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includes a parsimonious modelling of the time between transactions component and allows
to analyse the size and the sign component of the process of price changes separately.
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transaction process. Similiar to a VARMAX specification the model enables us to distin-
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process. Therefore it is rich enough to discriminate between true structural dependence of
the dependent variables and pure statistical correlations due to common innovations.

The empirical results obtained on a sample of intraday trading of the Bund future
suggest that inter-trade durations and the size of price changes are indeed simultaneous.
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1 Introduction

This paper proposes a new specification to model the intraday trading process observed
on typical liquid financial markets. The challenge involved in this task lies in the nature of
the observed data. Two main features have to be accounted for. First, transactions occur
irregularly with a random time between transactions, quite contrary to daily observations
or intraday aggregates. Second, price changes observed take on only few distinct values.
For instance, in the sample of Bund future trading at the DTB which is used in this study,
97% of all observations fall within three categories, no price change, one basis point up
or down. These two characteristics invalidate standard time series procedures for the

analysis of transaction data, as they render estimation results virtually uninterpretable.

There are two approaches discussed in the literature which both take the microstruc-
ture properties of transaction data into account and allow for a flexible time series struc-
ture to capture the salient features of the data. The approach suggested by Rydberg and
Shephard (1998) decomposes the price changes d; observed at time t into three compo-
nents. An indicator for the occurrence of a price change, an indicator for the sign of the
price change and the size of the price change itself. This decomposition allows to apply dy-
namic extensions to count data models in the form of generalised linear models (GLM) as
they are surveyed e.g. in Nelder and Wedderburn (1972) or Cameron and Trivedi (1998).
The dynamic extensions are mainly based on the work of Zeger and Qaqish (1988) and
Shephard (1995), which include nonlinear functions of past observations as explanatory
variables within the generalised linear modeling framework. A feature of the modeling
strategy pursued by Rydberg and Shephard worth emphasizing is the discrete nature of
time. They consider each second of the trading day and characterize it by the above
mentioned random variables. The second approach proposed by Russell and Engle (1998)
pursues a somewhat different modeling strategy by specifying a dynamic model for the
evolution of price changes in the form of a generalized Markov Chain also employing the
generalised linear modeling framework to include a more flexible dynamic, than just a
plain mapping of the transition from a price change of one category to a price change of
another category by a Markov chain. Their approach is to combine this model with an
ACD model, proposed by Engle (2000)! and Engle and Russell (1998), to obtain a joint

model of price changes and time between transactions in a continuous time framework.

!The original working paper circulated as Engle (1996).



Other approaches, which consider also multivariate models of the joint transaction
process, do not necessarily concentrate on the salient features of the data, i.e. the dis-
creteness of price changes and the irregular occurrence of transactions. These include
e.g. Hasbrouck (1991) who in his work on price changes and quote revisions plainly ap-
plies standard VAR techniques, which can be justified in some sense, as he concentrates
on the effects of explanatory variables for the conditional mean function. This work was
extended by Dufour and Engle (1999). They build on the setup by Hasbrouck in a way
which allows the parameters of the process of price changes to depend on the trade in-
tensity modelled by an ACD specification. Ghysels and Jasiak (1997) and Grammig and
Wellner (1999) modify their estimators of volatility to account for the irregular spacing of
observations. However, they apply a standard GARCH approach going back to the work
of Drost and Nijman (1993) which allows the scaling of a modified GARCH model to
account for a change in the aggregation interval. None of these approaches quoted above

explicitly models the joint distribution of transaction times and price changes.

The model proposed in this paper combines the approaches of Rydberg and Shep-
hard and Russell and Engle with a flexible dynamic for quantal response models proposed
by Gerhard (2000). The decomposition framework of Rydberg and Shephard is modified
to allow for a joint model of the size of price changes and the time between transactions
within a continuous time framework. The advantage of the continuos time framework is
the parsimony of the transaction frequency model. The particular dynamic for the discrete
price changes on the other hand allows to build a particularly flexible joint model, which
is much like a VARMAX model but accounts for the discrete nature of price changes.
Contrary to previous approaches our model is parametrically rich enough to discrimi-
nate between true structural dependencies among the dependent variables and simple

correlations arising from common shocks (e.g. news events).

In order to show the new approach at work we present estimates for the BUND
future trading at the DTB, Frankfurt. The main result is that the size of price changes
and the time between transactions are indeed simultaneous variables. The direction of
price changes and the time between transactions on the other hand can be considered
as independent processes. An analysis of the nonlinear impulse response function re-
veals that an impulse on the time between transaction equation has an influence on the

contemporaneous size of price changes, but the shock dies out almost instantly.



