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Abstract

The aim of the paper is to fulfill the gap for testing hypotheses on
parameters of the Stochastic Volatility model, more precisely, to pro-
pose finite sample exact tests in the sense that the tests have correct
levels in small samples. To do this, we examine method-of-moments-
based tests and it is interesting to note that explicit expressions are
available for the moments and the estimators, simplifying highly the
test procedures. We then state the asymptotic distribution of the esti-
mator as well as that of the proposed test statistics for testing the null
hypothesis of no persistence in the volatility. We then compare in a
study of level and power these asymptotic techniques to the technique
of Monte Carlo tests which is valid in finite samples and allow for test
statistics whose null distribution may depend on nuisance parameters.
In particular maximized Monte Carlo tests (MMC) introduced by Du-
four (1995) have the exact level in finite samples when the p-value
function is maximized over the entire set of nuisance parameters. In
contrast to MMC tests which are highly computer intensive, simplified
(asymptotically justified) approximate versions of Monte Carlo tests
provide a halfway solution which achieves to control the level of the
tests while alleviating the use of computers.
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1 Introduction

Evaluating the likelihood function of ARCH models is relatively easy com-
pared to Stochastic Volatility models (SV) for which it is impossible to get
an explicit closed-form expression for the likelihood function [see Shephard
(1996), Mahieu and Schotman (1998)|. This is a generic feature common
to almost all nonlinear latent variable models due to the curse of the high
dimensionality of the integral appearing in the likelihood function of the
stochastic volatility model. This is the reason why econometricians were re-
luctant to use this kind of models in their applications for a long time since
in this setting, maximum likelihood methods are computationnaly intensive.
But recently progress has been made regarding the estimation of nonlinear
latent variable models in general and stochastic volatility models in partic-
ular. Among these methods to estimate the SV model, we can mention the
Quasi Maximum Likelihood (QML) approach suggested by Nelson (1988)
and Harvey, Ruiz and Shephard (1994) but also a Generalized Method of
Moments(GMM) procedure proposed by Melino and Turnbull (1990). On
the other hand, increased computer power has made simulation-based esti-
mation methods more attractive among which we can mention the Simulated
Method of Moments (SMM) proposed by Duffie and Singleton (1993), the
indirect inference approach of Gouriéroux, Monfort and Renault (1993) and
the moment matching methods of Gallant and Tauchen (1994). But com-
puter intensive Markov Chain Monte Carlo methods applied to SV models by
Jacquier, Polson and Rossi (1994) and Kim and Shephard (1994), Kim, Shep-
hard and Chib (1998), and simulation-based Maximum Likelihood (SML)
method proposed by Danielsson and Richard (1993), Danielsson (1994), are
the most efficient methods to estimate this kind of models. In particular,
Danielsson (1994), Danielsson and Richard (1993) developp an importance
sampling technique to estimate the integral appearing in the likelihood func-
tion of the SV model. In a Bayesian setting, Jacquier, Polson and Rossi
(1994), Kim, Shephard and Chib (1998) combine a Gibbs sampler with the
Metropolis-Hastings algorithm to obtain the marginal posterior densities of
the parameters of the SV model.

In addition to the previous estimation methods the aim of this paper is to
estimate a stochastic volatility model with an autoregressive mean part. In-
deed, the standard form as set forth, for instance, in Harvey, Ruiz, and Shep-
hard (1994), Jacquier, Polson, and Rossi (1994), Danielsson (1994), takes the
form of an autoregression whose innovations are scaled by an unobservable



volatility process, usually distributed as a lognormal autoregression but other
distributions (student, mixture of normal distributions) can be considered
[see Kim, Shephard and Chib (1998), Mahieu and Schotman (1998)]. The
stochastic volatility specification we have chosen here comes from Gallant,
Hsieh, Tauchen (1995), Tauchen (1996). Whereas all the authors quoted
above, mainly focus on estimation procedures for the stochastic volatility
model, often preoccupied by efficiency considerations |e.g. bayesian methods,
Efficient Method of Moments|, our paper unlike the others is mostly moti-
vated by inference techniques applicable to the stochastic volatility model.
Our concern for inference, in particular for simulation-based inference such
as the technique of Monte Carlo tests introduced by Dwass (1957) for per-
mutation tests, and later extended by Barnard (1963) and Birnbaum (1974),
justifies an estimation method easy to implement. Thus, the estimation
method used in this paper is mainly a method of moments in two steps
which coincides with the GMM procedure in the particular case that the au-
toregressive mean part vanishes. Econometricians previously quoted mainly
focused on efficient estimation procedures to estimate the SV model, they
mostly examine specification tests such as the x? tests for goodness of fit
in Andersen and Sorensen (1996), Andersen, Chung and Sorensen (1997),
specification tests with diagnostics in Gallant, Hsieh and Tauchen (1995), x?
specification tests through Indirect Inference criterion in Monfardini (1997),
or likelihood ratio tests statistics for comparative fit in Kim, Shephard and
Chib (1998). As a consequence, inference techniques for testing hypotheses
on parameters remained underdeveloped, apart from standard t tests for in-
dividual parameters in Andersen and Sorensen (1996), in Andersen, Chung
and Sorensen (1997) often performed with size distorsions.

In this setting, the aim of the paper is to fulfill the gap for testing hy-
potheses on parameters of the SV model, more precisely, to propose finite
sample exact tests in the sense that the tests have correct levels in small
samples. To do this, we examine method-of-moments-based tests and it is
interesting to note that explicit expressions are available for the moments
and the estimators, simplifying highly the test procedures. We then state
the asymptotic distribution of the estimator as well as that of the proposed
test statistics for testing the null hypothesis of no persistence in the volatility.
We then compare in a study of level and power these asymptotic techniques
to the technique of Monte Carlo tests which is valid in finite samples and
allow for test statistics whose null distribution may depend on nuisance pa-
rameters. In particular maximized Monte Carlo tests (MMC) introduced by
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Dufour (1995) have the exact level in finite samples when the p-value func-
tion is maximized over the entire set of nuisance parameters. In contrast to
MMC tests which are highly computer intensive, simplified (asymptotically
justified) approximate versions of Monte Carlo tests provide a halfway solu-
tion which achieves to control the level of the tests while alleviating the use
of computers.

The paper is organized as follows. The second section sets the framework
and the assumptions underlying the model. In the third section, we expose
the estimation procedure used as well as the distributional results obtained
for our estimator. Hypothesis testing is examined in the fourth section and
the distribution of the test statistics is stated. The fifth section explicits the
technique of Monte Carlo tests. The sixth section presents the data used in
the empirical application while implementation results are discussed in the
seventh section. All proofs are given in the appendix.

2 Framework

The basic form of the stochastic volatility model we study here for y; comes
from Gallant, Hsieh, Tauchen (1995). Let y; denote the first difference over a
short time interval, a day for instance, of the price of a financial asset traded
on active speculative markets.

Assumption 1 The process {y;, t € N} follows a stochastic volatility model
of the form:

Ly
ety =3¢y — p1y) + exp(wi/2)ry 2 (1)
7j=1
Ly
Wy = P = Z aj(Wi—j — fhw) + Twr (2)
7j=1

where {cj}fil, Tys [, {aj}f:wl and r, are the parameters of the two
equations, called the mean and volatility equations respectively. sy = (yz, wy)'
15 initialized from its stationary distribution.

The lag lengths of the autoregressive specifications used in the literature are
typically short, e.g. L, =1, and L, = 1, or L, = 0 [see e.g. Andersen
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and Sorensen (1996), Andersen, Chung and Sorensen (1997) Gallant, Hsieh,
Tauchen (1995)].

Assumption 2 The vectors (z;,vy)', t € N are i.i.d. according to a N(0, I5)
distribution.

The process {s; ,t € N} where s; = (y;, w;)’ can be rewritten in the form:
(1—cL—...—¢ L0 — ... —cp, L") (y, — py) = exp(wi/2)ryz; ,

(1 - L —...— Clej — ... = a,LwLLw)('UJt - Mw) = Ty,
and the roots of the lag operators
C(z):1—012—...—cjzj—...—cLyzLy =0
and _
A(z):1—a1z—...—aj27—...—aszL"’ =0

outside of the unit circle, is covariance-stationary [see Hamilton, (1994 p.57)|

!

Assumption 3 The process s; = (y, wy)' is strictly stationary.

The process is Markovian of order Ly = max(L,, L,,) with conditional density
Ps(Se|St—pn.y- -+, St-1,p) given by the stochastic volatility model,where

p:(lu’wcla"' 7CLy77ny7/Lw7a17'-- ,Cle,’I“w)l (3)

is a vector which contains the free parameters of the stochastic volatility
model. The process {y;} is observed whereas {w,} is regarded as latent.
Write py. s (yi—s, - .. ,yi|p) for the implied joint density under the model of a
stretch y;_;,... ,y;. No general closed-form expressions are available for the
moments of y;, but they can be approximated by Monte Carlo integration.

