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Abstract 
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1. Introduction. 
 

A common problem in econometrics is how to handle heterogeneity. The problem will appear in 

almost every microeconometric study. Heterogeneity can shortly be described as unobserved 

differences between the units studied. How serious the problem is, will affect our choice of how 

detailed the modelling of heterogeneity will be. On one extreme, we can assume the units studied are 

so different that we have to model them separately. If this is the case, then data often lay restrictions. 

The other extreme is when the units studied are so similar that we can estimate a common model for 

the data as a whole without taking the heterogeneity problem into consideration. In some models, not 

taking the heterogeneity into account, may not affect consistence of the estimates, but if we don’t take 

the structure of the covariance matrix to the total error vector into account, we lose efficiency in the 

estimates. On the other hand, using a stochastic coefficient model may also cause problems. If the 

stochastic coefficients are correlated with the observable variables, a model with stochastic 

coefficients, which is assumed to be stochastic uncorrelated to the dependent variables, will give us 

biased estimates. This is not the case in a model with fixed coefficients.  

 

How can we then treat heterogeneity? One possibility is to add a fixed coefficient to the parameters 

where we assume, the differences between the studied units might occur. Another option is to assume 

that the differences between the studied units will follow a probability distribution. If we have many 

observed units and/or wish to model heterogeneity in several dimensions, then the first possibility will 

demand a large amount of degrees of freedom. The other option will save a lot of parameters, but we 

may have chosen the wrong probability distribution. 

 

The aim of this study is to compare the above mentioned methods, and investigate which application is 

best suited for our data set. In this study we consider a general framework for analysing the production 

process i.e. factor substitution, technical change from an unbalanced panel data. The paper discuss the 

importance of choosing correct specification, dealing with plant heterogeneity in econometric analysis 

of output supply and factor demand. A generalized Leontief profit function, suggested by Lau (1978), 

is applied on plant level panel data for Norwegian paper and pulp industry. In our study we will 

compare the estimated price elasticities, returns to scale and technical change between the different 

methods. The elasticities are important policy parameters. In our study, we show the importance of 

including heterogeneity, and that the fixed effect approach seems to be more efficient, than models 

with stochastic effects. However, the choice of model has a small effect the on the estimated 

elasticities.  
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The rest of the paper is organised as follows. In Section 2, we present the model and comments of the 

restrictions on the profit function, which follow from capital constrained profit maximisation. The 

econometric specifications with fixed and stochastic coefficients in selected profit function parameters 

are discussed. The equation system we work with, i.e. the output supply and factor demand equations, 

derived from Hotelling lemma, is formally a system of regression equations with fixed or stochastic 

coefficients. We also present the estimation procedure. In Section 3, we briefly present the data, and 

Section 4 we report and discuss our results. 

 

2.  The Model. 

 

Heterogeneity between plants may occur in many dimensions. A lot of it depends on the different 

technologies. In this context, technology has a broad definition, and cover more than only different 

capital equipment. It could for example include differences in human capital and/or differences in 

management. For analysing the problem, we have chosen to model plants behaviour with a 

Generalized Leontief (GL) profit function. 

 

2.1 Profit function. 

 

We assume that the average plant only produce one output (Y) by a five-factor technology, with 

electricity (E), fossil fuel (F), labour (L), intermediate material (M) as variable inputs and capital (K) 

as a quasi-fixed input. We also assume all plants to maximise profit, and to be price takers in both the 

output and the inputs markets. The plants profit maximising problem can be defined as: 
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where π is profit, 

 y is output, 

 x a vector of inputs, 

 p is output price, 

 v is a vector of input prices, 
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 K is capital and considered as a quasi-fixed input factor, 

 τ is a time parameter and assumed to measure technical development, here represented by 

 calendar years. 

 Z is the production possibilities set.  

 

The problem the plants are facing is to find the corresponding volume of production and the volume of 

each factor input that will maximise the short-run profit, given capital and time. Necessary conditions 

for duality between production space and the short-run profit function are: 

 

a) Non-negative real-value function for all p and v <<0. 

b) Homogeneous of degree 1 in p and v. 

c) Convex and continuously in p and v. 

d) Non-decreasing in p, and non-increasing in v. 

 

The real profit function is unknown, but locally it can be approximated by a second order taylor 

expansion. Several flexible function forms have been proposed, e. g. translog (Christensen, Jorgenson 

and Lau, 1971), normalised quadratic (Lau, 1978). We have though chosen the Generalized Leontief 

(GL) profit function (Diewert, 1973). Defined as: 
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If the profit function fulfils the above stated conditions, then according to Hotellings lemma, the 

produced output is given by: 
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The demand for the variable input factors is then: 
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The output price elasticity can been derived from supply function (2.3): 
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Similar, the input price elasticity can be derived from the demand function (2.4): 
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We can also derive several cross price elasticities, as between output supply and factor prices, which 

by symmetry is equal to the elasticities between factor demand and output price except the sign 
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and cross price elasticities between factor demand 
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The effect of output and variable factor demand on a change in capital can be calculated as 
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The time trend is supposed to be a proxy for technical development. Assuming the technical 

development is constant over time, we can approximate the annual technical change effect on output 

supply and factor demand as 

 

 
y

y
y

1

τ
ετ ∂

∂= = 
y
τδ

 (2.11) 

and  

 
i

i
i x

x
x

1

τ
ετ ∂

∂
= = - 

i

i

x
τβ

. (2.12) 

 

2.2 Econometric specification. 

 

Our analysis is made on an unbalanced data set. We assume that the selection rules for unbalanced 

panels are negligible, i. e. we assume that there exists no relations between the plants exits and 

entrances and any of the endogenous variables in the model (see Verbeek and Nijman, 1996). We 

choose to organise the plants after observation years, so that every subgroup is composed of a 

balanced data set. Subscript (ir)t describes plant i observed in r years in the period t. Nr is the number 

of plants observed in r years. In a balanced data set, t often runs from the first to the last observation 

year. when we organise the observation in this way, it is important to notify that the subscript t, can 

indicate different years. Or to put it in other words, the subscript t is the number of observation for 

plant i. 

 

The supply and demand functions from (2.3) and (2.4) can be written in compact form as: 

 

 y(ir)t=x(in)t β+α+µ (ir)t,       i=1,....,Nr,  r=1,....,R and t=1,....,r (2.13) 

 

where we assume: 

 

 x(ir)t and  µ(ir)t are stochastic independent and (2.14) 

 µ (ir)t ~ IID(0G,1, Ωµ) (2.15) 

 

IID signifies independently, identical normally distribution, and where 
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Writing the covariance matrix for the genuine disturbance term in this way makes it possible for the 

disturbances in the different equations to be correlated for the same plant at a given point of time. 

However within each equation the error components are homoskedastic. 

