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Abstract

This paper considers tests for (seasonal) unit roots in a univariate time series pro-
cess. We construct test statistics which are similar with respect to both the initial
values of the process and the possibility of (differential seasonal) drift under the (sea-
sonal) unit root null. In contrast to existing approaches, where similar inference is
obtained by (seasonally) de-meaning and (seasonally) de-trending the process, utiliz-
ing all available sample data, we adopt the technique of recursive (seasonal) de-meaning
and (seasonal) de-trending of the process. Representations are derived for the limiting
distributions of the proposed test statistics under both the (seasonal) unit root null
and under near (seasonal) integration. In the non-seasonal case the asymptotic local
power of the proposed statistic is compared with the QD de-trended DF tests of Elliott
et al. (1996) and Elliott (1999), and found to outperform both of these approaches in
the case where the initial observation is drawn from the stationary distribution of the
process. We also find in the case of quarterly data that our proposed statistics display
superior finite sample size and power properties to the conventional seasonal unit root
statistics of Hylleberg et al. (1990) and variants of such tests constructed using simple
symmetric least squares and weighted symmetric least squares estimation.

*I am grateful to Peter Burridge, Les Godfrey, Paulo Rodrigues, Richard J Smith, Jeff Wooldridge, an
Associate Editor and two anonymous referees for their helpful comments on earlier drafts of this paper.



1 Introduction

It is well known that if the data generating process (DGP) is a random walk with poten-
tially non-zero drift, both the limiting and finite-sample distributions of the Dickey and
Fuller (1979) [DF] unit root test depend on the drift parameter. Exact similar inference
may be obtained by including an intercept and linear time-trend in the DF test regression;
see Hamilton (1994,Section 17.4, pp.486-504). This is numerically identical to de-meaning
and de-trending, over the full sample, the variables involved in the DF regression prior to
computing the DF test. Similar results apply to the regression-based seasonal unit root tests
of, inter alia, Hylleberg et al. (1990) [HEGY], Ghysels et al. (1994) [GLN] and Smith and
Taylor (1998) [ST1] for quarterly data, Beaulieu and Miron (1993) [BM] and Taylor (1998)
for monthly data, and Smith and Taylor (1999) [ST2] and Smith and Taylor (2000) for
an arbitrary seasonal aspect. For example, including seasonal intercepts and seasonal time
trends in their test regressions delivers exact similar inference where the DGP is a seasonal
random walk with potentially differential seasonal drift, and this is identical to seasonally
de-meaning and de-trending the variables in the test regression; see ST1 for full details.

The above approach is known to have a detrimental effect on the power properties of the
DF test; see, inter alia, Elliott et al. (1996) [ERS]. To understand why consider the simple
AR(1) time-series process {z;}_, generated according to z; = pry1 + ¢, t = 1,...,T,
where 0 < p < 1, ¢ ~ IN(0,0%) and zg = 0. Denote by p and p, the Ordinary Least
Squares (OLS) estimator of p, obtained by the regression of z; on z; 3, and of x; on z;_;
and D, = 1, t = 1,...,T, respectively. Both p and p, suffer a finite-sample bias which
contains a leading negative signed term in T1; see, inter alia, Tanaka (1984), Sharman
and Stine (1988), and Kiviet and Phillips (1993). For fixed T, the bias is greater when
p lies on, or in the neighbourhood of, the complex unit circle. Moreover, for given p and
T, the bias is greater for p, than it is for p. As discussed in Shin and So (1999) this is
because there is an induced correlation between the lagged OLS de-trended series, x; 1 —
D/ (Zle Dj_lD;_l> - Z]T=1 D,_1z;_1, and the disturbance term ¢;, which increases as
p tends towards one. Where D, = (1,t)’, this correlation, and hence the bias in p,, the
resulting estimator of p, increases still further. Indeed, the bias will tend to increase with
the dimension of D;.

The limiting distributions of p, p, and p, are clearly unaffected by the above biases
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where p < 1. However, for p = 1, the above estimators all converge on unity at rate 7.
The difference between the O(T~1) bias terms in p and p,, will therefore effect a left-shift in
the lower tail of both the finite-sample and limiting null distributions of the de-meaned DF
statistics T'(p, — 1) and 7, = (p, — 1)/se(p,,), vis-a-vis the corresponding statistics T'(p — 1)
and t, = (p — 1)/se(p). This effect will be further amplified in the case of DF tests based
on fp,; see also Rule 2 of Campbell and Perron (1991, p.150).

Given that, to a large part, this bias problem, together with its implications, stems from
the correlation between the de-trended regressor and the disturbance (innovation) term, it
seems worthwhile to explore methods of de-trending the series in a way which induces a lesser
correlation. A simple example, recently employed by Shin and So (1999) in the context of
deriving confidence intervals for the parameter estimates from autoregressive models, is to
use the (OLS) recursively de-trended process, ;1 — D}, ( ;;%) D; D;)il ;;%) D;x;, which
is straightforwardly seen to be uncorrelated with ¢;. In what follows we will refer to this
approach as recursive mean adjustment. Shin and So (1998) also use recursive mean adjust-
ment in developing instrumental variable-based seasonal unit root tests. Other alternatives
to OLS de-trending have also been suggested in the literature. A well-known example is the
quasi-differencing (QD) de-trending of ERS and Elliott (1999), who demonstrate that, under
certain conditions on the initial value of the process, DF tests based on QD de-trending are
more powerful under the alternative than those based on OLS de-trending. In the case where
D; = 1, for all ¢, the ERS test, for example, has a standard DF limiting null distribution,
while the 7, test has a standard DF limiting distribution for a regression with intercept.
In this case the QD de-trended series is asymptotically uncorrelated with the innovation;
see Burridge and Taylor (2000) who provided a detailed assessment of the inter-relationship
between the method of de-trending used and its efficiency, the statistical properties of the
initial value, and test power.

The plan of this paper is as follows. In Section 2 we outline a general approach for
constructing regression-based (seasonal) unit root tests. In Section 3 we discuss the use
of recursive mean adjustment, and show that full-sample de-meaning is a special case of
the procedure which we outline. We show that this approach maintains similar tests of
the (seasonal) unit root hypothesis. In Section 4 we derive representations for the limiting
distributions of our proposed test statistics under the (seasonal) unit root null hypothesis and

delineate the asymptotic local power functions of both these statistics and those of DF and
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HEGY under near (seasonal) integration. For the non-seasonal case, S = 1, a comparison
of the asymptotic local power function of our proposed statistics with those of ERS and
Elliott (1999) is provided. Section 5 contains a small selection of finite-sample critical values
for our unit root test statistics, relevant for quarterly data, together with an investigation
into the size and power properties of these quarterly tests, relative to conventional quarterly
seasonal unit root (HEGY) tests and variants of the HEGY tests constructed using the simple
symmetric least squares (SSLS) and weighted symmetric least squares (WSLS) estimators
of, inter alia, Fuller (1996) and Pantula et al. (1994) [PGF]. Section 6 concludes the paper.

Proofs are provided in an Appendix.

2 Constructing (Seasonal) Unit Root Tests

Denote the periodicity of the data by S; for example, if the time-series is quarterly, S = 4,

while for the non-seasonal case, S = 1. Consider the pure AR process {xg;+s}:

a(L) [Tsi+s — pist+s) = Uspws, s=1—085,...,0, t=1,2,...,T, (2.1)
fstvs = 75 +0;(St+s), (2.2)

where a(L) = 1— Zf;l Oz;ij , L the conventional lag operator, and the error process {ugi+s}
is assumed to follow an AR(p), 0 < p < oo process, ViZ., ¢(L)ugi+s = €s1+s, the roots of
¢(z) =1 —X0_1¢;27 = 0 all lying outside the unit circle, |z| = 1, with egprs ~ iid(0, 072).
The (observed) initial values of the process are assumed to satisfy, x5 = ps + uf, s =
1—S,...,0, with exact conditions on the initial innovations {u*}%; ¢ delayed until later.
The specification (2.1)-(2.2) allows for the presence of deterministic mean effects in {zgs+s}
through pg;+s. For the purposes of this paper, we follow ST2 and consider the following six
cases of interest:

Case 1. no intercept, no trend: 7 =0, 0 =0,s=1-25,...,0;

Case 2. constant intercept, no trend: v =+, 6 =0,s=1-5,...,0;

Case 3. seasonal intercepts, no trend: 6} =0,s=1-5,...,0;

Case 4. constant intercept, constant trend: v; =, 0 =6,s=1-.5,...,0;

Case 5. seasonal intercepts, constant trend: ¢ =6, s=1-95,...,0;

Case 6. seasonal intercepts, seasonal trends: as in (2.2) with v¥ and 6 unrestricted.

