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Devwudfw

Wkh ghyhorsphqw ri vlpxodwlrq hvwlpdwlrq phwkrgv kdv ohg wr lqfuhdvhg
dssolfdwlrq ri wkh pxowlqrpldo surelw dqg pl{hg orjlw prghov iru pxowlqr0
pldo fkrlfh gdwd/ vxfk dv gdwd rq fkrlfh ri uhfuhdwlrqdo vlwh/ wudqvsruwdwlrq
prgh ru rffxsdwlrq1

Vlpxodwlrq phwkrgv kdyh ehhq uduho| dssolhg wr wkh rwkhu ohdglqj pxowl0
qrpldo fkrlfh prgho/ wkh qhvwhg orjlw ru jhqhudol}hg h{wuhph ydoxh +JHY,
prgho1 Qrwdeoh h{fhswlrqv duh sdshuv e| PfIdgghq +4<<9, dqg Khuuljhv
dqg Nolqj +4<<<, zkr hvwlpdwh frpshqvdwhg yduldwlrq lq qhvwhg orjlw ru
JHY prghov wkdw duh qrqolqhdu lq lqfrph xvlqj vlpxodwlrq phwkrgv1 Wkhvh
sdshuv xvh d Pdunry fkdlq Prqwh Fduor phwkrg wr rewdlq gudzv iurp d
JHY glvwulexwlrq wkdw lv frpsxwdwlrqdoo| yhu| lqwhqvlyh1

Lq wklv sdshu zh sursrvh dowhuqdwlyh phwkrgv iru gudzlqj JHY huuruv
wkdw ohdg wr txlfnhu fdofxodwlrq ri frpshqvdwlqj yduldwlrq lq qhvwhg orjlw
prghov/ wkrxjk uhvxowv dw wklv vwdjh duh suholplqdu|1



41 Lqwurgxfwlrq

Zh frqvlghu prghov iru xqrughuhg fdwhjrulfdo gdwd/ vxfk dv fkrlfh ri uhfuhdwlrqdo
vlwh/ wudqvsruwdwlrq prgh ru rffxsdwlrq1 Wkh pxowlqrpldo orjlw +PQO, prgho
lv sduwlfxoduo| vlpsoh wr hvwlpdwh dqg lv surylghg lq pdq| vwdwlvwlfdo sdfndjhv1
Hfrqrplvwv hpskdvl}h wkh xvh ri prghov edvhg rq udwlrqdo frqvxphu fkrlfh/ dqg
uhvwulfw wkhlu dwwhqwlrq wr prghov edvhg rq udqgrp xwlolw| prghov +UXP,1 Wkh
PQO prgho lv d UXP1 Lw lv ylhzhg dv wrr uhvwulfwlyh/ krzhyhu/ gxh wr lwv dvvxps0
wlrq ri lqghshqghqfh ri luuhohydqw dowhuqdwlyhv1

Wklv olplwdwlrq ri PQO kdv ohg wr d frqvlghudeoh olwhudwxuh rq pruh jhq0
hudo pxowlqrpldo prghov1 Wkh pxowlqrpldo surelw +PQS, prgho lv dq dowhuqdwlyh
prgho wkdw lv ylhzhg dv srwhqwldoo| wkh prvw jhqhudo prgho/ exw lwv hvwlpdwlrq lv
gl!fxow ehfdxvh ri wkh qhhg wr hydoxdwh dq lqwhjudo ri lqfuhdvlqj glphqvlrq dv wkh
qxpehu ri fkrlfhv lqfuhdvhv1 Wkh udqgrp sdudphwhuv orjlw prgho ru pl{hg orjlw
prgho ru pl{hg pxowlqrpldo orjlw prgho +PPQO, lv d jhqhudol}dwlrq ri wkh PQO
wkdw ryhufrphv wkh lqghshqghqfh ri luuhohydqw dowhuqdwlyhv dqg lv srwhqwldoo| txlwh
 h{leoh/ exw djdlq uhtxluhv hydoxdwlrq ri d kljk glphqvlrqdo lqwhjudo/ doehlw rqh
zkrvh glphqvlrq grhv qrw lqfuhdvh zlwk wkh qxpehu ri fkrlfhv1 Wkh qhvwhg orjlw
prgho ru wkh jhqhudol}hg h{wuhph ydoxh +JHY, prgho lv dovr d jhqhudol}dwlrq ri
wkh PQO prgho1 Lw kdv wkh dwwudfwlrq ri ehlqj hvwlpdwhg zlwk olwwoh pruh gl!0
fxow| wkdq wkh PQO/ exw lv pruh uhvwulfwlyh wkdq PQS dqg PPQO dqg uhtxluhv
lpsrvlwlrq ri d qhvwlqj vwuxfwxuh ru rughulqj ri ghflvlrq0pdnlqj wkdw pd| qrw eh
whqdeoh lq vrph dssolfdwlrqv1

Wkh ghyhorsphqw ri vlpxodwlrq0edvhg hvwlpdwlrq whfkqltxhv/ PfIdgghq +4<;<,
dqg Sdnhv dqg Sroodug +4<;<,/ kdv ohg wr dq lqfuhdvlqj qxpehu ri hpslulfdo dssol0
fdwlrqv ri wkh PQS dqg PPQO prghov1 Wkhvh vlpxodwlrq phwkrgv hqwdlo gudzv
iurp wkh pxowlyduldwh qrupdo/ zklfk lv vwudljkwiruzdug wr gr e| wudqvirupdwlrq
wr lqghshqghqw qrupdov/ wkrxjk wkh frpsxwdwlrqdo exughq lv kljk1