 

 

 

Following (2.3) and (2.4) and include the inputs in our model, we can write the vectors and matrices in 

(2.13) as: 
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There are r (r=1,....,R) x matrices, and y and µ vectors for each plant. Ωµ defined in (2.16) is a 

symmetric matrix that can be written as: 
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Equation (2.13)-(2.15) can then be written in a compact form for the r observations of plant i. 
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 y(ir)=x(ir)β+ ( )irα +µ(ir) (2.19) 
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and 

 

 ( )irα = ( )[ ]α⊗re  (2.20) 

 

where ( )irα  is a (Grx1) vector and e(r) is a (rx1) unit vector. In this case ( )irα  do not indicate any plant 

specific characterisation, because all elements are equal for all units. But below we shall se how we 

can modify (2.18) by incorporating heterogeneity. 

 

From (2.14), (2.15) and (2.19) we have 

 

 µ (ir) ~ IID(0G,1, ( )
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irΩ ), (2.21) 
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Since Ir is a rxr identity matrix and Ωµ is a matrix of dimension (GxG), the ( )
µ
irΩ have the dimension 

(GRxGR). 

 

In our data set there are 45 plants observed over 22 years (1972-1993). It is not obvious, even though 

it is in our case, that there are firms observed over the whole period. But the way the data is organised, 

it is important to treat heterogeneity in the right way. Let's take a simple example. Suppose we have 
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two firms, call them i=1,2, which only exist in one year (r=1). But the first plant exists in the 

beginning of the period, and the second in the end. These two plants will be grouped in same 

subgroup, but the heterogeneity between these plants will probably be significant, whit respect to 

technology. But if the heterogeneity only depends on the cause of existence in time, these general 

differences will be explained by the trend parameter δτ. 

 

In this study, we will examine three different assumptions with respect to heterogeneity. In model A 

described in part 2.2.1, we assume absence of plant specific heterogeneity. Then we assume fixed 

heterogeneity coefficients in model B, described in part 2.2.2. In the last model C, described in part 

2.2.3, we assume stochastic coefficients. We assume that heterogeneity can be modelled by plant 

specific coefficients in the parameters, δp, βEE, βFF, βLL, and βMM. This means that the intercepts in 

equation (2.3) and (2.4) are plant specific, whereas the slope coefficients are assumed to be plant 

invariant throughout. 

 

2.2.1 Homogeneous plants 

 

First, we will describe the case with homogeneous plants, i.e. we assume all plants in the examined 

industrial branch to be equal regarding technology, in the sense that, the model will not be improved 

by adding heterogeneity conditions in estimation. This is the reference model, which will be modified 

later, and will be referred to as model A. 

 

We will estimate the model described in (2.19)-(2.20), given the vectors in (2.17), by maximum 

likelihood method. The density function for the disturbance term µ(ir), which is same for all plants, is 

with the assumption of identical independent distribution given by 
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Taking the logarithm of (2.17) and adding (2.13), we will get the log-likelihood function for plant (ir). 

The coefficient ( )
H
irα  has the superscript H, indicating a homogeneous model. 
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Because the observations from the plants are assumed to be independent, the conditional log-

likelihood function for all plants, will be the sum of (2.24) over all plants: 
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where ( )
µ
irΩ  is the covariance matrix given by (2.22). If we set 
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we can simplify (2.24) as 
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L will be maximised with respect to the unknown coefficient matrices β and α, and the parameters that 

characterise the covariance matrix ( )
µ
irΩ (for all ir). Direct maximisation of L will be complicated, 

because we can not write the estimators in closed form. However, we can solve the first order 

conditions and the solution conditions by an iterative method. These simplified solution conditions are 

similar for all here stated estimation problems. We confine ourselves to describe this method in section 

2.2.3 where we use stochastic parameters. 

2.2.2 Fixed coefficients 

 

In model B, we assume all coefficients to be fixed, but δp, βEE, βFF, βLL, and βMM will vary between the 

plants. This is modelled by utilising dummy variables of the plants. 

 

Then we have to modify (2.19)  

 

 y(ir)=x(ir)β+ ( )
F
irα +µ (ir) (2.19') 

 

For (2.20) to take care of the plant specific heterogeneity, we rewrite it to 
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where ( )irα~ = ( ) '
)()()()()( ,,,, F

irMM
F
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F

irp ββββδ er is a rx1 unit vector, then ( )
F
irα  becomes a Grx1 

vectorThe superscript F indicates that this is a fixed coefficient model. 

 

We can best see the differences between (2.20) and (2.20'), if we aggregate all Nr αir into one matrix, 

then (2.20) can be rewritten as 

 

 ( )
H
irrN

H
rN e αα ⊗= , (2.20b) 

 

where 
rNe  is a (rN×1) unit vector, ( )

H
irα  is a (GrNr×1) vector where all rNr elements is α. (2.20') can 

we rewrite as  

 

 ( )
F
irrN

F
rN I αα ⊗= , (2.20'b) 

 

where 
rNI  is a (rNr×rNr) identity matrix, F

rNα  is a (GrNr×GNr) matrix. 

 

We solve this problem exactly as in the case with homogenous plants, except that we in this model 

have Nr intercepts to solve. 
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2.2.3 Random coefficients. 

 

In model C we assume that the parameters δp, βEE, βFF, βLL, and βMM, vary stochastically between 

plants according to a multivariate normal distribution, while the remaining parameters are fixed and 

equal over plants. The random parameters can be decomposed by  

 

 ( )
S
irα = κ + ε(ir), (2.28) 

 

where ( )
S
irα  is a (G×1) vector, which is supposed to catch the plant specific effects. The superscript s 

denotes stochastic coefficient model. κ is a (G×1) vector with the common expected value for all 

plants. ε(ir) is a (G×1) plant specific vector. In our case (2.28) can be written as 
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ε
ε

κ
κ
κ
κ
κ

α
α
α
α
α

α  (2.29) 

 

 

We assume  

 

 ε(ir) ~ IID(0G,1, Ωα), (2.30) 

 

In our case (where G=5), Ωα is  

 

 Ωα=























ααααα

ααααα

ααααα

ααααα

ααααα

σσσσσ
σσσσσ
σσσσσ
σσσσσ
σσσσσ

MMMLMFMEMY

LMLLLFLELY

FMFLFFFEFY

EMELEFEEEY

YMYLYFYEYY

 (2.31) 

 

The matrix is symmetric so the subscript ij=ji. Since the off-diagonal elements are free, we allow for 

correlation between the plant specific effects in the different equations. But within the equations the 

error terms are homoskedastic. We can now rewrite (2.19), by substitute in (2.28) 

 

 y(ir)t = x(ir)tβ(ir)+ κ + η(ir)t, (2.32) 
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where  

 

 η(ir)t = ε(ir) + µ (ir)t. 

