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Abstract

The bootstrap is shown to be inconsistent in spurious regression. The failure of the
bootstrap is spectacular in that the bootstrap effectively turns a spurious regression into
a cointegrating regression. In particular, the serial correlation coefficient of the residuals
in the bootstrap regression does not converge to unity, so the bootstrap is not even first
order consistent. The block bootstrap serial correlation coefficient does converge to unity
and is therefore first order consistent, but has a slower rate of convergence and a different
limit distribution from that of the sample data serial correlation coefficient. The analysis
covers spurious regressions involving both deterministic trends and stochastic trends. The
results reinforce earlier warnings about routine use of the bootstrap with dependent data.
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1. Introduction

The bootstrap is now a popular and practical tool of inference in econometric work. One
aspect of its appeal is its wide applicability, enabling its use in many different econometric
models and allowing for both cross section and time dependent data. In time series situations
it is known to be important that the bootstrap capture accurately the temporal dependence
properties of the original time series if it is to be a useful aid to inference. Two approaches
are now in common use to deal with temporal dependence: the sieve bootstrap (Kreiss, 1992,
and Buhlmann, 1997, 1998, among others), where a sequence of finite dimensional parametric
models (like autoregressions) is used to remove temporal dependence; and block bootstrap
methods (Carlstein, 1986, and Kiinsch, 1989) where blocking techniques are used to deal with
dependence.

*Some of the results reported here were mentioned by the author at the York Econometrics Meeting in
May, 2000. A draft version of the paper was written in February, 2001. The paper was typed in SW2.5.
Computing and graphics were done in GAUSS.



If temporal dependence is poorly captured or ignored, then the bootstrap can not be
expected to perform well even asymptotically and may well produce inconsistent estimates.
Horowitz (1999) warns of the difficulties of using the bootstrap with dependent data, mak-
ing uninformed applications of the bootstrap with dependent data one his bootstrap Don’ts.
The present paper highlights these problems in a context of substantial econometric inter-
est. We show that in spurious regressions use of the crude bootstrap (where dependence is
ignored) produces a spectacular asymptotic failure. The crude bootstrap is shown to con-
vert spurious regressions of full rank integrated time series into cointegrating regressions and
spurious regressions of integrated times series on deterministic trends into trend stationary
time series. The paper proves these results using almost sure invariance principles and the
Loeéve Karhunen (LK) representation of Brownian motion used recently in Phillips (1998)
for studying spurious regressions. The methods are likely to be useful in other applications
involving nonstationary time series.
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Fig. 1: Spurious Regression of I(1) Data on a Linear Trend

Figs. 1 and 2 illustrate these effects with some sample data and bootstrap sample data.
In Fig. 1 the sample data {X; : t = 1,...n} comprise n = 500 observations of a standard
Gaussian random walk which is shown against the fitted least squares regression line )A(t =
bt. The random wandering characteristics about the regression line are apparent. From
traditional limit theory (Durlauf and Phillips, 1988) it is known that the regression coefficient
b —, 0 but is statistically significant with probability one as n — oo. The bootstrap sample
{X; :t =1,..n} is generated from X; = bt + u, where {u} : t = 1,...,n} are random
draws with replacement from the empirical distribution of centred versions of the residuals
{uy = Xy —bt: t =1,...,n}, that is from a crude application of the bootstrap. Fig. 2 shows a
typical set of bootstrap sample data generated in this way for the given data {Xi:t=1,..n}.
Included in Fig. 2 is the least squares regression line X;* = b*t for the bootstrap sample. The
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result is strikingly apparent - the bootstrap data now appear to be stationary, albeit widely
varying, about the trend function b*.

. Bootstrap Sample
-0} —— Fitted Trend Regression
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Fig. 2: Spurious Regression of Bootstrapped Sample on a Linear Trend

In a similar way, Fig. 3 shows sample data crossplots for two independent standard
Gaussian random walks {Y;, X; : ¢t = 1,..n} together with the (spurious) regression line
Y; = bX;. The random wandering behavior of the sample data around thAe line is clearly
evident. The bootstrap sample {Y;* : ¢t = 1,...n} is generated from Y* = bX; + uf, where
{uf : t = 1,..,n} are random draws with replacement from the empirical distribution of
cntred versions of the residuals {u; = Y; —bX; : t = 1,...,n}, again a crude application of the
bootstrap. Fig. 4 shows bootstrap sample data generated in this way, together with the least
squares regression line Y;* = 0* X, for this bootstrap sample. The result is again striking. The
bootstrap data {Y;*, Xy : t = 1,...n} now appear to cointegrate about the fitted regression
line, albeit with wide variation.

This paper extends previous research primarily by developing methods for analyzing the
asymptotic properties of the bootstrap and block bootstrap on integrated time series. There
has been frequent speculation about the properties of such uses of the bootstrap (e.g., Li
and Maddala, 1996 & 1997, and Hinkley, 1997) but no prior analysis. Using these methods
the paper shows that direct application of the bootstrap converts integrated time series into
asymptotically stationary series, thereby fundamentally changing the nature of the series. The
failure is a first order inconsistency in that the serial correlation coefficients of a bootstrapped
integrated process do not tend to unity. The impact of the inconsistency is that the bootstrap
converts spurious regressions into cointegrating or trend stationary regressions. Unlike the
bootstrap, the block bootstrap is shown to be first order consistent, maintaining the feature
of an integrated process that its serial correlation coefficients tend to unity. However, the
limit distribution of the bootstrapped serial correlation coefficient differs from that of the



4

sample serial correlation coefficient, is no longer a unit root distribution and converges at a
different rate.
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Fig. 3: Spurious Regression of I(1) Data on Independent I(1) Data
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Fig. 4: Bootstrapped Spurious Regression of independent I(1) Data

The paper is organised as follows. Section 2 gives some preliminary theory and then
develops bootstrap asymptotics for integrated time series, including direct bootstrap and
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block bootstrap approaches. Section 3 provides results for the bootstrap and block bootstrap
in the prototypical spurious regression of an integrated process on a deterministic trend
and Section 4 does the same for spurious regressions among full rank integrated time series.
Implications of the results are considered in Section 5 and proofs are given in Section 6. A
notational table is provided at the end of the paper.

2. Bootstrap Limit Theory for Integrated Time Series

(a) Preliminaries
The {— vector time series z; is a full rank unit root process generated by
Ty = Te—1 + Ut, (1)

with g = Oq.5(1) and with u; a linear process that satisfies the following condition, where
||a|| = max;j |a;;| for matrix a.

Assumption L For all t > 0, uy has Wold representation

ut:C(L)St:ZCjet*ﬁ Z]SHC]H < 00, 52170(1)7é07 (2)
j=0 3=0

with e, = iid (0,X.) and with E(||g]|?) < oo, for some q > 4.

The summability condition in (2) is satisfied by a wide class of parametric and nonpara-
metric models for u; and, in conjunction with the moment condition, enables the use of the
asymptotic techniques in Phillips and Solo (1992) and an almost sure invariance principles
(IP) for the partial sums of u;. To perform the latter, which are especially useful here, we
expand the probability space as needed so that the partial sum process S = Zle up of uy
can be represented up to a negligible error in terms of a Brownian motion defined on the same
space. An IP of this type for partial sums of scalar linear processes was proved in Phillips
(1999) and is straightforwardly extended to the case ¢ > 1.

2.1 Lemma Let S; = Z;‘f:l uj for k > 1, and So = 0, for k = 0, where u; satisfies
Assumption L. Then, the probability space on which the u; and Sy are defined can be expanded
in such a way that there is a process distributionally equivalent to Sy and a vector Brownian
motion B(-) with variance matriz Q = C (1) £.C (1)" on the new space for which

%*3(5) :

provided El|u||? < oo for some q > 2p > 4.

sup = 0q.5( ). (3)

0<k<n

1_1
n2 »

Since z; = S¢ + Og.5.(1), it follows from (3) that, after changing the probability space as

required, we have
1

sup
0<t<n

=B

)- (4)

= Oa.s( 1
p

N[

n
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We shall often proceed as if this change has been made without continually adding the
qualification and noting that in the original space this convergence translates into weak
convergence of measures.

We shall also make extensive use of the LK representation of the stochastic process B(r).
Let W(r) be {— vector standard Brownian motion. Over the interval r € [0, 1], the /— vector
process W (r) has LK representation (equation (4) of Phillips, 1998)

W (r) = \/ﬁi sin [(k: —1%) 7T7"]
k=1 (k - 5) m

which holds a.s. and uniformly in r. For B(r) = Q%W(r) we have the corresponding repre-
sentation

By =vey ([ff — )]
k=1

€ey, &, =1dN (0,9Q). (5)

—3)
With this approximation in hand, we can develop some preliminary limit theory for applica-
tions of the bootstrap to integrated time series.

(b) Direct Bootstrap Limits for Integrated Processes

We use the following scheme and notation for bootstrap samples. Suppose we are given
data (e¢)} or estimates of this data (e.g. from regression residuals) denoted (e;)} defined on
a probability space (2, F, P). Direct random resampling from the empirical distribution of
(€1)T produces the crude bootstrap sample (ef)7. Here, each observation ef is drawn from
the population (€;)7 and each point has equal probability, L of being drawn. If we centre
the original observations and draw from the population (€; — - >""_; €)}, then the bootstrap
sample is denoted (e )7. Following convention, we let P* denote probability conditional on
the realized trajectory of the orginal data (e;)7°. Expectation with respect to P* is denoted
E*, convergence in distribution (respectively, in probability) with respect to P* is denoted
— g+ (respectively, —,+) and when convergence occurs with P probability unity (i.e. for
almost all realizations of (e;)7°), we write —g4« a.s. and —,= a.s.