Notice, for example, that Cases 4,5 and 6 are all identical in the non-seasonal case, S = 1.
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Our approach to testing for seasonal unit roots in «(L) consists of two stages. First we
subtract a linear unbiased estimate of pgi+s of (2.2) from Zgprs, VIZ, T4y = Tstrs — MEiass
where x € {1,...,6} is used to indicate which of Cases 1-6 is assumed to hold in estimating
the parameters of (2.2). Notice that for Case 1, i}, will be zero, and hence 2%, , = Tg+s,
by definition. Provided pg;+s is not estimated under an overly restrictive case, the resulting
unit root tests will provide similar (asymptotically similar if p > 0, exact similar otherwise)
inference. We will discuss this stage in detail in Section 3.

Following ST2 (Equation (2.11), page 6), we then linearise a(L) in (2.1) around the sea-

sonal unit roots exp (+£i27k/S), k =0, ...,[S/2], to obtain the auxiliary regression equation,
p— p*

ASx‘gt+s = Z 71-J"T;?,St+sfl + Z ¢;Asx§t+sfj + E'g't+s7 (23)
7=0 =1

which may be estimated along St+s = p*+1,...,4T, p* > p, omitting the term 7TS/2§:’§/27&hL87l
if S is odd, and where corresponding to the zero and, where S > 1, seasonal frequencies

wg = 271k/S, k=0,...,[S/2], [] denoting the integer part of its argument,

S—1
jS,St+s = Z jgt+s—j’ jg/275t+s = Z COS[(j + 1)7r]fl:ngt+s—j’
— =0
S—-1 —
:%Z,St'h? = Z COS[(j + l)wk]jgt+s—j7 :%g—k,St+s == Z lIl j + ]' wk]x5t+s -7 (24)
=0 j=0

k=1,..,5*% where S* = (5/2) — 1 (if S is even) and [S/2] (if S is odd), together with
AgZy s = BGpas — Ty 1y+s FOr the case of quarterly, S = 4, data the relevant transforma-

tions are

j;g,St+s = (1 + L + L2 + La)‘%g’t+s7 j;g,St+s = - (1 —L + L2 L3) LSt+s

i‘lf,St+s = _L<1 - Lz)igt+s7 j;g,St+s = (1 - LZ)xSt+57
while for the non-seasonal case, S =1, 15, = @7.
The parameters {W]}S of (2.3) are of focal interest. As demonstrated in HEGY and

ST2, the (seasonal) unit root null hypothesis,
Ho:a(L)=Ag=1— L5 (2.5)

is the intersection of the subsidiary null hypotheses: Hgpg : mp = 0, a unit root at wy = 0;

Ho,s/2 : ms/2 = 0, a unit root at wg, = 7 (S even), and (Ho : m = 0) N (Ho,s— : ms— = 0),
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a pair of complex conjugate roots at the kth seasonal harmonic frequency wy, = (27k/S),
k=1,...,5%

Consequently, and in order to test Hp of (2.5) against the alternative of stationarity at
at least one of the zero and seasonal frequencies, we follow HEGY and ST1, inter alia,
and propose the following regression statistics in (2.3): to (left-sided) for the exclusion of
2§ sp+s-15 Lsy2 (left-sided) for the exclusion of 2§, g4, 1 (S even); tf (left-sided) and t9 (two-
sided) for the exclusion of 2} 5,,, ; and 2§ _j g+, 1 Tespectively, and Fj, for the exclusion of
both 2} ¢/, 1 and 2§y gp4s 1, K = 1,...,.8*. Following GLN, Taylor (1998), ST1 and ST2
we also consider the joint frequency F-statistics, F1._[s/z, for the exclusion of {#% St+8_1}f=_11
and Iy, [s/2), for Ho, the exclusion {:)C";Sﬂs_l}f;ol. In the non-seasonal case, S = 1, we need

only consider tg, the Dickey-Fuller-type statistic.

3 Recursive Mean Adjustment

In order to remove the dependency of the data {xg;+s} under Hg of (2.5) on the nuisance pa-
rameters {v*, 8%, 2,19, ¢ existing approaches, adopted by, inter alia, HEGY, BM, ST1 and
ST2, use full-sample mean adjustment of {zg;+s}. The resulting mean-adjusted regressors in
(2.3) are then correlated with the error term ug:+s; see Taylor (1999) for detailed discussion
on this point.

Following the discussion in Section 1, we now explore recursive mean adjustment, whereby
Zgi+s 18 (seasonally) de-trended and/or (seasonally) de-meaned using only the observations
{z1_s,...,Ts+s}, in order to reduce the inherent biases present in the least squares esti-
mators of the m;, j = 0,...,5 — 1, regression parameters from (2.3), whilst maintaining
similar tests. Taking Case 6 of (2.2), first, we consider the recursive seasonally de-meaned

and seasonally de-trended process,
3 ! 2 e
vy = ey = 0= 1) (6= 02) (k= Dlnsias =51 (5.1)
k=0 k=0

s=1-S5,...,0,t=0,...,T, where Z;s = (t + 1) 13t o Zsp+s, s = 1 = 5,...,0, and
t=(@t+1)1Yl ok =t/2. In defining (3.1) we have introduced the recursive seasonally

de-meaned process {23, .}, appropriate to Case 3 of (2.2),

j’%’t+s = Xst+s — Tt,s, (3.2)
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s=1—-S5,...,0,t=0,...,T. Notice that, for ¢t > 0, :%gHS = Tgtws — Vst — 587tt, where
Yt and 557,5 are respectively the estimated coefficients from OLS regression of xg,+s on
an intercept and v, for v = 0,...,¢. Similarly, the recursive seasonally de-meaned series
33,00 = Tsies — Ysu, Where ,; is the estimated coefficient from OLS regression of Zg,+s on
an intercept, for v = 0,...,¢, t > 0. For the remaining cases of (2.2) we consider: Case 1: no
de-meaning, 2%, = Tgi+s, s=1—29,...,0,t =1,...,T; Case 2: recursive (non-seasonal)
de-meaning, :%%HS = TSi+s — Vsi+s, Where Jgi+s is the estimated coefficient from an OLS
regression of xg,+; on an intercept, Sv+j = 1-S,...,St+s, St4+s > 1-5; Case 4: recursive
(non-seasonal) de-meaning and de-trending, &%, , = Tsi+s — Yst+s —55t+8(5’ t+s), where Ygy+s
and g+ are the estimated coefficients from an OLS regression of Tg,+; on an intercept and
the linear time-trend (Sv+j), Sv+j=1-25,...,St+s, St+s > 2—.5; Case 5: recursive
seasonal de-meaning and (non-seasonal) de-trending, 23,,, = Tgrrs — Y5as — Ost+s(St + 5),
where {’%Hs}?:l—s» and bg+, are the estimated coefficients from an OLS regression of
Tgy+; on S conventional seasonal indicator variables and the linear time-trend (Sv + j),
Sv+j=1-5,...,5t+s, St+ s > 1. In all of the above cases it is trivially seen that, in
contrast to the full-sample de-meaning of, inter alia, HEGY and ST1 and ST2, the first lag
of the transformations of (2.4) are uncorrelated with the innovation wug+.

Under Hg of (2.5), the recursive seasonally de-meaned process {#3,,,} may be written as

t
Brs = 7s(t/2) + Y ugprs — (E+1)" Z Z Usprs, (3.3)

v=1 k=1v=1
which is invariant to the initial conditions {x,}%~; g, but not to the seasonal drifts {v,}°=; g,
where 75 = S(6F — ‘;-’:1 ¢j6§7j), unless 7, = 0, s =1 —5,...,0, as occurs under each of
Cases 1-3 of (2.2). From (3.3), we may correspondingly express the recursive seasonally

de-meaned and seasonally de-trended process {18, .} under Hg as

8., = Z Ugprs — (L+ 1) Z Z Usy+rs — (1/2) (Z(k: — f)2> (3.4)

k=1v= k=0

X Zi:(k—i) (Zﬁ:USv+s - t+1 ZZUSU+S) )

j=lv=1
which is invariant to the initial conditions {z}°_; < and the seasonal drifts {v,}°_; 5. In
a similar manner, it is straightforward to show that the recursive seasonally de-meaned and

(non-seasonally) de-trended process {#3,,,} is invariant under Hp to the initial conditions
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{x,}%, g, but depends on the quantity (v, — ), where ¥y = S™*3°_, ¢~,. Similarly, the
recursive de-meaned and de-trended process {#%,, .} depends on the quantities (v, —7¥), and
(x5 — To), where Zo = S 3%, ¢ x,, and hence on the seasonal intercepts {7:}%_, g, while
the recursive de-meaned process {#3,,,} depends on the seasonal drifts {v,}%~; ¢ and the
quantity (xs—=Zg). Corresponding invariance properties to those detailed above can be shown
to hold under the alternative except that in all cases the mean-adjusted data now depend,
in general, on the initial innovations {u*}%, ¢; cf. ERS.