 

We assume x(ir)t, ε(ir) and µ(ir)t to be stochastically independent. We can now rewrite (2.19) in a compact 

form 

 

 y(ir) = x(ir)β(ir)+ κ(ir) + η(ir), (2.19'') 

 

where y(ir), x(ir) and β(ir) are the same vectors/matrices as in (2.19). The vector κ(ir) is given by 

 

 κ(ir)=er⊗κ (2.33) 

 

where er is a (r×1) unit vector, and where κ, as explained above, is common to all plants. Furthermore 

 

 η(ir) ~ IID(0Gr,1, Ω(ir)) (2.34) 

 

where the covariance matrix is given by 

 

 Ω(ir)= αΩ⊗′ )( rr ee + Ir⊗Ωµ (2.35) 

 

(ere'r) is a (r×r) matrix containing only ones. Since Ωα is a (G×G) matrix, αΩ⊗′ )( rr ee  is a matrix with 

dimension Gr×Gr. 

 

 αΩ⊗′ )( rr ee =





















ΩΩΩ

ΩΩΩ
ΩΩΩ

ααα

ααα

ααα

L

MOMM

L

L

 (2.36) 

 

Ir is an identity matrix with r elements on the diagonal. Ir⊗Ωµ
 is the Kroenecker product between Ir 

and Ωµ
, which gives us the block-diagonal (Gr×Gr) matrix 
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 Ir⊗Ωµ =





















Ω

Ω
Ω

µ

µ

µ

L

MOMM

L

L

00

00

00

. (2.37) 

 

 

Thus we have 

 

 Ω(ir)= 





















Ω+ΩΩΩ

ΩΩ+ΩΩ
ΩΩΩ+Ω

µααα

αµαα

ααµα

L

MOMM

L

L

. (2.38) 

 

We define (ere'r)=rAr and Ir=Ar+Br, where Ar is a (r×r) matrix, with all terms equal to 
r

1
, and Br is 

then a (r×r) matrix where the elements on the diagonal equal 1-
r

1
.  

 

 

























=

r

r

r

Ar

1
0.0

....

..
1

0

0.0
1

 (2.39) 

 

 

























−

−

−

=

r

r

r

Br

1
100

0
1

10

00
1

1

L

MOMM

K

K

 (2.40) 

 

Then we can write (2.35) as 

 

 ( ) ( ) µαµ Ω⊗+Ω+Ω⊗=Ω rrir BrA  (2.41) 

 

The inverse of Ω(ir) given in (2.41), can the be written as 

 

 ( ) ( ) 111 −−− Ω⊗+Ω+Ω⊗=Ω µαµ
rrir BrA  (2.42) 



 16

 

To estimate the equation (2.19'') we use maximum likelihood. The density function for the compound 

error term η(ir), with conditioned on x(ir) for plant (ir) is given by 

 

 f(ir)= ( ) ( ) ( ) ( ) ( )



 Ω′−Ω −−−

iriririr

Gr
ηηπ 12

1

2
2

1
exp2  (2.43) 

 

By taking the logarithm of (3.43) and add (2.19''), the log-likelihood function for plant (ir) is given by 

ln(L(ir)) = ( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]iriririririririr xyxy
Gr κβκβπ −−Ω′−−−Ω−− −1

2

1
ln

2

1
2ln

2
  (2.44) 

 

(2.44) can also be written as 

 

 ( )irlnL = ( ) ( ) ( ) ( )βµκβπ ΩΩ−Ω−− ,,,
2

1
ln

2

1
2ln

2 irir Q
Gr

 (2.45) 

 

where the quadratic form is given by 

 

 ( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]iriririririririr xyxyQ κβκβκβ βµ −−Ω′−−=ΩΩ −1,,,  (2.46) 

 

Because the observations from the plants are independent, the conditioned log-likelihood function is 

the sum of (2.45) for all plants. 

 

 ln L = ( )∑ ∑
= =

R

r

rN

1i
irlnL

1
=  

( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]∑ ∑ −−Ω′−−−∑ ∑ Ω−
∑

−
= =

−

= =

=
R

r

rN

i
iririririririr

R

r

rN

i
ir

R

r
r

xyxy
rNG

1 1

1

1 1

1

2

1
ln

2

1
2ln

2
κβκβπ  (2.47) 

 

where Ω(ip) is given by (2.40). (2.47) can then be written as  

 

 ln L = ( )∑ ∑
= =

R

r

rN

1i
irlnL

1
 = ( ) ( ) ( )βµκβπ ΩΩ−∑ ∑ Ω−−

= =
,,,

2

1
ln

2

1
2ln

2 1 1
Q

Gn R

r

rN

i
ir  (2.48) 

 

where 

 ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]∑ ∑ −−Ω′−−=ΩΩ
= =

−
R

r

rN

i
iririririririr xyxyQ

1 1

1,,, κβκβκβ βµ  (2.49) 
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 L is maximised with respect to the unknown variance components in Ω(ir), the coefficient vector β and 

the vector κ . Direct maximisation of L is a complicated procedure, and we cannot write the estimators 

in a closed form. It is convenient to divide the maximisation problem into two parts.  

 

1. Maximise (2.49) with respect to β and κ, given Ωµ and Ωα. 

2. Maximise (2.49) with respect to Ωµ and Ωα, given β and κ. 

 

The solution to the first part of the problem is similar to the more common Generalised Least Square 

(GLS) method. With small manipulations, following to Biørn (2000b), the solution of the GLS 

estimators can be written as 

 

 ( )αµββ ΩΩ= ,ˆˆ
GLS = 

( ) ( ) ( )

( ) ( )

1

1 1

1

1 1

1

~~

~~
−

= =

−

= =

−



















∑ ∑ 




 Ω⊗′+

∑ ∑ 



 Ω+Ω⊗′

R

r

rN

i
irrir

R

r

rN

i
irrir

XBX

XrAX

µ

αµ
( ) ( ) ( )

( ) ( ) 

















∑ ∑ 




 Ω⊗′+

∑ ∑ 



 Ω+Ω⊗′

×

= =

−

= =

−

R

r

rN

i
irrir

R

r

rN

i
irrir

yBX

yrAX

1 1

1

1 1

1

~~

~~

µ

αµ

  (2.50) 

 

where Ar and Br is defined as (2.41) and (2.42) and  where 

 

 ( )
( )

( ) 















=

ir

i

ir

x

x

X M
1

~  where ( )
( )

( ) 















=

Gir

ir

tir

x

x

x

L

MOM

L

0

01

 

 

and 

 

 ( )
( )

( ) 















=

ir

i

ir

y

y

y M
1

~  where ( )
( )

( ) 















=

Gir

ir

tir

y

y

y M
1

 (2.51) 

 