Vlpxodwlrq phwkrgv kdyh ehhq rqo| uduho| dssolhg wr JHY prghov/ ehfdxvh
wkhuh lv qr qhhg wr xvh vlpxodwlrq phwkrgv wr hvwlpdwh wkh prgho dqg ehfdxvh lw
lv gl!fxow wr gudz iurp wkh pxowlyduldwh JHY glvwulexwlrq1 Wklv jds kdv ehhq
sduwo| �oohg lq d uhfhqw sdshu/ PfIdgghq +4<<8,/ zklfk xvhg vlpxodwlrq phwkrgv
wr frqgxfw zhoiduh dqdo|vlv xvlqj JHY prghov1 Iru h{dpsoh/ rqh pljkw zlvk
wr sodfh d groodu ydoxh/ xvlqj frpshqvdwhg yduldwlrq/ rq wkh lpsdfw ri d srolf|
fkdqjh wkdw fkdqjhv wkh fkdudfwhulvwlfv ri d uhfuhdwlrqdo vlwh1 Li lqfrph hqwhuv
wkh UXP qrqolqhduo| lw ehfrphv qhfhvvdu| wr xvh vlpxodwlrq ru rwkhu qxphulfdo
phwkrgv wr frpsxwh wkh frpshqvdwhg yduldwlrq/ hyhq lq wkh hdvlo| hvwlpdwhg PQO
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dqg JHY prghov1 PfIdgghq vkrzhg krz wr gudz iurp wkh JHY glvwulexwlrq
xvlqj Pdunry fkdlq Prqwh Fduor +PFPF, phwkrgv/ dqg dssolhg wkh phwkrg
lq d vlpsoh h{dpsoh zlwk duwl�fldo gdwd1 Wkh phwkrg lv frpsxwdwlrqdoo| yhu|
lqwhqvlyh1 Khuuljhv dqg Nolqj +4<<<, dssolhg wklv phwkrg wr d irxu0fkrlfh prgho
zlwk wzr uhjuhvvruv dqg 4/4;5 revhuydwlrqv1 Frpsxwdwlrq ri d srlqw hvwlpdwh
ri phdq frpshqvdwlqj yduldwlrq wrrn 48 plqxwhv rq d 533 PK} Shqwlxp dqg
frpsxwdwlrq ri frq�ghqfh lqwhuydov wrrn 7; krxuv1

Lq wklv sdshu zh sursrvh dowhuqdwlyh phwkrgv wr rewdlq gudzv iurp wkh JHY
glvwulexwlrq wkdw shuplw pxfk idvwhu frpsxwdwlrq ri frpshqvdwlqj yduldwlrq1
Wkhvh phwkrgv fdq dovr eh dssolhg wr hvwlpdwlrq ri wkh JHY prgho/ doorzlqj
frpsdulvrq ri vlpxodwlrq phwkrgv zlwk frqyhqwlrqdo hvwlpdwlrq phwkrgv1

Wkh fdofxodwlrq ri frpshqvdwlqj yduldwlrq lq qhvwhg orjlw ru JHY prghov lv
suhvhqwhg lq vhfwlrq 51 Phwkrgv wr jhqhudwh JHY udqgrp yduldeohv/ lqfoxglqj
wkh qhz phwkrg ri wklv sdshu/ duh ghwdlohg lq vhfwlrq 61 Lq vhfwlrq 7 zh suhvhqw
vlpxodwlrqv wkdw ghprqvwudwh wkh xvhixoqhvv ri wkh sursrvhg phwkrg1 Vhfwlrq 8
jlyhv dq dssolfdwlrq dqg vhfwlrq 9 frqfoxghv1

51 Qhvwhg Orjlw Prghov dqg Frpshqvdwlqj Yduldwlrq

5141 Qhvwhg Orjlw Prghov

Vwdqgdug uhihuhqfhv lqfoxgh Pdggdod +4<;6, dqg Juhhqh +5333,1 Wkh frqvxphu
fkrrvhv rqh ri 6 pxwxdoo| h{foxvlyh fkrlfhv/ dqg zh revhuyh wkh glvfuhwh rxwfrph
+ ' & li wkh frqvxphu fkrrvhv wkh &|� dowhuqdwlyh1 Wklv fkrlfh zloo eh wkh rqh wkdw
jlyhv wkh kljkhvw xwlolw| wr wkh frqvxphu1

Wkh prvw frpprqo|0xvhg yhuvlrq ri wkh udqgrp xwlolw| prgho +UXP, vshf0
l�hv wkh xwlolw| ri wkh �|� fkrlfh wr eh jlyhq e|

L� ' T� n 0�c � ' �c 2c ���c 6c +514,

zkhuh T� ' T�E3c�� ghqrwhv wkh ghwhuplqlvwlf sduw ri xwlolw|/ zklfk lv d ixqfwlrq
ri uhjuhvvruv 3 dqg sdudphwhuv �/ dqg 0� ghqrwhv wkh udqgrp frpsrqhqw ri xwlolw|
zklfk lv gudzq iurp d glvwulexwlrq ri nqrzq ixqfwlrqdo irup/ wkrxjk pd| dovr
eh ghshqghqw rq xqnqrzq sdudphwhuv1 Wkh frqvxphu pdnhv wkh fkrlfh wkdw
pd{lpl}hv xwlolw|/ vr wkdw

�hd+ ' &o ' �hdL& � L�c iru doo �o� +515,
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Gl�huhqw dvvxpswlrqv rq wkh glvwulexwlrq ri wkh huuruv ohdg wr gl�huhqw vshfl�fd0
wlrqv ri �hd+ ' &o dqg khqfh wr gl�huhqw pxowlqrpldo prghov1 Hvwlpdwlrq lv e|
pd{lpxp olnholkrrg1

Hvwlpdwlrq ri pxowlqrpldo prghov lv wkhruhwlfdoo| vwudljkwiruzdug1 Wkh ghq0
vlw| iru dq revhuydwlrq fdq eh zulwwhq frpsdfwo| dv

sE+� '

6\
�'�

R
_�
� / +516,

zkhuh _� lv dq lqglfdwru yduldeoh wkdw htxdov 4 li + ' � dqg htxdov 3 rwkhuzlvh/
dqg R� ' �hd+ ' �o lv ri nqrzq ixqfwlrqdo irup rewdlqhg iurp +515, wkdw ghshqgv
rq uhjuhvvruv dqg sdudphwhuv wr eh hvwlpdwhg1 Jlyhq d vdpsoh ri vl}h ? zlwk �|�

revhuydwlrq E+�c 3�� wkh PO hvwlpdwru pd{lpl}hv wkh orj0olnholkrrg

*?u '

