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Abstract

In the context of the linear regression model in which some regression coefficients are
of interest and others are purely nuisance parameters, we derive the density function
of a maximal invariant statistic. This allows the construction of a range of optimal test
statistics including the locally best invariant test which is equivalent to the well-
known one-sided t-test. The approach is also extended to the general linear regression
model in which the covariance matrix is nonscalar and to non-linear regression

models.
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1. Introduction

This paper is concerned with the problem of testing the null hypothesis that one
regressor coefficient is zero, against the alternative that it is non-negative, in the
context of linear and non-linear regression models. Statistical models and particularly
those used by econometricians, involve a large number of influences. These kinds of
models contain two types of parameters, those of interest and those not of immediate
interest that are known as nuisance parameters. Their presence causes unexpected
complications in statistical inference. Kalbfleisch and Sprott (1970) discussed
methods of eliminating nuisance parameters from the likelihood function so that

inference can be made about the parameters of interest.

In practice, many statistical problems including testing of hypothesis, display
symmetries, which impose additional restrictions for the choice of proper statistical
tests. In the statistical testing literature, the idea of invariance dates back half a
century. The unpublished work of Hunt and Stein (1946) (see Lehmann, 1959 and
1986) introduced the principle and demonstrated its applicability and meaningfulness
in the framework of hypothesis testing. According to Lehmann (1950), the notion of
invariance was introduced into the statistical literature in the writings of R. A. Fisher,
Hotelling (1933, 1936), Pitman (1939), Stein (1948) and others, in connection with
various special problems. Among others Lehmann (1959, 1986), King (1979, 1980,
1983a), King and Smith (1986), Ara and King (1993), and Ara (1995) suggested the
use of invariance arguments to overcome the problem of nuisance parameters. It is a
generally accepted principle that if a problem with a unique solution is invariant under
a certain group of transformations, then the solution should be invariant under that

transformations. A hypothesis testing problem is invariant under a group of



transformations acting on the sample space of the observed data vector if for any
transformation the probability distribution of transformed data vector belongs to the
same set (null or alternative hypothesis) as the original data vector. The idea behind
invariance is that if the hypothesis testing problem under consideration has a
particular invariance property, then we should restrict attention to only those tests that
share this invariance property. The class of all invariant functions can be obtained as
the totality of functions of a maximal invariant. A maximal invariant is a statistic
which takes the same value for the observed data vectors that are connected by
transformations and different values for those data vectors that are not connect by
transformations. Consequently any invariant test statistic can be written as a function
of the maximal invariant. This means, we can treat the maximal invariant as the
observed data, find its density and then construct appropriate tests based on this

density.

The performance of a statistical test is assessed by its size and power properties.
Econometricians are always interested in optimality of power and for any testing
problem they would like to use a uniformly most powerful (UMP) test. Many testing
problems involving the linear regression model can be reduced, either by conditioning
on sufficient statistics or by invariance arguments to testing a simple null hypothesis
against one sided alternatives. Ideally we would then like to use a UMP test but
unfortunately it is rarely possible to find a UMP test when the alternative hypothesis

is composite and/or in the presence of nuisance parameters. Cox and Hinkley (1974,
p.102) discuss three approaches for constructing tests of simple hypotheses against
composite alternative hypotheses when no UMP test exits. They involve choosing a

point at which the power is optimised:



(1) “to pick, somewhat arbitrarily, a ‘typical’ point” in the alternative parameter
space and use it in test construction in order to find a test that at least has
optimal power for the chosen point;

(i)  removing this arbitrariness by choosing a point to be close to the null
hypothesis which leads to the locally best (LB) test, i.e. to maximize the power
locally near the null hypothesis;

(i)  choosing a test which maximizes some weighted average of the powers over

the alternative parameter space.

