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Abstract

This paper considers the effects of nonnormality on the statistical inference of the
market model when the joint distribution of asset returns and a given portfolio return
is elliptically distributed. The standard covariance matrices derived under normality
for the least squares estimators of o and (3 are shown to overstate the accuracy of
the least squares estimators whenever the joint distribution is in fact nonnormal in
the class of elliptical distributions satisfying the representation of scale mixtures of
multivariate normal distributions. Therefore, non-robustified tests of mean-variance
efficiency, constructed with the standard covariance matrix derived under normality,
result in rejecting the mean-variance efficiency hypothesis too often whenever the joint

distribution is in fact nonnormal in the same class.
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1 INTRODUCTION

Testing mean-variance efficiency of a given portfolio in the market model is an important
topic in financial econometrics. Many tests have been proposed; Gibbons (1982), Gibbons,
Ross, and Shanken (GRS) (1989), Jobson and Korkie (1982), Kandel and Stambaugh (1987),
MacKinlay (1987), and Shanken (1985, 1987) (see also Section 5.3 of Campbell, Lo, and
MacKinlay (1997)) among others. The exact test by GRS (1989) constructed based on the
least squares estimator (LSE) appears to be most popular among them. Those tests are
derived assuming normality of the error term. The sensitivity of the tests to departures
from the normality assumption has been studied by Affleck-Graves and McDonald (1989),
MacKinlay and Richardson (MR) (1991), and Zhou (1993) among others. Affleck-Graves
and McDonald (1989) investigate the effects of nonnormality in the market model error
term on the exact test by GRS (1989) based on the simulation techniques and find the
GRS test not sensitive to minor deviations from normality while sizably affected by higher
levels of nonnormality. MR (1991) consider the case when a given portfolio return is also
random and show that the tests of mean-variance efficiency derived under normality such
as the exact test by GRS (1989) may over-reject the efficiency hypothesis too often when
the joint distribution of asset returns to be explained and a given portfolio return is in fact
nonnormal, by considering the asymptotic distribution of the GRS test statistic when the
joint distribution is multivariate Student t distribution. It is shown in MR (1991) that the
tests derived under the normality assumption such as the exact test by GRS (1989) may not
possess the correct size since the standard covariance matrix of the LSE may not be valid
when the joint distribution of the asset returns to be explained and a given portfolio return
is not normally distributed, or equivalently as shown below, when the joint distribution
of the two random vectors, the market model error term and a given portfolio return, is
not normally distributed. The assumption of a given portfolio return being random seems

appropriate since a portfolio return is usually treated as a random variable in its univariate



models. Later, Zhou (1993) investigates the GRS test and the ezact' test derived under
alternative elliptical distributions for both the case when only the market model error term
is elliptically distributed and the case when the joint distribution of the asset returns to
be explained and a given portfolio return is elliptically distributed. The GRS test is found
robust against departures from the normality assumption in the marginal distribution of the
market model error term while not robust against departures from the normality assumption
in the joint distribution of the asset returns to be explained and a given portfolio return. In
Zhou (1993), based on the U.S. stock market data, the mean-variance efficiency is rejected by
the GRS test derived under the normality assumption but no longer rejected by the ezact test
derived under elliptical distributions of multivariate Student t distribution and contaminated
multivariate normal distribution. However, the findings on the efficiency test by Zhou (1993)
are empirical, and the over-rejection property of the GRS test derived under normality when
the joint distribution of the asset returns to be explained and a given portfolio return is in fact
other than normal remains to be formally proved. It is still not clear when the nonrobustness
of the efficiency tests derived assuming normality arises or whether the non-robustified tests
such as the GRS test result in rejecting the efficiency hypothesis too often or too less when
the underlying joint distribution of the asset returns to be explained and a given portfolio
return is other than multivariate Student t distribution. In this paper, we intend to answer
these questions when the underlying joint distribution is elliptically distributed.

Elliptical distributions are known in the financial economics literature to be the class of
distributions under which mean-variance analysis is consistent with expected utility maxi-
mization (see, e.g., Chamberlain (1983), Ingersoll (1987), and Owen and Rabinovitch (1983)).
The class of elliptical distributions contains multivariate normal distribution as well as many
heavy tail distributions such as multivariate Cauchy distribution, multivariate Student t dis-

tribution, and scale mixture of multivariate normal distributions. It is now well known that

!The exact test under alternative elliptical distributions in Zhou (1993) is not, strictly speaking, eract
since parameters of the marginal distribution of a given portfolio return need to be estimated and the
numerical approximation is required.



heavy tail distributions such as multivariate Student distribution and contaminated mul-
tivariate normal distribution can describe the stock market data better than multivariate
normal distribution. Elliptical distributions are thus an important class of distributions both
in financial economics and in financial econometrics. Some important properties of the class
of elliptical distributions have already been introduced and utilized by Zhou (1993) in the
context of testing the mean-variance efficiency. However, we consider that the properties
of the class of elliptical distributions appear not yet to have been fully introduced in the
financial econometrics literature. In this paper, we make use of a result due to Chu (1973)
on the conditional covariance matrix in the class of elliptical distributions in order to see the
effects of nonnormality on the inference of the market model.