Suppose we have data (x;)} generated as in (1) and let (x})} and (z})} be crude Bootstrap
samples constructed as above. We can write x; = x; where j is a random index drawn from
{1,2,...,n}. That is, j is uniform over the integers {1,2,...,n} with mass probability % on
each integer. Then, in view of Lemma 2.1 and (4), there exists a probability space in which

we can write
xf xj J 1 1 >
=—==B|>) 4045 = B (Rn;) + 0as ) 6
vnoovn (n> <n> (i) <n%% )

where R,,; = Jﬁ is uniformly distributed over {%, %, ., 1} for each j. Now, in a slight abuse of
notation, we can write

an —d* Rj7 (7)

where R; has an independent continuous uniform distribution over [0, 1] for each j, written
as 11dU [0, 1] . The convergence (7) evidently also holds almost surely (P) . It follows by the
continuous mapping theorem that

(5 )] o (6= D) o] i ®
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Moreover, for j # k, R,; and R, are statistically independent and so the limit variates
R; and Ry, are also independent. It is therefore apparent from (5)-(8) that the standardized
bootstrap process n’%:z;f has an asymptotic representation in terms of a vector Brownian
motion evaluated at a random argument R; € [0, 1], viz.,

vf _ pnnsinf(k—g) mRey] N [(k—3) TR]
T RO =

Thus, just as z} is a random draw from the empirical distribution of (x4)7, the large sample

1_1
n2 »

behavior of the standardized process n*%:z;f is analogous to that of a random draw from the
trajectory of the Brownian motion limit of nfézzt. This is formalized in the following lemma.

2.2 Lemma  Let (z)} and (z})} be bootstrap samples from a unit root process (x;)}
generated as in (1) with u; satisfying Assumption L.

(a) L2 —p B(R,) a.s.(P),

ok

(b) m\%] —q¢« B(R,) — fol B(s)ds a.s.(P),

where {R, : r € [0,1]} is family of independent uniform variates on [0, 1].
The bootstrapped process n’%xf‘m] converges weakly to a randomly sampled version of

the Brownian motion B to which n*%x[m@ converges, and n’%:%'f‘nr] converges to a randomly

sampled version of the corresponding demeaned Brownian motion B(r) = B (r) — fol B (s)ds.
Unlike the Brownian motion process from which these draws are made, B (R,) is not pathwise
continuous and is not a separable process.

We proceed to find distributional limits of bootstrapped statistics in regressions involving
I(1) variables like ;. These limits are useful in the regression theory of the following section.
In view of the different limit behavior of zf and z}, we continue to report results for both
versions of the bootstrap in what follows. Lemma 2.3 below gives some limit theory for
sample moments of the bootstrapped data and original sample data.

2.3 Lemma  Under the same conditions as Lemma 2.2:

(a) n~2 Y, 7} —¢ fy B(s)ds a.s.(P),

(b) n T T —pr Ji B(s)ds =0 a.s.(P),

(c) n 20 afaf —g [y B(s)B(s)ds a.s.(P),

(d) n 20, T7 —a [} B(s)B(s) ds a.s.(P),

() n 2 S0 afwy —a (Jy B(s)ds) (fy B(s)'ds) as.(P),

(£) n 25 Fiat = (Jy B(s)ds) (Jy B(s) ds) =0 as(P),



(g) n=5/2 ST ait — g (fol B(’F)d’f‘) <f01 Td’f‘) a.s.(P),
(h) n=32 3" Tt —s g (fol B(s) dr) <f01 rdr) =0 a.s.(P).

Evidently, the bootstrap sample moments n 2 S zrand n=2Y | xfzy have the same
limits as the corresponding sample averages n=% >y @ and n=2 Sy ;vt;v;. Correspond-
ingly, sample moments of the centred bootstrap sample (z})} have limits that correspond
to those of the demeaned sample data. However, sample covariances between the bootstrap
data and the original sample, n=2Y"} | zj2} and n=2Y ) | ), differ from the limit of
n=23" | 2, and the bootstrap covariances n=5/2 37 it and n =%/ 21 zft do not have the
same limits as n=%/2 "7 a4t and n =52 3"} (x; — T) t, which are fo rdT and fo r)rdr.

Next, consider the scalar case and set £ = 11in (1). In this case we shall use w? to denote the
variance of the Brownian motion B. Define the h’th order serial correlation of the data p;, =
S TTen) S T2, and the bootstrap serial correlations p ph =Ty h/ S :L';"zh,

= hTLT h/Zt hxt p» and Ph = D B €t h/Zt het ns Where e; = zj —T*

2.4 Theorem Serial correlations of scalar bootstrap samples (x7)} and (z})} from a unit
root process satisfying the conditions of Lemma 2.2 have the following limits for h # 0 as
n— 00 :

o eer]
fO B(’F)2d’f‘
Py Pr, —p 0 a.s. (P). (11)

P —ar €y = a.s.(P), (10)

The limit variate £, in (10) evidently satisfies 0 < £, < 1, a.s.(P). Thus, the theorem
shows that the first order serial correlation coefficient of a crude bootstrap sample of an (1)
process no longer has a probability limit of unity. Instead, p] converges weakly to a limit
random variable that is strictly less than unity, but also strictly positive. Since p;, —, 1 for
all h, the crude bootstrap py, is not even first order consistent. It follows that a unit root test
on the bootstrap sample (z;)} that is based on p* will reject the null hypothesis almost surely

as n — 0o. Note that this is the case even though zf‘m is of order \/n and n’%xf‘m] tends
to a limiting stochastic process that is a randomized version of Brownian motion, as shown
in Lemma 2.3 (a). Further, all serial correlations p}, have the same limit £, as n — oo for
any h # 0. Thus, the bootstrap process zy is strongly dependent with temporal dependence
characteristics analogous to those of a time series with a random fixed effect.

The serial correlation coefficients pj, for the centred bootstrap data are all zero in the limit.
Thus, differences between centred and uncentred bootstrap sampling persist in the limit
behavior of the serial correlations and the bootstrap sample (z})} behaves asymptotically
like an uncorrelated sequence. Again, unit root tests will reject the null hypothesis with
probability one as n — co. When the serial correlation coefficient pj, is redefined in terms of
deviations from sample means, i.e. as pj, then (11) holds rather than (10). In all these cases,
crude bootstrap resampling turns an (1) series into one that is asymptotically stationary.



(c) Block Bootstrap Limits for Integrated Processes

A similar analysis can be performed for the block bootstrap. We will use Carlstein (1986)
blocking. Here, the data are subdivided into M successive blocks {4; : j =1, .., M} of equal
size m, with n = mM. Assume % + 2 — 0, so that ﬁ + % — 0 and then the size of each
block as well as the number of blocks tend to infinity at a rate slower than n. With this
schematic, we can write observations as 4 = Z(s_1)m4k, S0 that the t’th observation in the
sample appears as the k’th observation in the s’th block A;.

Block bootstrap samples (x*)} are constructed by randomly sampling the M blocks (with
replacement) and then arranging them end-to-end in the order in which they are sampled.
Call the sampled blocks {A} : j = 1,.., M}. A typical block bootstrap observation can then
be written as 2?* = T(j_1)ym+r Where j is a random index drawn from {1,2,...,M}. That
is, j is uniform over the integers {1,2, ..., M} with mass probability ﬁ on each integer. We
can construct centred block bootstrap samples (79*)7 in the same way. With some minor
changes in the proofs, all the results given below carry over to the moving block bootstrap
(Kiinsch, 1989). In this blocking scheme, we let N1, ..., Nys be iid uniform random draws from
{0,1,2,...,n —m}. Then a typical moving block bootstrap observation is :L“Z?ll*l)m ik = TNk
for1<j<Mandl<k<m.

As in the previous section, it follows from Lemma 2.1 that there exists a probability space

in which we can write
k 1
) :B<RMj+—) +oa,s< - 1), (12)
n nE_E

b
Ty L(j—1)m+k <(j71)m+k>
— yzymrk _ p(Yz)mrh
\/ﬁ \/ﬁ n + 0q.s
where Ry; = Jﬁl is uniformly distributed over {0, %, o %} for each j. As n,M — oo,
with a slight abuse of notation, we have

1_1
n2 »

Ryrj —a R; (13)

where R; is itdU [0,1]. Similarly, for any r € [0,1] there exist integers s, and k, for which
[nr] = (sp — 1)m + k, and we can write
.Ib*
[nr] l'(Jr—l)m-i-kr ((Jr—l)m—‘rk:r ) 1 kr
— =B (=" a.s =B|R r —_ a.s )
\/ﬁ \/ﬁ n + 0q. n% % My + o +o
4)

where J, is uniformly distributed over {1,2,..., M}, Ry, = ngl is uniformly distributed
over {0, 37, --, %} and Rps, —¢+ Ry, where R, is uniform over [0, 1] for each r.