Option (i), labelled by King (1987b) as the point optimal (PO) approach, uses the
most powerful test against a specific alternative solution. Option (ii) is the most
popular for a single parameter and leads us to a LB or a locally most powerful test.
These tests are constructed by maximizing power locally at the null hypothesis. The
LB test is also optimal in the sense that its power curve has the steepest slope, at the
null hypothesis, of all power curves from tests with the same size. Following Neyman
and Pearson (1936) a number of authors, notably Ferguson (1967), Efron (1975),
King (1981, 1984, 1987a), King and Hillier (1985), Sengupta (1987) and Wu and

King (1994) among others, have recommended the use of LB tests.

Our interest in this article is to derive the density function of the maximal invariant
statistic in the context of regression model and invariant transformation and then
construct a LBI test for linear and non-linear regressors, which is called the Locally
Best Invariant (LBI) test. Also we show that this LBI test is equivalent to the one-

sided t-test in the case of testing regression coefficients.



The plan of this paper is as follows. First of all we derive the density function of the
maximal invariant in section 2 and in section 3 we construct the LBI test statistic
which is shown to also be equivalent to the one-sided t-test. In section 4, we derive
the density function of the maximal invariant for a non-linear regression function and

find the LBI test statistic. Finally, some concluding remarks are made in section 5.

2. Derivation of Density Function

Let us consider the linear model,

y=XpB+ X,B,+u (2.1)
where y is nx1, X, is an nxq nonstochastic matrix,X, is an nx p
nonstochastic matrixf, is a qx1 vector and S, is px1 vector. Here[ X;: X,] is

full column rank.

Considering first the case op=1, we are interested in testingl,:5, =0 against
H.:5,>0 in the context of the above linear regression model. It is assumed that
u~ N(0,0%1,) where o” is unknown. This problem is invariant under the class of
transformations

Y = VoYt Xy (2.2)
where y, is a positive scalar angl is a qx1 vector.

Let M, =1 =X (X, X)X .
Then
M,y = M, X,B,+ M, X,8,+ Mu
= M, X,3,+ M. (2.3)

Multiplying both sides of (2.2) byP where P is an mx n matrix such thatPP = |_,
P'P= M, and m= n- g, we get

Py=PXz3,+ Pu



Note that PM,y= Py and PM, = P. Thus Py~ N(PXJ/3,,0°1). Let z=Py.
Then the joint density function of is

1
20°

f(2)=(2m0") ™ exp{-

(Z_ P)gﬁZ)'( z P)ggz)}- (2-4)

Let r* = 7'z be the usual squared distancezdfrom the origin. Now, we change to

them-dimensional polar co-ordinates,@,,6,,...,6,, ,) as follows:

z, = rcost,
j-1
z, = r(l(“'siné?k )cod, ;for2< j<m-1, (2.5)

m-1

z, = rﬂsin&k
where (sr <o, 0<6, <n,for k=12,...,(m—- 2)

and0<é@,_,<2n.

The Jacobian of the transformation is

| 0@z ) | o
‘]m(r’el’gz""’e”*l)_|6(r,01,92,___,g =r Dsm@k

m-1
(Miller, 1964, p.13). To construct the LBI test, we have to find the density function of
the maximal invariant statistic. So we want to find the distribution of the maximal
invariant

w=z/(z2)"?=14

Note that

Z=TW.

Now the joint density function ok becomes, after the above change of variables,

m-2

£(r.0,6,,...0. )= @m° ™ exp{—?iz W = PX,5, ) (W= PX,B, ) [] ing,™*



=(2m2)-mexp{—%(r WwW=2W IPX,B,+ 3, X, P PXf.)}

m-2

rmﬂ sing, ™ . (2.6)
=1

To find the density function ofv from the above joint density function o, first we
have to find the marginal density function d¥,,6.,...,6.,.,). The components o#v
arew(8,0,,..6..,),....,.w(6,,6,,....6,.,) and they are defined by (2.5). Therefore

the marginal density function afg,,6,,...,6,,,) can be obtained by integrating out

of (2.6)