The structure of the paper is as follows: In Section 2 alternative decompositions of
the transaction process are discussed. Section 3 introduces the new model for the the joint
process of inter-trade durations and price changes. The data set is described in section 4.
Estimation results and an analysis of the impulse response function is provided in section

5. Section 6 concludes.

2 On the decomposition of the price process

2.1 A Generalized Markov Chain

Engle and Russell (1998) in their work on ACD models propose to decompose the trans-
action process 1; into price changes d; and transaction intensity, i.e. time between trans-

actions 7;
!
yoo=di 7 (2.1)

where ¢ denotes the t-th transaction. The joint distribution of y; can be written as
the product of the conditional distribution of the price changes fg,; and the marginal

distribution of the time between transactions f, without any further implications as

fy(yt|fzt71;7_-t71) = fd\T(dt|thla7_-t) (T, diy), (2.2)

where the bar on d; ; and 7,_; indicates a vector of historical values of the corresponding
variable up to transaction ¢ — 1. The conditional distribution f4, can be modelled by au-
toregressive conditional multinomial (ACM) model which generalizes a standard Markov
chain on the process of price changes and allows for a more complex dynamics compared

to the latter .

The marginal distribution of the duration f, is modeled using the well-known ACD
model. Thus Russell and Engle (1998) specify their joint model as a special competing
risks model in which the hazard rate is split into intensities of price changes of size v; or
more concisely, the hazard rate MM (r|I,_;) is a J-dimensional vector, assuming that
d; can take on J discrete values. The information set available up to the time where
transaction ¢ — 1 occurs is denoted by I;_;. The probability that discrete price change of

size v; and a trade occurs after a spell of length s given there was no trade until s is given



Prs < d=vi|r > s 1,
)\E?]CM(3|[til):lim r[S_Tt<S+C, t v |Tt_8 tl], (23)

c—0 C

i=1,...,J.

The joint probability in (2.3) is factored by Russell and Engle into a product of the

conditional density to observe a certain price change and the standard ACD hazard rate

MED “as it is implied by a regular ACD model,
)\ACM(S|It_1) = )\ACD (S|Czt_1, %t)M?CM(Jt_l, 77',5) (24)
The conditional probability to observe a particular price change p A is derived from a

modified GLM based on a multinomial Logit with an ARMA dynamics and some addi-

tional terms included to account for the time between transactions.

This approach has considerable advantages, in particular, the time between trans-
actions specification in continuous time allows to build a parsimonious model of the trade
intensity. The ACM model on the other hand imposes a quite complicated structure on
the dynamics of price changes, since the transitions from one price change to another

price change are modelled explicitly.

2.2 A Decomposition Model in Discrete Time

A alternative model suggested by Rydberg and Shephard (1998) is based on the decompo-
sition of the process of price changes. Their approach rests on a discrete time framework,
where now the index ¢ for the observation denotes clock time measured in seconds since
the trading start. Thus one observation is available for each second of the trading day.
To discriminate between the price change d; in a continuous time framework where d; is
only observed if a trade occurs and the price change in the discrete time model, random
variables are marked by a circle in the latter case. So d; stands for the price change in

the discrete time context.

The decomposition of Rydberg and Shephard heavily utilizes the dynamic framework
for GLMs proposed by Shephard (1995), to capture the dynamics of the three components,
price activity a;, direction of price changes s; and size of price changes z;. The price

activity, a7, is a variable taking on a value of one, if a transaction was observed at time
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t and a price change has taken place and is zero otherwise. The price change itself
is decomposed into its direction s; taking on values +1 and —1 and its size z;, which is
integer valued. As already mentioned the discrete time framework leads to an observation

in each second having the form of a product
d; = a;s;z; (2.5)

Using appropriate definitions of the three components, the distribution of d; can be for-
mulated without loss of generality based on the conditional distribution of the components

as

Pr [d; = V; |It_1] =

.
Prla; =0|I;_] if v,=0
Priz; =v; |l; 1,07 =1,87 =1
5 = villi1,f = 1t =1 e
{ Prs;=1]I_1,a5 = 1]Pr[a; = 1|[,_4] (2.6)
Pr|z; = —v; |[_1,a; = 1,5 = —1
[ t | t—1, ty t ] if v <0
\ Pr[s; =—1|l_1,a; =1|Prfa; =1|[;_4]
Here df, the price change in time period ¢, takes on .J different values of size v;(i = 1,...,.J)

Note that this specification does not discriminate between the occurrence of a trade
without a price change and the event that no trade occurs at time ¢. Both events are

captured by a; = 0 and thereby d; = 0.