3 Method-of-moments estimation of an AR(1)-
SV model

In this section, we derive the analytic expressions of the moments and of the
estimator of § = (a,r,,r,)" as well as its distributional properties. Let us



consider in a first step a simplified version of model (1)-(2) with p,, = jt,, =0
and ¢; = a; = 0, Vj > 2. We then have:

Y = cyp—1 + exp(wi/2)ry2; (4)

Wy = QWy_1 + Ty - (5)

We shall call the model represented by equations (4)-(5) the stochastic volatil-
ity model with an autoregressive mean part of order one [AR(1)-SV for short).
This specification of the stochastic volatility model comes from Gallant, Hsieh
and Tauchen (1995). Let u; = exp(w;/2)r,z denote the error term in the
mean equation. As the stochastic volatility model belongs to the general
class of models characterized by strong conditional heteroscedasticity and
correlation between the sample moments, working with u; = exp(w)r;z;
will therefore be more appropriate. To estimate this model, we consider a
two-step method whose first step consists in applying ordinary least squares
(OLS) to the mean equation which yields a consistent estimate of the pa-
rameter ¢ denoted by ¢y and the adjusted residuals 4;. Then, we apply in
a second step a method of moments to the residuals 4; to get the estimate
of the parameter §' = (a,r,,7,) of the mean and volatility equations. The
moments of interest used in the estimation procedure are of the following
form.

Proposition 1 Under Assumptions 1,2,3, with ji, = pt, = 0 and ¢; = a; =
0,V j>2, let uy = exp(w/2)ryz,. Then u, has the following moments for
even values of k:

k k k' k2 2 2
1e(0) = E(uy) = Tym exp[gﬂu/(l —a’)], (6)
pea(ml0) = E(ufui,,,)
k! ! r?

k+l1 w

= " sy s (i) Pl B 2ke™IT)

The odd moments are equal to zero.

The proofs of the propositions are given in the Appendix. In particular, for
k=2 k=4and k=1=2and m =1, we get:

pa(0) = E(uf) = ryexp[ry, /2(1 — a”)] , (8)



pa(0) = E(uy) = 3ryexp[2ry /(1 — a®)] (9)
and
p2,5(110) = Elujui ;] = ryexplry, /(1 —a)] . (10)

Solving the above moment equations corresponding to k = 2, k = 4 and
m =1 yields the following proposition.

Proposition 2 Under the assumptions of Proposition 1, we have:

[log(p12,2(1]0)) — log(3) — 4log(p2) + log(pa)]

a= ~1, (11)
log(g,,72)
31/4/12
Ty =~ (12)
Hy

ro = <1og(3 My - a2)>1/2 . (13)

(112)?

Given the latter proposition, it is easy to compute a method-of-moments
estimator for § = (a,r,,r,)" replacing the theoretical moments by sample
counterparts based on the estimated residuals ;, where 4, = u(ér) ,V ¢

with w(c) def Y — cyy1. Let éT denote the method-of-moments estimator of
6. More precisely, E(u?), E(u}) and E(u?u? |) are approximated by:

T T
; 1 <2 . 1 4
2 = E Uy 4= E Uy
t=1 t=1

el

and
1
fia(1) = T Z@?ﬁil
t=1

respectively. Now we introduce some useful notation. First, let:

Ut(C) Yt — CYt—1

QW1 + Tyt
= eXP(#)Tyzt

= u(0), Vt. (14)
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with v,(0) = exp(*=L22 )y z,. We recall that 4, = u(ér) V t. Let ¢y and

0o denote the true value of the parameters ¢ and 6 respectively.
Let gr(U) = 7 X1y 6:(U) with g,(U) = (a3, af, afa7_,) . Then

T A
gr(U) = T Dte 1@? ) (15)

Zt 1 U A2 -1
gr(0) = 3 Xo1_, 9:(0) with g,(0)' = (v7(8), v/ (6), v (0)v}_,(9)) , Le.

% ZtT:1 UtQ(g)
gr(0) = 7 > 04 (6) : (16)
% Zthl v (0)v7 1 (0)

with p(68) = (p2(0), 1a(8), p22(116)). We can now state the following propo-
sition.

Proposition 3 Under the assumptions of Proposition 1, the process \/T(QT(U)—
1(60)) is asymptotically equivalent to /T (gr(0) — (o)) .

The latter proposition will be useful in deriving the asymptotic distribution
of the method-of-moments estimator of #, but could have been stated with a
faster rate of convergence as it is formulated in the corollary below.

Corollary 1 Under the assumptions of Proposition 1, the process (gT(U) —
w(6o)) is asymptotically equivalent to (gr(6y) — p(6o)) -

Its proof is similar to the proof of Proposition 3 and is based on L.L.N argu-
ments and plimy_,.(ér — ¢g) = 0 . Before deriving the asymptotic distribu-
tion of the method-of-moments estimator of # we need to state the following
proposition.

Proposition 4 Under the assumptions of Proposition 1, the process /T (gr(8y)—
1(6o)) is asymptotically distributed as a N(0,Q*) variable where Q* is a sy-
metric positive definite matriz.

Next proposition states the asymptotic normality of the method-of-moments
estimator of = (a,r,,r,)" a subvector of p' = (¢, #').



Proposition 5 Under the assumptions of Proposition 1, then the method-
of-moments estimator Or(Q) is such that:

VT (07(9Q) = 65) 2 N0, W(Q)) (17)

where

we) = (Lonlion) Lanolsm)

O gy (15)
a0 " o
As usual, there is an optimal choice of this matrix, i.e. a choice which
minimizes W ().

Proposition 6 Under the assumptions of Proposition 1, the optimal choice
of the Q@ matriz is: Q = Q* 1 and

oy’

o0

e ) (19)

W =W(Q ) = <

The optimal estimator thus obtained is denoted by 0. When the dimensions
of i and € are the same, we have W(Q) = W* |V Q and

W = @’;(90)) Q*(Sﬁ(ﬁ@) o

It is the asymptotic variance-covariance matrix of the estimator solution of

gr(U) = u(0) .

A consistent estimator of W* is obtained as soon as we have a consistent
estimator of Q*. A consistent estimator of 2* can be easily obtained [see
Newey and West (1987)| as a fixed-bandwith Bartlett kernel estimator, i.e.:

0" (6) =Ty + 3 (1~ ) (Te +T)) (20)
with
[y = % > [9e-#(00) — gr(00))[9:(00) — gr(6o)] (21)
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with 6, replaced by any consistent estimator 87 of 6y, i.e., éT,

0 (Br) = o+ Y (1= ) (B + ) 22)
with
fo= o 3 les(Br) — or(B0)][000r) — o) (23)
th ) = 1(6o) = E[g:(60)]
and

= th k "5 Elgi-r(60)g:(60)")

since the perturbatlon vectors have been shown to be strictly stationary and
ergodic [see proof of Proposition 4 in Appendix|.
Therefore a consistent estimator of W* is given by:

i = (S ) ) g ) ) (21)

4 Tests of hypotheses

We assume that the parameter 6 = (a,r,,r,)" is partitioned into

with 6, “/ & . We consider the null hypothesis Hy : a = 0 which corresponds
to test the absence of long memory in the volatility. To define these tests we
have to introduce the optimal unconstrained estimator:



and the optimal constrained estimator obtained by optimizing the criterion
submitted to #; = 0. This estimator is denoted by:

0 ne
< fs, > =%
The Wald statistic is defined as
& =T(0r)W; " (br) (25)

where Wl* is a consistent estimator of the asymptotic covariance-variance
matrix of \/TélT.

The score statistic is defined from the gradient of the objective function
with respect to #; evaluated at the constrained estimator. This gradient is
given by:

aul Ne \OY+x— e —~ (T
Dr = 8—91(971)Q Hu(07) — gr(U)) (26)
and the test statistic is
& = TDLADy . (27)

Finally, we can introduce the difference between the optimal values of the
objective function that we will call the LR-type test in the simulations:

& = T[M;(05) — M;(0r)] (28)
where the criterion to be minimized is:
* def _ 3 1A*—11= 2
Mz(0) = [gr(U) — u(0)] Y Hgr(U) — p(6)] (29)

Proposition 7 Under the assumptions of Proposition 1, the test statistics
V. &3, and £5 are asymptotically equivalent under the null hypothesis, and
have the common distribution x*(1).
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5 The technique of Monte Carlo tests

The technique of Monte Carlo tests has originally been suggested by Dwass
(1957) for implementing permutation tests, and did not involve nuisance
parameters. This technique has been later extended by Barnard (1963) and
Birnbaum (1974). This technique has the great attraction of providing ezact
(randomized) tests based on any statistic whose finite sample distribution
may be intractable but can be simulated.