The plant specific mean for equation g can be written as 

 

 ( ) ( )∑=
=

r

j
gjirgir y

r
y

1

1
  (2.51) 

 

and 
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  ( ) ( )∑=
=

r

j
gjirgir x

r
x

1

1
 g=1,...,G (2.52) 

 

We can write the weighted global mean as 

 

 ( ) ( )( ) ( )







∑ ∑×








∑ ∑=

= =

−

= =

R

r

r

i
irirB

R

r

r

i
irB yrry

1 1

1

1 1
θθ  (2.53) 

 

and 

 

 ( ) ( )( ) ( )







∑ ∑×








∑ ∑=

= =

−

= =

R

r

r

i
irirB

R

r

r

i
irB xrrx

1 1

1

1 1
θθ  (2.54) 

 

where ( )irBθ  is a plant specific weight given by 

 

 ( ) ( ) µαµθ ΩΩ+Ω=
−1

r
irB  (2.55) 

 

The GLS estimator for the constants can be written as 

 

 ( )αµκκ ΩΩ= ,ˆˆGLS = GLSxy β̂−  (2.56) 

 

The first equality in (2.56) indicates that the estimators of κ and β, both are functions of Ωα and Ωµ. 

 

Though the data set totally is unbalanced, in the way we have organised the data, every subset is a 

balanced data set. Every subset r contains all firms, which is observed for r years. Organising data this 

way, we can use Kronecker product in our calculations. 

 

We now have to solve the second part of our problem. But before we continue we have to introduce 

some matrix operators, and to declare some properties of  scalar functions. This is presented without 

any proofs. The definitions of the matrix operators are from Berck and Sydsæter (1991) 

 

First, a  vec-operator is defined as the transforms of an m×n matrix into an m n ×1 vector.  
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[ ]

)1(

2

1

21

)(

,...,,

×

×



















=

=

mnn

nmn

a

a

a

Avec

thenaaaAIf

M

 (2.57) 

Secondly the trace of a matrix is defined as the sum of the terms of the diagonal elements: 

 

 ∑=
=

n

i
iiaAtr

1
)(  (2.58) 

 

We also know that the trace of the product of quadratic matrices is independent of the order of the 

matrices (see for ex. Lutkepohl, 1996, p 41).  

 

 tr(ABCD) = tr(CDAB). (2.59) 

 

Further, according to Lütkepohl, (1996 p 42), if we have four matrices A (m×n), B (n×p), C(p×q), and 

D(q×m) then 

 tr(ABCD) = vec(D')'(C'⊗A)vec(B) 

  = vec(A')'(D'⊗B)vec(C) 

  = vec(B')'(A'⊗C)vec(D) 

  = vec(C')'(B'⊗D)vec(A) (2.60) 

 

According to Biørn (2000), if we have two quadratic matrices Cmm and Dmm, and let AT=(eTeT')/T and 

B=IT-(eTeT')/T, then the determinant of [AT⊗C)+(BT⊗D)] is equal to 

 

 |AT⊗C)+(BT⊗D)| =|C| |D|T-1 (2.61) 

 

(For proof se Magnus, 1982 pp 271-272.) 

 

We have also the following matrix derivation rules from to Magnus and Neudecke (1988). 

 

If A is a quadratic non-singular (m×m) matrix then 

 

 1)'( −=
∂
∂

AA
A

A
  (2.62) 
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and 

 

 1)'(
ln −=
∂

∂
A

A

A
  (2.63) 

 

If B and C are two non-singular quadratic (m×m) matrices, then the (m×m) matrix CB-1 has following 

characteristic 

 

 '11
1

)(
)( −−

−

=
∂

∂
CBB

B

CBtr
 (2.63) 

 

Using (2.57) on the H(ip) error matrix given by 

 

 H(ir)=
( ) ( )

( ) ( ) 















rirGirG

ririr

ηη

ηη

L

MOM

L

1

111

, (2.64) 

 

gives  

 

 (vec(Η(ir)))'= ( ) ( ) ( ) ( )[ ]rirGirGirir ηηηη LLL 11211 , (2.65) 

 

where  (vec(Η(ir))) is a (Gr×1) vector. 

 

According to Biørn (2000b), can we write (2.47) as 

 

 ( ) ( )βµκβ ΩΩ ,,,irQ  = ( ) ( ) ( )iririr ηη ~~ 1−Ω′  = 

 ( ) ( ) ( ) ( ) ( )irririrrir BrA ηηηη µαµ ~~~~ 11





 Ω⊗′+





 Ω+Ω⊗′ −−

 =  

 ( )( ) ( ) ( )( ) ( )( ) ( )( )irririrrir vecBvecvecrAvec Η




 Ω⊗′Η+Η





 Ω+Ω⊗′Η

−− 11 µαµ  (2.66) 

 

where we in the second equality have used (2.42), and where the error term ( )irη~  is defined as in 

(2.32). Taking the trace of (2.66) we have 

 

 Q(ir) = tr(Q(ir)) = tr ( ) ( ) ( ) 



 ΗΩ+Ω′Η

−
ririr Ar

1αµ + tr ( ) ( ) 



 ΗΩ′Η

−
ririr B

1µ  
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 = tr ( ) ( ) ( ) 



 Ω+Ω′ΗΗ

−1αµ rA irrir +tr ( ) ( ) 



 Ω′ΗΗ

−1µ
irrir B  (2.67) 

 

 

where A'=H(ir), B= ( ) 1−
Ω+Ω αµ r , C= H(ir) og D=Ar and  Ar'=Ar. In the second part, we use the same rule, 

but A'=H(ir), B=
1−Ωµ , C= H(ir) and D=Br and Br'=Br.  

 

If we derivate (2.67) with respect on Ωµ and Ωµ respectively using the defined derivation rules (2.62) 

and (2.63) we get 

 

 ( ) =
Ω∂

∂
µ
irQ ( ) ( ) ( ) ( ) ( ) ( )

1111 −−−−
Ω′ΗΗΩ+Ω+Ω′ΗΗΩ+Ω− µµαµαµ

irririrrir BrAr  (2.68) 

 

 ( ) =
Ω∂

∂
α
irQ ( ) ( ) ( ) ( ) 11 −−

Ω+Ω′ΗΗΩ+Ω− αµαµ rArr irrir  (2.69) 

 

Using (2.61) we can rewrite (2.42) as 

 

 ( ) ( ) 1−
ΩΩ+Ω=Ω⊗+Ω+Ω⊗=Ω

r

rrir rBrA µαµµαµ  (2.70) 

 

The derivate of the logarithm of (2.70) with respect to Ωµ and Ωα can be written as 

 

 
( )