Price activity a; is modeled as a GLM based on a logistic distribution including
ARMA(p,q) type dynamics. The model of the trade direction sy is quite similar to this
specification. Actually, it is just an autologistic model as the empirical results show that
the direction of price changes seems to be driven mainly by the bid-ask bounce. The size
of price changes z; is at least potentially a count variable. However, price changes larger
than one are observed only rarely in liquid markets. To account for the nature of z; as a
count variable Rydberg and Shephard employ again a GLM based on a negative binomial
(NegBin) distribution with an ARMA dynamics to model the size of price changes minus

one, z; — 1.

The modeling framework proposed by Rydberg and Shephard has the considerable
advantage that the decomposition of the price process allows to build flexible models for

each component and allows to consider and interpret each component in turn. On the



other hand, the individual processes can be combined via (2.5) or a similar definition of a
composed random variable of interest, to obtain empirical evidence on the trading process

as a whole.

The main problem associated with the discrete time framework chosen by Rydberg
and Shephard is the identity of the observation index ¢ with the clock time. The prob-
lem becomes apparent if one considers a very active trading phase, e.g. trading after the
opening of an exchange, and a very slow trading phase, e.g. during lunch time. In order
to proceed with a simple example without invalidating the argument in a more complex
setting assume further, that the true DGP is such that the current time between trans-
actions depends via an ACD(1,0) model only on the preceding time between transactions
and the time of day, governing the intraday seasonals. In the log-ACD context the differ-
ence between the slow and fast trading could be captured by an additive component, e.g. a
trigonometric seasonal, in the mean function. For the model in discrete time, however,
a time varying coefficients model would be necessary to capture the seasonality effects,
because in a fast trading phase lags of the dependent variable with a lower order should
have the largest weight, in a slow trading phase, lags with a higher order should have a
greater weight. A model for this kind of seasonally varying coefficients has been suggested
in the GARCH context by Bollerslev and Ghysels (1996) in the form of a periodic GARCH
model. Their work is also motivated by an intraday analysis on the basis of equally spaced
observations. They, however, use time aggregates which of course suffer from the same
effect, if the aggregation interval is chosen to be sufficiently small. A modification of
the given GLM models in the sense of Bollerslev and Ghysels would however complicate
matters considerably, if it is possible at all. These effects might be the reason for the large
number of lags Rydberg and Shephard (1998) need to model the price activity aj in a
satisfactory fashion. This is also the reason why a continuous time framework employing

an ACD type dynamics is used in this work.

A comparison of the solutions of Russell and Engle and Rydberg and Shephard
does not really yield a clear cut picture. The advantage of Russell and Engle (1998) is
the use of an ACD model to obtain a parsimonious duration model in continuous time,
which allows e.g. a straightforward inclusion of seasonalities. The advantage of Rydberg
and Shephard’s approach is the stringent inclusion of dynamics and the decomposition of

the transaction process into components of interest, e.g. the size of price changes. Both



models, however, suffer from the drawback that the simultaneity of individual components
of the transaction process cannot be assessed from the estimation results. In particular it
is possible to identify whether observed correlations between the single components of the
transaction process are due to structural relations or due to common innovations (news

events).

2.3 A Decomposition Model in Continuous Time

Our bivariate model of trade frequency and price changes introduced below is based on
the standard decomposition in terms of the marginal distribution for the time between
transactions and the distribution of the price change variable conditional on the time
between transactions. Time between transactions is treated as a continuous random
variable such that it can be modeled as an ACD type model. The response probabilities
of a given price change conditional on the time between transactions can be decomposed
in various ways. One way of decomposing the price change variable d; is to define it solely
for the event when trade occurs. In this case it can simply be factored into the size of
price changes z; and the sign of price changes s;. This deviates substantially from the
price change d; employed by Rydberg and Shephard which is observed at every period
(second) of the trading day. Here again, the sign takes on values s, € {—1,0,1} and the

size z; € {0,1,2,...}. The definition of the decomposition is thus
dt — Zt * S¢. (27)

Contrary to Rydberg and Shephard there is no particular component which accounts for
the occurrence of a price change, like af in (2.5), this is captured in this model by the
random variable z;. Finally, the occurrence of a transaction is explicitly modelled by the
time between transactions 7; random variable. Trade occurrence is a component of this

model and not only price changes.

The two processes of size z; and sign s; as defined above cannot be independent
since the size of the price change is informative for the direction of the price change with

respect to the zero price change event, i.e.