Block bootstrap versions of Lemmas 2.2 and 2.3 follow in a straightforward way and we
do not repeat them here. Instead, we give the main result, a block bootstrap version of
Theorem 2.4. The serial correlation coefficients ﬁz*,ﬁ%*, and ﬁ?f are defined as in Section 2

(b) above using the block bootstrap data.

=

n

S =
—~

2.5 Theorem Serial correlations of scalar block bootstrap samples (x%*)} and (T*)} from
a unit root process satisfying the conditions of Lemma 2.2 and with % + 2 — 0 have the

following limits for all fized h # 0 as n — o0 :

B —ae 1 as. (P). (15)
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Thus, the serial correlation coefficients of the block bootstrapped time series x?* converge

b*
[rer]

sampled version of the Brownian motion B just as in the crude bootstrap (Lemma 2.2).
Hence, in contrast to the crude bootstrap, the block bootstrap serial correlation coefficients
are first order consistent.

Some further analysis reveals that the distribution of the block bootstrap serial correlation
coefficient p§* is inconsistent for the unit root limit distribution of the first order serial
correlation coefficient of an integrated process. Its convergence rate O(n/M) is also slower
than the conventional order n rate for unit root distributions.

to unity, even though the standardized process n"iz converges weakly to a randomly

2.6 Theorem The first order serial correlation coefficient of a scalar block bootstrap sample

(xf*)? from a unit root process satisfying the conditions of Lemma 2.2 and with % = =0

has the following limit distribution as n — 00 :

{ Jy B2 dr = (fy B(r)dT)Z}

Jy B(r)dr

n *
(1) e -

7 <0 as.(P). (16)

If centred bootstrap samples (T2*)? are used then the corresponding limit is

%(ﬁl{* —1) —»p =1 a.s.(P). (17)

The limit results (16) and (17) show that if a conventional unit root root test were applied
to block bootstrapped sample data then the presence of a unit root would be rejected with
a probability approaching unity as n — oco. Conversely, if the bootstrap distribution of ﬁl{*
were used to construct critical values in inference based on p; about the presence of a unit
autoregressive coefficient in (1), then there would be a zero rejection rate asymptotically for
the unit root hypothesis.

The convergence rate of 7°* is O (m), revealing that in the block bootstrap it is the
number of consecutive observations m in each block that determines the rate of convergence
of the serial correlation coefficient not the number of blocks. In effect, each block is a small-
infinity-sized trajectory of a unit root process. However, since the expression for ﬁlf* involves
averages across blocks as well as within blocks, the limit of m(p}* — 1) is not a conventional
unit root distribution. Instead, as the proof of theorem 2.6 reveals, a bias term involving
averages of differences of Brownian motion across randomized blocks dominates the sample
covariance —= > | z7_1 Az} and gives rise to the limits in (16) and (17).

Fig. 5 graphs kernel estimates of the densities of the unit root distribution of p; against
those of the crude boostrap estimate pj, the block bootstrap estimate ﬁl{* and the centred
bootstrap estimate py. The simulation estimates used 10,000 replications, a sample size of 200
and block settings m = 10, M = 20. Apparently, the block bootstrap sampling distribution
is closer to that of the unit root distribution than the other estimates but is substantially
downward biased, consonant with the results in Theorem 2.6.
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Fig. 5: Kernel Estimates of Densities of 5, p}, 25, 7r.

3. Regression on a Deterministic Trend

We consider the prototypical spurious regresion of a scalar time series z; generated as in (1)
on a linear trend

xp = byt + Uy, (18)
Regressions on higher order polynomials and other deterministic functions produce analogous
results and the simple regression (18) is chosen simply for convenience. Let s be the
standard error of /l;n, t(Bn) be the corresponding t—statistic, and set p = Y 5 Ugtiy—1/ > 5 Uz,
and DW = Y"0(ty — W—1)?/ > 5 uZ . As in Durlauf and Phillips (1988),

_5 1
A nT2 S0 wyt Jo rB(r)
nb, = tn_l —rg 20 =¢, say, 19
\/_ n_3 Zt:l t2 fol ’)"2 § Y ( )

S

Lt <6n> = l;Tn —d g ( 01 72) 19 (20)
' (BB - )
nd
' p—,1, nDW ou & (21)

T BE) -

where B is scalar Brownian motion with variance w?. By changing the probability space as
discussed in the paragraph following Lemma 2.1, each of these convergences can be replaced
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by a.s. convergence, and we shall commonly proceed below as if these changes have been
made.
(a) Crude Bootstrapping of Residuals
Here bootstrap samples (uy)} and (u;)} are formed by random sampling from ()7,

bootstrap data (x;*)} are generated according to

2 =bnt + 1, (22)
and least squares produces the fitted regression

o = bt (23)
which defines the residual process uj*. Let s**2 = 15 42 et S and t(g;fb) be the
standard error and t— ratio of b} in (23), and let DW™** be the DW ratio in (23). Denote

kk o kk

serial correlations by the notation pj,* = Y0, ui*u;*, / S°%_ ui*2 . The following results give
the limit behavior of these bootstrap statistics.

3.1 Theorem Let (zf*)} be bootstrap data generated from (22) using (uj)} where the orig-
inal data (z)} in the trend regression (18) is a wunit root process (1) with wu; satisfying
Assumption L.

(a) bt —ge € = mzé a.5.(P),

Jor?
(b) 152 -4 02 = fol {B,(s)+ (£ = &) s}?dr a.s.(P),

[V

(€) Lt(i) —a BT ),

(d) piF —a- €59, |9 <1 a.s.(P), for all h #0,
(e) DW** —y §br69 >0 a.s.(P),
(f) R*2 — 4 §%§g <1, as.(P),

where By(s) = B(s) — s is detrended Brownian motion, Bj(s) = By(s) + (£ —&")s =
B(S) - E*Sv
(fo Bi(s ds)

breg _
13 fol RO €(0,1) a.s.(P)
s5)%d
breg _ 2Jy B 2( i -] >0 as(p)
- <f0 Br(s)ds>
= €O s
and )
Ebreg _ U£
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3.2 Remarks

(i)

From (a), B;"L —p+ 0 and so the bootstrap estimate B;"L is first-order consistent. By

a straightforward but lengthy calculation £* = N(0,v}) with vb = w? %gg, whereas
€ = N(0,vp) with v, = 8w2. Evidently, the bootstrap statistic /nb* and /nb, are not

asymptotically equ1valent although the limit distribution N (0,v}) is close to the correct

limit (337 ~ 1.29 versus ¢ = 1.20).

The reason for the inconsistency of the bootstrap statistic \/nb* is that in the numer-
ator of this statistic n—5/2 Z it g n223 T ayt. In fact, from Lemma 2.3 (g) we

have n~=5/2 37 xit —>d* fo r)dr)( fo rdr) a.s.(P), whereas by standard methods
nO2 3wyt — g fo rdr) as in (19).

The bootstrap ¢— statistic t(b*) diverges at the rate y/n, just as the regression {—
statistic t(b ), but ¢(b*)/ \/_ has a dlfferent hmlt distribution from ¢(b,,)/+/n, which by

standard methods is & fo 2dr fo

Most importantly, the bootstrap serial correlation p* has a random limit §i’f€g which
is strictly less than unity with probability one. It follows that unit root tests on the
residuals of (23) that are based on p7* will reject the null hypothesis of a unit root
and hence the null of a spurious regression. Thus, the original regression (18) and
the bootstrap regression (23) have fundamentally different characteristics — (18) is a
fitted trend with a significant coefficient and diagnostics that reveal the significance is
spurious, whereas (23) is a trend regression with a similarly significant coefficient and
diagnostics that do not invalidate the relationship asymptotically.

3.3 Theorem Let (z*)} be bootstrap data generated from (22) using centred bootstrap
residuals (uy )} where the original data (x¢)} in the trend regression (18) is a unit root process
(1) with u; satisfying Assumption L.

(a) Vnb; —q- & a.s.(P),
(b) Lg% -4 fo s)2dr a.s.(P),

(¢) 2t(B;) —a- B,

(J B, (s)2ds)?

(d) p" —pr a.s.(P), for all h # 0,

(e) DW*™ — 2 a.s.(P),

(f) R**2 _

X &2 fl r2dr
[y B,.(s)%ds+¢2 [y r2dr

<1, as.(P),

where B(s) = B(s) — £s= B,(s) — fol B,(s)ds
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3.4 Remarks

(i) The bootstrap estimate b* is consistent and /nb;, nb* has the same limit distribution as
/nby,. Similarly, the bootstrap t— statistic ¢(b;,) diverges at the rate \/n, just as the
regression t— statistic t(b ),but the limit distribution of ¢(b%)/\/n given in part (c) is
different from that of ¢(b,)/+/n (given in Remark 3.2(iii)).

(ii) According to parts (d) and (e), the residuals in the regression (23) are asymptotically
uncorrelated. This means that bootstrap observations (x}*)} generated from

o = byt + U (24)

behave in the regression (23) as trend stationary data with white noise residuals,
whereas the orginal data (z:)} is I(1). Again, the original regression (18) and the
bootstrap regression (23) have fundamentally different characteristics.