In this paper, we consider the market model when a given portfolio return is random and
the joint distribution of the asset returns to be explained and a given portfolio return is in
the class of elliptical distributions, under which the inference of the market model is known
to be sensitive to departures from the normality assumption. We first derive the asymptotic
distribution of the LSE for the market model in the class of elliptical distributions. We
show that the asymptotic covariance matrix of the LSE can be simplified, making use of the
property of the class of elliptical distributions. Then we focus on the asymptotic covariance
matrix of the LSE, using the general formula of the conditional covariance matrix in the
class of elliptical distributions. In a restricted class of elliptical distributions, i.e., the class
of scale mixtures of multivariate normal distributions, we show that the asymptotic covari-
ance matrix of the LSE under the nonnormal distributions is larger in the sense of positive
semidefiniteness than that under the normal distribution and that the non-robustified tests
of mean-variance efficiency, constructed with the covariance matrix derived under the normal
distribution, reject the efficiency hypothesis too often asymptotically under the nonnormal
distributions. Then, we illustrate the asymptotic bias of the non-robustified tests when the
underlying distribution is multivariate Student t distribution, contaminated multivariate

normal distribution, and Laplace distribution. The bias obtained by MR (1991) when the



underlying distribution is multivariate Student t distribution is verified by our approach.
The paper is organized as follows. Section 2 presents the market model and introduces
pertinent properties of the class of elliptical distributions. Section 3 derives the asymptotic
distribution of the LSE, proves the properties of the asymptotic covariance matrix of the
LSE, and illustrates the asymptotic bias of the non-robustified tests with examples. Section

4 concludes the paper.

2 MODEL

In this section, we first define the market model and then introduce the class of elliptical
distributions. Let us assume that investors can borrow and lend at a riskfree rate of return,
which is known for investors and hence not a random variable. Then, if a given portfolio p

is mean-variance efficient, we have

where E denotes expectation and

Ry = time period t excess return on asset 1
5 = cov[Ryt, Ry
' V[Rpt]
R, = time period t excess return on portfolio p.

where cov and V denote covariance and variance respectively and excess returns are defined
as returns minus the risk free rate of return. Then we have the following market model

regression equations;
Rit:ai—i_ﬁiRpt—i_eit Z:L,N,t:L,T (2)

where €; is an error term for asset i in period t and o; = 0. Eley] = EleixRy] = 0 holds.
Hence we have

covley, Ryl =0(i =1,--- N, t=1,---,T). (3)



We consider, as the testing hypothesis of mean-variance efficiency of the portfolio p, the

following testing hypothesis given by
Hy:a;,=0(=1,...,N) versus Hy:a; #0G=1,...,N). (4)

This testing problem has been studied by many authors, assuming normality as the un-
derlying distribution of the error term (see, for example, Section 5.3 of Campbell, Lo, and
MacKinlay (1997)). Although we only consider the market model in this paper, the regres-
sion model (2) is nothing but a simple regression model, and the results obtained in this
paper remain to be valid and relevant in the general regression context if the corresponding
stochastic assumptions we make in this paper are satisfied.

In MR (1991), the market model error term €; = (e, ..., €en)" and the portfolio excess
return R,; are assumed to be identically and independently distributed (i.i.d.) and to follow
joint multivariate Student t distribution in order to find the effects of nonnormality on the
asymptotic covariance matrix of the LSE & of e = («v, ..., ay)’. In this paper, we intend
to study the robustness problem of the tests derived under normality more systematically
in the class of elliptical distributions and assume the joint distribution of €; and R, to be
i.i.d. and to follow some elliptical distribution, which is, as shown below, equivalent to the
same assumptions for the joint distribution of Ry = (Ry, ..., Rnt) and Ry.

Now let us define the class of elliptical distributions (cf., e.g., Devlin, Gnanadesikan, and
Kettenring (1976), Fang and Zhang (1990) and Kariya and Sinha (1988)). Let Pg(u, X)
denote the class of elliptical distributions on RP with p x 1 location vector g and p X p
positive definite scale matrix . We shall write X ~ Pg(u,¥) when X is elliptically
distributed. A p x 1 random vector X is defined to be elliptically distributed if and only if
AX~Y/2(X — p) has the same distribution as 37/2(X — u) for all orthogonal p x p matrices
A where X71/2%-1/2 = =1 An equivalent definition of X ~ Pg(p, ) is if and only if
the characteristic function is of the form exp(it’u)A(t'Xt) for some function A. If X has a

probability density function (pdf), then its pdf is given by
f(@) = | Blg((z — p)E"Ha — p)) (5)
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for some function g and some positive constant c,. If the distribution has mean, then mean
is p. If the distribution has second moments, then covariance matrix is v3 where v is a
positive scalar independent of p and ¥ and coincides with the variance of the univariate
marginal distribution when g = 0 and X = I, where [, denotes the p x p identity matrix.