Prs; =0z =abs[v;] =0,7,[; 1] =1 (2.8)

and Pr(s; = 0]z = abs[v;] > 0,7, [;_1] = 0. (2.9)



However, it can be assumed that the size of price changes beyond the zero event

carries no additional information for the sign of price changes, or more concisely

Pr(s; = sgn[v;] |z = abs[v;] > 0,7, [,_1] =

Pr(s; =sgn[vi] |z > 0,7, 1;_1]. (2.10)

To model the conditional probabilities (2.10) in practice, there are two ways to
proceed, either one models a random variable sIk € {-1,1}, k=1,..., K, which is only
observed, if there actually is a price change, i.e. z;, > 0. The latter defines the indices t;
which perform a thinning of the original process indexed by t = 1,..., T, i.e. the indices
are defined such that ¢, € {t =1,...,T : 2z, > 0}. This in turn implies that the random

variable SI can be assumed to be independent of the size of price changes z, i.e.
Pr szk = sgn [v;] |z > O,Tt,It_l] =Pr [szk = sgn [v;] |74, [i—1 | - (2.11)

Then again, the price change is decomposed as in (2.7) but the sign of the price change

sy is defined as

sy = (2.12)
s:[k if z, > 0.

t

¢, can thus be employed to evaluate the condi-

A dynamic model for the thinned process s
tional probabilities required to obtain the distribution of the price change d;, this dynamic

model could e.g. be a GLM or dynamic ordered probit model.

The thinning of the available observations yielding only those K < T observations
with a price change unequal zero, however, raises the problem that in a dynamic spec-
ification, where the information set I; is made up mainly by past observations of the
endogenous variable, the information available is rather limited. Lags of the dependent
variable are easily included in the model, i.e. §ka1 € I;_1. Yet, the inclusion of zero price
change observations raises substantial problems, i.e. some observations of d; are not in
the information set dy ¢ I, if d; = 0, s < t — 1. If one is concerned by this loss of
information, one might well choose another alternative to model the process s; to obtain
the necessary conditional probabilities Pr[s; = sgn [v;] |2; > 0,7, I;_1]. This involves the

specification of the conditional probabilities via a model of the sign of price changes s,



unconditional on the size of price changes. The conditional probability of the sign of the

price change is thus defined for the observations showing a price change as

Pr szk =sgn (v |z > 0,7, 1 1| :=

Pr[s; = sgn [v;] |7, [ 1]
1—Prs; =01, I; 1]

it t=t, (2.13)

By the description of the decomposition of the price process in (2.7) it was shown
that the distribution of the process of price changes d; can indeed be recovered from models
of the conditional probabilities of the size of price changes Pr [z, = abs [v;] |1, I; 1] and the
sign of price changes

Pr[s; = sgn [v;] |7y, I;1 ]

The advantage of this decomposition is that it allows to examine the size and the
sign process independently of each other. Supposedly, the sign process should be heavily
influenced by the well-documented bid-ask bounce. The size of price changes or rather
the absolute price change on the other hand is of particular interest for the analysis of
volatility. For an extended exposition of the role of absolute price changes in the economic
analysis of risk, see e.g. Granger and Ding (1995). They discuss the use of the conditional
distribution of absolute price changes, particularly the use of various functions thereof,

where 27 as the variance under the mean zero assumption is just the major example.

The assumption needed to establish this decomposition is that the sign process is
independent from the size of price changes beyond the fact whether a price change occurs
or not, see (2.11). If these processes were not independent, it would imply that either
positive or negative price changes would come along with particularly large or small price
changes. If one would reject the assumption made and strive to assess this as a hypothesis,
it would well be possible. In order to model the bivariate distribution of size and sign of
price changes a bivariate ordered probit would be needed. In this context however, both
processes are modelled independently of each other but as joint models with the duration

process.

3 A Model of the Joint Transaction Process

In the preceding section a decomposition of the price change process d; into a process of

the size and the sign of price changes was proposed. This decomposition is used and two
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alternative joint models with dependent variables are defined as

yES’T) = [St loth] and (31)

ygz,r) = [Zt IOth] . (3-2)

The model structure of the joint model involving the size of price changes y*™) and the
model involving the sign of price changes y*7) is almost identical. Thus, for the sake
of brevity, only the model for y(*7) is described in depth, the derivation of the model
for y*7) follows directly. The few minor differences will be pointed out along the model

description.