?[
�'�

�[
�'�

_�� *? R��� +517,

Lpsohphqwdwlrq uhtxluhv nqrzohgjh ri wkh ixqfwlrqdo irupv iru wkh suredelolwlhv
R�1

D ohdglqj h{dpsoh iru wklv sdshu lv d wkuhh0fkrlfh qhvwhg orjlw prgho1
Dq h{dpsoh lv wudqvsruwdwlrq prgh fkrlfh ehwzhhq wudlq/ exv dqg fdu1 Wkhvh
fohduo| ghshqg rq revhuydeohv vxfk dv lqglylgxdo lqfrph/ gluhfw frvw dqg wlph
frvw ri wudyho/ exw zloo dovr ghshqg rq fkdudfwhulvwlfv wkdw duh qrw revhuyhg1 Rqh
pljkw eholhyh wkdw wkh xqrevhuyhg frpsrqhqwv 0�c 02 dqg 0� duh fruuhodwhg ehwzhhq
wudlq +fkrlfh 4, dqg exv +fkrlfh 5,/ zklfk duh erwk sxeolf wudqvlw prghv/ exw
xqfruuhodwhg zlwk fdu +fkrlfh 6, zklfk lv d sulydwh wudqvlw prgh1 Wklv fdq eh
uhsuhvhqwhg lq wkh iroorzlqj ghflvlrq wuhh

Frppxwh
prgh

! "

Sxeolf Sulydwh Fdu
! "

Wudlq Exv
T� n 0� T2 n 02 T� n 0�
E�� E2� E��

Wkh qhvwhg orjlw prgho lq wklv h{dpsoh vshfl�hv wkh fruuhodwhg huuruv E0�c 02� wr
eh elyduldwh h{wuhph ydoxh glvwulexwhg dqg wkh lqghshqghqw huuru 0� wr eh h{0
wuhph ydoxh glvwulexwhg1 Wkxv 6 ' � dqg wkh huuruv kdyh fxpxodwlyh glvwulexwlrq
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ixqfwlrq

8 E0�c 02� ' i TE�de30�r n e302ro�*r�c r � �c +518,

8 E0�� ' i TE�e30���

Wkh pdujlqdo ghqvlwlhv ri 0�dqg 02 fdq eh vkrzq wr eh h{wuhph ydoxh/ zlwk phdq
� ' K�E�� ' �D..22 dqg yduldqfh Z2*S ' ��Seeb�1 Wkh sdudphwhu r zloo qhhg wr
eh hvwlpdwhg/ dqg lv uhodwhg wr wkh fruuhodwlrq ehwzhhq 0� dqg 02 dffruglqj wr

&RUUd0�c 02o ' �� E�*r�2� +519,

Rqh fdq vkrz wkdw wklv wkuhh0fkrlfh prgho ohdgv wr wkh iroorzlqj suredelolwlhv

R� ' �hd+ ' �o ' erT�

EerT�nerT2�
� �hd+ ' �o

R2 ' �hd+ ' 2o ' erT2

EerT�nerT2�
� �hd+ ' �o

R� ' �hd+ ' �o ' eT�

EerT�nerT2��*rneT�

+51:,

Li r ' � wkh prgho uhgxfhv wr d wkuhh0fkrlfh pxowlqrpldo orjlw prgho1
Rwkhu prghov vxfk dv wkh pxowlqrpldo surelw prgho kdyh d vlplodu vwuxfwxuh/

h{fhsw wkdw wkh| xvxdoo| vshfli| d glvwulexwlrq iru wkh huuruv 0� wkdw grhv qrw ohdg
wr dq h{solflw vroxwlrq iru wkh suredelolwlhv R� vxfk dv +51:,1 Lqvwhdg rqh lv ohg/ lq
wkh wkuhh0fkrlfh fdvh/ wr vroylqj h{suhvvlrqv vxfk dv

�hd+ ' �o ' �hdT� n 0� : T� n 0�c T� n 0� : T2 n 02o
' �hd0� � 0� : T� � T�c 0� � 02 : T2 � T�o

+51;,

zklfk lv d elyduldwh lqwhjudo wkdw qhhgv wr eh hydoxdwhg xvlqj qxphulfdo ru vlpx0
odwlrq phwkrgv1

Qhvwhg orjlw prghov vxfk dv wkh suhfhglqj wkuhh0fkrlfh prgho duh vshfldo fdvhv
ri wkh pruh jhqhudo fodvv ri jhqhudol}hg h{wuhph ydoxh +JHY, prghov1 Wklv
fodvv vshfl�hv wkh mrlqw fxpxodwlyh glvwulexwlrq ri wkh huuruv lq dq6�fkrlfh prgho
wr eh

8 E%� ' i Td�MEe30�c ���c e306�o +51<,

zkhuh wkh ixqfwlrq MEt�c t2c ���c t6� vdwlv�hv d qxpehu ri dvvxpswlrqv lqfoxg0
lqj qrqqhjdwlylw|/ krprjhqhlw| ri ghjuhh rqh/ pl{hg sduwldo ghulydwlyhv wkdw duh
frqwlqxrxv dqg qrqsrvlwlyh iru hyhq rughu dqg qrqqhjdwlyh iru rgg rughu/ dqg
*�4t�<" MEt�c t2c ���c t6� ' 41 Dqdo|wlfdo h{suhvvlrqv iru wkh fkrlfh suredelol0
wlhv duh srvvleoh iru wklv pruh jhqhudo fodvv1 Wkh suhfhglqj wkuhh fkrlfh qhvwhg
orjlw prgho vshfl�hv

MEt�c t2c t�� ' dt r
� n t r

2 o
�*r n t�� +5143,
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5151 Frpshqvdwlqj Yduldwlrq

Khuuljhv dqg Nolqj +4<<<, jlyh dq h{fhoohqw vxppdu|1
Zh zlvk wr sxw d groodu ydoxh rq wkh h�hfw ri fkdqjlqj rqh ru pruh ri wkh

fkdudfwhulvwlfv lq wkh ghwhuplqlvwlf frpsrqhqw ri xwlolw|/ vxfk dv sulfh ru wlph
frvw ri wudyho lq wkh wudqvsruwdwlrq prgh fkrlfh h{dpsoh1 Zh �uvw qhhg wr vshfli|
d ghwhuplqlvwlf sduw ri xwlolw|1 Zh vshfli| wkh lqgluhfw xwlolw| irup