Let us decompose X, p, and ¥ as follows; X = (X], X)), p = (pu),py)’, and ¥ =

211 E12
221 2322

denotes p; x p; submatrix of ¥ (4,5 = 1,2) with p; + po = p. Then we have the following

> where X; and p; denote p; x 1 subvectors of X and p respectively and X;;

properties on marginal distributions and conditional distributions in the class of elliptical
distributions. The marginal distribution of X, as well as the conditional distribution of X;
given X, follow elliptical distributions, i.e., Xy ~ Pg(p2, X22) and the conditional distribu-
tion of X given X ~ Pr(p1+21235, (Xo—p2), X11.2) where Bq1.0 = 11 — L1235, 3oy,

Therefore, if the conditional expectation of X; given X, F[X;|Xy], exists, it is given by
E[X1|Xo] = p1 + Z1235, (Xo — pa). (6)
If the conditional covariance matrix of X given Xy, V[X;|X5], exists, it is given by
VI[Xi|Xa] = 6(X2)E11.2, (7)

where §(X3) denotes some positive scalar and in general depends on the conditioning variable
Xs.

The conditional expectation formula (6) shows that the coefficient of X, is given by
31235}, the same for any member of the class of elliptical distributions Pg(p,X) even
though second moments of variances and covariances differ by a scalar in each member
of Pr(p,X). For example, let us consider p-dimensional multivariate normal distribution

and multivariate Student t distribution with v degrees of freedom in the class of elliptical

distributions Pg(u, X). Then their pdfs are given respectively by

Flelu D) = (@) P25 Perp{~ G (r — 'S — ) 0
2T (v —-1/2
f(z|p, %) F(;p/jpp(),,/fg))yz‘ {v+ (z =)= e —p)} 02 (9)



The coefficient of X5 in the conditional expectation of X; given Xj is, in both cases, given
by 21222_21 while covariance matrices of multivariate normal distribution and multivariate
Student t distribution with v degrees of freedom are different and given respectively by 3
and %% (v > 2).

Since (6) implies
EXq] = (1 — lezgzlﬂzz) + 21222_21E[X2]» (10)

the conditional expectation formula (6) implies that beta is the same in the market model
(1) for any member of the class of elliptical distributions with the same scale matrix 3.
Similarly, the correlation matrix of X is identical for all members of the class of elliptical
distributions with the same scale matrix 3 because the form of ¢ in (5) corresponds to
the form of v in the covariance matrix, i.e., y3(= V|[X]), and 7's cancel in the correlation
matrix.

In the market model regression equations (2), the joint distribution of the market model
error term € and the excess portfolio return R, being elliptically distributed is equivalent
to the joint distribution of the N excess asset returns R; and the excess portfolio return
R, being elliptically distributed, as shown below. The following property of the class of
elliptical distributions holds; if X ~ Pg(u, X), then a+ BX ~ Pg(a + Bu, BXB’) where

a is a p x 1 vector of constants and B is a p X p nonsingular matrix of constants. Since

o) (e ) ()= ()

( Ry ) being in the class of elliptical distributions implies that ( R
pt

Ry
In —p
0 1

(5 )G ) () (i)

< €t ) being in the class of elliptical distributions implies that ( R, ) is also in the class

> is also in the class

of elliptical distributions. Conversely, since the matrix ( ) is full rank and since

Ry, Ry,

8



of elliptical distributions. Therefore, the assumption of marginal elliptical distribution for
€ is justified if the joint distribution of R, and R, is elliptically distributed.

The general form of dependence on X5 in the conditional covariance matrix of X; given
X, in the class of elliptical distributions is provided by Chu (1973). We refer this property

as follows;

Lemma 1.
When X ~ Pgr(p, X) and the pdf of X is written as an integral of a set of multivariate
normal pdfs given by

f(z) = /OOO w(t)(27r)_p/2|t_1§]|_1/26$p{—%(x — ) (') N — p)}dt (11)
where w(t) denotes a weighting function defined by
w(t) = 2n)P 2t B2 L7 f(u)], 0<t<o (12)

where L[] is the Laplace transform operator, L[] is the inverse operator, and
u=3(x—p)X7 (z—p), then the conditional covariance matriz of X given X, is given by

VXX, = —8211.2 (13)
where s = %(xg — p2)' 355 (xa — pa) and fo(s) is the marginal pdf of Xo.
This property of the conditional covariance matrix in the class of elliptical distributions

has an important role to obtain our results, and appears not to have been made use of in

the financial econometrics literature to our knowledge. This corresponds to Theorem 52 of

2Actually, Theorem 5 of Chu (1973) was stated as
[ fa(s2)dsy
f2(s)

under our notation. As can be seen from the proof of this theorem in Chu (1973), however, the correct
equation is equation (13), i.e.,