µΩ∂

Ω∂ irln
= ( ) µ

µ

µ

αµ

Ω∂

Ω∂
−+

Ω∂

Ω+Ω∂ ln
1

ln
r

r
 = ( ) ( ) 11

1
−−

Ω−+Ω+Ω µαµ rr  (2.71) 

 

  
( )

αΩ∂

Ω∂ irln
= α

αµ

Ω∂

Ω+Ω∂ rln
= ( ) 1−

Ω+Ω αµ rr  (2.72) 

 

The first order conditions of (2.44) with respect to Ωµ and Ωα can, by using (2.68), (2.69) (2.71) and 

(2.72), be written as 

 

 



 22

 ( )
µΩ∂

∂ irL
=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 



 Ω′ΗΗΩ+Ω+Ω′ΗΗΩ+Ω−Ω−+Ω+Ω−

−−−−−− 111111
1

2

1 µµαµαµµαµ
irririrrir BrArrr  

  (2.74 

 

 ( )
αΩ∂

∂ irL
 = ( ) ( ) ( ) ( ) ( ) 



 Ω+Ω′ΗΗΩ+Ω−Ω+Ω−

−−− 111

2

1 αµαµαµ rArrrr irrir  (2.73) 

After putting in the first order conditions for maximisation of (2.46) GG

LL
,0=

Ω∂
∂=

Ω∂
∂

αµ , where we 

have summarised the conditions in (2.72 and 2.73), we have a equation system with the solutions 

 

 ( ) ( )κβκβ αµαµ ,, Ω+Ω=Ω+Ω
∧∧

rr  = ( ) ( )∑ ∑ ΗΗ
= =

P

r

r

i
irrir

r

A
rN 1 1

'1
 (2.74) 

 

 ( )κβµµ ,ˆ
∧∧

Ω=Ω = ( ) ( ) ( )∑ ∑ ΗΗ
− = =

R

r

r

i
irrir

r

B
rrN 1 1

'

1

1
 (2.75) 

 

By inserting (2.75) into (2.74) and some manipulations we get 

 

 ( )κβαα ,
∧∧

Ω=Ω  = ( ) ( ) ( ) ( ) 







∑ ∑ ΗΗ−∑ ∑ ΗΗ
= == =

R

r

r

i
irrir

R

r

r

i
irrir

r

BA
rrN 1 1

'

1 1

'1
 (2.76) 

 

 

 

In (2.75) and (2.76) we have described the solution to the two subproblems 1 and 2. Maximisations 

will be carried out by a iteration method where the two problems are solve simultaneously. We have 

used the PROC MIXED program module in SAS/STAT software (SAS, 1992), to solve this. The 

program is described in Appendix A. 

 

It has to be a certain amount of observations units for the stochastic model to be parameter saving. In 

our case where we have five stochastic coefficients, we have to estimate 15 unknown components in 

Ωα . This must be compared to the amount of parameters we have to estimate if we use the model with 

fixed coefficients. In our case this is 5×the amount of plants. This means that as long as we have more 

that three observation units, it is parameter saving to use a stochastic model. 
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3. Data  

 

We are using an unbalanced data set of plants belonging to the Norwegian Pulp industries covering the 

period 1972-1993. Our primary source is the Manufacturing Statistic database of Statistic Norway, 

complemented with data from National Account. Every plant is observed at minimum four years and 

maximum 22 years. The total amounts of plants are 45, and the total amount of observations is 676. So 

at an average a plant is observed in 15 years. 16 of the plants are observed the whole period, and 

represent more than half the data set.  

 

In our profit function, we use four variable inputs, Labour (L), Electricity (E), Fossil fuel (F) and 

Intermediate inputs (M), and one homogeneous output (Y). In addition we use capital (K) as a quasi 

fixed input. τ is a calendar time trend, which is included to proxy the technological level of the plant. 

The variables are defined as following: 

 

Labour. Employment (L) is measured in man-hours per year, price of labour (vl) as total compensation 

to labour divided by hour worked. 

 

Capital. The Capital stock (K) is the most difficult factor to obtain. The manufacturing statistics have 

only one measure of capital, the insurance value of capital. One weakness with insurance value is that 

firms have had different insurance policies over time due to costs. Instead, the perpetual inventory 

method has been chosen, accumulating the historical investments from an initial bench-market value. 

To calculate a benchmark value for capital we have used the mean gross profit, i.e. the income minus 

the variable costs for the establishment, as a proxy variable for the user cost of capital. The capital has 

then been calculated as the gross profit divided by the user price of capital, defined as investment price 

index multiplied by the sum of the internal rent and the depreciation rate. The internal rate is set to 

equal the average interest rent for five years Governmental bounds. Capital is divided in two 

categories a) buildings and b) machinery and equipment. The index n for plants is dropped for 

convenience. 

 

 kt = (1-δt) -1 kt-1 + it (3.1) 

 

 k0 = (ΣΤ
t=0 (ptyt- Σj=l,m,e (wjt xjt))/(T+1))/pkt         t= (0,..T) (3.2) 

 

 pknt = pinvt(rt
*+δvt) (3.3) 
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 pinvt= (pbtk bt+ pmtk mt)/ (k bt+k mt) (3.4) 

 

 rt
*
  = (1-rt)/(1-it), (3.5) 

 

 δt = (δbk bt+ δmk mt)/ (k bt+k mt) (3.6) 

 

where 

pinvt = weighted price index for investment goods. 

pbt  = price index for building investments. 

pmt = price index for investments in machinery and equipment’s. 

k bt = insurance value for buildings. 

k mt = insurance value for machinery and equipment’s. 

rt
*
  = the real rate of the long run interest rate.  

rt  = the nominal long-term interest rate.  

it  = inflation. 

δb = the depreciation rate for buildings.  

δm = the depreciation rate for machinery and equipment. 

  

The depreciation rate for buildings is assumed to be 4 per cent (50 years geometric depreciation). For 

machinery and equipment the depreciation rate is 8 per cent (25 years). These depreciation rates are 

used in National Accounts, Norway (see Todsen, 1997). The nominal long-term interest rate is the 

average interest rate from 5 years Government bonds (source: Banc of Norway)  

 

Electricity and fuels. Electricity (E) and fuels (F) inputs are measured in MWh consumed and prices 

(vE, vF) are obtained by dividing the value of input purchased by the quantity in kWh. 

 

Intermediate inputs. (M) is measured in fixed prices (1990). The price (vM) is an index collected from 

the National Accounts and is same for all plants. 

  

Output. Output (Y) is measured as produced quantity in tonnes. The output price (p) is calculated as 

the value of the total production divided by the total produced volume, for each plant and year. 