(b) Block Bootstrapping of Residuals

Block bootstrap samples of residuals (u?*)} are constructed by randomly sampling M

blocks (with replacement) of the centred residuals (W —n~1 >0, us) from (18). A typical
block bootstrap residual can then be written as u}* = = U(j— 1)m+k “LS™" | s, where j is a
random index drawn from {1,2, ..., M'}. Block bootstrap data (z? ) are generated according
to

b** _ b t+u ~b>|< (25)

and least squares produces the fitted regression
b** bb*t T b** (26)

which defines the residual process uf**. Let st*** = 135°%  /0*2 let s** and t** be the
standard error and t— ratio of b, in (26), and let DWb** be the DW ratio in (26). Again, we
denote serial correlations by the notation 7. The following results give the limit behavior
of these bootstrap statistics.

As in Section 2(c) and setting t = (s — 1)m + k, there exists a probability space in which
we can write

20x* t Ui —n_1§n,ﬂ
Ty (js—1)m+k s=1Us

= b,— 27
NG Vb, ~+ NG (27)

e TR () ()

néf%
_ k k
= £ {(87]\41) + E] + B, (RMjs + E) + 045 (1), (28)

where Ry, = J— is uniformly distributed over {0, %} for each s. As n, M — o0,

with a slight abuse of notation, we have

7M?“7

Ryrj, —a R,
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where R; is itdU [0,1]. Similarly, for any r € [0,1] there exist integers s, and k, for which
[nr] = (sp — 1)m + ky and we can write

bxx

x[—jg — &+ B, (Rary) + 0as (1), (29)

where Ry, = l’}\% is uniformly distributed over {0, ﬁ, o %} and Ry, —q+ Ry, where
R, is uniform over [0, 1] for each r.
We give a block bootstrap version of Theorem 3.3.

3.5 Theorem Let (z}**)} be bootstrap data generated from (25) with £ +™ — 0 and using
centred block bootstrap residuals (u?*)} where the original data ()} in the trend regression
(18) is a unit root process (1) with us satisfying Assumption L. Then:

(a) Vably —a & as.(P),
(b) Lsb02 folﬁr(s)zdr a.s.(P),

11_2 3
(¢) dotr g bl (p),
" (Jo By(s)2ds)?
(d) P2 —, 1, a.s.(P), for all h #0,
() DW™* —,. 0 a.s.(P),

&2 fol r2dr
- fol ﬁr(s)2ds+§2 fol r2dr

(f) B2 —y <1, as.(P).

3.6 Remarks

(i) The block bootstrap results for the regression coefficient 13%*, t— ratio t** and R? are
the same as those for the centred bootstrap given in Theorem 3.4.

(ii) The serial correlation properties of the residuals in the block bootstrap regression are
different from those in Theorem 3.4. Just as in block bootstrapping /(1) data (Theorem
2.5), the residual serial correlation coefficients p***, pi** —p+ 1 and the Durbin Watson
statistic DWW** —p+ 0. Thus, these diagnostics are now first order consistent in the
bootstrap regression (26). This regression is now spurious in the same sense as the
original trend regression (23).

(iii) However, the limit distributions of neither 52" nor DW®* are consistent. As in Theo-

rem 2.6 we find that these bootstrap diagnostic statistics have different rates of conver-
gence and different limits from those of the original sample data. Theorem 3.7 below
gives the result for ﬁ?** Thus, bootstrapping these diagnostic statistics (or versions
of them that are nuisance parameter free) will not produce an asymptotically valid

inference procedure.
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3.7 Theorem Under the same conditions as Theorem 3.5, ﬁl{** has the following limit as

n— oo n
jﬂ@%—g_w_1w&wy

4. Spurious Regression on Stochastic Trends

Let z; be an ({+1)— vector integrated time series generated as in (1) with Az = u,; satisfying
L and z satisfying Lemma 2.1 with limiting Brownian motion B, whose variance matrix is
Q.. > 0. Partition z; = (y¢, x;)" into the scalar y; and {— vector z; and let B, = (By, B,)’
be a conformable partition of B,. Run the (spurious) regression

Y = by + Te. (30)

Let s; be the standard error of Bm, t; be the corresponding t—statistic, and set p = Y5 Uptiz—1/ > 5 Uz,
and DW = >"0(0; — 1)/ > 5 U7_1. As in Phillips (1986),

by, —a A;jaxy =&yp>  SAY, (31)

L Bm - Ey:m'
) _ 1
Vs (g [AR],)?

= Etiv

and

/
by
nDW —y M7
Ayy.x

where, in conformable partitions, we define

1
/0 B, (7") B; (T’) dr = |: Yyy aAmy :| y  Quyox = Quy — a;:yA;wla’wZﬁ n= |: 1_A71 :| )

T axy

and X,, = F (uyu),). These convergences can be replaced by a.s. convergence after appro-
priate changes in the probability space as we have discussed earlier.

Application of bootstrap methods to the residuals in (30) leads to results that are similar
to those of the previous section. We therefore provide the main results here in brief. Bootstrap
samples (u; )7 are formed by random sampling from centred versions of the residuals (u;)7} in
(30), bootstrap data (y;*)} are generated according to

yi* = Ve + 1 (32)
and least squares produces the fitted regression
yi* = by + i, (33)

which defines the residual process u}*. Let s**2 = % Soh o up*?, let s¥ and tf be the standard
error and t— ratio of b} , and let DW** be the serial correlation coefficient and DW ratio. As
earlier, denote serial correlations by the notation pj," = > 5, uf*ui*, /S 1 uf*3. The fol-
lowing results give the limit behavior of these bootstrap statistics. We confine the discussion

to centred bootstrap samples.
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4.1 Theorem Let (y;*)7 be bootstrap data generated from (32) using (uy)y where the data
(ye, )T in the sample regression (30) is generated as in (1) with increments Az = uy
satisfying L.
(a) b —a Eyp a.5.(P),

(b) 252 —aef (Jy B.BL) 1 a.s.(P),

Eyzi *
(€) tr =g =& as(P),
Ve (n(je BB nazd), )

(d) pp" —p< 0, a.s.(P), for all h #0,
(e) DW** —p« 2 a.s.(P),

élm(fl BmB;:)é T
f) R**? — g4 0 & <1 .8.(P).
( ) —d n/(folﬁzﬁlz)n"’_{:lyz(fol BmBé)ﬁyz ’ a.s ( )

The bootstrap regression coefficient in (33) is consistent for §,, and the ¢— ratio 7 diverges
at the rate /n just as in the spurious regresion (30), although the limit variate &; # &;;. More
importantly, however, the residuals in the regression (33) are asymptotically uncorrelated and
so the bootstrap regression is asymptotically a cointegrating regression.

Different results apply when we use the block bootstrap. Using the same notation as in
Section 3(c) with the affix b to signify use of the block bootstrap, we find the following limit
theory.

4.2 Theorem Let (y7**)7 be bootstrap data generated from (32) using centred block bootstrap
residuals (W*)7 with = +™ — 0 and where the original data the data (yi, )} in the sample
regression (30) is generated as in (1) with increments Az, = uy satisfying L. Then:

(a) b —a & a.s.(P),

(b) 22 g (Jo B.BL)n - a.s(P),
() Jet? —a & a.s.(P),

(d) b —pe 1, a.s.(P), for all h #0,
(e) DW™* — . 0 a.s.(P),

! 1 /
£) B2 g —— a0 BBl g g5 (p).
( ) —d n/(folﬁzﬁlz)’r]"r{;z(folBmBlz)gyz ’ a.s ( )

4.3 Theorem Under the same conditions as Theorem 4.2, ﬁl{** has the following limit as
n—oo:

% (ﬁ’{** _ 1) e —1 as.(P).
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5. Conclusions and Implications

This paper shows that mechanical application of both the bootstrap and block bootstrap
will give perverse results if used in residual based testing for unit roots to distinguish spu-
rious and cointegrating regressions or trend stationary from integrated data. In particular,
bootstrapping the residuals of such regressions turns spurious regressions into cointegrating
regressions and thereby changes the character of the regressions in a fundamental way. While
the block bootstrap retains the (1) feature of the regression residuals and has serial corre-
lation coefficients that tend to unity, their rate of convergence is slower than the O(n) rate
of the sample residual serial correlations. Serial correlations of the block bootstrap converge
at the rate O(m), where m is the block size and the limit is no longer of the unit root type.
Thus, the bootstrap and the block bootstrap both fail seriously in reproducing the properties
of spurious regressions and are unsuitable for residual based testing in this context.

These results reinforce the warnings given in earlier research about the difficulties en-
countered by the bootstrap with dependent data (Horowitz, 1999, among many others) and
with correlation coefficients (Hall, 1992, p.152). It seems that bootstrapping integrated data
exacerbates known problems of bootstrap inconsistency in unit root inference (e.g. Basawa
et. al. 1991), producing differences not only in the limit distributions between the bootstrap
and the original statistic but first order differences in the limits of the statistics in some cases.
The block bootstrap shows some robustness to nonstationarity in this regard, but as Hinkley
(1997) remarks, it too is unable to withstand the integrated model.