The joint density f,, of the bivariate process y®7) can be factored into the condi-
tional density of the size of price changes f,|- and the marginal density of time between

transactions f, to obtain

fz,r(zta ill—1) = fz\r(zt|7't, Liq) fr (1| Li—1). (3.3)

The conditional probability function of the discrete random variable z; and its relationship
to the process of price changes d; was already discussed in the preceding subsection. See
e.g. the discussion of (2.13). Thus, it can be used here as a building block for the joint
model, i.e.

far = Prlz = abs[vj] |73, I 1] . (3.4)

To model f,; and the analogon f,; a latent dynamic model in the form of an ordered
probit will be employed since it captures the discreteness of the dependent variable and
the serial dependency of observations. The ordered probit with a simple dynamics was
employed before by Hausman, Lo, and MacKinlay (1992) to analyse discrete price changes.
In this study we apply an ordered probit augmented by an ARMA dynamics as proposed
by Gerhard (2000). Besides the more general dynamics in the latent dependent variable
and in the error term the model has the additional advantage, that weakly exogenous
variables can easily be included either as static regressors or in an infinite lag structure.
Furthermore, the latent dynamic resembles very closely the log ACD model employed to

capture the dynamics of the time between transactions component of the trading process.

The marginal distribution f; will be derived from a log-ACD model which has a
very similar structure to the model of the size of price changes, as it also builds on the

state space representation of an ARMA model possibly including exogenous regressors.

11



The combination of both components, the duration and the price change, will allow to

asses the potential simultaneity of the variables.

For notational convenience the latent model of the size of price changes takes the
following form of a state space model. This formulation is particularly convenient to apply
the filtering method suggested by Gerhard (2000) which relies on the notion of generalized
residuals proposed by Gourieroux, Monfort, and Trognon (1987).

Z: = H;é.z,t + wz,t’Yz + Ry IOg Ty (35)

gz,t = Fz&z,t—l +er ($Z,tﬁz + Ez,t)' (36)

This model includes weakly exogenous regressors either in w,, as static components or
with an infinite lag structure if they are included as z,;. The ARMA dynamics are
included as usually in a state space form via H, and F,, see e.g. Hamilton (1994). The
vector e; has a one in the first element and zeros elsewhere. The time between transactions
7 can be included in this specification in spite of a potential simultaneity, as this is
explicitly accounted for by the simultaneous model. The dependent variable z; is not

observed directly, but through an observation rule, which is parameterized as usually in

ordered probits via thresholds . ;, j = 1,...,J, — 1. Here, three categories are used,
J, = 3. The observation equation maps the latent variable z; into three observable
categories:

0 ,if 2z <,
=9 1 if e <z2f <pgp - (3.7)

2 it e <2
Price changes of an absolute value larger than two are recoded as two. This is necessary for
estimation purposes, as the thresholds of the larger categories would be rendered virtually
unidentified. Note that less than 0.5% of the data set are affected by this recoding and
that the largest observed price change is five ticks. Thus, the effect of the recoding is
limited. See also the discussion of the recoding effect and possible remedies in Pohlmeier

and Gerhard (2000).

The time between transactions variable included in (3.5) is of particular interest, as it
allows to assess the consequences of a slow or a fast order execution has on the size of price
changes. Contrary to lags of the duration variable which capture only the general state

of the market, this variable characterizes the particular transaction under consideration.
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The contemporaneous time between transactions 7; is however potentially simultaneous
with the size of price changes z;. The latter would render a standard maximum likelihood
estimation of (3.5) and (3.6) inconsistent due to a simultaneous equation bias. Thus
a nonlinear simultaneous equation system is estimated with the duration as a second

component. The model of time between transactions, is based on a modified log ACD

specification
log Ty = H;—gT,t + Wr Y (38)
gT,t — FTgT,t—l + e (l‘T,t/BT + ET,t)' (39)
Both error terms are collected in a ¢’ := [eit ETJ]' For the error terms the as-

sumption of joint normality is introduced:

e ~ N(0,5,) (3.10)

U]
withs, = |
o 1]
Given that € is a function of y;’ := [z;‘ log Tt], the bivariate Gaussian distribution
translates into the needed distribution of the dependent variables given the Jacobian

Je(zf,log 1) using ¢y as the density of the bivariate Gaussian distribution with covariance

)

f (2, log milxy, wi) = ds(er) - | Je(2, log 7). (3.11)

The Jacobian takes on a particularly simple form given that the derivative of €,; with
respect to z; is zero because not the dependent variable itself is excluded from the duration
equation (3.8) Thus the latent linear system is fully recursive and completely identified
with the determinant of the Jacobian being equal to one. Obviously, the parameters of the
equations for the size of the price changes (sign of the price changes) are only identified

up to a scale due to the discrete nature of the observable dependent variable.