In the above analysis we have suggested using recursive mean adjustment methods
whereby zgi+s is mean adjusted using only the sample observations {x1_g, ..., Zgi+s}, for
St+s=1-S5,...,5T. However, one might also consider placing some minimum bound on
the fraction of sample data used to estimate the required mean function. Specifically, under
Case 6, we might therefore also consider using the auxiliary regression (2.3), appropriately

re-defining the terms in (2.4) as the corresponding transformations of

i’6 . :%3 _ (t - 5‘) 2*:0(]{: - 5‘) ($Sk+s - (>‘ + 1) Z] =0 xS]+8) (3 5)
St+s St+s A;()(k — )\) .
jA35‘15+3 = TSt+s — )\* + 1 Z T Sk+s) (3.6)

s=1-5,...,0,t=0,...,T, where \* = max(t, [TA]), A € [0,1] and A = (\* +1)"* X, k.
Notice that the end case, A = 0, coincides with (3.1), while A = 1 gives the full-sample
seasonal de-meaning and seasonal de-trending approach of HEGY, ST1 and ST2, discussed
at the start of this Section. Where t > [T'\], 2%,,, of (3.5) clearly coincides with 2%, of
(3.1). However, where t < [T\, %, , of (3.5) is x5+, de-meaned and de-trended using the
sample data {@1_g, ... Tgra+s - Cases 2-5 of (2.3) follow directly, mutatis mutandis. Case
1 is unaffected. In all cases it is easily seen that tests based on this approach share the same
invariance properties (except with regard to the initial innovations) as the corresponding tests
formed from A = 0, discussed above. However, notice that it is only where A = 0 that the first

lag of the transformations of (2.4) in (2.3) are uncorrelated with ugs+s, St +s=1,...,5T.

4 Asymptotic Representations

We now derive representations for the limiting distributions of the (seasonal) unit root statis-

tics of Section 2 computed from auxiliary regression (2.3) under each of Cases 1-6 of (2.2).
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We derive these representations for the statistics where a minimum (fixed) fraction of the
data, A € [0,1], is used in the recursive mean adjustment. To distinguish between the statis-
tics computed for different values of A, we use the notation t;(\), j = 0,5/2, t2(\), (),
Fiy(N), k=1,...,8% Fi_1s/2(\) and Fp_ [s/2(A), in what follows. The end cases A = 0 and
A = 1 then simply obtain as special cases of the stated representations. These representa-
tions are derived under Hp of (2.5) in Theorem 4.1 and also under near (seasonal) unit root
alternatives in Theorem 4.2.

In the results given below, the superscript £ relates to Cases 1-6 of pg+s of (2.2), and
hence (2.3). For the zero frequency wy tests: Case 1: £ = 0; Cases 2 and 3: £ = 1; Cases 4, 5
and 6: £ = 2. For the seasonal frequency wy, tests, k = 1,...,[S/2]: Cases 1, 2 and 4: £ = 0;
Cases 3 and 5: £ = 1; Case 6: £ = 2.

Theorem 4.1 is derived under the following assumptions:

Assumption 4.1: The error process {ugi+s} ~ 9id(0, o2).

Assumption 4.2: The initial innovations satisfy 7-%?u* —? 0, s=1-9,...,0.

Theorem 4.1 Under Hy of (2.5) and Assumptions 4.1-4.2, denoting weak convergence by

13 2
= ,

— fOl Wjé('rv )\)dwjﬁ (Ta )‘)

t()\> = Tlj,xs J :OJS/27 (41)
] EwEe near]

Jo [WEL(r NAWE (7, A) + W (r, AW (7, A) |

ta(N) = My (4.2)
[ [WE 02 + WS, 0)2] ar]
Jo WS (r, \)AWS o (r, X) — WS (r, ) AW (7, A)
tf()‘) - [ 1/2 } = Mk,B,) (43)

3 [WE i, M)+ W5 (r, A2 dr |

1 "
Fr(\) = B {7713,04)\ + ﬂi,ﬁ,x} ,k=1,...,8 (4.4)
1 2 SA 2
F1~--[S/2]()‘) = 91 [775/2,,\ + Z ("Ik,a,,\ + ﬂk,ﬁ,,\)] ) (4.5)
k=1

1 5
Fo. is/21(N) = 5 l’f]g,x + ﬂg/z,x +> <7713,a,x + ﬂi,ﬁ,x)] ; (4.6)

k=1

omitting terms involving ns/, » if S is odd. The limiting processes Wf(r, A), j=0,5/2 and
WS (r,A) and W5, (r, ), k = 1,...,S*, are defined in the Appendix, noting that for ¢ = 0,
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Wjo(r, A) = Wjo(r), j=0,5/2, Wg,k(r, A) = Wg,k(r) and W§7k(r, A) = W§7k(r), k=1,..,5%
are independent standard Brownian motions which do not depend on .

Remark 4.1: Although Theorem 4.1 was derived under Assumption 4.1, (4.1) and (4.4)-
(4.6) can also be shown to hold under the more general condition that {ugsi+s} follows a
stationary AR(p) process with martingale difference innovations satisfying the assumptions
given in Chan and Wei (1988), provided p* > p in (2.3); cf. Burridge and Taylor (2001).
Remark 4.2: In Theorem 4.1 we have assumed, via Assumption 4.2, that the initial condi-
tions {z,}%; g are all random variables with finite (possibly zero) variances. Under Cases
3,5 and 6, this assumption may be dropped due to the similarity properties of the statistics,
as detailed in Section 3. Moreover, under Cases 2 and 4 this assumption is also not needed
for (4.1) to hold for j = 0 because Y-°—; ¢(z; — Zo) = 0.
Remark 4.3: The limiting representations (4.1)-(4.6) of Theorem 4.1 generalise those given
in ST2, reducing to the latter where A = 1.
Remark 4.4: It can be seen from (4.1) of Theorem 4.1 that for £ = 0, {o(\) and tg/2(A) have
identical standard Dickey-Fuller (1979) limiting null distributions, regardless of the value of
A. Moreover, for £ € {1,2} the limiting representations of to(\) and tg/2(A) are identical in
distribution. In each of the above cases the ¢o(\) and tg/»(\) statistics are also asymptotically
independent, by virtue of the independence of W¢ (r, A) and Wé/z('r’, A), £ €{0,1,2}.
Remark 4.5: Representations (4.2)-(4.3) of Theorem 4.1 demonstrate that, under Hq of
(2.5), t¢(\) and ¢*(\), k # 1, and t2(X\) and t7(N), k £ 1, k,1 = 1,...,5*, possess identical
limiting distributions, are mutually asymptotically independent and are also asymptotically
independent of tp(\) and tg/2(A).
Remark 4.6: The representations given in Theorem 4.1 allow an explanation for the similar-
ity between critical values which occurs in different scenarios and between different statistics;
cf. Section 5.1. E.g., from (4.1) it is seen that tg/,(\) has an identical limiting distribution
under Cases 3 and 4, which coincides with that of ¢o(A\) under both Cases 2 and 3.
Remark 4.7: The F-statistics, Fx(\), k = 1,...,.S*, are asymptotically mutually indepen-
dent and are asymptotically independent of to(A) and tg/2(\) under Ho of (2.5). Moreover,
the F-statistic F1._[g/2()) is asymptotically independent of ¢o(A) under Ho of (2.5).