 

In Figure 3.1, we can se the development of the production and factor use for the whole Pulp industry 

over the period 1972-1993. There we can see, that the use of labour, fossil fuel and material have 

declined during the period, but electricity is more intensive used. The use of capital has nearly had the 

same development as production. This can partly be explained by a shift in technology. The structure 
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of the industry branch has gone from minor plants producing mechanical pulp to major and more 

capital and energy intensive plants, producing termomechanical and chemical pulp. In the year 1972 

there was 42 plants which produced at average 43 400 tonnes pulp. In the year 1993, 17 plants 

produced at an average 126 900 tonnes pulp. 

 

 

Figure 3.1 Production and factor use in the Pulp industry. 1972-1993 
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4. Results 

 

In our estimation of the models described in section 2, we have used the PROC MIXED procedure in 

SAS/STAT (SAS, 1999). First we will examine which model is best suited given our data set. Then we 

present different elasticity measures across the models and discuss their economic interpretations. 

 

4.1 Random or fixed effect, what is best suited? 

 

How can we decide what model is best suited given our data set? The model with fixed effects is very 

costly regarding to lost degrees of freedom, and a model with random effects may have better 

efficiency. However, as we stated in section 2.2.3, the plant specific effects are assumed to be 

distributed independently of the right hand side variables. This can lead to inconsistent estimation of 

the stochastic effects (Hausman and Taylor, 1981). 

 

In table 4.1 we report the estimated elements of the parameter vector β (se equation 2.17). In the 

model with fixed effects we estimate 245 parameters, with random effects 45 parameters, but in the 

model with homogeneous coefficients we only estimates 25 parameters. It seems, like for most of the 

estimated parameters, that the results are similar for all models. We cannot tell, from the estimates, if 

omission or incorporating heterogeneity in the models gives us inefficient estimates of the coefficients. 

Most of the coefficients are also significant at the 5 % significance level according to the standard 

errors. 

 

In table 4.2 we present different goodness of fit measures. Both Akaike's (Akaike, 1987) and Schwarz 

Bayesian's (Schwarz, 1978) information criteria support the model with fixed plant specific effects, 

but the model with no heterogeneity effects seems to have the worst performance. In the table we also 

presents the log-likelihood value, from these values we can calculate the log-likelihood ratio. But 

according to Biørn et. al. (1998), these ratios are not asymptotic χ2-distributed, because the 

coefficients are on the boundary of the parameter space. More about inference in mixed linear models 

are discussed in Khuri et. al. (1998). 
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Table 4.1 Coefficient estimates and standard deviation 

 
 Model A  

Homogeneous coeffisients1 

Model B  

Fixed effects2 

Model C  

Stochastic effects3 

Coefficients Estimate Standard 

deviation. 

Estimate Standard 

deviation. 

Estimate Standard 

deviation. 

δP -20.239* 5.156 -29.914* 9.615 4.866 9.170 

δL 14.765* 1.202 12.040* 1.195 11.185* 1.118 

δE -5.399 3.159 -3.567 2.865 -4.566 2.855 

δF -13.360* 2.426 -4.162* 1.950 -4.938* 1.930 

δM 14.765* 1.202 12.040* 1.195 11.185* 1.118 

βLL 16.944* 4.090 3.062 8.645 16.982* 6.187 

βLE -24.786* 5.330 -20.584* 4.753 -20.326* 4.729 

βLF -39.054* 4.961 -16.499* 3.308 -17.308* 3.367 

βLM -24.787* 2.060 -12.279* 1.787 -11.931* 1.733 

βEE 26.187 17.720 95.183* 20.251 42.956* 19.459 

βEF 50.869* 11.214 14.627 8.037 14.864 8.134 

βEM 14.251* 4.074 3.545 3.198 4.808 3.235 

βFF 28.484 18.581 18.570 14.455 -27.052 19.89 

βFM 15.720* 3.815 8.460* 2.452 8.004* 2.498 

βMM 141.090* 20.873 190.040* 26.355 62.141* 29.495 

βKL 0.112* 0.008 -0.034* 0.0148 0.003 0.012 

βTL 0.743* 0.294 1.227* 0.275 0.947* 0.273 

βKE -0.390* 0.020 -0.106* 0.028 -0.146* 0.026 

βTE -4.110* 0.709 -5.748* 0.518 -5.519* 0.530 

βKF -0.147* 0.021 0.123* 0.020 0.120* 0.019 

βTF 1.090 0.779 0.336 0.377 0.353 0.385 

βKM -0.428* 0.020 0.073* 0.022 0.051* 0.022 

βTM 0.791 0.722 -1.268* 0.434 -1.129* 0.444 

δK 0.266* 0.009 0.052* 0.013 0.073* 0.012 

δT 0.440 0.317 1.309* 0.249 1.260* 0.249 

1 All coefficients are assumed to be homogeneous. 
2 Average of the fixed plant specific parameters δp, βLL, βEE, βFF and βMM. 
3 Expected value of the random parameters in the stochastic model δp(ir), βLL(ir), βEE(ir), βFF(ir) and βMM(ir). 
* Significant at the 5 % level. 
 

 

To test if a model with random heterogeneity coefficients is more suited than a model with fixed 

coefficients, we use the Hausman-test, as described in Green (1993). The test is based on hypothesis 

that, if the condition of stochastic independence described in section 2.2 holds, both the models with 

random and fixed effects will be consistent, but the model with fixed effects will be inefficient. It 

means that under the null hypotheses there will not be significant differences in the estimated β-vector 
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between the stochastic and fixed models. Another property of the Hausman-test, is that the covariance 

between the efficient estimator and the difference between the efficient and inefficient estimator has to 

be zero. 

 

 Cov [ ]ββ ˆ),ˆˆ( −b = ( )( ) ( ) ( )[ ]ββββ ˆˆˆˆˆ
2

1
VarbVarbVar −−−+−

)
= 

 ( ) ( ) ( ) ( )[ ] ( )[ ]βββ ˆˆ,ˆ2ˆˆˆ
2

1
VarbCovVarbVarbVar −−+− = 

 ( ) ( )ββ ˆˆ,ˆ VarbCov − = 0 ⇒ ( )β̂,b̂Cov = ( )β̂Var  (4.1) 

 

We also know  

 

 ( ) ( ) ( ) ( )βββ ˆ,ˆ2ˆˆˆˆ bCovVarbVarbVar −+=−  (4.2) 

 

By substituting (4.1) into (4.2) we have 

 

 ( ) ( ) ( ) Σ=−=− ββ ˆˆˆˆ VarbVarbVar  (4.3) 

 

where Σ now is a matrix. The χ2 - test based on the Wald criterion (Wald, 1943) is 

 

 W= [ ] [ ] [ ]ββ ˆˆˆˆˆ 12 ' −Σ−= − bbKX  (4.4) 

 

Under the null hypotheses W is asymptotic χ2 distributed with K degrees of freedom, where K is the 

number of additional parameters in the less restricted model. 