1
20°

£(6,,6,,...0,.,)= @’ )‘"“pr& (W'wW—2W IPX,B3,+ B, X, P PX3,)}

0

m-2

r”*llj sing, ™ *dr
=1

m-2
= (2m?) ™2 L_l sinekf“‘kzxp{— 22_ S (W'W-2W IPX,B, + B, X, P PXB,)} F dr
=1 0

_ W2 Mk -1 ﬁ —ow oy B ,3_2’ ' B 1
= (2mo?) l:!smﬁk :pr{ 2(azvv’w ZV\IO_PX2 0+ > X, PPXZJ)}F* dr

=(Zmz)‘mznﬁsinekm_"ZXp{—% R -20WPX,5 +8 X, PPXS o™ d;

whereww=1,4 :&, A= anddr=gd]. If we set
o o

a(w.f)=WPXp @7
o(wf)=5 (8" % P PXg —8' X PPY)

=25 X, PM,PXS @8)



and M, =1 -ww =1-w(ww)™w, then b(w,3) is sum of squared errors of the

OLS regression ofPX,# on w and

or
£(6,6,,...0..)

= (2™ sunW“exp@(wﬁ)Zexpf g-a@p ' a

m-2

= [Jsine.™* expb v 5 »Z% (- awg )y}

=c(w.B) A+ A wp ) oy |

where (1 ~a(w A)} =(27 "exp{-J A-d wh) T ,
(King, 1979, chapter 3),
o(w B ) = exp(b(w »ﬁ sirg, ™", (2.9)

n=A-a(w,f), A=n+a(w,[) anddi = dp.

We can further write
(6,6, ewl)=cZle+<m-1>n“2a(wﬁ)+

(m-H(m-2) ™’

> a’(w B )+.+a"m (Wi )}p(n°) dy

= (w8 Y () dg+ & wp( D) BT pn) i+

a2(u 5 ) M2 sy am (w8 ) B0 o
2 0 0

m-1

—C(W/f){ r(m(2)77'ﬁz+ g wh ) ”’r])r(—ﬂ 2+

(m-D(m-2) =5

a’(wf) 4 re )7T 2 +ra™ (w g )@y "2 (L 2),




where m‘1¢(/72)d/7:%r(m/ 2)mr ™2, 2(172)d/7:(2ﬂ)‘”"22‘3'zr(lj 2 and
0

0

r@/2=+mn.

Therefore the marginal density function &f,6,,...,6

(6821 By)= 8 YT (V2™ + 2w )( M2 (T 2

+%a2(vv,,6’* Ym-1)(m- 2)I'(mT_2)n“””’ 2+ . +a™(w,B )y "2 "3,

or

m-1 m-2

Saw ) (-0 (A =+ Zad(w g )(m-n(m-2r (S
...+%a””(w,,[f Y@m)y "2 3, (2.10)
Now the transformation froné,,6,,...,6,,,) to w= z/(z 2" is straightforward
since the components of are defined by (2.5).

Therefore the density function of is,

f () = expbw,8 »{%r( m 2)7™ +% A Wi )( ML) (mT'l)n‘z

m-2

e A )M AN (2T 2+ Za™ )y 22 Y
or
(W)= ™ expOW I (MV2)+ & wg )( e (T =)
+Zal(w B )1 m- 27 (T Z)r-a¥(wf )(m-1)(m-2)( 9

r(mT'3)n-’42+...+am(w,ﬁ* 22 ) (2.11)



wherea(w, ) and b(w, ) are defined by (2.7) and (2.8). Here (2.11) is the density

function of the maximal invariantv and using this density function we can construct
the LBI test statistic.

3.Tests of a Linear Regressor

We are interested in testing the hypothekis 5, =0 againstH_: 3, >0 in the
context of the linear regression model (2.1). Let us first conspled, i.e. 5, is a

scalar. A LBI test ofH, againstH, is that with critical region of the form

dlog f (w)
aﬁz B,=0

In the previous section we have derivédw) .