These results have implications for the use of the bootstrap in residual based cointegration
testing, where the null hypothesis is that the residuals in the regression are integrated. The
results here show that routine applications of the bootstrap in such situations should be
avoided. An alternative approach under the null is to difference the residuals and apply
sieve bootstrap methods (Kreiss, 1992, Buhlmann, 1997, 1998) on the differenced residuals
and then bootstrap invariance principles (Bickel and Buhlmann, 1999, and Park, 2001) to
bootstrap the distribution of residual based cointegration tests. Pretesting for the presence
of a unit root in the residuals prior to the use of the bootstrap by consistent methods of
model selection (e.g. Phillips and Ploberger, 1996) is another alternative. Other approaches
like hybrid resampling (Chuang and Lai, 2000) and subsampling (Politis, Romano and Wolf,
1999) have been found to offer improvements in some cases where the bootstrap performs
poorly and these also seem worthy of study in this context.

6. Appendix

6.1 Proof of Lemma 2.1  This is a straightforward extension of lemma 3.1 of Phillips(1999).
Under L, the BN decomposition (Phillips and Solo, 1992) C'(L) = C' (1) + C (L) (L —1) is
valid, where C (L) = Z;’;OE}Lj with ¢; = > 2. ¢s and Y22 |[¢j]| < oo. Then,

w=C(1)e+51—5=C1)S2n, + 51 — &,

and .
Sy =C(1)X28, +¢€0 — &4,

where 1, is iid(0, 1), £ = C (L) & is stationary, and Snt = Z§:1 nj. A strong approximation
to the partial sum process Sy of 7; may be constructed componentwise as in lemma 3.1 of
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Phillips (1999) leading to

Ozggn‘Smk—Wi(k)‘ :oa,s(n%), i=1,..,m (34)
giving a uniform approximation to Syr over 0 < k < n in terms of the vector standard
Brownian motion W = (W;). Then, setting B (r) = C (1) SeW (r), we have
Sk k

%_B(E)

Smk k

NG _Wi(ﬁ)

+ 2 sup H%H

0<k<n VT

sup
0<k<n

max sup
i 0<k<n

1
= Oag.s. —1 |
n2 r

as in lemma 3.1 of Phillips (1999).

< HC(1)Z%

N[

T

6.2 Proof of Lemma 2.2  For r € [0,1], we can write 2}, ; = x;, where J; is uniform
over {1,2,...,n} for each r and then as in (6) we have the embedding

z*
[n’r} l‘(],,, an 1 1
= =B|— a.s =B n,r a.s y
\/ﬁ \/ﬁ <n> o (n%_;> (R 7 )+0 (n%_zln> (35)

where R, , = Ir ig uniformly distributed over {%, %, -

- 1} for each r. Moreover, for r # s and
n large enough so that n|r — s| > 1, J, and Js are independent draws. Hence, Ry, , and Ry, s
are statistically independent for large n for all r # s.

Substituting the LK representation (5) for B in (35) we get
o . 1
v 2 sin [(k’ — 5) WRn7T]§ ( 1 )
= kT Oa.s . (36)
VZRAED S ey e
Now R, , —g¢ Ry, a.s (P), where R, has a continuous uniform distribution over [0, 1] for
each r. It follows by the continuous mapping theorem that

n[(b- ) wh] i [(1- D) om ] asir )

*

x\[;_’j g B(R,) a.s.(P). (38)

Since R, , and R, s are asymptotically independent for all r # s, it follows that R, and Rj
are independent for r # s. Thus, {R, : r € [0,1]} is family of independent uniform variates
on [0,1].

In a similar way we write the centred bootstrap as zj = x; — 7, and then in the same

notation as (35)
T n
[n’r] I‘Jr Jr 1 t 1
—F= = =B|—)—-=)> B|= a.s
NN (n) n; (n +ous (33

— B(Ru,) - /OIB(s)ds + Ous (

and the stated result follows from (38) and (39).

*
[n

Hence,
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6.3 Proof of Lemma 2.3

Part (a) Using (9) we have

1 & sin [(k — 3) 7Ry, 1
_Z — V2w Z 31 (1 3) j}§k+0a.s<ﬁ>, (40)
nt:l )7T n2 r

and, in view of (8),
1. 1 1< 1
E;Slﬂ [(k— 5) Wan} = Ejzl sin Kk’— 5) WR]:| + 0p (1) (41)

— /01 sin Kk - %) Wr] dr. (42)

It follows from (40) - (42) that

" sin [(k — 1
sz* NG Zfo ]Ek i) ] dr §k a.s. (P)

t 1
n 2
1
= / B (r)dr,
0

the last line following by virtue of the uniform integrability of the LK series in this case

3
2 =1

In a similar fashion, we find

Part (b)
th — g / B(r)dr=0, as.(P).

Part (c) Higher order sample moments are dealt with in the same way. Thus, for part (c)
we have

1 ix*x*' 1 xf ! 5 i %2?21 sin [(k’ %) ] sin [(m — %) Wan]§ ¢

i 1Ty = — = 1 1 kSm»

n2 po n n/n el (k: — 5) (m — 5) 2

and

(1 3 e (- 2) o]

el [(e Dy (m-2) o]} wscr
RN EEEE
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Again, uniform convergence of the LK series implies that we can integrate term by term,

leading to the result

1 « sm
- .T*l'*/ N fO
n2 ttt d

t=1

km=1
Alternatively, by direct calculation we have

[l

/{cos [(k—m)nr] —cos[(k+m —1)nr]}dr

2
_ 0 k#m
o % k=m
and then
1~ > 1 /
— > Tx = ) ———5&Em,
2 e L T

B (r) B (r) dr. Part (d) follows by a similar calculation.

D . . 1
which is a series representation of fo

Part (e) Using (4) and (6) we can write

+2 () (G8)

n

%;B(Rm)B <%> + 0q5.(1)

o 480 1 . K
- 9 -
PN G D B

As in (41),

i (o)
on) o
e el

Lriaf

ki
+lzn i k—
n 1 Sin

1 1
n Z]‘:l {B(an) + 0as. (m

£1>

2

AUICHEITREIGE

J

&

1

n

o
- };) o] [ (1 3) o4
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[ et ) G e

w%} + % S im;sin [(e — %) w%] (45)

I
=
<
=)
—
VR
5
|
N —
3
Iil
—
|
L]
<2
B
—
VR
~
|
N —
N————

In line (44) above, R is uniformly distributed on [0,1], in line (45) n; = sin [(k — 3)TR;] —
Esin {[(k — 3) 7R;]} =iid(0,02), with 02 = E(n?3), and line (47) follows since fol sin (k— ) mrdr =

1k~ by
From (43) and (47) we deduce that

e}

R I O R e T A
SRR POt a4 POt v B

=
- {/Olg(mcz?«} {/OlB(r)dT}/,

giving result (e). Part (f) follows in a similar way.

Part (g)

R o 1 J

-1

- 12?3(1%) T ous (1),

Set ay = F [sin [(k — 1) 7R]] = 1/(k— ), where R is uniformly distributed on [0, 1]. Then,
we have

%Z?B(Rj)% Ji§ G 5’“%) %ésm Kk 2) me]%
S i ind e ool
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_ fz )
1
- %/O B(r)dr + o (1),

giving the stated result.

1
/ rdr + op+ (1)
0

6.4 Proof of Theorem 2.4

Part (a) First consider p* = n= 23} afz; /02> 7 2}%,. From Lemma 2.3 (c), the
denominator of p* has the following limit

1
% ST ZL‘le — g / B(T)2d7“ a.s.(P). (49)
0

Using (6), the numerator can be written as

1 no_ ok _k fEZk 1
ﬁZl Tyly1 = n21 (%) (\/ﬁ>
1 n
- > [B(Rnj) + 045 (V)] [B(Rnj—1) + 0as.(1)] . (50)
7j=1

Here, R,; and R, ;1 are independent draws from 1/n,...,1 and, in view of (7),

Rn] —d* R]7 anfl —d* Rj*l a.s. (P),

where R; and R;j_; are independent draws from U [0, 1] . Thus, (50) is asymptotically equiv-
alent to

1 n
~ > B(R)B(S)), (51)
j=1
where R;, S are independent U [0, 1]. Using the LK representation of B we therefore find
1N BRABS) — 2,25 S LG 1 1y 2R sin [0 — 1) xS,
nz (R;)B(S;) = 2w Z 7 ((— 1)7rn218m[( —3) 7R;| sin [(£ - 3) 7S]
j=1 k= 1

2R Z )gkf(ﬂ A CICEELA A CN ()

kél

(48)

= w2 Z fk§2 — _) /01 sin [(kz — %) 777“] dr /01 sin [(Z — %) 775] ds

(52)
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as stated.
Next consider pj, = n 2> "1, xfa} , /n~ 231 | 72, . The denominator has the same limit
as (49). The numerator, following (50), can be written as

1 * 1 Ly x:—h
W S = <ﬁ>(ﬁ

[B(Rnj) + 0as ()] [B(Ryj—p) + 0as.(1)]

Il
SRS
.M: Eﬂ

<
Il
>

Il
SR
'M:

Il
>

B(an)B(Rn]‘_h) + Oas. (1)

Again, R,; and R,;_j, are independent draws from 1/n,...,1 and R,; —a+ Rj, Rpj—p —a=
R;_p a.s.(P), where R; and R;_} are independent U [0,1]. Thus, (50) is asymptotically
equivalent to (51), where R;, S; are independent U [0, 1] and independent over j. Thus, the
limit (52) applies and we deduce the stated result.