We study here the case where the distribution of the test statistic S de-
pends on nuisance parameters. For the test statistics exposed in section 4,
their asymptotic distribution is asymptotically pivotal (Chi-square distribu-
tion), but their finite sample distribution remains unknown. At this stage,
we need to make an effort of formalization to clearly expose the procedure.
We consider a family of probability spaces {(Z, Az, P,) : p € Q} and sup-
pose that S is a real valued Az-measurable function whose distribution is
determined by P; where p is the “true” parameter vector. We wish to test
the hypothesis

HO : ﬁ S QO,

where )y is a nonempty subset of (2. We take a critical region of the form
S > ¢, where c is a constant which does not depend on p. The critical region
S > ¢ has level « if and only if

P,[S > ¢] < a,Vp e Qy,
or equivalently,

sup P,[S > ¢] < .
IS

Firthermore, S > ¢ has size o when

sup P,[S > c] = a.
PEQo

If we define the distribution and p-value functions,
Flz|p] = P)[S < z],z € R,
Glz|p] = P,[S > 2],z € R,

where p € (), it is easy to see that the critical regions

sup G[S|p] < a(c),

IS
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where a(c) = sup,cq, G|c|p], and

S = sup FH[(1 - Glelp])*|p] = ¢

pEQo

are equivalent to S > ¢ in the sense that ¢ < ¢c.
We consider a real random variable Sy and random vectors of the form

S(N,p) = (Si(p),---,Sn(p)sp €,

all defined on a common probability space (£, Az, P), such that the variables
So,S1(p), ..., Sn(p) are i.i.d. or exchangeable for some p € 2, each one with
distribution function F[z|p] = P[Sy < z]. Typically, Sy will refer to a test
statistic computed from the observed data when the true parameter vector is
p (i.e., p = p), while Si(p), ..., Sn(p) will refer to i.i.d replications of the test
statistic obtained independently (e.g., by simulation) under the assumption
that the parameter vector is p (i.e., P[S;(p) < z] = F[z|p]). In other words,
the observed statistic Sy is simulated by first generating an “observation”
vector y according to

y=g(p,2,v) (30)

where the function g is bivariate for our AR(1)-SV model, and corresponds to
equations (4) and (5), with p = (¢,0)’, # = (a,ry,ry)". The perturbations z
and v have known distributions, which can be simulated (N (0, 1) or student,
or mixtures, e.g.) and then computing

S(p) = Slg(p, z,v)] = gs(p, z,v) . (31)

The observed statistic Sy is then computed as Sy = S[g(p, z0,v0)] and the
simulated statistics S;(p) = S[g(p, zi,v;)] ;i = 1,..., N where the random
vectors zg, 21, ..., 2y are i.i.d. (or exchangeable) and vy, vy, ..., vy are i.i.d.
(or exchangeable) as well.

The technique of Monte Carlo tests provides a simple method allowing
one to replace the theoretical distribution F(z|p) by its sample analogue

based on Si(p),...,Sn(p):

N 1 N

Byl SOV, p)] = 1 D 5o = 8i(0)) = 1 3 T — Si(0)

=1 =1
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where s(z) = 1lj)(2) and 14(z) is the indicator function associated with
the set A. We also consider the corresponding sample tail area function:

N
A 1
Gl SN, p)] = = > 5(Silp) — )-
i=1
and the p-value function
NP N+1
The sample distribution function is related to the ranks Ry,---, Ry of the
variables Si(p),...,Sy(p) (when put in ascending order) by the expression:
N
R; = NEN[S;; S(N,p)] = Y 5(Sj(p) = Si(p)), j=1,...,N.
i=1

The central property which is exploited here is the following: to obtain critical
values or compute p-values, the “theoretical” null distribution F[x|p] can be
replaced by its simulation-based “estimate” Fy[z|p] = Fy[z; S(N,p)] in a
way that will preserve the level of the test in finite samples, irrespective of
the number N of replications used.

Thus, in this framework, Dufour (1995) states the finite sample validity
of Monte Carlo tests when the p-value function is maximized over the entire
set of the nuisance parameters as it is formulated in the reported proposition
below [see Dufour (1995, p.13, Proposition 4.1].

Proposition 8 (Validity of MMC tests when ties have zero probability)
Under the above assumptions and notations, set
So(p) = So and suppose that

P[Si(p) = Sj(p)) =0, fori#j,i,j=0,1,...,N.
If p € Qp, then for 0 < a; <1,

Plsup{Gn[So|p] : p € Qo} < ] < P[inf{EN[So|p] : p € Qo} > 1 — ]
< [[Ole] +1
- N+1

where

P[inf{Ex[Solp] : p € Qo} > 1 — au] = P[Sy > sup{Fy [1 — au|p] : p € Qo}]
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for0 < a; <1, and

Ila(N +1
Plsup{pn[Solp] : p € R} < ] < M,fw 0<a<l.
N+1
Following the latter proposition, if we choose a; and N so that
= — 32
N+1 (32)

is the desired significance level, the critical region sup{Gy[So|p] : p € Q} <
a1 has level « irrespective of the presence of nuisance parameters in the distri-
bution of the test statistic S under the null hypothesis Hy : p € €. The same
also holds if we use the (almost) equivalent critical regions inf{ Fy[So|p] : p €
D} >1—aq or Sy > sup{ﬁ};l[l —aqlp] : p € Q}. Dufour call such tests
maximized Monte Carlo (MMC) tests. The function Gy[Sy|p] (or px[So|p])
is then maximized with respect to p € {2y, keeping the observed statistic
Sp and the simulated disturbance vectors zi, ..., zy and vy, ..., vy fixed. The
function Gn[So|p] is a step-type function which typically has zero deriva-
tives almost everywhere, except on isolated points (or manifolds) where it
is not differentiable. So it cannot be maximized with usual derivative-based
algorithms. However, the required maximizations can be performed by us-
ing appropriate optimization algorithms that do not require differentiability,
such as simulated annealing. For further discussion of such algorithms, the
reader may consult Goffe, Ferrier, and Rogers(1994).

On the other hand, Dufour (1995) also proposes simplified (asymptoti-
cally justified) approximate versions of the Monte Carlo tests where this time
the p-value function is evaluated at a consistent point estimate, the Boot-
strap version, or a consistent set estimate of p, asymptotic Monte Carlo tests
based on consistent set estimators. The author shows [see Dufour, (1995,
p.16, Proposition 5.1 and p.19, Proposition 6.3)] that both tests are asymp-
totically valid in the sense that they have the correct level o asymptotically
and the estimated p-values converge to the true p-values. He also assesses
the validity of the MMC tests and the asymptotic Monte Carlo tests based on
consistent set estimators for general distributions , when ties have non-zero
probability [see Dufour, (1995, p.14, Proposition 4.2 and p.17, Proposition
5.2)].

It is this technique of Monte Carlo tests in its maximized and Bootstrap
versions which will be applied in section 7 for comparison issues with standard
asymptotic tests of section 4.
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6 Data

The data to which we fit the univariate stochastic volatility model is a long
time series comprised of 16,127 daily observations, {gjt}g’llw, on adjusted
movements of the Standard and poor’s Composite Price Index, 1928-87. The
raw series is the Standard and Poor’s Composite Price Index (SP),daily,
1928-87. We use a long time series, because, among other things, we want
to investigate the long-term properties of stock market volatility through a
persistence test. The raw series is converted to a price movements series,
100[log(SP;) — log(SP;_1)], and then adjusted for systematic calendar ef-
fects, that is, systematic shifts in location and scale due to different trading
patterns across days of the week, holidays, and year-end tax trading. This

yields a variable we shall denote ;.
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7 Implementation results

The results given here are preliminary and have to be improved and com-
pleted. The maximized Monte Carlo tests (MMC) remains to be performed
to reinforce the validity of the tests in finite samples. Here we test the null
hypothesis of no-persistence in the volatility, which takes the form Hy:a =0
and the alternative is of the form H; : @ = 0.9. The nominal level of the tests
has been set to o = 5%. M represents the number of replications to evaluate
the frequence of rejection of both hypotheses, and N represents the number
of simulated statistics used in the Monte Carlo tests. T is the sample size of
the serie ;. Implementation is performed with the GAUSS software.

7.1 Study of the level of the tests

Here we study the frequence of rejection of the null hypothesis Hy : a = 0
and compare it to the nominal level fixed at o = 5%.