 

The alternative hypotheses, is that the fixed coefficient model is consistent but not the stochastic 

coefficient model. Then the condition of stochastic independence fails, and then (4.1) also fails, 

because β̂  no longer is consistent. If Cov [ ]ββ ˆ),ˆˆ( −b  deviates significant from zero, we have to reject 

the null hypotheses, that the stochastic model is more efficient than the fixed model. The cause is that 

under the alternative hypotheses, the fixed coefficient model gives consistent estimates, whereas this is 

not the case for the stochastic coefficient model. Then the condition for the Hausman test also fails. 

This applies even if ( ) ( )βVarbVar < . In table 4.2 we can see the Hausman test falls out in favour to 

Model B with fixed effects Model C with stochastic effects. The χ2-value with 19 degrees of freedoms 

is 192.2, which are significant at all reasonable levels of significance. But we have to be careful when 

we interpret the test, when we use maximum likelihood estimates, because if the conditions of 
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independence is violated the conditions for Hausman test will fall. We then risk testing inconsistent 

parameters of the stochastic effect model against the consistent parameters of the fixed effect model.  

 

Table 4.2 Goodness of fit  

 

 Model A Model B Model C 

Estimated parameters 25 245 40 

-2*Log-Likelihood 36282.6 33511.6 34331.5 

Akaike Information criterion 36362.6 34031.6 34441.5 

Schwarz Bayesian criterion 36543.3 35205.8 34540.9 

Hausman test   192.2 

 

An adequate way to evaluate the different models is to examine the covariance matrices for the 

estimated models. In table 4.3 we report the estimated covariance matrix for the stochastic effect 

model, and table 4.4 displays the genuine error term for all of the models reported. Besides a few cells 

the variance are lowest for the Model B with fixed plant specific effects and highest for Model A with 

no heterogeneity. All estimated covariance matrices fulfils the condition of positive definiteness, 

because the leading principal minors to the covariance matrices are positive (see Sydsæter, 1990).  

 

 

Table 4.3 The Covariance matrix for the stochastic effects in Model B 

 
 δ(ir) βL(ir) βE(ir) βF(ir) βM(ir) 

δ(ir) 84.0956     

βL(ir) 27.7668 38.2768    

βE(ir) -68.452 4.4496 378.66   

βF(ir) -79.0469 -28.019 26.0038 395.77  

βM(ir) -98.5906 -78.4154 111.88 301.9 869.96 
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Table 4.4 The Covariance matrix of the genuine error terms  

 Model A  

 uY uL uE uF uM 

uY 1965.51     

uL -46.2292 11241    

uE 223.06 -1557.93 13133   

uF -1269.62 3008.56 8792.08 10950  

uM 634.84 -3685.64 -1849.17 -3719.25 2182.76 

 

 Model B  

 uY uL uE uF uM 

uY 1326.63     

uL -347.85 4610.69    

uE -5.4321 -217.05 2282.51   

uF -557.12 1864.44 1290.74 2858.65  

uM 459.73 -1626.06 -436.96 -1351.83 992.31 

 

 Model C 

 uX uL uE uF uM 

uX 1432.6     

uL -384.32 4946.19    

uE -10.0681 -231.34 2442.77   

uF -615.25 1993.67 1368.09 3048.19  

uM 496.58 -1746.95 -468.08 -1432.11 1058.62 

 

4.2 Economic interpretation of the results 

 

In this section we want analyse the results from an economic theory point of view. This is done by 

reporting the estimated elasticities and compares the results from the different models. The elasticities 

presented here are the own price elasticities output and variable inputs, cross price elasticities, and 

output and variable input elasticities with respect to capital and time. All elasticities are defined in 

section 2.1, and calculated for an average plant in the year 1990. 

 

All the estimated own price elasticities have the expected sign. But the level of the elasticities in 

Model A with homogeneous coefficients seems to differ. This may indicate that of homogeneity 

between the plants are too rigid. None of the variable input factors have price elasticity over unity. 
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Only one of the cross price elasticities is over unity, and that is between fossil fuel and electricity in 

model A. Corresponding elasticities for model B and C are 0.52 and 0.55. These results are similar to 

earlier studies, se for example Biørn et. al. (1998) and Døhl (2001). 

 

Table 4.5 Own- and cross price elasticities for an average plant in year 1990. 

 

 Model A 

 Output Labour Electricity Fossil fuel Material 

Output 0.177 0.249 -0.026 -0.063 0.021 

Labour -0.003 -0.051 0.020 0.028 0.005 

Electricity 0.003 0.213 -0.083 -0.123 -0.010 

Fossil fuel 0.009 1.233 -0.514 -0.288 -0.042 

Material -0.036 0.903 -0.166 -0.161 -0.124 

 

 Model B 

 Output Labour Electricity Fossil fuel Material 

Output 0.181 0.203 -0.017 -0.020 0.017 

Labour -0.002 -0.029 0.017 0.012 0.003 

Electricity 0.002 0.177 -0.141 -0.035 -0.003 

Fossil fuel 0.003 0.521 -0.148 -0.122 -0.023 

Material -0.030 0.447 -0.041 -0.087 -0.470 

 

  

 

 

 Model C 

 Output Labour Electricity Fossil fuel Material 

Output 0.156 0.189 -0.022 -0.023 0.016 

Labour -0.002 -0.030 0.017 0.012 0.003 

Electricity 0.003 0.174 -0.138 -0.036 -0.003 

Fossil fuel 0.003 0.546 -0.150 -0.159 -0.021 

Material -0.028 0.435 -0.056 -0.082 -0.155 

 

 

We have also estimated the effects on supply and demand caused by a change in the capital stock, 

reported in table 4.6. Here model A also gives different estimates compared to the other models, both 
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regarding signs and level on the estimates. But there is no difference between the other two models. 

Except in one occasion, the effect on labour of a change in capital is positive in model B with fixed 

effects, but negative in the stochastic model. However, the effects are very close to zero. The highest 

effects are found in the demand for fuel. One per cent changes in the capital stock leads to a half per 

cent reduction on the fuel demand. At the same time the effect for electricity is positive, but not to the 

same degree. It indicates that the capital investments are energy saving.  

 

Technical development is reported by a linear time trend. We can approximately calculate the annual 

technical change as 
x

x
x

1

τ
ε τ ∂

∂= . These technical changes, interpreted as a trend effect, are also 

reported in table 4.6. We can clearly see that the technical change has not been neutral. The sign of the 

effect differs between the input factors. In this case the homogeneous model does not differ except for, 

intermediate materials. Nota bene, in contrary to the other input factors, the demand for electricity 

grows over time. 

Table 4.6  The effect on output and factor demand by a change in capital and trends. 
 