The dynamic systems (3.5),(3.6), and (3.8), (3.9), respectively along with the obser-
vation rule (3.7) are estimated by Maximum Likelihood. Given the normality assumption
on the error terms (3.10) the log likelihood for the discrete absolute price changes and the
inter-trade durations is of the form:

T J Bz,j
log £ =33 1[5 = ] -log/ bw(2t, log m)d(22), (3.12)

t=1 j=1 Pz,j—1
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with v; € {0,1,2} and p, 9 — —o0 and p,,; — +00. The likelihood can be maximized by

applying Gerhard’s (2000) filtering algorithm adapted to the multivariate context.

The model introduced above can be directly extended to the case where 7; is re-
placed by a multivariate process including not only the time between transactions but
also variables like the volume associated with a particular trade. The only limitation for
the type of included variables is that they should be observed on a scale which allows to

use a multivariate state space model along the lines of the duration model.

4 Data

The sample contains transaction data of the DTB Bund future trading. The Bund future
was at the sampling time one of the most actively traded future contracts in Europe. The
Bund future is a notional 6% German government bond of DEM 250.000 face value which
matures in 8.5 to 10.5 years at contract expiration. There are four contract maturities
per year, March, June, September and December. Prices are denoted in basis points of
face value. In the sampling interval one tick was equivalent to a contract value of DEM
25. The Bund future was traded at the LIFFE, London, as well. The main difference
between the Bund future trading at either exchange is that the DTB relies on an electronic
trading system, whereas the LIFFE builds on floor trading. A thorough comparison of
both trading places and a closer description of the data set is found in Franke and Hess

(2000).

This study uses a sample of five trading days between 1/23/95 and 1/27/95 com-
prising 12 490 observations of the Bund future contract expiring in March 1995.

5 Empirical evidence on Bund future trading

5.1 Estimation results

Based on the sample of the BUND future trading we estimate the two joint processes
for y7) and y*7) by maximum likelihood using the assumption that the sign and the

absolute size of transaction price changes are independent apart from the occurrence of
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a price change. Given this assumption the observation of a price change implies trivially
that the sign of the price change is either plus one or minus one, but the observation
of exact size of the price change, e.g. equal to one tick or equal to two ticks, does not

influence the probability to observe a price change upwards or downwards.

Several questions of economic relevance are tied to the analysis of these processes.
The first one, was already raised in the context of the liquidity analysis, which is limited
in this work to the analysis of time between transactions. It boils down to the question
whether the risk of the asset under consideration due to the variability of the market
price is linked to the liquidity of the asset. Several distinct cases can be thought of. First,
liquidity and volatility are independent processes, governed by different determinants and
thus need to be considered as two distinct risk factors. Second, liquidity and volatility
might jointly depend on certain determinants, where a high liquidity, i.e. low time between
transactions, implies a high volatility per transaction. This would more or less characterize
the ideal relationship since investors have indeed the opportunity to adapt their positions
to a changed market price. The third possibility is quite similar to the second one, in
the respect that liquidity and volatility still depend jointly on certain determinants, yet
a low liquidity implies a high volatility per transaction. This might be caused by the
fact that the price formation is dependent on the observation of past trades and thus
the adjustment of the market price to the changing value of the asset is occurring quite
erratic. The latter would however raise substantial problems for an investor, as the last
price which is observable might not be a reliable approximation of the underlying value
of the asset and it might not be possible for him to change his portfolio position in the
desired way after substantial price changes. These different hypotheses are linked to the

analysis of the process of the size of price changes and the time between transactions

(=),

The second question relates to the dynamic implications the joint model has for the
individual components of the process. Gerhard (2000) shows that the process of time
between transactions reveals a serial dependency which is quite different from the pattern
observed for the size of price changes. The question under consideration is, how an inno-
vation in the liquidity equation, (i.e. the time between transactions) influences the future
trade frequency and the contemporaneous and future size of price changes. In particular

it seems valuable to get some quantitative assessment on how long an unexpected shock
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on the time between transactions prevails in the market, especially in the volatility and
the liquidity component. The answer to this question will involve the impulse response

function implied by the estimations of the joint process y*7).

For the case of futures trading simultaneity of the sign of price changes and time
between transactions is rather questionable since this is only plausible if there is some
systematic discrimination between buyer and seller initiated trades, as e.g. short sales
constraints. This would imply that an unexpectedly high waiting time between transac-
tions causes a higher probability for a price change upwards. If p is negative, the reverse
argument holds and a positive duration shock implies a higher probability for a price

change downwards. This issue will be examined just for the sake of completeness.

The empirical evidence reported in Table 1 of the Appendix is quite plausible under
this light. The results given in panel A on the simultaneous process of the direction of price
changes and the time between transactions y*7) show that neither the contemporaneous
nor the past time between transactions is found to be significant. The latter is also
the case in the univariate model. More important however is the fact that p is found
insignificant and thereby a simultaneity between the duration and the price equation has
to be rejected. As a first important result, it can be concluded, that innovations on the

duration process 7; have no impact on the direction of price changes s;.