T� ' T E+ � R�c �� +5144,

zkhuh + lv lqfrph/ R� lv wkh sulfh ri wkh �|� dowhuqdwlyh dqg  � duh fkdudfwhulv0
wlfv dvvrfldwhg zlwk wkh �|� dowhuqdwlyh41 Iru qrwdwlrqdo vlpsolflw| wkh xqnqrzq
uhjuhvvlrq sdudphwhuv � duh vxssuhvvhg1 Wkhq xwlolw| ri dowhuqdwlyh � lv

L� ' LE+ � R�c �c 0�� ' T E+ � R�c �� n 0�� +5145,

Vxssrvh zh fkdqjh wkh fkdudfwhulvwlfv iurp  �� wr  ��� 1 Wkhq frpshqvdwlqj
yduldwlrq �T lv wkh fkdqjh lq lqfrph qhhghg wr krog xwlolw| dw lwv lqlwldo ohyho/ vr
wkdw wkh kljkhvw xwlolw| ohyho dwwdlqdeoh zlwk lqfrph + dqg fkdudfwhulvwlfv  �� pxvw
htxdo wkh kljkhvw ohyho dwwdlqdeoh zlwk lqfrph E+ � �T � dqg fkdudfwhulvwlfv  ��� 1
Wkxv frpshqvdwlqj yduldwlrq �T lv lpsolflwo| gh�qhg dv wkh vroxwlrq wr

4@ 
�'�c���c6

LE+ � R�c 
�

�c 0�� ' 4@ 
�'�c���c6

LE+ � �T � R�c 
��

� c 0��� +5146,

Dv dq h{dpsoh/ frqvlghu d wzr0fkrlfh prgho zkhuh L� ' + n %� n 0�/ � ' �c 2
dqg wkh vfdodu %� fkdqjhv iurp %�� wr %��� 1 Wkhq wkhuh duh irxu srvvlelolwlhv1 Li
dowhuqdwlyh � lv fkrvhq ehiruh dqg diwhu wkhq �T ' E%��� � %���/ vlqfh wkhq L ��� '
+ � �T n %��� n 0� ' + n %�� n 0� ' L ��1 Vlploduo| li dowhuqdwlyh 2 lv fkrvhq
ehiruh dqg diwhu wkhq �T ' E%��2 � %�2�1 Li vzlwfk rffxuv iurp dowhuqdwlyh 4 wr
dowhuqdwlyh 5 wkhq L ��2 ' L �� lpsolhv +��T n %��2 n 02 ' + n %�� n 0� zklfk lpsolhv
�T ' %��2�%��n02�0�1 Vlploduo| li vzlwfk rffxuv iurp dowhuqdwlyh 5 wr dowhuqdwlyh
4 wkhq �T ' %��� � %�2 n 0� � 021 Pruh jhqhudoo|/ iru 6�fkrlfh olqhdu prghov vxfk
dv wklv/ wkh frpshqvdwlqj yduldwlrq lv �T�& ' T ��& � T �� n 0& � 0� li wkh fkdqjh lq
 ohdgv wr d fkdqjh iurp dowhuqdwlyh � wr dowhuqdwlyh &1

Wkh frpshqvdwlqj yduldwlrq ghshqgv rq revhuydeohv E+c R� dqg  ��/ sdudphwhuv
wkdw fdq eh hvwlpdwhg dqg xqrevhuydeoh huuruv 0�1 Zh qhhg wr holplqdwh wkh
xqrevhuydeohv dqg frpsxwh wkh h{shfwhg frpshqvdwlqj yduldwlrq (d�T o zklfk

4Qrwh wkdw | khuh uhihuv wr lqfrph dqg vkrxog qrw eh frqixvhg zlwk wkh glvfuhwh rxwfrph
phdvxuh | xvhg lq wkh suhylrxv vhfwlrq1
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lqyroyhv lqwhjudwlqj ryhu 0�1 Iurp wkh suhfhglqj h{dpsoh lw vkrxog eh fohdu wkdw
wklv lqwhjudwlrq lv txlwh gl!fxow1 Uhpdundeo| d forvhg irup vroxwlrq lv srvvleoh
li wkh huuruv duh JHY glvwulexwhg dqg lqfrph dsshduv olqhduo|/ vr wkdw
T E+ � R�c �� ' kE+ � R�� n sE ��1 Wklv uhvxow lv jlyhq lq Vhfwlrq 71

Zkhq lqfrph dsshduv qrqolqhduo|/ krzhyhu/ dq h{dfw vroxwlrq lv qrw srvvleoh
dqg rqh lqvwhdg qhhgv wr qxphulfdoo| lqwhjudwh ryhu 0� wkh ixqfwlrq iru �T gh�qhg
lq +5146,1 Wklv fdq eh vlpxodwhg lq wkh iroorzlqj zd|=

41 Dw lwhudwlrq | gudz %| iurp wkh glvwulexwlrq ri % ' E0�c ���c 06��

51 Fdofxodwh �T | iurp 4@ 
�'�c���c6

LE+�R�c 
�

�c 0
|
�� ' 4@ 

�'�c���c6
LE+��T |�R�c 

��

� c 0
|
���

61 Uhshdw A wlphv1

71 Hvwlpdwh (d�T o e| �
A

SA
|'��T |�

Wklv phwkrg lv xvhg wr rewdlq (d�T o iru hdfk lqglylgxdo lq wkh vdpsoh1 Dyhu0
djlqj/ srvvleo| zlwk zhljkwlqj/ surylghv d srsxodwlrq hvwlpdwh1

61 Phwkrgv wr Rewdlq Gudzv iurp wkh JHY

Wkh sureohp wkdw lv dw wkh khduw ri wkh PfIdgghq +4<<8, dqg Khuuljhv dqg Nolqj
+4<<<, sdshuv lv wkdw wkhuh lv qr vlpsoh zd| wr gudz iurp wkh JHY glvwulexwlrq
iru %/ h{fhsw lq wkh vshfldo fdvh ri surgxfw ri xqlyduldwh h{wuhph ydoxhv zklfk lv
wkh vshfldo fdvh ri PQO1 Lq wklv vhfwlrq zh frqvlghu zd|v wr gudz iurp wkh JHY1

