead to a very serious misrepresentation. The pretest forecast

is biased and has a larger variance than is apparent from the regression

results. The one-period-ahead forecasts are much less precise than naive

econometrics would lead us to believe. The e�ects of pretesting of forecasting

are thus serious and should be analyzed and incorporated in econometric

analyses.

5 Optimal forecasts using the Laplace esti-

mator

We have seen that in evaluating the properties of forecasts, we need to take

the model selection aspect into account. So far, we have only considered the

standard pretest procedure, where we �rst select the `best' model and then

forecast on the basis of this selected model. Such a procedure is discontinuous

and hence inadmissible. Since we are not in the business of �nding the `best'

model, but rather of �nding the `best' forecast, we may wish to consider

a (continuous) weighted average of models instead of the (discontinuous)

pretest model selection. But which weights should be taken? In Magnus

(2002) a solution to this problem is proposed (in the estimation context)

for the case m = 1. In that case there are only two possible models, the

restricted (r) and the unrestricted (u). The forecast then takes the simple

form (see (2))

ŷn+1 = �ŷ
(u)

n+1 + (1� �)ŷ
(r)

n+1; (5)

where the weight-function � = �(�̂) is de�ned as

�(�̂) =

R
��(�) exp(�(�̂ � �)2=2) d�

�̂
R
�(�) exp(�(�̂ � �)2=2) d�

;

and the prior � as the `neutral' Laplace density,

�(�) =
c

2
exp (�c j�j) ; �1 < � <1; c = log 2: (6)

The neutrality of the prior guarantees that median(�) = 0 and median(�2) =

1. We know that the use of the Laplace weights leads to better estimates

(admissible to begin with) than the pretest weights.
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If m > 1, then it is not so clear how the weights should be taken. How-

ever, in the special case where Z 0
MZ = Im, the multi-dimensional problem

separates into m one-dimensional problems, and we use the Laplace weights

for each dimension separately.

MORE TO FOLLOW HERE

We conclude that | if our focus is forecasting rather than model selection

| substantially better forecasts can be generated using the Laplace weights.

6 The case of unknown �
2

So far we have assumed that �2 is known. This is of course unrealistic and we

have to show how to obtain the pretest forecast properties also when �
2 is not

known. We shall deal with two cases. First the case where �
2 is estimated

from the residuals in the fully unrestricted model, irrespective from which

model is �nally selected. This procedure makes the analysis a little easier.

Next the more usual case where �
2 is estimated from the residuals in the

selected model.

There is no theoretical problem in doing the calculations, because in either

case the estimator �̂2 will depend on My, so that Theorem 1 still applies.

The conclusion is that the qualitative results are unchanged.

7 Concluding remarks

Taking explicit account of pretesting in assessing the properties of one-period-

ahead forecasts is essential in econometrics, if we wish to be (or become)

credible to policy makers and others.

Data appendix

To follow
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Figure 1. Bias of forecast as a result of pretesting.
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Figure 2. Standard deviation of forecast as a result of pretesting.
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Figure 3. Estimated forecast probabilities.