Having derived the limiting null distributions of the (seasonal) unit root statistics from

Cases 1 through 6 of the auxiliary regression (2.3), we now turn in Theorem 4.2 to derive
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the corresponding limiting distributions under local alternatives to the (seasonal) unit root

hypothesis. Specifically, we will consider the local alternative:
Ho:a(L)=1—-(1+¢/T)L°, c<0. (4.7)

Theorem 4.2 Under H. of (4.7), and Assumptions 4.1-4.2, with £ defined as for Theorem
4.1,

1 12 (AWE (r, AW, (r, A
e[ [wiovpa] DI NILED o) o057 (48

[RWE(r A2ar]

1/2
RO = e[ [ W N2+ W 0] ]

Jo [WE o, AW (1 A) + WS (m, A AW S (7, V)]

+ - = Tran(c),  (4.9)

[ (W 2+ W, 7] ar] " -

T, £ (r ) —W§ T, ¢ (r
ooy o A W NS, (1) Z/vg,k A DD M o wo)
[fo [ ake(T A2+ Wgp (r, )‘)2} d"’}
1 2 2 %

Fk(>\) = 5{[Tka)\(c)] —l—[’l‘kg)\(c)] }, k=1,...,5%, (4.11)
F1sia(A) = ﬁ { Ts/2.(¢)]% + Z < T (C [Tk,ﬂ,A(C)]2>} , (4.12)
FO...[S/Z](A) = % {[7‘07)\(0)]2 + 7'5/2)\ —|— Z < Tka )\ [Tk,ﬂ,)\(c)]2>} s (413)

omitting terms involving 7g/, »(c) if S is odd. The limiting processes ch(r, A),j=0,5/2
and WS, (r,\) and W5, .(r, \), k= 1,...,S*, are defined in the Appendix.

Remark 4.8: Under Case 1 of (2.3) and S = 4, the limiting representations (4.8)-(4.13)
specialise to those given for the quarterly case in Rodrigues (2001), our results therefore
generalise his to allow for an arbitrary seasonal aspect, S, and for deterministic components,
via Cases 2 through 6 of (2.2).

Remark 4.9: The representations given in Theorems 4.1 and 4.2 delineate the asymptotic
local power functions of both the recursive mean adjusted (A = 0) and full-sample mean
adjusted (A = 1) seasonal unit root statistics from (2.3), and indeed for all A € [0,1], in

all cases indexed by a common non-centrality parameter ¢, ¢ < 0. In practice, we would
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probably want to permit the non-centrality parameter to vary across the seasonal frequencies
wr = 21k/S, k = 0,...,[S/2]. Following the same development as in Rodrigues (2001) one
obtains the representations given in Theorem 4.2, but with ¢ now indexed by the frequency
under test; i.e. we have a set of non-centrality parameters ¢, < 0, k =0,...,[S/2], attached
to the representations (4.8)-(4.11), rather than the common value c.

Remark 4.10: Assumption 4.2 ensures that the limiting representations in (4.8)-(4.13) are
invariant to the initial innovations {u*}°_, . If, however, u* = L1 4 ¢/T)*u_gy, K > 0,
s=1-25,...,0, which violates Assumption 4.2, then (027)"*2u* = n, ~ N(0, (—2¢)"*(1 —
exp{2ck})), s =1 —5,...,0, which are mutually independent. In this case the left member
of (A.6) weakly converges to J2*(r) = Ji(r) + exp{rc}ns, r € [0,1], s = 1 - 5,...,0.
Consequently, the representations in (4.8)-(4.13) hold as the corresponding functionals of
the {J5*(r)}°_; ¢ processes. Where k — o0, so that (027)~*2u* = N(0,(—2¢)7?), s =
1-S,...,0, we have what is referred to as the unconditional case, since the starting condition
is drawn from the stationary distribution of the process.

It would be interesting to derive the limiting power envelope of tests for unit roots at
each of the seasonal frequencies and for each of ¢ € {0, 1,2}, along the lines of ERS for
the non-seasonal case. However, when S = 1 we are concerned only with a simple power
curve. In the seasonal case, where we are faced with an S-dimensional power hypersurface,
the problem is clearly much more involved. For the same reasons, generalisations of the ERS
and Elliott (1999) QD de-trended DF statistics to the seasonal unit root tests of Section 2 are
problematic and certainly beyond the scope of the present paper. This is clearly an avenue
which merits further research and it would be instructive to compare the asymptotic local
power functions of the recursively de-meaned seasonal unit root statistics of this paper with
such statistics. Seasonal first-difference de-trending, along the lines developed for S = 1
by Bhargava (1986) and Schmidt and Phillips (1992), has been developed in Rodrigues
(2000) and is not considered further here. However, as demonstrated in Elliott (1994,p.44)
and Stock (1994,p.2763), for S = 1 these statistics and DF tests based on simple symmetric
estimation (see PGF) have equivalent asymptotic power properties. Moreover, Elliott (1994)
finds no differences between their finite-sample properties. We conjecture that this property
will extend to the seasonal case. The finite sample simulations reported in Rodrigues (2000)
appear supportive of this view.

However, for S = 1 we may compare the asymptotic local power function of our #y(0)

[11]



statistic with the QD-de-trended DF tests of ERS and Elliott (1999). The role of the ini-
tial innovation ug forms the distinction between these tests. ERS assume that ug satisfies
Assumption 4.2, in particular they assume that u$ ~ (0,02), what is referred to as the con-
ditional case in the literature, while Elliott (1999) develops QD-de-trended DF statistics for
the unconditional case where T-Y2u$ = N(0, (—2c)t02); cf. Remark 4.10. The limiting
power envelope and the local limiting power of the ERS test are altered in the unconditional
case Vis-a-vis the conditional case; cf. ERS (pp.819-820) and Elliott (1999). Precise details
on the form of these statistics are given in ERS and Elliott (1999). We will denote the statis-
tics of ERS and Elliott (1999) as tgrs and tgrsy, respectively. In Table 4.1 we tabulate the
limiting powers of these statistics, together with those of the ¢3(0) and to(1) (DF) statistics
for € = 1,2, and the non-centrality parameter ¢ € {—1, -5, =7, —10, —13, —20}, in each case
for tests conducted at each of the 0.01, 0.05 and 0.10 levels. We tabulate the limiting powers
of these statistics under both the conditional and unconditional environments. The results
were obtained by direct simulation of the limiting functionals, as detailed in ERS (p.821),
but using 100, 000 replications and a sample size of 1,000. The limiting power envelopes for
¢ = 1,2 on a nominal 0.05 significance level, are tabulated in Table 9.3 of Tanaka (1996,
p.348) for the ‘conditional’ case and Elliott (1999) for the ‘unconditional’ case.

Table 4.1 about here

We see from the results in Table 4.1 that in both the conditional and unconditional cases
the standard DF test, to(1), displays limiting power well below the other statistics for both
¢ =1 and £ = 2. Echoing findings in Elliott (1999), the tg1s statistic has higher local power
than tgrsy in the conditional case, as expected, but still generally outperforms the tgrsy
statistic in the unconditional case, except for larger negative values of ¢. In the conditional
case the tgpg statistic is also more powerful than the recursive de-meaned DF statistic t(0),
although (0) is always superior to the tgr sy statistic. However, in the unconditional case,
where the QD de-trending of ERS is not efficient, #5(0) outperforms both tsrs and tgrsu
for all values of ¢ and for both £ = 1 and £ = 2. Where there are differences between the
asymptotic local power of the statistics in Table 4.1, these are larger for & = 1 vis-a-vis
¢ = 2; ERS and Elliott (1999) also observe this phenomenon.

If, as argued by PGF “... there are a modest number of situations in which one is willing

to assume that the first observation has variance equal to the residual variance ...” (p.459),
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then the results in Table 4.1 suggest that the to(0) statistic should be preferred to the QD
de-trended DF tests of ERS and Elliott (1999).