LEVELS in % (under H,)
Asymptotic tests

M=100 | M=100 | M=1000 | M=1000
T=80 | T=1000| T=80 | T=1000
Wald 8 14 8.5 9
Score 50 54 48.1 54.1
LR Q 34 34 31.8 34
IRQ=1Id 0 0 0 0

LEVELS in % (under H))

Bootstrap tests
M=100 | M=100 | M=100 | M=100
N=19 N=19 N=99 N=99
T=80 | T=1000 | T=80 | T=1000

Wald 5 9 3 5
Score 7 5 6 2
LR Q 2 7 2 3
LR Q= 1Id 1 6 0 3

At this stage of the implementation which still remains preliminary and
has to be improved, the Bootstrap test which is a simplified (asymptotically
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justified) version of the Maximized Monte Carlo test, achieves to control
most of the time the level of the tests fixed at o = 5% while its asymptotic
counterpart fails, in particular there are serious size distorsions for the score
test. The Maximized Monte Carlo test (MMC) remains to be performed to
reinforce the validity of the tests in finite samples in the sense that they have
the correct levels.

7.2 Study of the power of the tests

Here we study the frequence of rejection of the alternative hypothesis H; :
a=0.9.

POWER in % (under H;)
Asymptotic tests ‘

M=100 | M=100 | M=1000 | M=1000

T=80 | T=1000 | T=80 | T=1000
Wald 26 85 25.7 89.2
Score 66 98 66.1 99.6
LR 54 91 48.8 93.8
LR Q2 =1Id 15 99 18.6 98

POWER in % (under H;)

Bootstrap tests
M=100 | M=100 | M=100 | M=100
N=19 N=19 N=99 N=99
T=80 | T=1000 | T=80 | T=1000

Wald 13 45 16 16
Score 11 27 7 32
LR Q 12 28 11 23
LR Q= 1Id 7 93 3 98

We do not prescribe these two methods when the sample size is very small
(e.g. T'=80), the results being in this case unreliable. Both test procedures
have more power when the sample size grows which is intuitive since both
tests are asymptotically justified. Additionally, we can note that the “LR-
type” test with () = Id has more power than the one with Q probably due to
precision errors in the estimation of the weighting matrix which is estimated
by a kernel estimator with a fixed-Bandwith Bartlett Kernel, where the lag
truncation parameter K has been set to K = 5.
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7.3 Empirical applications

In this subsection we test the null hypothesis of no-persistence in the volatility
of the data (Standard and Poor’s Composite Price Index (SP), 1928-87) which
counts 16,127 daily observations. The critical regions used to perform the
tests are of the form:

Re={So > xi_o(1) = 3.84}

for the standard asymptotic tests, where Sy denotes the statistic computed
from the observed data and of the form:

Re = {p~n[Solpr] < a}

with the p-value function

X NGx[Solp] + 1
Pn[Solp] = A]r\[[ i"i] :
and the tail area function
. 1 X
Gy [So; S(N, p)] = + > s(Si(p) = So)-
i=1

for the Bootstrap test with p = (¢,¢') = (c,a,7r,,7y)". @ has been set to
a = 5%. The estimated value of p from the data is:

pr = (0.129,0.926,0.829, 0.427)’

where the method-of-moments estimated value of a corresponds to ar =
0.926. We may conjecture that there is some persistence in the data (1928-
87) what is statistically checked by performing the tests below.

data
Asymptotic tests | Bootstrap tests
So N=19 | N=99
Wald 48.11 0.10 0.04
Score 1481.4 0.05 0.04
LR Q 18.3 0.15 | 0.17
LR Q=1Id 247463 0.05 0.01
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All asymptotic tests reject indeed the null hypothesis of no-persistence in the
volatility since Sy > x? (1) = 3.84 as well as the Bootstrap tests for the
Score statistic and the “LR-type” statistic with Q = Id. Once again we can
note that the results are different whether the criterion on which is based the
“LR-type” statistic is evaluated at the Kernel estimator of Qorat Q=1Id
since we are in the just-identified case (dim(0) = dim(u(6) = 3). Thus, the
estimation of the weighting matrix ) seems to poorly affect the “LR-type”
statistic in the sense that the latter is strongly underevaluated when the
weighting matrix €2 is estimated. We have further performed the Bootstrap
test for the “LR-type” statistic with the estimation of 2 for N = 199 :
p—value = 0.095, for N = 599 : p—wvalue = 0.111 and N = 999 : p—wvalue =
0.099 and they still do not reject the null hypothesis of no-persistence since
the p-values functions are still greater than o = 5%. The Wald version of
the Bootstrap test does reject the null hypothesis with N = 99 but not with
N = 19 for a nominal level of 5%, but could have rejected the null hypothesis
at a level of 10%.
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A Proof of proposition 1

First, we recall that if U ~ N(0,1) then E(U?**') = 0,V p € N and
E(U%) = (2p)!/[2Pp!] V p € N [see Gouriéroux, Monfort, p.518, vol.2]. Under
Assumptions 1,2,3 with a stationary AR(1) specification for w;, using the
definition of u;, we get:

E(uw) = ryE(z)Elexp(kw:/2)]

k k! k2 2 2
= Tym eXp(ZTw/2(]_ —Qa ))
k k! k2 2 2
= Tym exp(grw/(l —a )) (33)

where the second equality makes use of the definition of the gaussian Laplace

transform of w, ~ N(0, %) and of the moments of the N(0,1) z, variable.

Let us now calculate the cross-product:

Bluful,) = Bl ez, explk st +1=50)]
= 15 B() Bet ) Blexp(k 5 + 1))

k! ! 2
ket 2 ) ) .
- 2(k/2>(k/2)!2(l/2)(l/2)geXp<8(1_a2)(/‘v‘ + 17+ 2kla ))

2
where E(w;) = 0, Var(w;) = %5 and

1—a?

w Wit k? 2 kl
Var(k?t +1 t; ) = ZVar(wt) + ZVar(me) + 2§§C’ov(wt, Witm)

702

= —% (K 41>+ 2kla™) . 4
4(1—a2)( + 17+ 2kla™) (34)

B Proof of proposition 2

Taking the ratio of equation (9) on equation (8) to the square produces

E(uy) — 3exp(r2 P
E@)? 3exp(r, /(1 —a)), (35)
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i.e.

Q=(2/(1—a) = lg(%) . (36)

Inserting @ = (r2 /(1 — a?)) in equation (8) yields

B(uf) \"* _3VE(s}) (37)
ry = | ———— = —"
" \exp(Q/2) E(uf)!/*
From equation (10) we have
re Elujui_]
Y ) = 38
which, after a few manipulations, yields
oo lo(Blzuz ) — 41og(r,) )

Q

or either

o — log(Blugut |]) ~log(3) - 4log(Eluf]) +log(BLull] | )

E‘[u4]
log <3(E[u§])2 >

From the expressions of @ = r2 /(1 —a?) at equation (36) and that of a above

we can deduce
Tw = <log<%> (1 - a2)> v : (41)

C Proof of Proposition 3

We are going to make an expansion of order one of the function:

77 i1 (@ = p2(00))
_ 2 T ~
VT (gr(U) — p(8o)) = 77 2= (A = p1a(6o)) ) (42)
T (-9~
LS (22, — paa(1)(6)
in order to show the asymptotic equivalence between @} = u,(¢r)" and uj =
ug(co)".
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C.1 The component % S (42 — pa(6y))

Recall that u?(c) 24 (y; —cys—1)? and a7 24 2 u?(ér). We shall make a Taylor’s
expansion of the function u?(ér) with é7 = ¢g + h, i.e.,

ug (or) = ug(co)

ou?
+ a—Ct |c:c0h + Rt

with Ry, = o 331‘; le—ch? = y? |h? where ¢ = ¢y + ah with 0 < a < 1 . We

note that limy,_,o 5* B — limy_o y2 |h = 0 . Substracting j5(6y) from both sides
yields
ui(er) — pa(fo) = ui(co) — pa(bo) — 2y—1ue(co)h + y7 1 h*

and aggregating it over the sample size and standardizing by /T yields

1 T
9 9 +— 2_ h27
Z ug (6r)—p2(60) Z ug (co) —p12(6) Zyt 1(Co) ﬁ;yt 1

where RT \/— Zt " ylt 1h2 with hm;HO = 0. Replacing then h = ¢r—c¢y
we have:

T T
N 1
Z(U?(CT) — p2(0o)) = Z ui(co) — pi2(6o)) Zyt 1 (o) (Cr — cp)
t:l

t=1
1
JT Z ér —co)? (43)

t=1

s
3

!