E[(X1 — ) (X1 — )| Xa] = Y112

V1K) = BUXG X IX) — BB ) = S e,
not - p
El(X1 — ) (X1 — )| Xo] = Mzua-
Jfa(s)



Chu (1973). [° fa(s2)dsa/ f2(s) in Lemma 1 coincides with the scaling §(X5) in (7), and its
general dependence on X5 can be easily seen from its definition.
A weak sufficient condition for the existence of L7![f(u)] is provided by Chu (1973) and

given as follows;

Condition 1 f(u) is differentiable when u is sufficiently large and f(u) = o(u™%) for k > 1.

where f(u) = o(u™*) denotes lim, .., U(T“k) = 0. Therefore, the representation (11) of the
pdf as an integral of a set of multivariate normal pdfs seems mostly satisfied in the class of
elliptical distributions. We remark that w(¢) may take negative values and hence may not
be a pdf® although [;°w(t)dt = 1 (cf. Chu (1973)). If w(t) is nonnegative, w(t) is a pdf
and the right hand side of (11) becomes a scale mixture of multivariate normal distributions.
The necessary and sufficient condition for w(t) to be a pdf in (11) is given by Andrews and

Mallows (1974) as follows;

Condition 2 The pdf f possesses the derivatives of all orders and satisfies
d\*, /1
0 f(x?) >0 for x> 0.
x

The representation of the pdf of the elliptical distribution as scale mixtures of multivariate
normal distributions is more restrictive than Chu’s representation (11) where w(t) is not
necessarily nonnegative and also plays an important role in this paper as shown below. We
remark that the restrictive class of elliptical distributions represented as scale mixtures of
multivariate normal distributions still contains infinite numbers of elliptical distributions.

The representation (11) when w(t) is not necessarily a pdf and also a pdf is fundamental
to derive the results in this paper.

In addition, the following property of the conditional covariance matrix in the class
of elliptical distributions due to Kelker (1970) has an important role in this paper. This

property is also introduced in Zhou (1993). We refer this property as follows;

3 An example of w(t) which takes negative values is provided by Chu (1973) and given by a p-dimensional
pdf f(u) = ¢[1+ (2u)?]~! with the corresponding w(t) proportional to t ?/2sin £ where ¢ denotes a constant.
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Lemma 2.
When X ~ Pg(p, %), the conditional covariance matriz of Xy given X5 is independent of
X5 only if X has normal distribution.

This is Theorem 7 of Kelker (1970). Since the conditional covariance matrix of X; given
X5 is, as is well known, independent of X, if X is normal, Lemma 2 implies that indepen-
dence of X5 in the conditional covariance matrix of X; given X5 is equivalent to normality
of X in the class of elliptical distributions. We remark that this is so only when the joint
distribution of X is in the class of elliptical distributions. When X is normal, 6(X;) = 1
follows from direct calculation of [ fa(s2)dsa/ fa(s). MR (1991) define the contemporaneous
conditional homoskedasticity and heteroskedasticity when the conditional covariance matrix
of X7 given X, does not and does depend on X5 respectively, but do not investigate when the
contemporaneous conditional heteroskedasticity obtains, besides giving multivariate Student
t distribution as an example of the contemporaneous conditional heteroskedasticity. Lemma
2 is relevant to see how restrictive the assumption of the contemporaneous conditional ho-
moskedasticity is for the conditional covariance matrix of the market model error term given
a portfolio return, which is the problem taken up by MR (1991). This equivalence prop-
erty due to Kelker (1970) implies that the contemporaneous conditional homoskedasticity of
the market model error term given a portfolio return is satisfied only under the joint nor-
mality of the market model error term and the given portfolio return in the market model
(2). Since the class of elliptical distributions makes mean-variance analysis consistent with
the expected utility maximization and contains many heavy tail distributions, this implies
that the assumption of contemporaneous conditional homoskedasticity is very strong and

restrictive.
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3 THE ASYMPTOTIC PROPERTIES OF THE LSE
AND THE TESTS DERIVED UNDER NORMLAITY
IN THE CLASS OF ELLIPTICAL DISTRIBUTIONS

In this section, we first investigate the covariance matrix of the asymptotic distribution of
the LSE é& and also the LSE B of 8 = (01, ..., 0n)" when the joint distribution of the asset
returns to be explained and a given portfolio return is in the class of elliptical distributions.
We make use of the two lemmas given in Section 2 to see the effects of nonnormality on the
asymptotic covariance matrix of the LSE in the class of elliptical distributions. Then we
study the effects of nonnormality on the efficiency tests constructed from the LSE such as
the GRS test in the class of elliptical distributions.