Part (b) First consider p* = n™2Y " | 777 /n 2> 1, 7;%,. From Lemma 2.3 (c), the
denominator of p* has the following limit

1
% ST 5;21 — g+ / ﬁ(r)2d7“ a.s.(P). (53)
0

Proceeding as in (50) and using (39), the numerator can be written as

=16 ()

= %z: {B(an)— /O 1B(r)dr+oa.S,(1)] [B(an_l)— /O 1B(r)dr+oa.s.(1)], (54)

which is asymptotically equivalent to

%; [B@.) /0 1B(r)dr} {B(Sj) /0 1B(7")d7"] = ST BR)B(S)

where R;, S; are independent U [0, 1]. Calculations analogous to those leading to (52) show

that
1< !
—ZB / B(r)dr a.s.(P),
=1 0

which, in combination with (52), reveal that

3

1 n
- —p 0 a.s.(P). (55)
j=1
We deduce that p* —p« 0 a.s. (P) and the result for pj, follows in the same way.
Finally, if the ser1al correlation coefficient is redefined in terms of deviations from means
as pf, =n "2y p . efe; ,/n2 > ef?, then the numerator n~ ZZ ere;_, evidently has the
same form as (54) above. Then (55) applies and we deduce that pj, —p+ 0 a.s. (P).
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6.5 Proof of Theorem 2.5 Take the serial correlation p™* = n=2 37| xé’*xi’* W DR

In a manner analogous to the proof of Lemma 2.3 (c), the denominator of p* can be shovvn
to have the following limit

1
% Sl g / B(r)%dr a.s.(P). (56)
0

Using (12), the numerator can be written as

= (5 (R

- Lf:zm: |:B(RMJ+ LA )] [B(RMﬁ%)JrOas(l)}

4 1 i {B (RM] 1 1) + Ons. (1)} [B <RM]‘—1 + %) + Oa.s.(l):| (57)

In (57), Ry and Rpzj—1 are independent draws from 0, A5 v % and, in view of (13),

RMj — g ij RMjfl — q* R]‘_l a.s. (P),

where R; and Rj_; are independent draws from U [0, 1] . Thus, (57) is asymptotically equiv-
alent to

% i % i {B(RMJ- + %) + oa,s,(l)] {B(RMJ- + %) + Oa.s.(l):| + 0as. (%)
M Ry4m
== / " B(r)2dr+ o0, (1). (58)

By virtue of the continuity of Brownian motion and the fact that 7t = 5 — 0, (58) is
asymptotically equivalent to

M

Z (Ray)’

From (13), we have

O [ [ (e e
as in (8), and

bt (o) ()] o () ()]
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Then, as in the proof of Lemma 2.3 (c) we find that

; (Rarj)® — g 207 Z 1)571:% - /01 sin [(k— ) 7r] sin [(€— 1) 7r] dr

1
k= 1 2 2
1
= / B(r)?dr. (59)
0
Combining (56)-(59) we deduce that

)2
d
e fo (r) Jo PNV _y a.s.(P),
fo B(r)2dr

as stated. Proofs for 'ﬁ and % » follow in a similar fashion.
6.6 Proof of Theorem 2.6 Write
n 1 . * ok 1 - *2
A= > Az 1/ > . (60)
t=1 t=1

The limit of the denominator is given in (56). For the numerator, the identity

n n n n n
AN 2 =) Aziay + ) af o Axf =2 af Azf 4+ (Ax)?
t=1 t=1 t=1 t=1 t=1

leads to

R .
T 2 i A
t=1

1 (g; )2 1 z”: 5
= g7 (2) -2 @)

2M { Vn n

1 2\ 1 L&z ? 1 Y 5
= m{(\/ﬁ) m—Mzz; (Js—V)m+k — L(js—1)m+k— 1 *EZ T(js—1)m+1 — $(js—1*1)m+m) }

s=1 s=1
— L (x(jM—l)m+m> Z Z i <l‘(]‘s—1)m+1 - oT(jsl—l)m—‘,-m>2 (61)
2M \/ﬁ s=1 k=2 (js pmek s=1 \/ﬁ

where {js : s = 1,..., M'} are independent uniform draws from 1, ..., M, and jo = 0. From (14)
and a block bootstrap version of Lemma 2.2, we find that

T(jpr—1)m+m
—— 4 B(R .s. (P 2
D B(R) 0. (P). (62)

where R is uniform over [0, 1]. Next, for all s

1 m
m E :u%js—l)mﬂc —pe 05 a.s.(P) (63)
k=2
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where 02 = F (u?) . Finally

L Z (Gs—Dm+1 — Tjs—1m _
M vn

s=1

2

<[~
NE

1 m
{B(RM]'S + E) — B(Ruj,, + z) + 0as.(1)

w
Il
—

[B(Rutz,) — B(Ragj,,)]* + 0as.(1)

I
<[~
M:

Il
A

s

N // (s)]?drds a.s.(P) (64)

where R and S are independent uniform variates on [0, 1]. Combining (61) - (64), we obtain
the following limit for the numerator of (60)

szt AzF - d*—// (s))?drds a.s. (P)

S {/OlB(r)2dr (/OIB(r)dr>2}

and the stated result follows. If centred bootstrap resampling is used, then small modifications
to the above argument reveal that

1 -
n—MZxI (AT — g ——// (s))*drds a.s.(P)
t=1

- - /0 B(r)dr,

and then {7 (py — 1) =+ —1.
6.7 Proof of Theorem 3.1

Part (a) Since 0, = b, + Y21 tuf/ S 2,
5
T 7 n2 Z?:l “;tkt
v <b" - b”> Ty 2

The bootstrap sample (uf)} is drawn randomly from the residuals (u; = x4 —gnt)?. From (4)
and (19) we can write

Moo ”AE: 0y 0 i 0
Jn o Jn \/_bnn B<n> &+ a,s,(l))n+ ws. (1),

which leads to the following representation for the bootstrap process u}

= B(an) - §Rn] + Oa.s.(l)v (65)
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as in (6), where R,; is uniformly distributed over {2, 2 ... 1} for each j and satisfies (7). In

(65)
-1

BlRay) ~ €hoy = BlRw) ~ ( [ 1rB<r>) (/ ) Ruj = By (Rog),  (66)

where B, (s) = B(s) — (fol rB(r)dr)(fol r?)~1s is detrended Brownian motion. Then

(B - pEST ot E 0 [B(Rey) ~ €Ru + 00s (1] (1)

n3y 2 3y 12
B =351 [B(Rpj) — ERnj + 0a5.(1)] (%)
TR W |
As in (48)
%éB(Rm)( ) — g /OlB(r)dT/Ol rdr = 5/OIB(?«)dr a.s.(P),
and

It follows that

1 1 1l _ 1
Vn </5:, *gn> —d* fO B, (s)ds fU sds = 2 fO B(r)dr i a.s.(P),

f017"2d7" 3
and so
1 1
~, . B, (s)ds [, sds
N flﬂdf) () 67)
0
3 [ 1
- 2| B sl
5 | B e

as required.

Part (b) The standardized residual from the bootstrap regression (23) is

uit x;* _\/ﬁ/(;*i :Bnt+uf _\/ﬁg*i
ui (e 7\ 1
NG Vi (b =) - (68)

From (65), % = B(Ry;) —&Ryj+0a5.(1), and from part (a) and (67) /n </I;;"L — 371) —ge & —

¢, a.s.(P). It follows from (65)-(68) that the limit distribution of n=1s**2 =n=23"1 | uj*?
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is the same as that of
—Z{r s } ZB P H2E-E) 3B 9y
As in Lemma 2.3 (c) and (g) we have

n 1
%ZBT(an)z — g /OBT(S)ZCZS a.s.(P), (70)

_ la*l ' r)ar = ' s)as 155 a.s
ZB )= d Q/OBT()d _/OBT()d/O ds a.s.(P). (71)

It follows that

l w2 ! _ex ! ! =Y !
e a- / B,(s)%ds + (¢ 5)/0 Br(s)ds/0 sds + (£ — &) /0 sds a.s.(P)

= [+ e-e)sPar=ot sy (72
giving the stated result.

Part (c) The bootstrap regression t-ratio is

A b b /b
Hb*) = 2 = n — n
( n) S [5**2/ Z? 752]1/2 \/ﬁ[%s**Z/n—lg Z? t2]1/2

and then

=

1 t(B*)—>d*£ (f017~2> e

N o _\/gag a.s.(P).

Part (d) Write p™* = n™2Y 0 wiu* /n 2> 1 ui*3. As in (68)-(69) above, n*%u’{*
behaves asymptotically like By (Ry;) + (£ — £%) L. It follows that n=2 3"} | uj*u}*; is asymp-
totically equivalent to

n

% {BT(Rn])‘F(gE*)%}{Br( nj— 1) (§ E)jl}
j=1
= % Z Br (Rn]) BT (an—l % Z% r n] 1 (§ 5 ) % %BT‘ (Rn])
j=1 i=1 =1
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Proceeding as in (50)-(52) we find

%23 (Bj) By (Ruj1) — a- ( / 1 Br<s>ds)2 a.5.(P) (73)
S - ([)([ri)
and then . . . 9
n2 ;uf*uf*l — g (/0 B, (s)ds+ (£ — 5*)/0 sds> a.s.(P).
As in (72)

n_2Zuf*21 —gr / {B,(s) + (£ — &%) s} ds —aé a.s.(P). (75)

It follows that
(Jo 1Bols) + (€~ &) slds)”
fo {B.,(s — &) 5} ds

as given in the theorem. The result for p;* follows in precisely the same manner (c.f. the
proof of part (a) of Theorem 2.4).