T
1
Rr = —=> 4} (ér—c)’
VT =
1 T
= = D Ui VT (er — co)(ér — co) (44)
t=1

where it is shown at equations (66), (68) and (69) respectively that + ST v, B
0, VT (ér—co) 4 N(0,1—¢?) and (é7—co) = 0 yielding an o0,(1)—variable for
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Rr. Let us now study the term % th:1 ut(co)yt,lﬁ(égp —¢p) - ug(co)y; 1 is a
martingale difference sequence (m.d.s.) w.r.t. the subfields F; = o(X;, X; 1, ..
where X; = (v, ug, 2, v4)' since

Eluy(co)yp—1|Fe—1]

ytflE[Ut(CO) |ft71]
?Jt—lE[Ut(go) |ft—1]

Yi—1 Elexp(wy/2)r 02| Fir1]
ytflryOE[Zt|ft71]E[exp(wt/2)|ft71]
ryoYi—1 B[z ] Elexp(wy/2) | Fi—i]

0,

(45)

where the second and third lines exploit equation (14), and the fourth, fifth
and sixth lines make use of the assumptions 1 and 2. Moreover, from equation
(45) we deduce that Efu;(co)y;—1 = 0, we have besides that E(uly? ;) =

E(uf)E(y;_y) = 2.

Before going further, we will need to show that E|usy; 1|" < oo for some

r > 1, which will be useful for the uniform integrability. Thus,

E|utyt—1|r =

E|7“th eXp(wt/2)yt—1 |r

"
E(|Zt|r|7"y|r eXP(iwt) |?Jt—1|r)

r
E|Zt|r|7"y|rE(eXP(§wt))E|yt—1|r .

(46)

In order to compute equation (46), we need to compute first E|z]|" and

Ely]".
i.2.d

For z; ~" N(0,1) we have:

oo 22
E|z|" = 2(2%)_1/2/ Zle” 7 dz .
0

(47)

e For r = 2n: it is known that [see Gradshteyn and Ryzhik (1980, p.337,

oo zt2
/ 22e 2 dzy =
0

formula 3.461.2)]:

hence,

E|Zt|2n —

(271; 1)!!\/%,

(2n — 1)

where (2n — 1)l =1Xx3 x5 x ... x (2n —1).
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e For r = 2n + 1: it is known that [see Gradshteyn and Ryzhik (1980,
p.337, formula 3.461.3)]:

/00 zf"“e_é dz = o : (50)
0 2(2)7(n+1)

2
Bzt = \/;2%! : (51)

We also need to compute Ely, 1|". Thus,

hence,

Yr 1= Yy o +exp(w 1/2)ry2 1,
hence:
[Yi1|" = |eyi—2 + exp(wi_1/2)ry2ze1|" . (52)
Exploiting then the ¢, —inequality, we can say for r > 1 that:
Elyq|" = Eleyio+ exp(wt—1/2)7y2t71|r

< G |:E|Cyt2|r + E| exp(wtl/Q)Tyzt1|’"]

~ r r r r r
= Cr |:|C| E|yt72| + |Ty| E|Zt,1| Eexp(iwtl)] .

(53)
Under the assumption of stationarity, we have:
c r2 ol def
Ely, 1" < ——|r,|"Elzi1|” — 2 ) =K, < 54
el < T Bl e ) o (54)

for 1 —¢,|c|” # 0, with

=1 forO<r<1,
¢ =2""1 forr>1,

and where E|z;|" is computed at equations (49) and (51). In particular, we
have for r =1,

1 212 4y
Bl < ——Jr. 4] 2 exp(= —w ) %
[y ] < 1—|c||ry|\/;eXp(81—a2) !
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Thus, we can say that:
E|yt71|r S Kr <00,

for r finite. At this step, it is now possible to compute equation (46) which
becomes

2 T2

r r r r w de
E|Utyt,1| S E|Zt| |7"y| eXp(gl_ia?)KT :f Br < 0 (55)
and this holds for any r finite. E|usy;_1|" can be decomposed as E|u;y,_ |+’
with 6 = (r — 1) > 0 i.e. 7 > 1 then we can state that [see Davidson, (1994,
p.190 Theorem 12.10)]:

]\}iI)noo (Jue(co)ye—1] L us(coyye_s>m) =0 .

And this holds for all ¢ € N\{0}. Thus, the collection {u:(co)y:—1, t € N\{0}}
is uniformly integrable.

On the other hand, let ¢; = F|uy(co)ys—1| which corresponds to equation
(55) with » = 1 from which we can deduce that ¢; < B; < oo therefore we
have that:

T T
1 1
im — < lim — = .
fim 2o fim 73 B= B < o

Thus, the process {u(co)yi—1, t € N\{0}} which is a m.d.s. w.r.t. F; could
be described as a L;-mixingale w.r.t. JF; with §g, =1 and &, =0 ,m > 1.
We can then apply the Law of Large Numbers (L.L.N.) for L;-mixingale that
[see Hamilton (1994, p.191, Proposition 7.6)]:

%Z(Ut(co)ytl) 5 E(uwi(co)yr-—1) =0. (56)

t=1

We shall show below that the process {y? — uy» ,t € N} is a L;-mixingale
w.r.t. the subfields Q; = o(Y;, Y 1,...) where Y; = (y;, wy, 2, v4)". We know
that:

y; = (cyi—r + exp(wy/2)ry2)°
= Ay} | +exp(w)ryz) + 2ey—y exp(wy/2)ry 2 (57)
and iterating backwards on y? we have:
_ wy_
i = ()" + () XD (W 41) T2 s+ 26U XD (=) 2]

+ o+ () [exp(wy)rizl + 2eyiy exp(wy/2)ryz] .
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Besides,

def H2
/’LYQ - Eyt - 1_02 .
Therefore,
E(y; = pvolQ-m) = ()" — 12
m—1
—l—Z { {exp wy_ ])TZZt i+ 2cys1jexp(wy_j/2)ry 25| m]}
7=0
(- umz p{raeet o
m—j—1
E[exp(amjwtm+ Z alrwvtjl)mtm]}
1=0
@M, umZ P B I0 explan )
m—j—1
E{ H exp(alrwvtjl)mtm] } . (59)
1=0
Thus,

B — iyvolQm) = ("5, - umZ { exp(a™ Ty )

i_[_ Eexp(alrwvtjl)} (60)

=0

because z <" N(0,1) and v, e N(0,1). Hence,

m—1

By — iyl m) = (™20 — s+ Z@Z)j{?ﬂi exp(a™ I wy_,)
j=0

ﬁ exp(%amrfu)} : (61)
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Therefore,

E|E(y; — pv2|-m)l < E( (")™Yl — pive]

m—1

IS @ e eSS @)

E(|< ym2 | vl

IN

<
g
[\ |gﬂw
3
T |
Il <
e I
—
s}
N
N
\—/

+) () |7"§ exp(a™ I w;_ ) exp(

IA
Gy
=
3
S
<
3
_|_
T
h<
[\

m—1 Z(mf.]) r 7“2 mijil
+Z 7" exp( 5T a2)exp(?“’ a?)
7=0 =0
(63)
We have:
m—1 . 2(m—j) 2 m—j—1
fi Do) ey g ety 3
7=0 =0
1 r2 1 [ho
S GTE) T a T e
Therefore,

E|E(y; — uy2|Q-m)| < ciém
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with ¢, = 1, Vt and

Em = (CZ)mMm — Hy2
m—1 q2m=3) 2 p2 moic!

2 2] "w Tw
—H“yZ(c ) exp( 5T exp? Z a®) Vm (64)

§=0 1=0

with lim,, 400 &n = 0 and lim,, % Zle ¢ = 1 < oo. Thus, the process
{y?—py2 ,t € N} is a Li-mixingale w.r.t. the subfields Q;, = o(Y;,Y;_1,...) ,t €
N. Besides, exploiting once again the ¢,—inequality we have:

Ely; — pyol* < 2(Ely;|* + Eluyal?)
= 2iys + 243 (65)

where some algebra yields for iy 4:
2 2

w 2,2 w
a2) + 6¢7ry pyo eXP(m)

2
3r, exp( _T

de
pyvs < Byt = :

1_4

Hence, E|y? — py2|? above is finite and can be decomposed as: FEly? —
pyo|*t? < oo, with § = 1, then we can conclude [see James Davidson (1994),
p-190, Theorem 12.10] that limas o0 E(|y7 — pryall),— uyz\>M) = 0. And this
holds for all ¢ € N. We can then say that the process {y7 — uys ,t € N} is
uniformly integrable. We can then apply the Law of Large Numbers (L.L.N.)
for L;-mixingales [see Hamilton (1994, p.191, proposition 7.6)| on the process

{y7 — pva ,t € N} to get

T

1 P
T > (W7 —py2) 50

t=1

that is
1z
P
T D oyt =y (66)
t=1

Then, using the L.L.N. for L;-mixingales and the Central Limit Theorem
(C.L.T.) for m.d.s. [see Hamilton (1994, p.193, Proposition 7.8)], we have