5 Finite-Sample Results

In this Section we use Monte Carlo methods to produce finite-sample critical values for
the £5(0), t2(0), F1(0), Fj1..2(0) and Fjp.2(0) test-statistics of Section 3 for quarterly data,
S = 4. We also investigate the small sample properties (size under autocorrelated errors
and power under stationary alternatives) of these statistics and compare these with the
conventional quarterly HEGY tests to(1), t2(1), Fi(1), Fj.2(1) and Fo_2(1), and also such
(full-sample de-meaned) HEGY tests where the auxiliary regression (2.3) is estimated not by
OLS but using the SSLS and WSLS estimators detailed in Fuller (1996,pp.414-416 and 568-
573). The SSLS and WSLS estimators have been applied in the case of S = 1 by PGF, who
demonstrate that DF tests based on SSLS and, in particular WSLS, estimation of the test
regression display considerably better finite-sample power properties under the alternative
than DF tests based on OLS estimation. Elliott (1999) also finds that, for S = 1, the WSLS
DF test performs very well in the unconditional case. It therefore seems a useful exercise
to compare seasonal extensions of the PGF procedures with the standard OLS-HEGY tests
and also the recursive de-meaned HEGY tests proposed in this paper. In assessing the
finite-sample size and power properties of these statistics we have focused on the sample
sizes 4T = 100,200, and on Cases 3 and 6 of (2.3), where £ = 1 and £ = 2 respectively
for all reported statistics. All tests were run at the nominal 0.05 level. Cases 2, 4 and 5
of (2.3) and other nominal levels were also considered, as were the corresponding statistics
for other values of .S, including S = 1, but in each case yielded qualitatively similar results
to those reported. In all experiments, the lag truncation order p* in (2.3) was chosen via a
data-dependent rule. As is commonly done in practice, we followed the general-to-specific
approach outlined in BM (pp.318-19), starting with an initial four lags of Ay}, ., (Pmax = 4)
and progressively deleting lags found to be insignificant at the 0.10 level.

All reported simulations were programmed using the RNDN function of GAUSS 3.1
on a Pentium 233Mhz micro-computer using 40, 000 replications for each simulation. These
programs, available from the author on request, can replicate all experiments, including the

calculation of critical values, reported in this paper for arbitrary S (including S = 1), T
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and A and also allow for other methods of selecting p*, the lag truncation order, (including
deterministic) in (2.3), and also allow one to compute critical values and size/power results

for the t¥()\) and 2 (X\), k = 1,...,S*, statistics which are not reported here.

5.1 Finite Sample Critical Values

The simulations computed in this Section were based on the DGP AjZT4i+s = Ustrs ~
IN(0,1), s = =3,...,0, t = 1,...,T, with wsjss = 24545 = 0, 7 < 0. We report re-
sults for the sample sizes 4T = 48,100, 136,200,400. The test-statistics tx(0), & = 0,2,
Fi(0), F1.2(0) and Fp._»(0) were computed from Cases 2 to 6 of (2.3) in Tables 5.1a-5.1e,
respectively, with p* = 0 in (2.3). Critical values for Case 1 of (2.3) may be found in HEGY
(Tables la and 1b, pp.226-7) and GLN.

Tables 5.1a — 5.1e about here

The finite sample critical values reported in Tables 5.1a-5.1e reflect the asymptotic pre-
dictions of Remark 4.6, even at relatively small sample sizes. It is also interesting to compare
the critical values in Tables 5.1a-5.1e with the corresponding conventional HEGY, (A = 1),
tests. For example, for 47" = 100, from ST1 (Tables la-1b, p.276) the 0.05 critical values for
the conventional HEGY tests, to(1) and ¢,(1) statistics are —3.39 and —3.38 respectively, all
of which are considerably left-shift, vis-a-vis the corresponding critical value for the recursive
mean adjusted statistic in Table 5.1e. Corresponding right-shifts are seen in the upper tails
of each of the Fi(1), Fji.2(1) and Fjo. (1) statistics, relative to the F1(0), Fj1. 2(0) and
Flo..21(0) statistics.

5.2 Size Properties

Table 5.2 compares the finite-sample properties of the to(A), tg/2(A), Fi(A), F1.2(A) and
Fo..21(A), A € {0, 1}, statistics when the error process displays weak parametric autocorre-

lation. In the case of A = 1, (2.3) was estimated in three ways: OLS, SSLS and WSLS.

Table 5.2 about here

Table 5.2 reports the actual size of the above statistics (nominal 0.05 level) when the
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true DGP for {z4+s} is:
(1 — L) Aszares = (1 + 0L ugpes, s=-3,...,0,t =1,...,T, (5.1)

with the initial conditions z; set to zero, and ugs+s ~ IN(0,1), s = —=3,...,0,t = —100,...,T.
We consider the effects of (¢,0) = (0.6,0), and (¢,0) = (0, —0.4). Other parameter values
were considered but qualitatively do not add to or contradict what is reported here.

It is evident from Table 5.2 that for (¢,0) = (0.6,0) all of the reported statistics are
approximately on their nominal levels, as might be hoped given the choice of pmax = 4. In the
case of (¢,0) = (0,—0.4), where we might expect to see some size distortions in the statistics,
we see from Table 5.2 that for & = 1 the patterns of distortions from the nominal level
seen in the conventional OLS-HEGY tests and their recursive mean adjusted counterparts
are virtually identical, but that the HEGY tests based on SSLS and WSLS estimation of
(2.3) display rather larger size distortions. In the case of £ = 2 the recursively de-meaned
HEGY statistics outperform all other variants, including the OLS-HEGY statistics. All of
the statistics display size distortions that increase between & = 1 and & = 2 but decrease

between 47 = 100 and 47 = 200.

5.3 Empirical Power
This sub-section compares the empirical finite sample power properties of the statistics con-

sidered in Section 5.2 against seasonal (trend) stationary autoregressive processes.

Tables 5.3 about here

Table 5.3 reports the power (nominal 0.05 level) of the above statistics when the true

DGP for {z4+s} is the stationary seasonal AR model:
a(L)xgges = Uges ~ IN(0,1),s ==3,...,0,t =1,...,T, (5.2)

with (L) = (1 — aL?*), ugj+s = 0, j < 0, and the initial conditions drawn from the
stationary distribution of the {Z4s+s} process; that is, z, ~ IN(0, (1 —a?)71), s = —=3,...,0.
We investigate the effects of o € {0.95,0.90,0.80} in our experiments.

The results in Table 5.3 highlight a number of points. Firstly, for all of the reported

statistics, power at a specific seasonal frequency, or set of frequencies, is the greater, ceteris
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paribus: (i) the greater is the sample size, 47"; (ii) the smaller is the seasonal AR parameter,
a, and (iii) for £ = 1, relative to & = 2. These results are fully consistent with what we
might expect and with earlier simulation studies of conventional HEGY tests; e.g., GLN.

It is quite clear from the results in Table 5.3 that for both ¢ = 1 and £ = 2, the recur-
sive mean adjusted seasonal unit root statistics proposed in this paper enjoy considerable
finite-sample power advantages over the corresponding conventional OLS-HEGY tests and,
to a lesser extent, the SSLS-HEGY tests. In fact, there is not one single example in Table
5.3 where either an OLS-HEGY or SSLS-HEGY test displays superior power than the corre-
sponding recursive mean-adjusted seasonal unit root statistic. The same can be said of the
SSLS-HEGY statistics vis-a-vis the OLS-HEGY statistics. The WSLS-HEGY statistic are,
however, much closer competitors on power to the recursively de-meaned HEGY statistics,
although in most cases the recursive de-meaned statistics outperform their WSLS-HEGY
counterparts. Both clearly dominate the OLS-HEGY and SSLS-HEGY statistics.

Although not reported here, we also considered the conditional case where the initial
values were generated according to x5 ~ IN(0,1), s = —3,...,0. In this case the SSLS-
HEGY, WSLS-HEGY and recursively de-meaned HEGY statistics all showed a small increase
in power over the unconditional case, but their relative rankings on power were not altered.
The results for the OLS-HEGY statistics were virtually identical to those in Table 5.3. We
also experimented with values of the warm up parameter A other than zero; see the discussion
at the end of Section 3. In general, for the DGPs considered in this Section, varying A\ from
zero reduced the power of the recursive mean adjusted tests, vis-a-vis the values reported in

Table 5.3 for A = 0.

6 Conclusions

This paper has been concerned with providing regression-based test statistics for (seasonal)
unit roots which are similar both exactly and asymptotically with respect to initial value(s)
of the process and (seasonal) drift parameter(s). Existing approaches (seasonally) de-mean
and (seasonally) de-trend the series over all available sample data. In contrast, we obtain
similar tests via recursive (seasonal) de-meaning and (seasonal) de-trending of the data.
Representations for the limiting distributions of these statistics under the (seasonal)

unit root null hypothesis and a near (seasonal) integrated alternative are provided, together
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with finite-sample critical values appropriate to a Gaussian quarterly random walk DGP. By
deriving representations for the limiting distributions of statistics associated with other cases
of interest, we are also able to provide a rationale for the similarity between the statistics’
critical values in different scenarios. For the non-seasonal case we tabulate the asymptotic
local power function of the proposed statistics, showing that this compares favourably with
the QD de-trended DF tests of ERS and Elliott (1999).