Model A  Model B Model C   

Homogenous 
coefficients 

Fixed effects Stochastic 
effects 

El(YK) 0.375 0.976 0.443 

El(LK) -0.123 0.038 -0.003 

El(EK) 0.461 0.126 0.173 

El(FK) 0.563 -0.472 -0.458 

El(MK) 0.566 -0.097 -0.067 

εLτ -0.0038 -0.0063 -0.0048 

εEτ 0.0226 0.0316 0.0303 

εFτ -0.0194 -0.0060 -0.0062 

εMτ -0.0049 0.0078 0.0069 
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5. Conclusions 

 

In this study we have shown that it is very important to pay attention to heterogeneity in econometric 

modelling of panel data. If you don't take this into account, the parameter estimates can be 

inconsistent. According to our results, the question of modelling heterogeneity with fixed or stochastic 

coefficients may effect the efficiency of the estimates. However, further tests have to be done to obtain 

a definite conclusion. Though, our conclusion on this study is, that the choice of how to model 

heterogeneity does not effect our estimates on elasticities. 
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Appendix A :Program PROC MIXED SAS/STAT 

 

options PS=55 LS=80 NOCENTER nodate; 

title ' GL profit function'; 

title2 'Demand and Supply functions with homogeneous functions'; 

* Estimering av modell A1; 

proc mixed data=data.s34GL method=ml asycov mmeqsol maxiter=1000 ; 

class bed aar; 

where lig ne 6; 

model profit = gaxx gaxl gaxe gaxf gaxm gall gale galf galm  

   gaee gaef gaem gaff gafm gamm  

   galk galt gaek gaet gafk gaft gamk gamt gaxk gaxt/ 

noint s; 

repeated / type=un sub=bed(aar) r; 

 

estimate 'gaxx' gaxx 1; 

estimate 'gaxl' gaxl 1; 

estimate 'gaxe' gaxe 1; 

estimate 'gaxf' gaxf 1; 

estimate 'gaxm' gaxl 1;  

estimate 'gall' gall 1; 

estimate 'gale' gale 1; 

estimate 'galf' galf 1; 

estimate 'galm' galm 1; 

estimate 'gaee' gaee 1; 

estimate 'gaef' gaef 1; 

estimate 'gaem' gaem 1; 

estimate 'gaff' gaff 1; 

estimate 'gafm' gafm 1; 

estimate 'gamm' gamm 1; 

estimate 'galk' galk 1; 

estimate 'galt' galt 1; 

estimate 'gaek' gaek 1; 

estimate 'gaet' gaet 1; 

estimate 'gafk' gafk 1; 

estimate 'gaft' gaft 1; 
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estimate 'gamk' gamk 1; 

estimate 'gamt' gamt 1; 

estimate 'gaxk' gaxk 1; 

estimate 'gaxt' gaxt 1; 

ods output Estimates=taba1; 

ods output MMEQSOL=mmeqsa1; 

ods output AsyCov=asya1; 

ods output SolutionF=fixa1; 

ods output listing exclude all; 

run ; 

 

 

* Estimering av modell A2; 

title2 'Demand and Supply functions with fixed effects'; 

 

proc mixed data=data.s34GL method=ml asycov mmeqsol maxiter=1000 ; 

class bed aar; 

where lig ne 6; 

model profit = gaxx(bed) gaxl gaxe gaxf gaxm gall(bed) gale galf 

galm  

   gaee(bed) gaef gaem gaff(bed) gafm gamm(bed)  

   galk galt gaek gaet gafk gaft gamk gamt gaxk gaxt/ 

noint s; 

repeated / type=un sub=bed(aar) r; 

 

estimate 'gaxx' gaxx(bed) 1; 

estimate 'gaxl' gaxl 1; 

estimate 'gaxe' gaxe 1; 

estimate 'gaxf' gaxf 1; 

estimate 'gaxm' gaxl 1;  

estimate 'gall' gall(bed) 1; 

estimate 'gale' gale 1; 

estimate 'galf' galf 1; 

estimate 'galm' galm 1; 

estimate 'gaee' gaee(bed) 1; 

estimate 'gaef' gaef 1; 

estimate 'gaem' gaem 1; 
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estimate 'gaff' gaff(bed) 1; 

estimate 'gafm' gafm 1; 

estimate 'gamm' gamm(bed) 1; 

estimate 'galk' galk 1; 

estimate 'galt' galt 1; 

estimate 'gaek' gaek 1; 

estimate 'gaet' gaet 1; 

estimate 'gafk' gafk 1; 

estimate 'gaft' gaft 1; 

estimate 'gamk' gamk 1; 

estimate 'gamt' gamt 1; 

estimate 'gaxk' gaxk 1; 

estimate 'gaxt' gaxt 1; 

 

 

ods output Estimates=taba2; 

ods output MMEQSOL=mmeqsa2; 

ods output AsyCov=asya2; 

ods output SolutionF=fixa2; 

ods output listing exclude all; 

 

run ; 

 

 

 

* Estimering av modell A3; 

title2 'Demand and Supply functions with random effects'; 

proc mixed data=data.s34GL method=ml asycov mmeqsol maxiter=1000 ; 

class bed aar; 

where lig ne 6; 

model profit = gaxx gaxl gaxe gaxf gaxm gall gale galf galm  

   gaee gaef gaem gaff gafm gamm  

   galk galt gaek gaet gafk gaft gamk gamt gaxk gaxt/ 

noint s; 

random gaxx gall gaee gaff gamm/type=un sub=bed s; 

repeated / type=un sub=bed(aar) r; 
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estimate 'gaxx' gaxx 1; 

estimate 'gaxl' gaxl 1; 

estimate 'gaxe' gaxe 1; 

estimate 'gaxf' gaxf 1; 

estimate 'gaxm' gaxl 1; 

estimate 'gall' gall 1; 

estimate 'gale' gale 1; 

estimate 'galf' galf 1; 

estimate 'galm' galm 1; 

estimate 'gaee' gaee 1; 

estimate 'gaef' gaef 1; 

estimate 'gaem' gaem 1; 

estimate 'gaff' gaff 1; 

estimate 'gafm' gafm 1; 

estimate 'gamm' gamm 1; 

estimate 'galk' galk 1; 

estimate 'galt' galt 1; 

estimate 'gaek' gaek 1; 

estimate 'gaet' gaet 1; 

estimate 'gafk' gafk 1; 

estimate 'gaft' gaft 1; 

estimate 'gamk' gamk 1; 

estimate 'gamt' gamt 1; 

estimate 'gaxk' gaxk 1; 

estimate 'gaxt' gaxt 1; 

 

 

ods output Estimates=taba3; 

ods output MMEQSOL=mmeqsa3; 

ods output AsyCov=asya3; 

ods output SolutionF=fixa3; 

ods output SulotionR=rana3; 

ods output listing exclude all; 

 

run ; 

 