T —1 T
1
. ~ o . 2 . -
pﬂll—?go \/T(CT ) (pTh—{I;o Ztl ytl) pfl’l—{%o VT Ztl Y1t

= () 'Z (67)
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with Z ~ N (0, %), hence,

VT(er —c) 2 N(0,1 - ¢?) . (68)

And using equation (56) we can also say that:

-1 T
. R o1
pfimer =) = (pfin 7 TZ% ) v v
(:U'YQ)_1 x 0,
0. (69)

Consequently, the term 2 3>, (u;(co)ys—1) VT (ér — co) is 0,(1) by equations
(56), (67) and (68). Therefore, equation (43) is equivalent to

n
VT

(]~
=

T
- M2(90 Z Ut Co — M2 90))
T t=1

t=1
asymptotically.
C.2 The component % SO (i — pa(60))

Recall that u,(c)* 2 (y, — ey,_1)* and @ % u?(ér), then making a Taylor’s

expansion of order one of the function u(c)* with ¢; = ¢y + h we have:
. 12
up(er) = w(co)' = 4y aw(co)’h + Sryi (@)’ (70)

where R, 6y7_,u.(c)?h* where we note that lim,_,o &t = 0 . Aggregating
equation (71) over the sample size and replacing h by ¢ CT — ¢y, we have

Z — pa(bh)) = Z ur(co)t — pa(6o)) Zyt 1 (o)’ (er — co)
=1

=1

Zyt 1Ut CT - 00)2 ) (71)

where Ry & % S y2 (€)% (ér — )? with = ¢o + ah with 0 < a < 1.
Rewritting Ry as

T
6 , .
= = >y @V er - co)er — co)
t=1
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shows by equations (66), (68) and (69) respectively that Rp is an o0,(1)-
variable. Equation (71) is equivalent to

Z — pa(bh)) = ZUtCU — (b)) __Zyt 1u(co)’
t:

2
y? u(e)?(ér — co)? .

IIM’%

We show that the process {u;(co)? yt_l} = {v(00)?y;1} is a m.d.s. w.r.t.
F; since:

E[Ut(co)gytfﬂftfl] = ytflE[Ut(CU)3|ft71]
= Y1 E[vy(60)°| Foi]

3
= yt—lE[eXP(§wt)TZto|-7:t—1]
3
= yt717”20E(Z?|-7:t—1)E[eXp(§wt)|~7:t71]

=y B Elesp(Gw)
_— (73)

from which we can deduce that Elus(co)®y; 1] = 0, Vt € N\{0}.
Besides, a little algebra yields for r a finite positive integer that:

3r
E|Ut(00)3yt71|r = E|Zt|3T|7"y0|3rE[eXP(§wt)]E|yt—1|r

2

or? c
P Tw K, “I'B, <o (74)

81—

according to equations (54), (49) and (51). Setting ¢t = Elug(co)y;_ 1|, we
can see at the light of equation (74) with r =1 that

< Elal|ryol™ exp(—-

Tll_t}go—th <TII_I,I;O_ZB1 B, < o0.
Additionnaly, E|u.(co)3y;—1|" can be decomposed as El|u;(co)3y;_1|'T? < o
for # = r — 1 > 0 which yields [see James Davidson, (1994), p.190, Theorem
12.10] that

M—o0

lim E<|Ut(00) Yi— 1|]-\ut (co)3ys 1>M> =0.
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And this holds for all ¢+ € N\{0}. So the collection {u(co)3y; 1 ,t € N\{0}}
is uniformly integrable. Thus, the latter which is a m.d.s. w.r.t. F; could be
described as a Li-mixingale w.r.t. F; with {§; = 1, and §,, = 0 for m > 1.
Then, we can apply the L.L.N. for L;-mixingale to establish that:

T

1

T Zut(co)?’yt_l B Eluy(co)®yir) =0 . (75)
t=1

Therefore, the term %Zthl (o) ye 1 VT (ér — ) is 0,(1) since VT(ér —
co) 2 N(0,1 — ¢2) by equation (68).
Consequently, equation (72) is equivalent to

T

Z — p4(6p)) \/17 Z(“t(co)4 — 114(0o))

asymptotically.

C.3 The component \/—Zt (@202 — p22(1]60))

Finally, a Taylor’s expansion of order one of ut(cT)Zuffl(éT) with ér = co+h
yields

~

ui(er)?ui (er) = wilco)’us1(co)” 4 [= 2y 1us(co)us—1(co)” — 241 aui(co)*ur1(co)|h

1
+§[2yt271ut*1( )% + 27 yu(€)? + 8yp 1y 2ui(E)us 1 (€)]h*  (76)

d .
where R, lef 21, 1292 jus 1(6)% + 2y ous(6)? + 8y 1yr ous(€)us_1(2)]h? with
limy, o 7 Bt — (. After a few manipulations we have:

5l

T T
> (uf (@ryu;_y(ér) — pap(1160)) = Z ur(co)*ui1(co)? = p22(116o))
t=1 P

ﬂ

T
——= Z ug(co)uy—y (o) ye—1 + ug (co)ur—r(co)ye—a]h

T
Zyt 1w 1(8)? + y7 qui(€)?
+ 4y, 1ys—oui (E)uy—1 (€)] 1 (77)
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where the last term corresponds to Rr with hm;HO = 0. Replacing then
h by ér — ¢g we have the equivalent form:

! (te(c0) e+ (c0)? — 122(1]60))

5/
B

“
Il
—

T
Z Ut Cr Ut 1(6r) — p2,2(1]00)) =
t:l

’ﬂ

[ug(co)u;_ (co)ye—r + uf(co)us—1(co)yu—s]

Sl
[M]=

1

T
1
X\/_ CT—C() + = Zyt 1Ut— 1 +yt Zut( )2

t=

+4y 1 y—oui(€)us—1 (€ ]\/T(CT — ¢o)(ér — ¢o)78)

-
Il

where the remainder is 0,(1) since (é7 — ¢p) is 0,(1).
As E(u?(co)us—1(co)ys—2) = E(yso)E(u?(co)us1) = 0 since E(y; ») = 0
and F(u;(co)u? | (co)yi1) = E[u? | (co)yi1E (ui(co)|Fi1)] = 0 since

Eluy(co)|Fia] = E[Tyztexp( 8| Fe]

= TyE(Ztlftfl) [exp( )| Fi]

=0 (79)
under Assumption 2, and we recall that F, = o(X;, Xy 1,...) with X; =
(s, ug, 2, v¢)'. At this step, we need to show that u?(co)us_1(co)yi_o is a Ly-

mixingale in order to allow for the L.L.N. for L;-mixingales for the second
term of the right-hand side of equation (??). To do so, we need to show that

E|Eui(co)uw—1(co)yi—o| Fiom]| < ciém

with limy, 4o & = 0. Let us first compute E[u?(co)us—1(co)yi—2|Fi_m] for
m > 3, i.e.

Elu?(co)us—1(co)yi—2|Fiom] = Euu (€™ 2 Ym + ™ 2ty s + ™y pgn + ...
+eup_g + up_o) | Fiom]
= E[Cmﬂyt—mU?th + Cm73ufutflut7m+l + Cm74U?Ut—1Ut—m+2
o cuug qup 3+ urug U o| Fio]
-0 (80)

34



because for m > 3, the terms of the form:

2 2.2 1
Elugusatmir|[Fiom] = E|1,2; exp(a™ Wi + 0™ TyUtmyp1 + ..o+ aryUi1 + Ty 0;)

m—1 m—2
Wi + " U a1 e ary Ve + Ty 1)]

1
TyZt—1 eXp[§ (a
1

TyZt—m+1 expls

5 (awt_m + TwUt—m+1)]|-7:t—m]

1 1
= E(z1|Fiem)E(ziemi | Fiem)E [T;zf exp[(a™ + gam_l + §a)wt_m]

1 m—2
exp[(amil + §am72 + ’rw'Ut m+1 H exp Cl] +3 a] 1)’rw'Ut J]
7=1
exp(rwvtﬂftm]
= 0 (81)

because F(z; 1|Fi-m) = E(2:-1) = 0 according to Assumption 2, and for the
same reasons we also have:

E[ytfmeuHIftfm] = ytfm’rzE(Z?|ftfm)E(zt71|ftfm)
Elexp(a™wi—m + ™  ryUi—mit + . AU 4 Ty
1
eXP[i( a™ Wy + am_2TwUt—m+1 + . Faryv—g + 1) | Fiem]
= 0. (82)

So we have for m > 3 that E[u?(co)us_1(co)yi—o|Fi—m] = 0. Similarly, we also
have that E[u?(co)ui—1(co)yi—2|Fi—a] = 0. Therefore,

E|E[U?(CO)U:&—1(Co)yt—2|-7:t_m]| =0, m>2

Now for m = 1 we have:

Elujuyio|Fi]) = waypoE[r)z] exp(aw—y + ryve)| Fioi]

Ut—lyt—QrzE(Zﬂft—l) exp(aw—1) Elexp(ryv;)| Fi-1]

= ut_lyt_QrZ exp(aw;_1 ) E(z}) Elexp(ryv;)]

1
= ut,lyt,zrz exp(awt,l)exp(2 r2) . (83)
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Then, we have:
1
E|Blujui1yi—2|Fi1]] = Elryzi—1 exp(wi—1/2)yeor; exp(awt,l)exp(iriﬂ

1 1
= B(explla+ Pulesp(Gri)lrille sl

1 2 (a + l)2 7“120
= |7"2| eXP(iri)\/;EWtﬂ exp| : 2]

2 l1—a

1 2 a+3)? 12 e
< |T2|GXP(§T3;)\/;K1exp[( 22) liw “I'p

(84)

recalling that Ely,o| < K and E|z| = ﬂ A similar calculation yields
also that
E|E[u?ut—lyt—2|ft]| = E|ufut_1yt_2| <B.