We assume that the two random vectors, the market model error term €; and the excess
return on portfolio p given by R, ( equivalently the N excess returns R; and the excess
portfolio return R,;) are jointly i.i.d., follow some elliptical distribution Pg(p, 3), and have
the joint pdf f which possesses finite fourth moments and satisfies Condition 1 where a
(N +1) x 1 location vector g = (0’, 41,,)" and a positive definite (N +1) x (N +1) scale matrix
Y = < 201 ! 0(2)2 > where the N x1 subvector 0 of g denotes expectation of the market model
error term, u, denotes expectation of the given excess portfolio return, and the scale matrix 3
is similarly decomposed as in p. 3 is block-diagonal because covle;, Ry = 0(i =1,...,N)
as given in (3). As shown in Section 2, (€}, Ry) ~ Pr(p, X) does not necessarily imply
Vet] = 311 or V[R] = 092 when the second moments of (€}, R,)" exist. Therefore, we shall
denote V[e] and V[R,] as the covariance matrix of €; and the variance of R, respectively.

The LSE of 6§ = (a,8') is obtained by solving the moment conditions & >/, € =
1>/, €Ry = 0. Thus the LSE 6 of 0 is also the GMME and corresponds to the quasi
maximum likelihood estimator (QMLE) of @ under the normality of €;. Under our assump-
tions, the asymptotic distribution of v/7'(@ — @) can be shown by the standard method to

be normal with mean 0 and covariance matrix given by
H'BH! (14)
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where

H—<1 >®IN

/"Lp :up + V pt

and

g [ Elae]  ElRyee)
E[Rye€;] E[R€:€,]Q

where p, = E[Ry|,In is an N dimensional identity matrix, and @ denotes Kronecker
product. When the joint distribution of €; and R, is normal, it follows that
B- ( L ) R Vied (15)
Hp Hp + V pt
and )

H'BH™!= ( Mlp 2 +/$[Rpt] ) QVie (=D) (16)
since €; and R, become independent under the assumption of block-diagonal 3. D is the
probability limit of the standard covariance matrix of the LSE and also that of the GMME
and QMLE when the conditional distribution of €, (or Ry) given R, is normal (cf., for
example, Section 5.3 of Campbell, Lo, and MacKinlay (1997)). On the other hand, when
the joint distribution of €; and R, is nonnormal in the class of elliptical distributions, the
equalities (15) and (16) no longer hold. Since H and D remain the same in the class
of elliptical distributions, we need to evaluate B under nonnormality to see the effects of
nonnormality in the class of elliptical distributions. When people use the LSE, they often use
the standard covariance matrix whose probability limit is given by D. Therefore, we compare
D and H~'BH " under nonnormality of (€}, R,;)’ in the class of elliptical distributions to
see whether we overstate or understate the accuracy of the LSE when the covariance matrix
asymptotically equivalent to D is used for the inference of the LSE. By the property of the
conditional expectation given by E[Y] = EZ[E[Y|Z]] where E; denotes expectation with

respect to the marginal distribution of Z, we have

E[Ryece)] = El(Ry — y)ese]) + 1y Elece)

= E[(Rp — ﬂp)eteﬂ + 1V [€4]

13



and

E[R)ee;] = E[(R, — p2— VI[Ru))ee] + (12 + V[Ry]) Eleel]
= Fk H(Rpt - :up)z + 24 (Rpt — pip) — V[Rpt]} Eted + (:”;2; + V[Ry]) V€]
= En,, [{(By = 1)* = VIRl } Eleses] Ry] + 20, E[( Ry — p1y)€c€])

+(M12; + VIRu])V €]

Since X is block-diagonal and Ele;] = 0, E[e| R,:] = 0 by the conditional expectation formula
(6). Hence E|ei€;|R,,] is the conditional covariance matrix of €; given R,,. Therefore, it

follows from Lemma 1 that

> f5(s9)dso
Vied o] = Blevi| Ryl = 122002052

where s = (R —p,)? /022 and fo(s) is the marginal pdf of R,;. The scalar [° fo(ss)dsa/ fo(s)

Z311

indicates the conditional heteroskedasticity in the conditional covariance matrix V[e| R,
i.e., the conditional covariance matrix of €; given R,; being dependent on the conditioning
variable Ry;. Since (€}, Ry)" ~ Pg(p,X) with g = (0, 11,)", €, and Ry, are symmetrically
distributed about 0 and p, respectively and hence (R, — p1,)€r€} is also symmetrically
distributed about 0. Hence, E[(Ry — p,)€e;] = 0% | which implies E[Rie€]] = 1,V [€s].

Therefore we have the following result as the asymptotic distribution of the LSE.

Theorem 1.

When (€}, Ry)" is i.i.d., follows the class of elliptical distributions Pg(p,3) with finite
fourth moments, and has the pdf f satisfying Condition 1, then the asymptotic distribution
of \/T(é — 0) is normal distribution with mean 0 and covariance matrixz given by

H'BH!
4The scalar f:o f2(s2)dsa/ f2(s) is an even function of R,; — p, since it depends on R, — u, through
= d
s = L(Rpt — ptp)?/022. Therefore, expectation of (R — Mp)ﬁ%éj)sz with respect to Ry, is zero when

’ s . s . C . . foc f2(s2)ds2
(€}, Rpt)" is in the class of elliptical distributions. The general property that Er,, |(Rp — up)sz

is zero when (e}, Rp)" ~ Pg(p, X) is not recognized in MR (1991) although they derive it in the case of
multivariate Student t distribution. But we do not need this property since E[(R,; — pip)€r€}] is zero as
shown above by the symmetry argument.