We have also investigated the size and power properties of the recursively de-meaned
HEGY statistics, and compared these with conventional full-sample de-meaned HEGY statis-
tics obtained from test regressions estimated by each of OLS, SSLS and WSLS. The results
suggest that the recursively de-meaned HEGY statistics simultaneously display both the best
size and the best power properties of all of the statistics considered. Given all of the above
positive evidence, we therefore strongly recommend their use in practice for both seasonal

and non-seasonal unit root testing.
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Appendix - Proof of Theorems

Proof of Theorem 4.1: Define the partial sum processes (PSP) Spr,; = S tgrs, 7 €
[0,1), where [Tr] denotes the integer part of T, with the convention S = Y{_; Usk+s,
s=1-.5,...,0. Under Assumption 4.1, c¢f. Chan and Wei (1988, Theorem 2.2, p.372), the

PSP’s Sipyq, s =1 = 5,..., 0, satisfy a multivariate invariance principle such that
(aiT)_l/zSEpr] = W?(r),r € [0,1], (A1)

jointly, where the W?*(r) are independent standard Brownian motions, s = 1 — S,...,0.
Consequently, from (3.6), (A.1) and an application of the continuous mapping theorem

(CMT), under Hyp of (2.5),

- o — S 1 T S
(aﬁT) 1/2933;*[Tr]+s = (UZT) 172 <S[Tr] ——/ S[TT]dT)

= W ﬂ/m/ (r)dr = BY(r, )), (A.2)
s=1-S5,..,0, 7 =max(r,\), r,\ € [0,1]. Similarly, from (3.5), (A.1) and the CMT,

2q\—1/2 26 1 o =—3 _f r _f { s _l " s }:|
T) iy, = BN~ 12720 = 3) [ =D {wew - = ['wer)ar}] du
= B?(r,\), s=1-5,..,0, r,Ae[0,1], uc|0,7]. (A.3)

That is, BX(r, \) and B2(r, \) are, respectively, independent recursive de-meaned and recur-
sive de-meaned and de-trended standard Brownian motions, s = 1 — S,...,0. Notice that
for A = 0, we obtain B2(r,0) = BL(r,0) — 6r=2 Jg [(u -3) {Ws(u) — %fJWS('r)dTH du, s =
1-S,...,0, where B1(r,0) = W*(r)—r~t [f W*(r)dr, s = 1-S, ...,0, while for A = 1, B?(r, 1)
and Bl(r,1) are respectively independent de-meaned and de-meaned and de-trended stan-
dard Brownian motions, s =1 — 9, ...,0; cf. ST2.

In the analysis which follows we will require certain definitions of standard Brownian

motions: 0 o
VSWG(r) = Y WH(r), VSWE,(r) = Y (=1)7WI(r),
s=1-S j=1-5
\/7W )= Y cosjwWI(r \/7Wﬁk )= ) sinjwW(r), (A.4)
j=1 fs = s

A1)



and of recursive de-meaned (£ = 1) and recursive de-meaned and de-trended (£ = 2) standard

Brownian motions:

0 0
VSW; = Y Bi(r, ), VSWS,(rnA) = Y (1) 7Bj(r ),
j=1-S j=1-S
0
\/7W Z cosyka€ (r,A) \/7Wﬁk (Y=Y smjkaé(r A), (A.5)
j=1-S j=1-S
= 1,...,8*. Consequently, W2(r), WS/Z(’/’), ch,k(r), W@k('r), k= 1,..,8% W(r,\),
WS/Z(’I“, A), W;k(r, A), Wﬂ’k(r, A, k=1,..,8% and WZ(r, \), Wg/z(r, A), Woik(r, A), Wﬂz’k(r, A),

k=1,.., 5" are mutually independent as they are respectively orthogonal transformations
of the standard Brownian motions, W*(r), s = 1— 9, ..., 0, the recursive de-meaned standard
Brownian motions, BX(r,\), s = 1 — S,...,0, and the recursive de-meaned and de-trended
standard Brownian motions B2(r,\), s =1 — S, ..., 0, defined in (A.1)-(A.3).

Consider first the statistics from Case 6 of (2.3). It follows from (3.5), (A.3) and appli-
cations of the CMT that:

(UiT)il/zﬁ:g,S[Tr]+s = \/§W02<T7 )‘)7 s=1- Sv L 07
(UiT)il/zi’g/Z,S[Tr]+s = COS[(S + 1)77-] \/EWASZ'/Z("“’ )\)a

(o2T)~1/238 S[Tr+s = \/g [cos(s + DwpW2 (7, A) + sin(s + Dwp W2, (r, )\)} :

S
(UﬁT)—l/ngihs[Tr]ﬂ = \/; [sin(s + l)kaoik(r, A) — cos(s + 1)kaﬂ2,k(r, )\)} ,

r, A €[0,1], s=1-—S,...,0. Noting that under Hg of (2.5), the OLS estimator for o2 from
the regression (2.3) is consistent for o2,

(B.19) and the asymptotic orthogonality results, (B.10) and (B.12)-(B.16) of ST2, Appendix
B, and by the CMT, we obtain the representation in (4.1) for the limiting distribution of

and using results directly analogous to (B.11) and

to(A). The representation in (4.1) for tg/2(A) follows using analogous expressions to (B.11)
and (B.20) of ST2, Appendix B, similarly. Finally, using analogous results to (B.8), (B.17)
and (B.9), (B.18) and the asymptotic orthogonality results of ST2, Appendix B, we simi-
larly obtain the asymptotic representations (4.2) and (4.3) respectively for t2(\) and ¢ (\).
The representations (4.4)-(4.6) then follow immediately from the asymptotic orthogonality
results, (B.10) of ST2, Appendix B.
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We now adapt the above results to derive the limiting null distributions of the corre-
sponding tests statistics derived from Cases 1-5 of (2.2), and hence (2.3).
Case I: In this case it follows from (A.1) that under Hy of (2.5), (aﬁT)_l/zxg[TT]ﬂ = W?*(r),
s=1-S5,...,0. Hence replace B2(r, \) by W*(r). It is then easily seen, using the same
development as above, that (4.1)-(4.6) hold for the standard Brownian motions WQ(r),
Wg),(r) and W2, (r), W, (r), k = 1,..., 5%, which do not depend on \.
Case I1: Under Hy of (2.5),

(02T)~ /37S[Tr]+s = W*s(r) -7t

S,

Z W (r ]drEle(r,)\),s:l—S,...,O.
=1-S

]

Hence, replace B2(r, \) by B*(r, \) in (
sponding to to(A) of (4.1) involves

.1)-(4.6). Consequently, the representation corre-

\/_ZBlr)\ S;B;r)\ =Wy (r, \).

j=1-S i S

Turning to the seasonal frequency tests t¢()\), t2(\) and Fy(\), k = 1,...,S* and ts/2(A),

the corresponding representations (4.2)-(4.4) involve

2 2
- > cosjka*l('r A) = \/7 > cosjwpW/(r),k=1,...5%,
S s j=1-5
2 *1 *
Z sin jwiB 7 (r, A) Z sin jwyW I (r), k=1,...5%,
S] =1-S ] -S
and
T X OB = = 3 ()W
(r, — - ),
] =1-5 \/§j=1—5

each of which are standard Brownian motions; cf. (A.4).