Then, the process {u?u;_1y;_2} is a Li-mixingale with ¢, = B, V¢, &, =1 for
m =0,1, and &, = 0 for m > 2, and limy_,, = ZtT:1 ¢; = B < oo. Moreover,
let us show now that the process {u?ut,lyt,g} is uniformly integrable. To do
this, we shall compute E|u?u;_1y;_o|" for r =1,2,3,....

E|U?Ut71yt72|r = E|7"22’t2eXp(wt)TthfleXP(wt—1/2)yt72|r
Yy

= E|T22t22t—1yt—2 exp(aw;_1 + ;) exp(wy_1/2)|"

1 r
= B2l llv-slexplla + e explru)

r*la+3)* r2 r?r?
= |r} B2 Elze | Elyisl” expl—— 2 - exp(—*)
- (2r)! . . r2(a+1)? 2 7272
= Inyl (2r7n)| Elzi]" Blye—s| exp[—— : Tlen(—")
2r)! Patd)? 2
= |T.2|r oryl E|Zt—1|rKr eXp[ 9 2 1 — LLZ] exp( 2 )
< oo forr<oo. (85)

Decomposing:
2 r_ 2 140
Eluju, 1y o|" = Elujus 1y 2] < 00
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for = (r —1) > 0i.e. r > 1, r a finite integer, then

3 2
]\/l[1~r>nooE(|utut_1yt_2|1|“gut71yt72‘2M) =0 )

[see Davidson (1994, p.190, Theorem 12.10)]. And this holds for any ¢ €
N\{0,1}. Then, the collection {u?u; 1y, o ,t € N\{0,1}} is a uniformly
integrable L;-mixingale w.r.t. F;. Finally, we can apply the L.L.N. for L;-
mixingales to have that:

T
1
T ZU?Utflytfz £> Eufutflyth =0. (86)

t=1

We shall show now that the process {uu? ,y; 1} is a Li-mixingale w.r.t. F;.
More precisely, it is a m.d.s. w.r.t. JF; since:

Elui(co)u; 1 (co)ye1|Fia] = uiy(co)ye1B[us(co)|Fi ]
=y (co)ye—1 Elryoz exp(we/2)| Fi-i]
= 1oty (co)ye1 B (2) E(exp(w/2))
= 0, (87)
from which we can deduce that E(u(co)u?_;(co)ys—1) = 0. Moreover, by the
¢--inequality we can state that:
2

~ r r T r r r
Blulea)if s(coluil < el Blual ) Bla Blet o exp [0+ a2

T T T T2 T??U
HII Bl Bl exp| (124 1+ of2)

l1—a

2

. . . (2r)! r r2
< e { iRl B e [0+ a2 e
4r T2 2 T?p
+|7y | Ve y3r exp 5(1/2+1+a/2) T o exp(
def

B, < >

where it has been shown earlier that E|y; »|" < K, by equation (54), that

Bla|" = v, B2 = Elze ¥ = s, and B2, " = B2, = 2 since

2z ~ N(0,1), and 7, and 73 have been computed at equations (49), (51).
We recall that

&=1 forO<r<1,
¢ =2""1 forr>1.
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Taking ¢; = Elug(co)u? ;(co)ys—1| which corresponds to equation (??) with
r =1 yields

Tll_t){.lo—th<Tll_r)r()10—ZB1 B, < o0.

On the other hand, decomposing E|u;(co)u? | (co)ys 1|" as E|us(co)u? ;(co)ys 1] <
oowithf=r—1>0,ie. 1<r <oo,then

lim E<|Ut(00)ut 1(co)ye— 1|1\ut co)u%_l(co)ytﬂZM) =0.

M—0

And this holds for all £ € N\{0}. Hence, the collection {u;(co)u? |(co)y; 1,V t €
N\{0}} is uniformly integrable. Thus, the latter which is a m.d.s. w.r.t. F;
could ne described as a specific Li-mixingale w.r.t. F; with & = 1 and
&n =0 for m > 1. Then, we can apply the L.L.N. for L;-mixingales to assess
that:

T

> wilco)ui_y(eo)yimr = Elu(co)ui_y(co)yit) = 0. (89)

t=1

1
T
Finally, given that the terms & >, u?u; 192 and % 3" u,(co)u?_; (co)yi1
are both 0,(1) [see equations (??) and (??)] and that v/T'(ér—cp) 2 N(0,1—

c?) by equation (68), then the term 2 S1_ (ugu? -1 +uduy—1y—2) VT (ér —
cp) is also 0,(1), yielding the asymptotic equivalence below.

1 IOPY) 1
—T 2 (U5 — p2a(1 JT tz; uy(co) U1 Co) — p2,2(1)(6o)) -
Thus,
7 i (@7 = pa(69)) usy 77 i (uf (co) = p2(60))
77 Sz (i = pa(60)) # {zt (il (co) = pua(0)
o5 S (7 — p2(1)(60)) 77 2 (uf (co)uiy (o) — ha,2(1) (o))
(90)

and from equation (14) we know that u(co)” = v4(6p)" ¥ ¢t then we have the
asymptotic equivalence

V(g2 () — 1(00)) # VT (gr(60) — u(6o)) |

with gr(0) defined as in equation (16)
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D Proof of Proposition 4

In order to get asymptotic normality for vT'(gr(6y) — () we shall use a
Central Limit Theorem (C.L.T) for dependent processes [see Davidson (1994,
p.385, Theorem 24.5)]. In this aim, we need to verify first the conditions
under which this C.L.T holds. To do this, we will apply propositions 5 and
17 from Carrasco,Chen (1999) to conclude that

i) if {w;} is geometrically ergodic, then {(w,In|v|)} is Markov geomet-
rically ergodic with the same decay rate as that of {w;};

ii) if {w;} is stationary [-mixing with a certain decay rate, then {ln |v;|}
is f-mixing with a decay rate at least as fast as that of {w;}.

If initialized from its stationary distribution, then {In |v;|} is strictly station-
ary (-mixing with an exponential decay rate. Since this property is pre-
served by any continuous transformation, {v;} and hence {vF} and {vFovF |}
are strictly stationary and exponential -mixing where we recall that v, =

vi(0p) = exp (%) ryo2, = exp(4=LEu0% )y 2. Then, the process
wof v (00) — p2(bo)
Xy = v (o) — pa(6o) = gi(6h) — p(6h) (91)

vf (Bo) vy (Bo) — pa,2(1|60)

is strictly stationary and exponential S-mixing. Moreover, application of the-
orem 14.2, p.211 [see Davidson (1994)] shows that a mixing zero-mean process
is an adapted L;-mixingale with respect to the subfields F; = o(X;, X;_1,...)
provided it is bounded in the L;-norm. Indeed {X,} is bounded in the L;-
norm as we show below.

i)
Elvf = pa2(00)] < E(|v7] + |p2(60)])
= 2p2(b)

_ 2 w
= 2Ty eXp(m) .

There exists M < oo such that: E|v? — ps(6)| < M < oo.

ii) In the same way,

.E'|U£1 — /,L4(90)| < 2#4(90) < M < oo.
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iii) Similarly,
Ev, — aa(180)] < 242(11f) < M < ox.

The process { X;} is Li-bounded, therefore it is an adapted L;-mixingale
w.r.t. ft.

The process {X;} which is a L;-mixingale w.r.t. F;, with mixing coefficients
of the form 3, = ¢p™ ,¢ > 0, ,0 < p < 1, is shown below to be of size —1.
To show that the process {X,} is of size —1, we need to show that its mixing
coefficients 3, are such that: 8, = O(n %), with ¢ > 1. Indeed,

P _ 9

5 =N exp(nlog p)
= exp(plogn) exp(nlog p)
= exp(¢logn + nlogp) .