6141 JHY Glvwulexwlrq

Wkh JHY glvwulexwlrq lv gh�qhg lq +51<,1 Gl�huhqw fkrlfhv ri ME� ohdg wr gl�huhqw
JHY prghov/ zlwk qhvwhg orjlw prghov ehlqj vshfldo fdvhv1

Lq wkh vshfldo fdvh wkdw MEt�c t2c ���c t6� ' t�nt2n � � �nt6 wkh mrlqw ghqvlw|
lv mxvw wkh surgxfw ri 6 lqghshqghqw h{wuhph ydoxh udqgrp yduldeohv zlwk f1g1i1
8 E0� ' i TE�e30� dqg ghqvlw| sE0� ' e30 i TE�e30�1 Wklv lv hdvlo| jhqhudwhg
xvlqj wkh wudqvirupdwlrq phwkrg 0 gudz � iurp wkh xqlirup rq Efc �� dqg wkhq
vhwwlqj 0 ' � *?E� *?E���1

Exw iru dq| ghsduwxuh iurp wklv/ hyhq rqh dv vlpsoh dv elyduldwh h{wuhph ydoxh/
wkhuh lv qr vlpsoh zd| wr gudz udqgrp yduldeohv iurp wkh JHY1 PfIdgghq +4<<8,
sursrvhg xvlqj Pdunry fkdlq Prqwh Fduor vlpxodwlrq phwkrgv1

:



6151 Pdunry Fkdlq Prqwh Fduor

Ohw sE%� ghqrwh wkh mrlqw ghqvlw| ri wkh udqgrp yduldeoh ri lqwhuhvw/ dqg ohw }E%�
ghqrwh d vdpsolqj ghqvlw|/ glvwlqfw iurp sE%�1 DPdunry fkdlqPrqwh Fduor
+PFPF, lv xvhg wr jhqhudwh gudzv iurp sE%�/ edvhg rq gudzv iurp }E%�/ lq wkh
iroorzlqj zd| +Phwursrolv0Kdvwlqjv,1

41 Dw lwhudwlrq | gudz h%| iurp wkh vdpsolqj ghqvlw| sE%�/ dqg dovr gudz d
xqlirup udqgrp yduldeoh #|�

51 Frpsxwh

e%| ' + h%| li #| � sEh%|�*}Eh%|�

sEh%|3��*}Eh%|3��e%|3� rwkhuzlvh
+614,

61 Uhshdw Af n A wlphv1

71 Glvfdug wkh �uvw Af uhdol}dwlrqv ri e%| +exuq0lq, dqg xvh wkh uhpdlqlqj A
hvwlpdwhv1

D zhdnqhvv ri wklv phwkrg lv wkdw lw lv frpsxwdwlrqdoo| lqwhqvlyh/ dv looxvwudwhg
ehorz1

6161 Rqh0Idfwru Pxowlyduldwh HY

Zh irfxv rq wkh fdvh zkhuh 0� dqg 02 duh elyduldwh h{wuhph ydoxh zlwk mrlqw f1g1i1
8 E0�c 02� ' i TE�de30�r n e302ro�*r�1

Zh sursrvh jhqhudwlqj 0� dqg 02 xvlqj wkh iroorzlqj rqh0idfwru pxowlyduldwh
HY prgho

0� ' @1 n K�� n S
02 ' @1 n K�2 n S

+615,

zkhuh 1/ D� dqg D2 duh lqghshqghqw xqlyduldwh h{wuhph ydoxh dqg @/ K dqg S duh
zhljkwv1 Wkhvh zhljkwv duh fkrvhq wr uhsurgxfh wkh vdph �uvw wzr prphqwv dqg
fruuhodwlrq dv iru wkh elyduldwh h{wuhph ydoxh1 Wkxv zkhuh � ' K�E�� * f�D..22
zh kdyh

(d0�o ' � ' @� n K� n S +616,

9DUd0�o '
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S
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S
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Wdeoh 614= Rqh0idfwru h{wuhph ydoxh prgho dssur{lpdwlrq wr wkh elyduldwh h{wuhph
ydoxh1 Uhvxowv ri 43/333 gudzv zkhq v@51 Vdpsoh prphqwv iurp wkh vlpxodwlrq
duh frpsduhg wr wkhruhwlfdo prphqwv1

Vdpsoh ydoxh Wkhruhwlfdo Ydoxh Gl�huhqfh
H^%4` 318:;;8 318::55 3133496
H^%5` 318;7:4 318::55 3133:7<
Y^%4` 418<484 41977<6 03138675
Y^%5` 4194<4: 41977<6 031358:9
Fry^%4> %5` 31:7493 31:8333 3133;73

Vroylqj +51<, |lhogv

@ '
s
�� E�*r�2 +617,

K '
s
�� @2

S ' E�� @� K��

Dv dq looxvwudwlrq ri wklv phwkrg ohw r ' 2/ lq zklfk fdvh wkh fruuhodwlrq
ehwzhhq 0� dqg 02 htxdov f�.D1 Wkhq xvlqj zh kdyh 0� ' f�HSSf1nf�D��� f�2���/
dqg vlploduo| iru 021 D vlpxodwlrq ri 43/333 gudzv ri 1/ D� dqg D2 iurp wkh
h{wuhph ydoxh +xvlqj � *?E� *?E��� zkhuh � lv xqlirup, |lhoghg 43/333 gudzv ri
0� dqg 02 xvlqj wkh rqh0idfwru prgho1 Iurp Wdeoh 614 wkh elyduldwh h{wuhph
ydoxh glvwulexwlrq lv dssur{lpdwhg txlwh zhoo1 Wkh vdpsoh phdqv duh zlwklq wzr
vwdqgdug ghyldwlrqv ri wkh wkhruhwlfdo phdqv +dv wkh hvwlpdwhg vwdqgdug huuru ri
wkh vdpsoh phdqv lv f�f�2Sf1