14



where

and

0 0
with C = > by (s2)ds .
( 0 By [{(Ry — 1)? — VIR]} I 228253, )

Therefore, we need to evaluate Eg, {{(Rpt — ) — V[Ry]} f:oj;z%(:)d& to obtain the
asymptotic covariance matrix of the LSE 6. This term is a one-dimensional scalar. If this
term is positive (negative), then the LSE with its covariance matrix asymptotically equiv-
alent to D in general overstates (understates) the accuracy of the LSE since the matrix
H'BH™' — D is positive (negative) semidefinite. Therefore, evaluation of this term is
critically important to assess the effects of nonnormality on the statistical inference of the
market model in the class of elliptical distributions. MR (1991) show by direct calculation
that this term is positive when the underlying joint distribution of the market model error
term and the excess portfolio return is multivariate Student t distribution. In the following,
we show that this term is always positive when the underlying joint distribution of the mar-
ket model error term and the given portfolio return is nonnormal in the class of elliptical
distributions, provided that the underlying joint distribution satisfies Condition 2, i.e., satis-
fies the representation of the elliptical distribution as scale mixtures of multivariate normal
distributions.

Theorem 2.
When (€}, Ry)' is i.i.d., follows the class of elliptical distributions Pg(p,3) with finite

fourth moments, and has the pdf f satisfying Condition 2, then the pdf f of Z = (€}, Rp)’
s written as a scale mixture of multivariate normal distributions given by

!ﬂ@:=AwUKﬂ@WY”ﬂfJEF”%Mﬁ—%@—JOKfJEY%Z—Awﬁﬁ

where w(t) is a pdf and

S5 fé(sz)dszl
fa(s)

ERg,, [{ (Rpt — :up)2 - V[Rpt]}
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= {/OOO w(t)t~2dt — (/OOO w(t)t‘ldt)2} 022

which 1s positive if Z is nonnormal and zero if Z is normal.

The proof of Theorem 2 is given at Appendix. The asymptotic covariance matrix of the

LSE 0 is

-1
1 %
H-'BH! = b Ve + H'CH™?!
( Hp N?g + V[ Ry ) ® ]
1 12 —p )
= D+ P P F
V{Ry]? ( —Hp 1 ®
. . 2 f:o f2(s2)ds2 . .
where F' is given by Egr, |{(Rp — p1p)° — V[ Ry} =5 | Z11- Since the second matrix

on the farthest right hand side of the above equation of the asymptotic covariance matrix of
the LSE 0 is positive semidefinite by Theorem 2 when the joint distribution of €; and R, is
nonnormal in the class of elliptical distributions satisfying Condition 2, the LSE 6 in general

overstates the accuracy of the LSE when the covariance matrix asymptotically equivalent
2

“w
—V[th]Z F and

to D is used for the inference of the LSE 6. In particular, the submatrices

WF corresponding to the LSE & and ,B are both positive definite. Therefore, both the

LSE & and B overstate the accuracy asymptotically if the covariance matrices asymptotically
equivalent to corresponding submatrices of D are used, when the joint distribution of €; and
R, is nonnormal in the class of elliptical distributions satisfying Condition 2. This is a
generalization of the result of MR (1991) in the case of multivariate Student t distribution.

We summarize this as follows;

Corollary 1.

When (€}, Ry)' is i.i.d., follows the class of elliptical distributions Pg(p,3) with finite
fourth moments, and has the pdf f satisfying Condition 2 (the representation as a scale
mixture of multivariate normal distributions), then both the LSE & and B overstate the
accuracy asymptotically whenever the joint distribution of €, and Ry is in fact nonnormal
if the covariance matrices asymptotically equivalent to corresponding submatrices of D are
used.
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Corollary 1 implies the overrejection property of the LSE based tests derived under
normality such as the GRS test when the joint distribution of €; and R, is in fact nonnormal,

which is also a generalization of MR (1991). We summarize this as follows.

Corollary 2.

When (€}, Ryt)' is i.i.d., follows the class of elliptical distributions Pg(p,3) with finite
fourth moments, and has the pdf f satisfying Condition 2 (the representation as a scale
mizture of multivariate normal distributions), the tests which use, as the asymptotic

2
covariance matriz of ¢, (1 + #‘ﬁ) V'[es], reject the mean-variance efficiency hypothesis

too often asymptotically whenever the joint distribution of the € and R,y is in fact
nonnormal.