The intensity of the trading process is often considered weakly exogenous for the
process of price changes, see e.g. Russell and Engle (1998). The results on the sign
of price changes reported in specification A of Table 1 provided some evidence in this
respect. However, weak exogeneity does not necessarily hold for the process of absolute

price changes z; and the time between transactions ;.

In the context of absolute price changes simultaneity is much more reasonable. For a
positive p a positive shock on the duration equation (i.e. waiting time between transactions
is lager than expected) implies an increasing probability to observe a price change. Thus
an increase in the contemporaneous unexpected component of time between transactions
increases the conditional volatility. This nicely corresponds to the reasoning of Easley and
O’Hara (1992) where it is the exogenous but unobservable event of information accrual
having simultaneously an impact on both, the process of absolute price changes and the

intensity of the trading process.
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The empirical evidence reported in table 1 supports the hypothesis of simultaneity.
The correlation p of the error terms has a significantly positive sign, i.e. a shock on the
duration equation implies actually a higher probability to observe a price change (see
specification B). The severity of the simultaneous equation bias can be assessed from the
erroneously significantly positive coefficient on 7, reported in panel C. If simultaneity is
taken into account the coefficient on 7; is insignificantly negative as in Panel B or signif-
icantly negative as in panel D. In terms of the BIC we conclude that specification B is
actually the favourable one. Specification E, which excludes explicitly the contempora-
neous time between transactions and the correlation term suffers from a heavy loss in fit,

compared to specifications B-D.

The empirical evidence provided above gives a clear answer to the question of the
relationship between the size of price changes and the time between transactions. The
two processes are not independent and the result is such that a large innovation on
the time between transaction equation implies a large innovation on the size of price
changes and thus an increased probability to observe larger price changes. Note that the
contemporaneous 7; has an insignificant impact in regression B. Yet, some care has to be
taken in the interpretation of this result, because past time between transactions enters

the specification with a negative sign.

5.2 Analysis of the Impulse Response function

While the concept of impulse response analysis in linear models is well-known and straight-
forward, the treatment of impulse responses in nonlinear models is far from being trivial.
Some advances to the methodology are provided by Gallant, Rossi, and Tauchen (1993),
Koop, Pesaran, and Potter (1996), and Gourieroux and Jasiak (1999). Intuitively, the
question is how does the dynamic respond to a shock on the system. The dynamic sys-
tem is typically characterized by the conditional expectation of the dependent variable,

€rrsy Etrs 1y---5€t € 1|, given the history of innovations driving the system.

e.g. B [yt(i’l :
This history of innovations can be seen to contain three distinct parts. First, the history
of the system &_; until it is hit by the shock ¢, which is to be assessed (second). Third,
the innovations driving the system until it reaches the state which is to be examined in

the context of the impulse response €, 1, €49, ..., €.
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A generic formulation of impulse responses serves as a starting point, where the
impulse response is defined as the difference between two forecasts based on the same

information set but deviating in the impulse €* inflicted on the system

Pa, =B [yi7

)

€t+sy €t+s—1y-- -5 €ty Et71:|

—E [?Jgi;) €trsr sty € =€, 61| (5.1)

The effect of the history dependence and the dependence on the innovations driving

the system between the shock and the target period can be removed by considering the

innovations stochastic and taking the appropriate expectation of (5.1) to obtain

Ly = Bl = Bly50] - B [v%7

€ = 6*] : (5.2)

where €* is a particular impulse on the system.

The conditional expectation E [y,ﬁi;)

e*] will be estimated by Monte Carlo methods.

To obtain the above conditional expectation a set of N replications for the conditional
expectation of ygi’;) using draws (;; and G,i=1,...,N, from the distribution of ¢

(1) _

yt—l—s,i -

E [yﬁi’l )

€t+s = C1,i, €t4s—1 = C2,z', ceey €l — Cs,i, €& =€, 1= Ez . (5-3)

The history of the system €;_; is assumed to consist of 30 periods in the practical applica-
tion. The conditional expectation can thus be estimated from the ordinary sample mean
of the above given observations as

1 N
(=] =5 i (5.4)

=1

E [yt(i’l )

The procedure outlined by (5.3) and (5.4) can be repeated for a total of M different values

of €* thus obtaining a whole range of sample paths
E [yﬁif :

€;, so that the distribution of sample paths gives a representative picture of the system’s

€ = e*], s =1,...,5. The impulse €* is also drawn from the distribution of

dynamics.
To sum up, the individual steps carried out to analyse the impulse responses are
1. Historical and future realizations of shocks are drawn according to the distributional
assumptions of € N = 1000 times.
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(2,7)

2. The conditional expectation E [yt y

€ = e*] is evaluated from the estimates of

specification B in table 1 as the sample mean of the replications.