Wkh rqh0idfwru dssur{lpdwlrq wr wkh elyduldwh JHY lv qrw shuihfw/ krzhyhu1
Rqh zd| wr vhh wklv lv wr qrwh wkdw wkh elyduldwh JHY kdv d xqlyduldwh h{wuhph
ydoxh pdujlqdo zkhuhdv wkh rqh0idfwru dssur{lpdwlrq lv qrw1 Iljxuh 614 vkrzv wkh
xqlyduldwh pdujlqdo ghqvlw| ri 0� wkdw dulvhv iurp wkh rqh0idfwru dssur{lpdwlrq
zlwk d xqlyduldwh h{wuhph ydoxh ghqvlw|/ xvlqj wkh vdph 43/333 gudzv dv lq Wdeoh
6141 Wkh dssur{lpdwlrq lv yhu| jrrg wkrxjk lv qrw shuihfw1

Wkh rqh0idfwru phwkrg jhqhudol}hv lpphgldwho| wr pxowlyduldwh h{wuhph ghq0
vlwlhv zlwk MEt�c t2c ���c t6� lq +51<, htxdo wr dt r

� n t r
2 n � � �n t r

6o
�*r1 Wkxv lw fdq

eh dssolhg wr dq| wzr0ohyho qhvwhg orjlw prgho1 Vxssrvh wkh 6 dowhuqdwlyhv fdq eh
qhvwhg lqwr u vxejurxsv ru eudqfkhv/ zkhuh wkh ,|� vxejurxs kdv 6, dowhuqdwlyhv

<
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Iljxuh 614= Frpsdulvrq ri xqlyduldwh pdujlqdo ghqvlw| ri wkh rqh0idfwru dssur{0
lpdwlrq wr elyduldwh h{wuhph ydoxh +zlwk fruuhodwlrq 31:8, zlwk wkh xqlyduldwh
h{wuhph ydoxh ghqvlw|1 Nhuqho ghqvlw| hvwlpdwhv edvhg rq 43/333 vlpxodwhg gudzv1

zlwk huuruv 0,�c ���c 0,6,
wkdw kdyh JHY ghqvlw| zlwk

ME0,�c ���c 0,6,
� ' i T

3C�
%

6,[
�'�

e30,�r,

&�*r,4D c +618,

vr wkdw wkh huuruv duh sdlu0zlvh fruuhodwhg zlwk fruuhodwlrq �� E�*r,�
21 Wkhq rqh

xvhv

0� ' @,bn K,�� n S,c

zkhuh @,/ K, dqg S, duh frpsxwhg xvlqj +617, zlwk r uhsodfhg e| r,1

71 Vlpxodwlrqv

Zh frqvlghu dssolfdwlrq wr dq h{dpsoh e| PfIdgghq1 Wkh prwlydwlrq iru vlp0
xodwlrq phwkrgv lv iru JHY prghov qrqolqhdu lq lqfrph1 Wkh h{dpsoh vwxglhg
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lv olqhdu lq lqfrph/ krzhyhu/ vlqfh wkhq dq h{dfw phdvxuh ri h{shfwhg frpshq0
vdwhg yduldwlrq lv dydlodeoh/ shuplwwlqj frpsdulvrq ri vlpxodwlrq hvwlpdwhv zlwk d
nqrzq ydoxh1

7141 PfIdgghq*v H{dpsoh

PfIdgghq +4<<8, frqvlghuv wkh vshfl�f wkuhh0fkrlfh h{dpsoh

L� ' T� n 0� ' E+ n %�� n 0�c � ' �c 2c �c +714,

zkhuh %� lv vfdodu/ 0� dqg 02 duh elyduldwh HY dqg 0� lv HY1
Zh frqvlghu wkh zhoiduh h�hfw ri d fkdqjh lq  ' E%�c %2c %�� iurp  � '

E%��c %
�

2c %
�

�� ' Efc fc f� wr  �� ' E%���c %
��

2c %
��

�� ' Ef�2c fc f�1
Iru wklv ghvljq wkh rqo| srvvleoh lpsuryhphqwv lq xwlolw| duh wr vzlwfk wr +ru

uhpdlq zlwk, dowhuqdwlyh � vlqfh wklv lv wkh rqo| dowhuqdwlyh zkrvh xwlolw| kdv
ehhq fkdqjhg +dqg lw kdv lqfuhdvhg,1 Li dowhuqdwlyh � lv suhihuuhg ehiruhkdqg lw
zloo uhpdlq suhihuuhg diwhuzdugv dqg �T ' f�21 Li dowhuqdwlyh 5 lv suhihuuhg
ehiruhkdqg dqg rqh vzlwfkhv wr dowhuqdwlyh 4 wkhq �T ' f�2nE0��02� vlqfh wkhq
+n 02 ' +nf�2��T n 0�1 Vlploduo| d vzlwfk iurp dowhuqdwlyh 6 wr dowhuqdwlyh 4
kdv �T ' f�2 n E0� � 0���

Lw lv vkrzq lq wkh dsshqgl{ wkdw lq wklv fdvh dq h{dfw h{suhvvlrq iru h{shfwhg
frpshqvdwlqj yduldwlrq lv srvvleoh/ zlwk

(d�T o ' *?
k�
ef�2r n �

��*r
n �

l
� *?

�
2�*r n �

�
� +715,

7151 Vlpxodwlrq Hvwlpdwhv

Wdeoh 714 uhsruwv uhvxowv jlyhq lq Wdeohv 4 dqg 5 ri PfIdgghq +4<<8,1
Wkh �uvw �yh froxpqv vxppdul}h wkh h{shulphqwdo ghvljq1 Wkh elyduldwh HY

sdudphwhu r lv vhw wr 4/ 5 dqg 43 fruuhvsrqglqj wr fruuhodwlrqv ehwzhhq 0� dqg 02
ri 313/ 31:8 dqg 31<<1 Wkh h{dfw suredelolwlhv ehiruh dqg diwhu duh jlyhq lq wkh
wklug dqg irxuwk froxpqv1 Wkh h{dfw Hd�T o frpsxwhg e| +715, lv jlyhq lq wkh
�iwk froxpq1 Qrwh wkdw wkh JHY prgho sdudphwhuv duh vhw wr wkhlu wuxh ydoxhv
udwkhu wkdq hvwlpdwhg1