>c,. (3.1

3.1 Construction of the LBI test statistic

The density function of the maximal invariant is given by (2.11). Taking logs on
both sides of (2.11) we get

log{ f(w)} = -og 2—%‘!09 m+i(w B) +log{I( ml 2 + & wa)( nﬂ)r(mT‘J)#z

+2a (gm0 2 (U By wa w2 E

=—I092—glogﬂ+%(E'X2'wa PxS -4 X PPX8 )+log{r ( m2)

m+l

+a( m—1)r(m7_1)n”2 +%a2(m—1)( m- 2)r('””T"2)n+...+a”“2'2 7%

amg—ﬁf"(m:(xz'wa PXA = X% PPXB)+{I( )+ (@ vB) m])r(mT_])#z

mt+l

+Zal(w B Ym0 m- 2 (T Zyee v w )2 2 Y
0
08
LA (w,f )z‘len“}

(/' 2 +4 wa) rm)r(mT‘])n“%a?(wﬁ)( m-1)( nrr2)r(m7‘2)n+

10



= (X, P PXF = X P PXE)H{I( D+ @uB)( myr(T) A

+%a2(w,ﬂ)(m—l)( m-2) (——)mr+..+4a™ (w,B )2_%1”12}_1{( m_])r(mT_])nﬂ

m-2
2
(WPX,) +(m-1)( m- 2)r(m7_2)n(w PX, ) (W PX) +...

m+l

+2 2 2(m-1(W PXS)™2( W PX)'};

dlog f (w)

— - _ m- [
g S A U tweg

1
T r(m/2)

n“(m—l)r(mT'l)(w PX,)" .

Therefore,

r(M e

— (- 2 '
=(m-1) F(m/2) (WPX,)".

dlog f (w)
0B

B=0

Hence the LBI test rejectsl, for

-1
r( )
dlogf(w) _, 2 :
T (m-1) i) (WPX,) = ¢, (3.2)
or (WPX,) = d,,

X, F’PJ)J/2 _ % Mlzzzda’
(YPPY™  (y'My)

where d, is an appropriate critical value.

(3.3)

X, M,y

(yM )m is the LBI test statistic.
y'My

Thus s=

11



3.2 Relationship between the t-test and the required LBI test

From the above discussion we can say that the LBI test rejdgtior large values of

_ X, My
(y'M,y)"?
for testing H,:[,=0 against H_:5,>0 inthe linear model (2.1) if X, is a

(3.4)

vector , i.e.p=1.

The ordinary least squares (OLS) estimatog®fin (2.1) is

,Agz = (X2’ Mlxz)_l le MY,
and the unbiased OLS estimator of the error variance is
0° =y (M= M X( X, MiX)™ X M) i ().
Thus thet test statistic is

t=B,1{o(X, M X)) "%

=(M=-D7% (X, MX)™" X MY{Y M- MX X MX™* X YW X Mx™"
or
t=(m-"(X, MX,)™"*d{1-( X M ¥ §; (3.5)

where XZ' M, X, is a positive scalar. So, clearly (3.5) is a monotonic increasing

function of the test statistis. Thus we may conclude that our LBI test is equivalent
to the t-test.

3.3 Whether the test statistics is UMPI or not

We have

Py _ Py
(YPPY?  (yMy)*
Replacing (3.6) and (3.4) in (2.11) we get,

w=z/(Z2)"?= (3.6)

12



f(W)=— _mexp( $B° - X% PPXA° ){r(—)+s,8(m—1)r( )7712

+= szﬁ (m—l)(m—2)r(—)ﬂ+ 53,3 (m—2)( m-2)( m—S)F( )773‘2

(B )m-lz'w71 '’y

Thus
()= 2 expl (57 - X PPXE N +sp( my (Y 7

+§s2ﬂ’2(m—1)(w2)r(—)n+1s3ﬁ (m-1)(m-2)( m-3r(M=3 )n“

(B )m'lz'wTl '} (3.7)