Case I11: In this case from (A.2), replace B%(r, \) by BX(r,\), s =1 — S, ...,0. Hence, the
representations in (4.1)-(4.6) hold for the recursive de-meaned Brownian motions W (r, \),
Wéil/z(r, A) and W2, (r,A), Wi (r,A), k=1,..., 5%

Case IV: Here, under Hg of (2.5),

_ - _ 0
(02T~ 1/2xfg[Tr]+s = B(r, )\)—1277’3(7’—3)/ [ u— — Z B**’"1 (u,\)| du = B?(r,\),
0
j=1-S
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s =1-25,..,0, where B*%(u,\) = Ws(u) — 71 f7 [% ?ZPSWJ'(T)} dr, u € [0,7], s =
1—S,...,0. Hence, replace B2(r,\) by B?(r, \) in (4.1)-(4.6). Similarly to Case II, we see

that
1

. S ()W),
_ ]W]
S s Vs =1—

J S

2 2 2 2 :
\/; Z cosjka;Z(r, A) = \/; Z cos jwurW7(r),k=1,...,5%,
j=1-8 j=1-S

and

2 2 :
S > sinjka;Z(r, A) = S > sinjwW (r), k=1,..., 5%,
j=1-8 j=1-8

each of which is a standard Brownian motion; cf. (A.4). The representation corresponding

to to(A) of (4.1) involves

0
Z B(r Z BZ(r,A) = WZ(r, \).
] 1-S 7j=1-
Case V: In this case, under Hyp of (2.5),
N L
(02T) 243 4s = BX(r, A)—12f*3(r—§) /O (u—2) > B*?(u,\)| du=B(r,\),
j=1-5

s =1-25,...,0, where B*2(u,\) = W*(u) — 7L [TW?(r)dr, s = 1 —S,...,0, u € [0,7].
Hence, replace BZ(r, \) by B*2(r, \). Consequently, the limiting distribution of #o(\) of (4.1)

involves .
1
Z B**(r,\) > BA(r,A) = Wi(r, ).
j =1-S SjZl S

Representations (4.2)-(4.4) involve

0 1 0
) IBI(r, A)
S]=;S \/gggs

2 2 [9 O
5 ‘;SCOSjka;‘*Z(ﬁ A) = 3 ';SCOSjkajl(T, A, k=1,..,5%
J=1= Jj=1—

7“)\)

and

PR 9 O
g ';SSinjka;‘*Z(fr’ )\) = g ,;SSinjka;(r’ )\)’ k=1,.. 5%
J Jj=1—

each of which is a recursive de-meaned standard Brownian motion; cf. (A.5).
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Proof of Theorem 4.2: Under H. of (4.7) and the conditions of Theorem 4.2,
(02T) Y 2appas = I2(r),r € [0, 1], (A.6)

jointly, where the J?(r) are independent standard Ornstein-Ullenbeck (OU) processes, J2(r) =
We(r)+e f5 em==°W s(r)dr, s = 1- 5, ...,0. Cf. Chan and Wei (1987) and Rodrigues (2001).

Similarly to the proof of Theorem 4.1, it then follows that under the above conditions,

~

(02T) 28 = () — 7 /O 3(m)dr =33(r ) A€ [0,1) s = 1 - 5,..,0, (A7)

S independent recursive de-meaned OU processes, and
(@2T) 280 = 2 0120 2=0) [ [ =) {3200 = = [ 32(r)ar ] du =320, ),
(A.8)
r,A€1[0,1], u € [0,7], s=1-25,...,0, S independent recursive de-meaned and de-trended
OU processes. The main results then follow along very similar lines to the proof for Theorem
4.1 (see also Rodrigues, 2001), where ch(r, A), 7=0,5/2, and Wi,w(r, A) and Wé’,ﬁc(r, A),
k= 1,...,5% are straightforwardly seen, with an obvious notation, to be independent
standard, recursive de-meaned, and recursive de-meaned and de-trended OU processes for

£=0,& =1 and &£ = 2, respectively.



Table 4.1: Asymptotic Local Power of the tgrs, tarsu, to(1) and to(0) Statistics at the 1 %, 5 % anc
c

c=-—1 c=—-5 = -7 c=—10 c=

Test & C/U 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5°¢
ters 1 C 017 078 .156 .081 .319 .532 .150 495 .733 315 .758 .921 529 9]
U 013 .064 .129 .044 .18 .331 .076 .27v8 452 151 435 .617 .256 .5

2 C .010 .052 .105 .026 .113 .215 .042 .174 312 .086 .309 .499 .165 .4¢

U 010 .052 .103 .021 .099 .18 .033 .145 .259 .063 .244 404 117 3%

tersu 1 C .014 066 .126 .041 .154 .2v1  .067 .232 .382 .132 .392 .580 .240 .5¢
U 013 .060 .118 .038 .150 .268 .063 .231 .386 .129 .396 .589  .239 .5¢

2 C .010 .051 .104 .023 .103 .189 .036 .148 .263 .067 .244 398 122 .3}

U .010 .052 .105 .021 .097 .183 .032 .138 .248 .060 .230 .384 .110 .3¢(

to(1) 1 C 012 .059 .116  .027 117 .219 .042 .1v7 313 .086 .307 .493 .164 .41
U .011 .057 .114 .026 .124 .231 .043 .190 .334 .088 .325 512  .167 .4¢

2 C .010 .049 .101 .018 .081 .157 .026 .110 .206 .046 .178 .314 .083 .2¢

U .010 .051 .103 .018 .084 .162 .025 .113 .213 .044 .186 .326 .082 .2¢

to(0) 1 C 017 076 .152 .063 .235 .395 .107 .347 541 208 .552 .752  .350 .74
U .014 .064 .128 .046 .187 .333 .079 .291 482 .167 493 .706 .302 .7(

2 C 011 .053 .107v .023 .107 .201 .036 .156 .279 .071 .267 432 128 .4(

U .010 .053 .107 .022 .099 .190 .034 .146 .265 .067 .248 414 119 .3¢

Notes: (1) The column headed ‘U/C’ refers to whether the data was generated according to the unconditional cas
(2) In the column headed ‘Test’, tg s refers to the QD de-trended DF test of ERS, tgrsu refers to the QD de-tre
to(1) refers to the OLS de-trended DF test, and to(0) refers to the recursive de-meaned DF test; (3) £ is as definec
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Table 5.1: Finite Sample Critical Values, Recursively De-Meaned HEGY Statistics
DGP: A4x4t+s = Ugt+s ™~ IN(O, 1)
Auxiliary Regression (2.3), p* =0

Table 5.1a: Case 2

t1(0) t2(0) F1(0)
47T  0.010 0.025 0.050 0.100 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
48 —2.95 -261 —-232 -201 —254 —-2.19 —-190 -1.56 2.38 3.11 3.83 4.80
100 —-3.00 -2.67 —2.40 —-2.09 —2.56 —2.21 —-190 —1.58 2.44 3.16 3.89 4.88
136 —-3.02 —-2.71 —-242 -—-211 -2.53 -219 -191 -1.59 2.38 3.12 3.87 4.74
200 —-3.02 —-2.70 -—-243 -—2.13 -2.53 —-220 -191 -1.59 2.41 3.11 3.80 4.79
400 -3.02 —-2.70 —2.44 -—-2.15 —2.54 —-223 -193 -—-1.62 2.42 3.13 3.87 4.81
Fy1. (0) Fo..2(0)

4T 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990

48 2.24 2.81 3.39 4.15 2.38 2.89 3.41 4.06

100 2.22 2.79 3.37 4.13 2.40 2.92 3.38 4.00

136 2.22 2.77 3.29 3.96 2.40 2.86 3.35 3.97

200 2.22 2.73 3.27 3.95 2.41 2.89 3.34 3.88

400 2.22 2.76 3.29 3.97 2.41 2.89 3.33 3.86

Table 5.1b: Case 3
t1(0) t2(0) F1(0)
47T  0.010 0.025 0.050 0.100 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
48 —291 -—-256 —2.30 -—-1.99 —2.92 —-256 —-2.29 —-1.98 3.43 4.33 5.27 6.36
100 —2.95 -2.61 —-2.35 —-2.04 —-291 -263 -2.36 —2.05 3.56 4.44 5.29 6.43
136 —2.97 —-264 —-2.36 —2.06 —-2.95 —-2.63 -—-237 -—2.07 3.61 4.49 5.32 6.44
200 —2.97 —-2.60 —-2.38 —2.09 —-2.97 —-264 -—-238 —2.09 3.68 4.54 5.38 6.46
400 -3.04 —-2.71 —-243 -—-2.14 -2.99 -269 —-244 -—-2.13 3.69 4.56 5.41 6.47
Fy1. (0) Fo..2(0)