This corollary has an important implication since normality is, in the class of elliptical
distributions satisfying the representation as scale mixtures of multivariate normal distribu-
tions, the only distribution under which the non-robustified tests are valid. Therefore, the
normality assumption is very restrictive, and it is important to conduct the robust tests such

as the GMME based test proposed by MR, (1991).

Remark.

When (€}, Ry)' is i.i.d., follows the class of elliptical distributions Pg(p,3) with finite
fourth moments, and has the pdf f satisfying Condition 1 but not Condition 2, then the pdf
[ of Z = (€}, Ry)" is given by

£) = [T wle)@m) R S el - o - ) (712)7 e — )b,

where w(t) is not a pdf and takes negative values, and

Ery [{(Rpt — 1p)* = V[Ry]} %&?d&]

- {/Ooow(t)t2dt - (/Ooow(t)tldt)Q} 022,

which is not necessarily nonnegative. Therefore, in this case, the LSE & and B may or

may not overstate the accuracy depending on the sign of {fooo w(t)t=2dt — (f3° w(t)tfldt)Q}

if the respective standard covariance matrices derived under normality are used. Similarly,
Hp

the tests, which use (1 + W) V]et| as the asymptotic covariance matriz &, reject the
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mean-variance efficiency hypothesis too often or too less depending on the sign of
{fg’" w(t)t=2dt — (f3° w(t)t’ldt)z} . The class of elliptical distributions contains
distributions with heavy tails as well as light tails.

Example 1.
When (€}, R,;)" follows multivariate normal distribution, [ fo(s2)dss = fa(s). Then

> fa(sa)dsa .
En, [((Rpt ) — V[Rpt])%] — En (R — 11,)” — V[Ry]] = 0. In this case. w({)

is a degenerate probability measure with w(¢) =1 when ¢ = 1 and 0 otherwise and
Jw(t)t2dt = ([ w(t)t'dt)* . Hence, eitherway the asymptotic bias of the
non-robustified tests is verified to be zero.

Example 2.

When (€}, R,)" follows multivariate Student t distribution with v degrees of freedom,
I fa(s2)dsa/ fo(s) = 5 {v + (R — pp)?/022}. Since V[Ry] = “5099(v > 2) and
Vie] = 2550, e flbey, | vop ) Bl y 5

f2(s) v fo(s)  v=2
v—2 v v— Ryt — )2 . .
525 (L ol (= )} Vied = 228 {1+ (2505 Ve, which i the some
formula as equation (14) of MR (1991). Hence, in this case we have

S fa(s2)dsy

e

1 31

=222 VIR - ViR +
1 {E[Rpt - ﬂp]4
S v—1 VIR

which coincides with the right hand side of equation (16) of MR (1991) and is positive

E[Rptﬁup]4 _ V
V[Rpt}
inequality if R, is a nondegenerate probability measure. Therefore, the asymptotic

covariance matrix of the LSE & becomes larger in the sense of positive definiteness than
2
(1 —+ V[l;gpt] )V[Et}

g PV~ il = VIR Vel

—W&@me

definite under our assumptions; [R,t] is positive by the Cauchy-Schwarz

The above derivation can be also verified, making use of the representation of multi-
variate Student t distribution with v degrees of freedom as a scale mixture of multivariate
normal distributions in Theorem 2. The weighting function w(t) for multivariate Student t

distribution with v degrees of freedom is given by

v /2) ;
w(t) = G t"/21exp{—y—}

L) 2
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where I'(+) denotes a gamma function. With this weighting function, computation of

Jow(t)t2dt — (f° w(t)t~ dt)? will lead to the same result obtained above.

Example 3.

When (€}, R,;)" follows a contaminated multivariate normal distribution with the weighting
function w(t) given by
fi =1
w(t) = { P ort

1—0p fort:%
where 0 < p < 1,k > 0, and k # 1, we have

Eg,, l( 1)? — [Rpt])%g))%]
vt (/fww—ldtf}am
{p+k2 (1-p)) — (p+ k(1 = p))*} 0.
p+E(1—p) > (p+ k(1 —p))> when 0 < p < 1,k > 0, and k # 1. This case was considered

by Zhou (1993).

Example 4.
When (€}, R,)" follows Laplace distribution with the marginal pdf of R, given by

fo(rp) = (2022) 7" pr{ V2|rp: — ,up]/al/z},
fSOO f2<82)d52/f2(5> = \/§|Rpt - /vbp|/0-22 + 1. Then