”5** Ebreg

Part (e) Write DW** = n=2 S0 (Aw*)?/n~2 S0 a*2 where Awf* = Ax* — b = b, —
b¥ 4+ Adf from (22) and (23). Hence

FhGur = Lx|E- “7 +op (1)}2
_ %Zl ~ €Rug) — (B(Ruj1) ~ E(Rug ) + 0p-(1)
whose asymptotic behavior is the same as
%Z {B(R,) — €(R))} — {B(S;) ~ €5} = %é[&(Rj) ~ B (5P
_ %i}gr(fzj)? 4 ilBr(Sj)? -2 iBARﬂBr(Sj%

where Rj, S; are independent #idU [0,1]. As in (70) and (73) above

1< 1< !
— B.(R:)?, = B(8)? — g /Brszds a.s.(P),
SL B DY SP — [ (P)
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so that
2

ggggAﬁﬂQH&QLfBA@%B2<LfBK$%> a.s.(P),

which can be written in the form

1 2
2/()13r<s>2ds 1% :2/01 By(s)ds [1 - &)

where

- <f01 Br(s)ds>2

1S :
P fol B,(s)%ds
From (75), the limit of the denominator of DW™** is

QZU**ZHd*/ {B,(s) + (£ — &) s}? ds-ag a.s.(P),

and so

2f01 B.(s)%ds {

DW*™ = > 1- gﬁ;} a.s.(P).

Part (f) Write R*2 =1—n"2Y 7 4;*?/n 2> 7 2;*2. We have z}* = but +u} and so

5B -RE (v E)

whose asymptotic behavior is the same as

3|>—‘

i(& +B(R;) - §R>2

§<>+1zm yw2f@

N j=1

3|H

+2§ ZB %45—23145 ZB

]_

1 1
— d*§2/ 2dr+/ B (r dr+§2/ 2dr  a.s.(P)
0

+2§/ dr/olrdr—252/1r2dr—2§/013(r) dr/olrdr a.s.(P)
= /0 (r) dr.

It follows that

R? 51— 072 —1_ fol {B(s) — 5*8}2 ds
fol B(r)*dr fol B (r)*dr
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6.8 Proof of Theorem 3.3 The proofs here and in later arguments are similar to what
has come before and so derivations henceforth are simply sketched.

Part (a) Since b, = b, + S0, tii; /S22,

5
\/ﬁ@* _B>:n QZt:IUtt.

n3 i P

The bootstrap sample (u;)F is drawn randomly from the centred residuals (i, —n =1 Y"1 | Uy =
x —T — bp(t —1))7. From (4) and (19) we can write

oL : w=5(%) [ B+ o) (%/Old> Foun (1),

which leads to the following representation for the bootstrap process u;
uf
Vn

where r =1 — fol rdr. Then, just as in part (a) of Theorem 3.1 we find that

= E(an) - §Enj + 0as.(1) = Er(an) + 0as.(1), (76)

1 1
o~ B,.(s)ds [ sds
NG (b;; - bn> . o _f(l)rzd{[) —0 as.(P), (77)
0

and so

Vbt =g € a.s.(P).

Parts (b) & (c) The standardized residual from the bootstrap regression (23) is

w ar* ot bpt+ur t
/n NG Vb Jn Vi
- 5o
NG v (b = bn ) —

It follows from (76) and (77) that the limit distribution of n™1s**? = n=23"" | u*? is the
same as that of

n 1
%ZET(RHJ)2 —ar / Er(8)2d8 CL.S.(P),
j=1 0

using the same arguments as those in Lemma 2.3 (c). The bootstrap regression t-ratio is

g i b
HDF) = 2 — n _ n
( n) S [5**2/ Z?t2]1/2 \/ﬁ[%s*x&/n_lg Z?t2]1/2

and then

=

it(l;’;) . 5( ; 7»2)

T a.s.(P).
" (Jo Bo(s)2ds)*
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Part (d) Write p™ =n"2}, u}"*u;‘*l/n*Q Zt 1 uf*zl As in (68)-(69) above, n_%uf;* be-
haves asymptotically like B, (Ry;) = By( fo s)ds. It follows that n =2 Y7 | uj*ul*,
is asymptotically equivalent to

1 n
- > B, (Rnj) B, (Rnj-1)
j=1

n n

% ZBT‘ (an) B, (an—l) - /01 BT(S)dS% ZBT (an—l)
=1

Jj=1

/OlBr(s)ds%jéBr (Rnj) + (/OlBr(s)dS>

2

As in (73) we find

1
_ZB nj— 1 — d* / Br(s)dsa
0

and then .
n”Zuf*uIﬂ —p 0 a.s.(P),

from which the result for p** follows. The result for p;* follows in the same way.

Part (e) Write DW** = n=2 S0 (Aw*)?/n=2 S0 a*2 where Awf* = Az* — b = b, —
by + Auy from (22) and (23). Hence

e T 2
SERAY
Z[ﬁr(Rm’) — B,(Ryj1)]* + 0p(1),

1 & *%\2
ptg(ﬁut) =

SI= 3l

whose asymptotic behavior is the same as

n n n

1 & 1 1 2
J=1 Jj=1 J=1 J=1
where R;, S; are independent idU [0,1]. As in (70) and (73) above
BN : 1y 2 ' 2
IS B S B e [ BoPds as(P)
= = 0
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so that .
1 n
52 a2 [ B9 as(P)
n= =2 0

From this result and part (b) we deduce that DW** — - 2 a.s.(P), as stated.

Part (f) Write R**? =1—-n"2Y74;*?/n"23 7 2;*2. We have z}* = bt + u; and so

() 48 (e )
n =1 \V/n n =1 "n vn) '

whose asymptotic behavior is the same as

L8 (rnm) - e (L) s L mmrea

n j=1

1 1
= /gr(s)2d3+§2/ r?dr
0 0

It follows from this result and part (b) that

1 24 2 rl r2d
R? —g1— fo r(8)°ds E fo . a.s.(P).
fo % ds + &2 f r2dr fo 2 ds + &2 f r2dr
6.8 Proof of Theorem 3.5
Part (a) Start with the formula
~ n3 Sor L abtt
vn (bi’{‘ - bn) = _—tl
It P
and, as in (27)-27, for t = (s — 1)m + k we can write
7bx o -1y =
Uy U(js—1)ym+k — T 25:1 Us k
= =B j - a.s 1
i - B (R, + ) + 001 (78)
Then, as in part (a) of Theorems 3.1 and 3.3 we find that
o~ s)d d
ﬁ(bg* —bn> iy hB 1 Jds Jo sds _ g a.5.(P), (79)
fo r2dr

and so \/nb =g € a.s.(P).
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Parts (b) & (c) The standardized residual from the regression (26) is

bk bk bk

ut xt \/_bb* t M \/’bb* _ ut o \/ﬁ (/b\b* _/b\ ) i (80)
It follows from (79) that n 2u§** is asymptotically equivalent to n~ 2u . Then, from (78)
and the continuity of B,.(s), the limit distribution of n~1s***2 = n=2 thl ub**? is the same
as that of

1
i Z (Fas? e [ Bu(sPds as(P) (s1)
- compare the argument leadmg to (84) below. Part (c) follows directly.

Part (d) Take the serial correlation 0™ = n=2 320" | ul™*ul* /n=2 31" | ul**2. The denom-
inator of p”** is covered in part (b). In view of (80) and (79), the numerator is asymptotlcally

equivalent to
l n aﬁ&) " asf) i 1
n =t \/n vn

M m
1 k

s=1 k=2

M
1
+— [ <RMJS ) + Oas (1)} [ (RMJS 1+ ) + Oas (1)} (82)
s=1
n (82), Ruj, and Ryj,—1 are independent draws from 0, 77, ..., 2= and, in view of (13),

Rumj, —a Rj,  Rmj—1 —a Rj-1 a.s.(P),

where R; and R;j_; are independent draws from U [0, 1] . Thus, (82) is asymptotically equiv-
alent to

1 i%ki [ET(RMJ-S + %) +oa.s,(1)] [ (Razj. + u) t 0. (1)} + Ous, (%)

M
s=1 =2
M Ry +2 Rajs+37
= Z/ Er (T)z dr + Oa.b Z/ dT + Oaus. (1) (83)
s=1 RMJ'SJF% R+

By virtue of the continuity of B,.(s) and the fact that % = & — 0, (83) is asymptotically

equivalent to M~ "M B (Rpyj,)?. Then, just as in the proof of Theorem 2.3, we find that

1 M

1
LN B, (Ruj)? —w / B, (r)dr. (84)
Ms:l 0

Combining these results for the numerator and denominator, we deduce that

r)2dr
o g f()l i =1 a.s.(P),
fo P (r)2dr

as stated. The proof for po** follows in a similar fashion.
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Part (e) Write DW™* = n=2 S 0(Aub*)2/n~2 7 ul™? where Aul™ = Az — b =
b, — bb* + Ab*. Using part (a) we have

Lz bk
ﬁt;(Aut )
2
Lo wry
= - - + op (1
n t; [\/ﬁ \/ﬁ D ( )
R ete k-1 )
= EZZ[BT(RMJS +_) (RM]s +—)+0a9(1)]
s=1 k=2
1 & 1 m 2
t— ; [Br (RMjs + E) - B, (RMjsq + E) + om,(l)} +o,(1).  (85)
Now .
1 - k E—1 1
- B . -Y— B . 2_ ., 5> 0 36
" sz_;%[_r(RMjs + o) 7 BBy + =) = 0p (05), 020, (86)
by virtue of the Holder continuity of B, and, as in (64) above,
1 Y 1
i 2 |:E'r <RMjs + E) B, <RMJS_1 + — } —yg / / B,.(r)— B, )] drds a.s.(P)
(87)
Thus,

1 & *,k
ﬁg(Aut )2 Hp* 0 CL.S.(P),

It follows directly that DW®* —, . 0 a.s.(P), as stated.