It is known [see Rudin (1976, p.57, Theorem 3.20d)| that lim, . ¢ logn +
nlog p = —oo which yields

lim exp(¢logn + nlogp) =0.
n—o0

And this holds with ¢ > 1.
Now, the last condition to verify before applying the Central Limit The-
orem for dependent processes is to show that

limsup T2 E|Sy| < oo

T— o0
where
oy & T 7 (Bo) — p2(bo)
Sy = ZXt = Z vt (Bo) — pa(bo)
t=1 =t \ 07 (0o)vi_y (0o) — pi2,2(10p)

We will write the proof only for the two last components of X; that is:

1/2E|Z v (60) — pa(6o))| < EZM (60) — 114(60)|

< T7'?E Z(|Uf(90)| + |1a(6o)])

t=1
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since v} (6p) > 0 and py(6p) > 0 since we work with real-valued processes.
Then, we have

T2E]Y (vf(80) — pa(6))] < T7V2EY (10} (69)] + lua(6o)])

T
= T'2E (v/(00) + pa(60))
t=1
T2, (6o)

And replacing p4(fy) by its value we have that

T
. . . _ 2r2
i sup T~/ E| 3 (0 (8) — jua(80))| < Jim 6T 7t exp(; =) = 0.

t=1

Likewise, we have

T2EY (0F(80)071(80) — pop(U00)l < EY |07 (B0)vi1(60) — pa2(1]60))]

t=1 t=1

< TPEY (07(B0)v71(80)] + [122(1160)])

t=1

since v (6p)vi 1 (6p) > 0 and pa2(1)(6) > 0. Thus, we have

T-2E] 3 (w2 (60)07, (00) — paa(160))| < T™2E S (07 (6007 (80)] + 12 (11600)])

t=1 t=1

— T-12F Z(UE(QO)U?A(QO) + 112.2(1]6))

t=1

= 27711y 5(1160)

2
_ —1/2,4 "y
21 *r, exp(1 - a) o oo

Hence, we have

T
limsupT~/2E]| Z(vf(@o)vf_l(ﬁg) — f12,2(1]6p))| < o0 .

T—o0 =1
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Since the proof is similar for the first component of X; we can assess that
limsup,_, . T~Y2E| 3], X;| < oo . Therefore we can apply Theorem 24.5,
p.385 [see Davidson (1994)] to the process {X;, F;} defined in equation (77?)
with F; = 0(Xy, Xy_1, ... ), and establish that

T
TS0 =172 3" X, = VT (gr(6) — n(fh)) = N(0,Q7) .
t=1

E Proof of Proposition 5

The method-of-moments estimator 07(€2) is solution of the following opti-
mization problem:

min My (0) = min(u(0) — g7(U))'2(u(0) — gr(0)) (92)

where we recall that

1 T ~2
A B
gT(U): T t= 1ut ) (93)

Zt 1A221

or else gr (U ) T Zt LU ) U) and iy = w,(r), and 11(0)" = (2(6), 114(6), p12,2(1(6)).
The first order conditions (F.O.C) associated with this problem are:

O 430 lbr) — r(T)) = 0.

An expansion of the F.O.C above around the true value 6, yields
. O . o
5 () 1lo) + 55 (00)(br — 05) — gr(U) ) = 0

after rearranging the equation we have

ﬁ(éﬂﬂ)—eo):(%’; (eom%(eo))_ O B0/ T a1 (1) — (00)

Using then, propositions 3 and 4 we get the asymptotic normality of éT(Q)
with asymptotic covariance matrix W (€2) as specified in proposition 6.
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F Proof of Proposition 7

The proofs derived here follow the lines of Gourieroux,Monfort,Renault (1993).
The parameter 6 such that 6’ = (a,r,, ) is partitioned into two subvectors

with 6, = a and ¢, = (r,,r,) . The null hypothesis is defined by Hy = {6 =
0} which corresponds to test the absence of long memory in the model, i.e.
a=0.

The expansion given earlier can be rewritten under the null hypothesis
with the optimal metric *':

i ] K )Q(%” %u)]<— )a*lﬁ(gT<ﬁ>—u<eo>>

92T - 920 805

00y

(O 4 P T (D) — u(6))

TOp ~ (A —ApA A
\/_ 1T ( 11 12 21) (891 22 692

We note that:

o' oo
00, ~Aiedn 5o 86, 06, g9, 14— Ma]
where
O oy o, o] o
O a0 4
ST {092 00, 96, (94)
and Ay = 200! 55, which yields
PN oy’ 1Oy — — (T
VThp ~ (A — A12A§21A21)71%[[d — M,]'Q2 lﬁ(gT(U) — (o)) -
1
(95)
Thus,
8,u oL

VaTas(\/TélT) (AII_AIQA AZI) [[d M]Q* l[ld MQ] (All—A12A2721A21)71

06, 001
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and we show that

Varas (\/TélT)

= (A — A12A§21A21)71

[Id MZ] Q- I[Id MZ]E)G' == (All—AlgA;QIAgl) yleldlng

(96)

Indeed,

o’
00,

op
0!

o
a0,

(z
o/
a0,

I
< a0,

<a:u Q* 1

S Id — M)y HId — My]— <I

op

06,

o
(57 -
o'
06,

o
89’
*—1 a,u
89’

Thus, the Wald statistic
w A TR —14
&r = TH,ITWI 011
is asymptotically equivalent to:

= T(gr(U) — u(00))' ' [Id — MZ] P Ay —

0!
op

Ay — Ap Ay A
(An 12 21){391

(A11—A12A2_21A21)(A11 A A, A21)

44

op
= B

alu’ Q*fl 8_“

00,
*—1 a/'L

d—w[

<Id—Q

Op {3/1

00,

[Id — M)~ Id — My)——

o
96,

on!
90,
op

_ou oy
*—1 x—1
{2 00; ] 8029 )
1
20, 00
o' 1 O
il o S St sulll B sl
55
Lou) ol Ly o
Q* 177 —Q* 1
00; ] 00y )
00, 00! "% 00,
—1 aﬂ —
00,
alu’ *—1 a/'L 718_//
06, *2 005

-1
] O e
o0, |06, 08,
8“ Q* lal’LA la:u Q* 1)
22 892 1>
06}

All - A12A22 A21 .

A12A§21A21)71

b

L 1d — M) (g (U) —

o
a0,

Q*l

a0,
)Q*l

o0,

—.
06",

p(th)) ,



that is

- 0

& = T(e(0) = pl00)) Q[T Mol
op 1 op\ o
{ael[ld M, [Id — MQ]ae,} 0

[1d — M) (g2 (U) — p(0p)) -

The score statistic is based on the gradient of the ijective function with
respect to 0 evaluated at the constrained estimator 0,5 = (0, Py Te) ie.

o’

Dr = S0 ) - 32(0)
oy’ x—1 Oy (T

= o (l00) + o 0B~ 0) — 300 )

= D (91(0) — i) — SO0 — ) )

= oo (VEr(O) - 1(00) ~ OV T (5 — ) )
Given that
VT — ) (%(%)9*—15—9‘2(900 002 VT2 (0) = ()
we have
Dr =~ SO (VE(ar@) - u(tn) ~ S (045 55 @0V ar(0) ~ wi6)) )

- 1L oy x—1

= _ﬁa_el(%)([d M)Q \/_( () 11(6))

where Ms has been defined at equation (?7?). Finally, from equation (?7) we
have

Dr ~ — (A — A1pAz An )bir . (97)

There is asymptotically a one-to-one linear relationship between Dy and the
unrestricted estimator ¢, and this shows that the score test is asymptotically
equivalent to the Wald test and

VCLTaS (DT) = All — A12A;21A21 . (98)
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On the other hand, the difference between the two optimal values of the
objective function (the constrained minus the unconstrained one) is such that

§¢ =~ T(gr(U) — w(0))'Id — Mo} 0" [Id = My)(g7(U) — p(9)
~(gr(U) — u(8))[1d — MY~ [Id — M](gr(U) — 1(6))

-1
!
where My = Jh A5 950" and M = 2 (3“ Q! gg,) % Q1 . Thus,

€ = T(0r(0) = u6) " 1d = Ml (D) = ()
0) @)Y {1d = M)(3r(0) ~ u(6))
~ T(gr(U) — u(0))Q ' [M — M)(g0(T) — u(6)) -

A classical argument of block inverse gives

ol !
QO ~YM — M,] = QYId— M. Id — M,)'Q*~'[Id — M.
(M — M) | 1%(%J T ﬂw)
oy’ ~1
Id — M,)'Q*
391[ d — My

and the asymptotic equivalence between £ and &Y follows.
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