Wkh uhpdlqlqj wkuhh froxpqv jlyh wkh uhvxowv ri frpsxwdwlrq ri Hd�T o xvlqj
wkh vlpxodwlrq phwkrg ri vhfwlrq 5151 Wkh gudzv iurp sE%� duh rewdlqhg xvlqj wkh
PFPF phwkrg lq vhfwlrq 615 zlwk vdpsolqj ghqvlw| ehlqj wkh surgxfw ri wkuhh
lqghshqghqw HY udqgrp yduldeohv1 Iru rqh vlpxodwlrq wkh Pdunry fkdlq +diwhu
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Wdeoh 714= PfIdgghq +4<<8, H{dpsoh1 Wkuhh fkrlfhv dqg olqhdu lq lqfrph = Ym
@ | .{m . hm1 Iluvw wzr huuruv duh elyduldwh h{wuhph ydoxh dqg wklug lv h{wuhph
ydoxh1 { fkdqjhv iurp +3/ 3/ 3, wr +315/ 3/ 3,1 PFPF hvwlpdwhv ri H^FY` duh iurp
4/333 uhsolfdwlrqv zkhuh hdfk uhsolfdwlrq kdv fkdlq ri ohqjwk 8/3331 Wkh vdpsoh
phdq/ shufhqwdjh ghyldwlrq ri wklv vdpsoh phdq iurp wkh wuxh ZWS/ dqg urrw
phdq vtxduh huuru iru wkhvh 4/333 uhsolfdwlrqv duh jlyhq lq wkh odvw wkuhh froxpqv1

v � Ehiruh Diwhu H{dfw H^FY ` PFPF Hvwlpdwhv ri H^FY `
s43/ s53/ s63 s433/ s533/ s633 W@8333 ( Huuru UPVH

4 313 31666/ 31666/ 31666 316:</ 31643/ 31643 313:45379 313:453 3133( 313347
5 31:8 315<6/ 315<6/ 31747 3169:/ 31579/ 316;; 31398;875 31398:< 03144( 31335;
43 31<< 317;6/ 3158</ 3158< 317;:/ 31399/ 317:: 313:9:65: 313:973 03176( 3133:8

exuq0lq, lv ri ohqjwk A ' Dc fff ohdglqj wr Dc fff gudzv ri % dqg Dc fff ydoxhv
ri �T |15 Wkhq (d�T o lv hvwlpdwhg e| �

A

SDfff
|'� �T |1 Wklv surfhgxuh lv uhshdwhg

�c fff wlphv jlylqj �c fff hvwlpdwhv ri (d�T o1 Wkh odvw wkuhh froxpqv ri Wdeoh
714 jlyh wkh vdpsoh phdq/ wkh shufhqwdjh ghyldwlrq +( huuru, ri wklv iurp wkh
wuxh Hd�T o/ dqg wkh hpslulfdo urrw phdq vtxduh huuru iru wkhvh 4/333 hvwlpdwhv1
Wkh PFPF dssur{lpdwlrq grhv zhoo rq dyhudjh/ wkrxjk lv e| qr phdqv h{dfw iru
r 9' f frqvlghulqj wkdw wkh dyhudjh lv edvhg rq D ploolrq frpsxwdwlrqv ri Hd�T o1
Wkh UPVH lv uhodwlyho| odujh/ ehlqj 41<7(/ 715;( dqg <1;7( ri h{dfw Hd�T o iru
r htxdo wr 4/ 5 dqg 431

Dq dowhuqdwlyh phwkrg lv wr xvh wkh vdph vlpxodwlrq phwkrgv dv jlyhq lq
vhfwlrq 515/ h{fhsw gudz wkh elyduldwh HY huuruv iurp wkh rqh0idfwru HY prgho1
Wkxv 0� ' @bn K��n S/ 02 ' @bn K�2n S/ zkhuh b/ �� dqg �2 duh gudzv iurp HY/
dqg 0� lv d gudz iurp HY1 Uhvxowv duh jlyhq lq wkh odvw wkuhh froxpqv ri Wdeoh
7151 Iru rqh vlpxodwlrq wkhuh zhuh �c fff gudzv ri %/ vrphzkdw ohvv wkdq wkh
Dc fff xvlqj wkh PFPF phwkrg dv khuh wkh yhfwru % lv lqghshqghqw zkhuhdv lq
wkh PFPF phwkrg wkh yhfwru % lv fruuhodwhg1 Wkhuh zhuh rqo| �ff vlpxodwlrqv/
zklfk pd| h�hfw wkh forvhqhvv ri wkh ryhudoo hvwlpdwhg dyhudjh wr wkh wuxh Hd�T o
exw zloo kdyh olwwoh h�hfw rq wkh UPVH1 Fohduo| wkh phwkrg kdv ohvv qrlvh +orzhu
UPVH, wkdq wkh PFPF phwkrg1 Dqg wkh phwkrg lv rq dyhudjh uhpdundeo|
dffxudwh iru odujh r1

5PfIdgghq +4<<8, dovr frqvlghuhg W @ 833/ W @ 4333 dqg W @ 433331
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Wdeoh 715= PfIdgghq +4<<8, H{dpsoh= Rqh0idfwru JHY hvwlpdwhv ri H^FY`1 Vdph
vhw xs dv Wdeoh 714 Froxpqv 7 wr 9 uhsurgxfh PFPF uhvxowv lq Wdeoh 7141 Froxpqv
: wr < jlyh uhvxowv zkhq lqvwhdg dssur{lpdwh xvlqj rqh0idfwru JHY1

v � H{dfw H^FY ` PFPF Hvwlpdwhv +W@8333, Rqh0Idfwru Hvwlpdwhv
Dyhudjh ( Huuru UPVH Dyhudjh ( Huuru UPVH

4 313 313:453 313:449 03139( 313347 313:46; 314<( 31334<
5 31:8 31398;8 31398<5 3143( 31335; 3139943 316;( 313348
43 31<< 313:9:6 313:9;< 3154( 3133:8 313:9:6 03134( 313346