Part (f) Write RP**2 = 1 —n 2 37 b2 /=2 31 2042 We have 20** = byt +0* and from
(29), n 2xb** &r+ B, (Ruyyr) + 04.5 (1) . Then,

SR L5 ()

whose asymptotic behavior is the same as

_ZZ< —erk + B, (R, +%)>2

s=1 k=1

— g 52/ 2dr+/1 ()ds+2£(/01 r(’l“)d?") (/OlrdT) a.s.(P)
= /1§r(8)2d8+§2/1r2dr.
0 0

It follows from this result and part (b) that

fO 2d8 §2 f[)l 2d7”
fol B, (s) d5+§2 fo r2dr fo ds+§2f r2dr

R2 —d* 1-—

a.s.(P).
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6.9 Proof of Theorem 3.7 Write

%(ﬁl{** o 1) nM ZA bk b* Z b**2

The limit of the denominator is given in (81). Next, in view of (79) and (80), for t =
(s —1)m + k, we can write

bk

n- 2ut = n_%ﬂf?* +0p+(1) = n_%zl(js_l)erk + 0p+(1),
and, as in (85),

Aub* k k-1
B ; —)—B ; _— 0 (1).
\/ﬁ —T(RMJS + n) —T(RMJS + n )+ o .S ( )

where {js : s = 1,..., M} are independent uniform draws from 1,..., M, and jo = 0. The
identity

n n n
2
t=1 t=1 t=1 t=1

then leads to the representation

1 n » o 1 b** n Aub**
Ao (%) % (V)

=1

~+

From (85)-(86) we have

YA = Y

nvt =1 t=1

and

1y 2 (1) -2 (RMjs_ﬁ%)rﬁd* B - BoPdrds as.(P),
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(s))?drds a.s. (P)

[ [

— /0 B,.(r)2dr.

o(r)%dr =—-1 a.s.(P)

from which we deduce that

nM Z b**A b**

It follows that )
n . B
M(ﬁl{* - 1) —dr f()l
fo B,.(r

giving the stated result

6.10 Proof of Theorem 4.1
Part (a) The estimation error is
R - 1 n -1 1 n
t=1 t=1
i U—n=t YT Ty

b, — by,
The bootstrap sample (u;)7 is drawn randomly from the centred residuals (1 —
)T and from (4) and (31) we can write (after appropriate redefinition of

t) _/0le (r) dr) + 0a.5.(1)

(€ye + 0as (1)’ <Bx (n

Ye — Y — bn(
the probability space)
= B, (=)- B d
z:: Yy <n> /0 y (1) dr
B, (L + 1
no, E Oa.s.( )7

which leads to the following representation for the bootstrap process u;
s.(1), (89)

w|w| =

s
I

’,[I*
=1'B, (Rpj,) + 0as.(1)
1. Then, as in earlier derivations

t
vn
12
n'n’

where B, = B, — fol B, and R, is uniform over
we find
t] . 1
- Zsm Kk’ — —) WZ:| sin [(m - 2) Want:|
1 L 1
S ds/ sin | {m — 5 |7 dr a.s.(P),
0
) (90)

1
— g sin | k— =
o [l

which in conjunction with the LK representation of B, leads to the following
N 1 -1 1 1

bY — by — g (/ BxB{;> (/ Bx></ §;>77:O a.s.(P)
0 0 0

a.s.(P), as stated

Thus, 3’5 —dr Syp
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Part (b) &(c) The standardized residual from the bootstrap regression (33) is y;* =

by + uf™
“;tk* y;fk* T Lt % T Lt
===-b =—— (b, —bn) —
woibv v v R G
It follows from (89) and (90) that
u**
\/tﬁ = nlﬁz (ant) + Oa.s.(1)7 (91)

and then the limit distribution of n=1s**? =n=23"" | u;*? is the same as that of

1
LS BB f ([ BE) 0w
j=1

using arguments like those in Lemma 2.3 (c). Similarly, we find that the bootstrap regression
t-ratio is
b b

7 A*
t*_ii_ n . \/ﬁb
;= =

*

i { . [(Zl ) Li}l/z ! { o [( 3 may) ILi}l/2
1 §ym‘

e {n' (o B.B.)n [( I3 BxB;)l} }

vn
Part (d) & (e) Writep™ =n"2Y 0 uf*ul*, /n~ 230 ui*3. Using (91) n =2 Y0, ujf*ul™,
is asymptotically equ1valent to

%én/ﬁz(%)ﬁz(%—l)'ﬁﬁ* ( /Olﬁz(S)dS> (f 1§z<s>’ds)=o w.s.(P).

kk o kk

and then n™2 37 | uf*ui*y —p« 0 a.s.(P), from which the result for p** follows. The result
for pp* follows in the same way. The result for DW** = n=2 Y 2(Aa;*)?/n=2 37 4;*? follows
as in Theorem 3.3 (e).

and then

a.s.(P).

~

Part (f) Write R2=1—n"2> 7472 /n"2> 7 y;*2. We have y;* = b, 2; + U} and so

PICIRFPIC SO

whose asymptotic behavior is the same as

1 - / 2 / ! / / ! /

It follows from this result and part (b) that
1
77/ (fO1 Ez£fz> n + fg/x <f01 BIEBQ/C> §y:r

R2 —d*
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6.11 Proof of Theorem 4.2

Parts (a), (b) & (c) Start with the formula

32* —Bn = (% ZZL‘ﬁL‘;) ( 5 Zl‘th*) .
t=1

The block bootstrap sample (u}*)} is drawn by randomly selecting blocks from the centred
residuals (U —n 'S0 U = yr — Y — bp(zt — T))7. Setting t = (s — 1)m + k and using the
representation (88) above, we can write

~p ~ -1 n ~
Ut* U(js—1)ym+k — T Zs:l Us

Jn NG =B, <RMjS + %) + 045 (1) (92)

where Rz, is uniform over 0, A 771 Then, as in earlier derivations, we find

o (1) (o

which leads to ?)\;; —g &y a.5.(P), just as in part (a) of Theorem 4.1. Next,

bxx bxx ~bx
Uy Yt Toxr Lt Uy (/\b* A) Tt
by —==—=—(b)—b 93
NV AT ff“”() (59)
so the limit distribution of n=1s®**2 = n=23"" | ul**2 is the same as that of
1 & !
3 By P e ([ B )0 as(p) (o)
s=1

Parts (b) and (c) follow in a straightforward way.

Parts (d) and (e The denominator of p* = n=2 37 | ul**ul™ /n=2 37 ul**2 is covered
by (93) and (94). The numerator is asymptotically equivalent to

() (%)
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using the same arguments as those in the proof of Theorem 3.5. Combining (94) and (95) we

get
i (f Eé@)
—s g 0 =1 as.(P).

' ( In Eﬁé) 1

as stated. The proofs for p2**, DW?* and R"*?2 follow in a related fashion.

~bkx

6.12 Proof of Theorem 4.3. Write
t=1 t=1

The limit of the denominator is given in (94). Next, using (92) and (88) and setting ¢t =
(s —1)m + k, we can write

. k
w b = A o (1) = 0 iy 0 () = B (R, + £ ) 4 000,

and then

AL k k—1
ot { B, + ) - BulRas, + ) 0 0),

where {js : s =1, ..., M} are independent uniform draws from 1, ..., M, and jo = 0. Proceeding
as in the proof of Theorem 3.7, we find that

1 n ” . 1 b**2 n Aub**
(55

t=1

and

= -
It

>
SIE
I

]

&
A
C\,L
O\,L

~B(9)] [B.(r) — B.(s)) drds) 0 as(P)

1
< / B, dr) n,
0
from which we deduce that

1 - b** bk / </1 / )
— 1AW —p — 1 B,(r)B,(r)dr |n a.s.(P).
7 2 B8, (P)

It follows that

giving the stated result.



42

7. Notation

0a.5.(1)  tends to zero almost surely (P) g not asymptotically equivalent to
O,.s(1)  bounded almost surely (P) (ef)?  direct bootstrap sample
—p convergence in P* probability (€f)}  centred bootstrap sample
— weak convergence (P*) (€)1 centred block bootstrap sample
—g+ a.s. weak convergence (P*), almost surely (P) (e%’*)? block bootstrap sample

[

—p* @.S. convergence in P* probability, almost surely (P) integer part

~ g asymptotically distributed as
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