3. Steps 1 and 2 are carried out for a sample of M = 100 draws of the shock ¢, drawn

from the distribution of ¢;.

4. The distribution of conditional expectations E [y,ﬁi;) € = e*], i =1,...,100, is

i

depicted for the forecast horizons s =0, ..., 10.

Practically, the shock is inflected on the time between transactions equation 7; at

s = 0, via the orthogonal decomposition
6’2,,: = Pz€rt + Uy (5.5)

the simultaneous effect on the size of price changes is computed. The regressors not
relevant to the dynamic are set to zero in this case. Note that the impulse responses
given in figures 1 and 2 are not given as the difference denoted in (5.2), but depict

only the conditional expectation E [y,gi;)

€ = e*]. Thus, the impulse response of the
observable size of price changes z; does not return to zero, as s increases but to the
unconditional expectation E [y,ﬁi;)] For the other variables, the latent z; and the time

between transactions 7, this is zero, due to the omission of static regressors.

A clear cut picture of the dynamics of the system can be gained from an inspection

of the impulse response function depicted in Figure 1. The two panels on the left give the

conditional expectation of one particular impulse E [y,ﬁi;)

€ = e*] . The two middle pan-

els describe the distribution of the observable conditional expectations E [y,ﬁi;) € = e;-‘],
t = 1,..., M. The right hand panel gives the distribution of the usually unobservable
conditional expectation of the latent size of price changes E [z;:rs‘ e=¢l,i=1,...,M.

7 imply a very quick dampening of the im-

The estimated values for the dynamics of ygz’
pulse inflicted on the time between transaction equation. The positive correlation p in
conjunction with the significant negative influence of past values of the latent variable z;
on the duration process leads to a dampening of the impulse. This is intuitively plausible

since it implies that trades, which occur unexpectedly quick, have no significant influence

on future price changes, the influence is limited to the present transaction.

To demonstrate that it is indeed the positive correlation p, which has a substantial

influence on the dynamic properties of the process, a little experiment is carried out in
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figure 2. The sign of the estimated correlation is exchanged so that all the parameters
are identical, on which 1 and 2 are based, but the correlation which is changed to p, =
—0.6521. The effect is quite dramatic. The shock inflicted on the duration equation lasts

for another two observations after the event.

6 Conclusion

In this paper a new estimation concept is proposed for the intraday transaction process.
It extends the work of Rydberg and Shephard (1998) and Russell and Engle (1998) by
suggesting a different decomposition of the joint process of price changes and time between
transactions, which includes a parsimonious modelling of the time between transactions
component and allows to analyse the size and the sign component of the process of price
changes separately. The fact that the models of the time between transaction process and
the components of the process of price changes are of a standard time series form allows a
particularly easy and convenient combination of the two processes to obtain a specification
which is very similar to a VARMAX specification. Yet, the model proposed here accounts
explicitly for the fact that the price change variable takes on only few distinct values in

a liquid financial market.

The empirical results obtained on a sample of intraday trading of the Bund future
suggest that the process of time between transactions and the size of price changes are
indeed simultaneous. This is not the case for the process of the sign of price changes and

the time between transactions. The latter were found to be independent.

The new nonlinear simultaneous equation system proposed in this paper is quite
easily extended to include other continuous-scaled variables such as the volume associated
with a particular transaction. To include this variable in the specification, the standard
state space model would be extended to a multivariate model. Estimation would proceed
either by integrating over a trivariate normal distribution or by conditional maximum

likelihood methods.

Other extensions include the use of this model to determine optimal intraday ag-
gregation levels for the assessment of intraday risk. By explicitly accounting for the time
between transactions, which could be used as a measure of liquidity and the size of price

changes, the two most important risk dimensions are included.
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Figure 1: Impulse responses for the estimation of the simultaneous Log ACD model for
the time between transactions and the sign of price changes based on the estimates of
specification B of Table 1. The coefficients of intraday seasonals are set to zero.
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Figure 2: Impulse responses for the estimation of the simultaneous Log ACD model for
the time between transactions and the sign of price changes based on the estimates of
specification B of Table 1. The coefficients of intraday seasonals are set to zero. Compared

Abs. price change, distribution impulse response, latent

Abs. price change, distribution impulse response, ohservable

Abs. price change, sample path impulse response

to the indicated estimation, the sign of the correlation is switched, i.e. p, = —0.6521.
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