4T 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990

48 3.14 3.86 4.55 5.52 2.99 3.959 4.20 5.01

100 3.25 3.93 4.59 5.49 3.06 3.63 4.16 4.89

136 3.30 3.96 4.63 5.46 3.13 3.68 4.25 4.90

200 3.35 4.00 4.67 5.45 3.14 3.70 4.20 4.90

400 3.40 4.07 4.69 5.47 3.21 3.76 4.26 4.94
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Table 5.1c: Case 4

t1(0) t2(0) F1(0)
4T 0.010 0.025 0.050 0.100 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
48 —-3.59 —-3.25 -—-296 —2.64 —-2.53 =217 -—-1.89 -—1.56 250 3.26  4.06 5.13
100 -3.63 -3.30 —-3.04 -—-2.74 —2.53 =219 -190 -1.56 248 322 391 4.88
136 —-3.63 -3.33 —3.06 -—2.77 —2.53 —220 -191 -—1.58 2.45 323 398 488
200 —-3.63 —3.32 -3.06 —2.78 —2.52 =219 -1.91 -—-1.57 243  3.17 3.89 494
400 -3.65 -—-3.35 —-3.09 -2.82 —-2.53 —2.20 -191 -1.60 2.44  3.14  3.83  4.67
Fi..9(0) Flo...2(0)
4T 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990
48 2.34 295 3.56  4.39 3.18 380 4.42 5.25
100 2.28 2.84 337 4.10 3.15 3.72 428 4.95
136 2.28 2.81 3.36  4.08 3.15 3.71 4.22 491
200 224 278 330 4.02 3.12 3.67 419 4.83
400 2.23 277  3.28  3.96 3.14 366  4.17 4.77
Table 5.1d: Case 5
t1(0) t2(0) F1(0)
4T 0.010 0.025 0.050 0.100 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
48 —-3.46 —-3.13 —-2.83 —2.53 —-2.95 —-258 —-2.30 -—1.98 3.44 436 537  6.66
100 —-3.53 —-3.21 —-2.94 —-2.66 -294 -—-2.62 —-2.36 —2.05 3.51 4.35 519  6.28
136 —3.54 -3.25 —2.98 —2.69 —-2.96 -—2.65 —2.37 -—2.05 3.58 446  5.31 6.37
200 —-3.58 —-3.29 -3.03 -—2.74 -3.00 —2.67 —2.40 -—2.08 3.64 451 537 6.54
400 -3.62 -—-3.31 -—-3.07 -2.78 -3.03 —-269 -—-241 -2.11 3.70 457 541 6.45
Fi..9(0) Flo...2(0)
4T 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990
48 3.17 390 4.68 5.68 3.56 4.23 491 5.82
100 3.22 389 454 544 3.66 427 491 5.67
136 326 393 459 5.44 3.71 432 490 5.64
200 332 399 468 551 3.81 4.41 5.00 5.71
400 3.40 4.03 4.67 5.56 3.87 445 499 5.71
Table 5.1e: Case 6
t1(0) t2(0) F1(0)
4T 0.010 0.025 0.050 0.100 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
48 —-3.60 -—-3.21 —292 —2.57 -3.55 —-3.21 —-2.90 -—2.57 6.03 739 875 10.57
100 —-3.57 -3.22 —-296 —2.64 -3.56 —-3.22 -—-296 —2.64 6.13 729 844 9.88
136 —3.58 —-3.24 —297 —2.67 -3.53 -—-3.23 —-2.96 —2.67 6.18 7.34 839 9.87
200 —-3.56 —3.26 -3.00 -—2.71 -3.58 —3.25 —2.98 —-2.70 6.28 740 849  9.83
400 -3.60 -—-3.31 —-3.05 -—2.76 -3.57 -3.26 —-3.02 -2.75 6.46 752 854 9.85
Fi1..9(0) Fio...21(0)
4T 0.900 0.950 0.975 0.990 0.900 0.950 0.975 0.990
48 560 6.70 7.78 9.19 5.34  6.30 7.23  8.40
100 5.67 6.58 7.46  8.60 540 6.19 6.96 7.91
136 575  6.67 7.54  8.57 548  6.28  6.95 7.84
200 5.84  6.72 7.54 853 5.58  6.33 7.01 7.81
400 6.00 6.78 7.62  8.57 5.71 6.43 710 7.92
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Table 5.2: Empirical Size of Seasonal Unit Root Tests (Nominal 0.05 level)
DGP: (1 — ¢L)Ayzatys = €atys — Ocqs—1)+s
Auxiliary Regression (2.3) with pyax =4
¢ =1 indicates Case 3 of (2.3), ¢ =2 indicates Case 6 of (2.3)

4T ¢ 0 Variant to 12 Fy F1..9 Flo...2)
E=1 €=2 =1 €=2 ¢=1 €=2 &=1 ¢=2 =1 £=2

100 0.6 0.0 SSLS .05 .04 .04 .04 .05 .05 .05 .05 .05 .07
WSLS .05 .04 .04 .05 .05 .05 .04 .06 .05 .07

OLS .06 .05 .04 .05 .04 .06 .04 .07 .05 .09

RDM .05 .04 .05 .05 .04 .05 .05 .05 .05 .05

0.0 —-04 SSLS 22 .29 22 .32 23 44 .29 .07 .34 .66
WSLS .20 .29 .20 .30 23 42 .27 .06 .32 .64

OLS A7 .28 15 27 18 40 22 .50 .26 .59

RDM A7 23 15 23 A8 34 .24 42 .26 .46

200 0.6 0.0 SSLS .05 .04 .05 .04 .04 .04 .04 .04 .05 .04
WSLS .05 .04 .04 .04 .05 .04 .04 .04 .04 .05

OLS .05 .04 .04 .03 .05 .04 .05 .04 .04 .04

RDM .05 .04 .04 .04 .05 .05 .04 .04 .05 .05

0.0 —-04 SSLS 15 .26 .16 23 15 .29 18 31 .20 .32
WSLS .15 23 14 23 15 27 .16 .30 18 31

OLS A2 22 A2 21 A3 .24 .15 27 .15 27

RDM A3 19 A3 .20 14 .20 .15 .24 .16 .23

Note: In the column headed ‘Variant’, SSLS, WSLS and OLS refer to the to(1), t2(1), F1(1), Fj1...2)(1) and
Flo...2)(1) statistics from (2.3) estimated by SSLS, WSLS and OLS respectively, while RDM refers to the
to(0), t2(0), F1(0), Fj1...2)(0) and Flg...9(0) statistics from (2.3).
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Table 5.3: Empirical Power of Seasonal Unit Root Tests (Nominal 0.05 level)
DGP: (1 — (XL4)JI4H_S = €4t+s
Auxiliary Regression (2.3) with py.x =4
¢ =1 indicates Case 3 of (2.3), £ =2 indicates Case 6 of (2.3)
4T  « Variant to ta F F..2 Fo...2
€=1 €=2 £=1 £=2 €=1 ¢=2 ¢=1 ¢=2 =1 =2
100 0.95 SSLS .09 .05 .09 .06 .10 .06 12 .06 14 .06
WSLS .09 .05 .07 .06 12 .06 12 .07 15 .05
OLS .07 .06 .07 .05 .07 .06 .08 .06 .09 .06
RDM .09 .06 10 .06 13 .06 15 .07 .16 .07
0.90 SSLS 13 .07 14 .07 .16 .08 .22 .09 .26 .09
WSLS .14 .06 13 .07 .20 .07 .26 .09 .33 .09
OLS .08 .07 .07 .06 .10 .07 A1 .07 12 .08
RDM 14 .07 14 .07 21 .08 27 .09 32 .09
0.80 SSLS 21 .09 .20 A1 .29 13 .38 15 46 A7
WSLS .21 .09 .20 10 31 13 40 .16 51 A7
OLS 14 .09 15 10 19 A1 .25 13 .31 15
RDM 22 .10 .22 12 .35 14 A7 18 .54 .20
200 0.95 SSLS 12 .07 12 .06 .16 .07 21 .08 .26 .09
WSLS .14 .06 12 .07 .20 .07 27 .08 34 .09
OLS .07 .06 .07 .05 A1 .07 12 .07 12 .07
RDM 14 .07 13 .08 .22 .08 .28 .09 .35 10
0.90 SSLS 21 A1 .25 .09 34 14 A7 .16 .59 .20
WSLS .29 .10 27 12 46 15 .61 .20 .76 .25
OLS 12 .09 13 .08 21 A1 .26 12 .29 13
RDM .29 12 .28 12 A7 18 .60 .22 73 .26
0.80 SSLS .50 .26 51 .22 74 .39 .89 .50 .96 .63
WSLS .55 .25 .52 .25 .80 42 .92 .58 .98 .69
OLS 37 .22 .36 .20 .64 32 78 43 .86 51
RDM .55 .28 .55 .28 .82 46 .93 .60 .98 71

Note: In the column headed ‘Variant’, SSLS, WSLS and OLS refer to the to(1), t2(1), F1(1), Fj1..2(1) and
Flo...2(1) statistics from (2.3) estimated by SSLS, WSLS and OLS respectively, while RDM refers to the
t0(0), t2(0), F1(0), F}1..2)(0) and Fjo...2)(0) statistics from (2.3).
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