81 Dssolfdwlrq

Khuuljhv dqg Nolqj +4<<<, vwxglhg fkrlfh ehwzhhq irxu w|shv ri �vklqj vlwhv 0
ehdfk/ slhu/ fkduwhu erdw dqg sulydwh erdw 0 xvlqj qhvwhg orjlw prghov1 Wkhuh
zhuh 4/4;5 revhuydwlrqv zlwk uhjuhvvruv lqfrph E+�/ sulfhv ER�� dqg fdwfk udwhv
E%��1 Wkh| hvwlpdwhg d wudqvorj prgho zlwk

L� ' q�f *?E+ � R�� n q2f *?E%�� n q��E*?E+ � R���
2 n q22E*? %��

2

nq�2 *?E+ � R�� *? %� n 0�c � ' �c ���c ec

dv zhoo dv d olqhdu prgho dqg d jhqhudol}hg Ohrqwlhi prgho1 Zhoiduh h�hfwv zhuh
fdofxodwhg iru grxeolqj wkh sulfh ri hdfk dowhuqdwlyh �vklqj prgh/ grxeolqj wkh
fdwfk udwh dw doo vlwhv/ dqg holplqdwlqj ehdfk dqg slhu �vklqj1

H{shfwhg frpshqvdwhg yduldwlrq zdv fdofxodwhg iru hdfk revhuydwlrq xvlqj
wkh PFPF vlpxodwlrq zlwk fkdlq ohqjwk A ' �fff dqg wkhq dyhudjhg ryhu wkh
vdpsoh1 Frpsxwdwlrqdo wlph iru hdfk prgho dqg fkdqjh zdv �iwhhq plqxwhv rq
d Shqwlxp 4331 Xqolnh wkh PfIdgghq +4<<8, h{dpsoh wkh sdudphwhuv khuh zhuh
�uvw hvwlpdwhg1 Wr dffrxqw iru wkh vdpsolqj huuru lq wkhvh hvwlpdwhv +q dqg r,
�yh kxqguhg frh!flhqw yhfwruv zhuh gudzq iurp wkh dv|pswrwlf glvwulexwlrq ri
Eeqc er� dqg (d�T o zdv wkhq frpsxwhg 833 wlphv1 Wkh plggoh <8( ri wkhvh 833
hvwlpdwhv surylghv d <8( frq�ghqfh lqwhuydo1 Wrwdo frpsxwdwlrqdo wlph zdv iruw|0
hljkw krxuv1 Lw lv krshg wkdw wkh rqh0idfwru HY prgho pd| shuplw pxfk idfwhu
frpsxwdwlrq1
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91 Frqfoxvlrqv

Dw wklv vwdjh wkh rqh0idfwru prgho dsshduv wr jlyh d uhpdundeo| jrrg dssur{l0
pdwlrq wr h{shfwhg frpshqvdwlqj yduldwlrq1 Wkh forvhqhvv ri wkh dssur{lpdwlrq
qhhgv wr eh whvwhg ixuwkhu ryhu d zlghu udqjh ri JHY prghov1 Exw lw lv h{shfwhg
wkdw wkh dssur{lpdwlrq zloo frqwlqxh wr shuirup zhoo/ fhuwdlqo| pxfk ehwwhu wkdq
rwkhu dssur{lpdwlrqv vxfk dv xvlqj d uhsuhvhqwdwlyh frqvxphu dssurdfk ru xvlqj
erxqgv suhvhqwhg lq PfIdgghq +4<<8, dqg Khuuljhv dqg Nolqj +4<<<,1
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:1 Dsshqgl{= Ghulydwlrq ri +715,

Iru JHY prghov wkdw duh olqhdu lq lqfrph/ T E+ � R�c �� ' kE+ � R�� n sE ��/
PfIdgghq +4<<8, dqg hduolhu sdshuv vkrz wkhuh lv dq h{solflw vroxwlrq
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c +:14,

zkhuh wkh ixqfwlrq ME� iurp wkh JHY glvwulexwlrq lv gh�qhg lq +5143, dqg T �

� dqg
T ��

� duh wkh ehiruh dqg diwhu ydoxhv ri wkh ghwhuplqlvwlf frpsrqhqw ri xwlolw|1
Iru wkh fxuuhqw h{dpsoh +714,
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Wkhq xvlqj +:14, |lhogv
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;1 Uhihuhqfhv

Juhhqh/ Z1K1 +5333,/ Hfrqrphwulf Dqdo|vlv/ 7wk hglwlrq/ Qhz \run/ PdfPloodq1

Khuuljhv/ M1D1 dqg F1O1 Nolqj +4<<<,/ �Qrqolqhdu Lqfrph H�hfwv lq Udqgrp Xwlo0
lw| Prghov/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ ;4+4,/ 950:51

Mrkqvrq/ Q1O1 dqg V1 Nrw} +4<:5,/ Frqwlqxrxv Pxowlyduldwh Glvwulexwlrqv/ Qhz
\run/ Mrkq Zloh|1

Pdggdod/ J1V1 +4<;6,/ Olplwhg0Ghshqghqw dqg Txdolwdwlyh Yduldeohv lq Hfrqrplfv/
Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

PfIdgghq/ G1 +4<<8,/ �Frpsxwlqj Zloolqjqhvv0wr0Sd| lq Udqgrp Xwlolw| Prg0
hov/� Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld 0 Ehunhoh|/ Ghfhpehu1

PfIdgghq/ G1 +4<;<,/ �D Phwkrg ri Vlpxodwhg Prphqwv iru Hvwlpdwlrq ri Glv0
fuhwh Uhvsrqvh Prghov zlwkrxw Qxphulfdo Lqwhjudwlrq�/ Hfrqrphwulfd/ 8:/ <<80
43591

Sdnhv/ D1V1 dqg Sroodug/ G1 +4<;<,/ �Vlpxodwlrq dqg wkh Dv|pswrwlfv ri Rswl0
pl}dwlrq Hvwlpdwruv�/ Hfrqrphwulfd/ 8:/ 435:0438;1

Urehuw/ F1S1 dqg J1 Fdvhood +4<<<,/ Prqwh Fduor Vwdwlvwlfdo Phwkrgv/ Qhz \run/
Vsulqjhu0Yhuodj1
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