> f5(s9)dso 2

092
7

= 27T ()VIRu] + VIR

ERPt [(Rpt - Np)

and

= 01/2EHRpt - NpH +1=2

Therefore, we have

o [((Rpt ) VIR
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4 CONCLUSION

We have investigated the effects of nonnormality on the statistical inference of the market
model in the class of elliptical distributions for the joint distribution of the asset returns and
a given portfolio return or equivalently for the joint distribution of the market model error
term and a given portfolio return. We have analyzed the asymptotic covariance matrix of the
LSE of the market model in the class of elliptical distributions, comparing with the standard
covariance matrix of the LSE derived under normality. We have found that the asymptotic
covariance matrices of the LSE for a and [ are larger in the sense of positive definiteness
than the standard covariance matrices when the joint distribution is nonnormal in the class
of elliptical distributions, provided that the joint distribution satisfies the representation of
scale mixtures of multivariate normal distributions. Thus we have generalized the result of
MR (1991) in the case of multivariate Student t distribution to a larger class of scale mixtures
of normal distributions. Equivalently, the traditional non-robustified tests such as the exact
test by GRS (1989) reject too often the null hypothesis of mean-variance efficiency when the
joint distribution is scale mixtures of normal distributions. This implies that the assumption
of the contemporaneous conditional homoskedasticity in the conditional covariance matrix
is very strong and restrictive since it holds only under normality in the class of elliptical
distributions and encourages the use of the robust tests, such as the GMME based tests
proposed by MR (1991), which are robust against departures from the normality assumption
or the contemporaneous conditional homoskedasticity assumption.

We have also quantified the difference of the non-robustified and robust asymptotic co-
variance matrices in multivariate Student t distribution, contaminated multivariate normal
distribution, and Laplace distribution, making use of the properties of the class of elliptical
distributions.

Considering nonnormal distributions is equivalent to considering heteoskedastic error
term in the class of elliptical distributions as far as the contemporaneous conditional het-

eroskedasticity is concerned. Therefore, nonnormality and contemporaneous conditional
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heteroskedasticity can be treated simultaneously by introducing nonnormal distributions in
the class of elliptical distributions. On the other hand, nonnormality and heteroskedasticity
appear to have been mostly treated as different phenomena in the literature. But this is
not true for the case of contemporaneous conditional heteroskedasticity in the class of el-
liptical distributions. Since financial data are well known to be better described by heavy
tail distributions, making inferences explicitly incorporating contemporaneous conditional

heteroskedasticity may be worthwhile for the market model.

APPENDIX: PROOF OF THEOREM 2

When the pdf of Z = (€}, R,;)" is given by

1) = [T w@) @) RS e {5 - 0 7 2) e - )

where w(t) is a weighting function, the marginal pdf of R, pa(rp:) =
f2(%(rpt — p)?/022) = fa(s) where s = %(Tpt — 1p)? /022, is given by

f2(5) = /OOO w(t)(27r)71/2’t71022|71/267tsdt

(cf. Chu (1973)). Then we have

/ falsa)dsy = / / w(t)2m) V2 a2 2 dit s
s s 0
= [T wEn) R el [ e dsyt
0 s
- / W)L 2m) Y2 gy~ 2e 5
0

o0 1
— [T ) A | e { = — 1) |
0

where (271) V2|t o9 |7 2ep {—%t(rpt — MP)Z/O'QQ} is the pdf of normal distribution with

mean 1, and variance t~logy. Hence, we have

o Js fa(s2)ds:
ERg,, [(Rpt — fp) fg(S)]
= /_O:O(Tpt - ,Up)Qfs ];z((ZZ))dSZ fa(s)drp:

= /OO (rpt — tp)? /:o fa(s2)dsadry,

—00
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o 1
= [Tw® [ = ) 2m) o  eap{ 5t — 1) o Yredt
= /Oo w(t)t_lt_lagzdt
0

where the last equality holds since (27)~Y2|t = oy~ 1/2exp {—%t(?“pt — up)2/022} is the pdf
of normal distribution with mean j, and variance ¢~ Log9y. Therefore, we have
J5° fa(s2)dsy 0o _
E Ry — 28—:/ )t 2dtog,.
Ry [( pt :up) f2<8) 0 U)( ) 022
We also have

[

8

S fz( 2)dss
fa(s)

/ fg d82 dT'pt

/ w(t) ™ (2m) V2t g~ 1/26$p{—7t(rpt fp)? | oop tdtdry,
0

fo(8)drp;

2 3

1
T () /_ @m) 2t | eap = St — 1)/ 722} drpct

w(t)t™ dt

I I
c\%\\\

where the last equality holds because

o - _ _ 1
| m) I ol Reap{ = Sty — ) o} = 1.
Therefore,

F l“Rpt —m) =V [Rptn%g))dﬂ

—{ [T wtora - ([T wirtan?} o

since V[Ry] = {fg° w(t)t~1dt} oo (cf. Corollary 3.2 of Chu (1973)). Since [;° w(t)t ™ dt
and [;° w ( )t~2dt denote expectation of the inverse of the random variable associated with
w(t) and expectation of the inverse of its square respectively when w(t) is a probability
measure, the following relationship given by

/OOO w(t)t 2dt > (/OOO w(t)tldt>2

holds by the Cauchy-Schwarz inequality where the equality holds only when w(t) is a
degenerate probability measure. Since w(t) being a degenerate pdf is equivalent to Z being
normal, this completes the proof.
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