We know all invariant tests can be written as a function of the maximal invariant. To
find the best test within the class of invariant tests we have derived the density
function of the maximal invariant and then we have constructed the LBI test. To
prove, our test statistis is UMPI, according to Lehmann (1986, section 6.4) we have

to prove that the function 0§ f (w) is a monotonic increasing function &f. So far,

we cannot prove theoretically that our LBI test statisscis UMPI. We have

simulated this function using a number of different valuessof 8 and X, P’ PX,

and in each case found the function (for these particular values) was monotonic. This

is quite different from being able to prove thdtw) is monotonic. We do however
conjecture that f (w) is monotonic having been unable to disprove this using
simulation methods. We therefore conjecture that the test basedi®QuMP| where

invariance is with respect to transformations of the form (2.2).
3.4 Construction of the LBI test when u~ N(0,0°%(¢)), where 3(¢) is known
Consider the following model,

Y= XB+ X+ u (3.8)

where X, is an nx g nonstochastic matrix,X, is annx p nonstochastic matrix

13



andu~ N[0,0°Z(¢)].

3.4.1 Derivation of Density Function

Let M, = | = X, (X, X)™ X, using the same transformation on (3.8) that

we used earlier (see section 2) we get,

PM,u~ N[0, 0(PZ(¢) P)]
and Py~ N{PX,3, 0°( P{(¢) P)}.

We want to find the distribution of the maximal invariawt= z/ ( Z 2"?, where

z=Pyandzz=r>.

We get,
f(2) = (2m0*) ™| PE(g) P| "

exp{—%(z— PX,5,) (FE(9) PY'( = PXB,)}. (3.9)

Now, changingz to them-dimensional polar co-ordinates,@,,6,,....6,,,) as (2.5),
where (sr <o, 0<6, <7, for k=12,...,(m-2)and0< 6, < 2n , the density of

z becomes,

£(r,6,,6,,...0,1)= @@ Y™ IPZ @P|
1 m-2

{(rw=PX,3,) (PZ(¢) P) " (rw— PXB,)}] ljsin 6"

expf-
pE 202 |

L tew(Ps(g Pt w

= (2m?) ™ P (@) P exp[-
(270°) ™ |PE(@)P| " expl o

~2w (PX(@P) ' PXB,+ B; % P( () P PYB)] rFlthSi” 6"

1

14



Lot L wP @ Py we2w (Pag Py Px s

0 g

Brx, p(ra(p) Py PX Ly P o
g g

= (2w PP [Jsine, ™ ol Jw (PE@)P Y ()’ -

0

T WPZ(OP)'PX, B, | Bay, Xo P(PHAPYPX By iy,
o W(PZ(@P)'w ¢ o wW(PZ(pP)'w o

J|-V2 M2
= (271)‘”"2‘PZ(¢) P‘ L" sing,™

1

Zot- 2P -, + bwp g P 0

0

where
a(we)=wW(PZ(p) P)"w, (3.10)

_W(PZ(@)P)* PXS
a,(wef)= W (PE(@ P W (3.11)

ow g )= L X P(PE(@ P) " wil (g P)* PYS
T 2 w(PZ(@)P)'w (3.12)

-8 X, P(PL(9) P)* PXA],

A= and,[fzé.
o o

15



Lo 220 -2, (wo 7ol

0

m-2

=expb (w8 )er)™ | P @)P[ [ sing," 2 g (wp)

2o o+ Ja ke, (we 8 YNZ T d)

0

W!
where 7 =200 (i-a,(wpf ), A= @Ta(waNn+ a(wef ) and
dA =2/ a(wg)d7.
Now following a similar approach to integrating outo that used earlier (see section
2) we get,
_]jzm—Z
f(6,,6,,....0,1)= expb v g S )[)F’Z ¢P| l<_|

=1

LA ST

m-1, (m-1)(m-2) , 1_m-2
> )+ C(W,(P,,H)EF(T)"‘

ST(mI2)+(m=3 ¢ we ) T .

A" (w8 )%F 1L/2)]

VAW AB(WYB ) _ ,v2 W(PZ(¢) P)" PXS (3.13)
V2 (W(PX(gP) g

wherec(w, ¢, ) =

Therefore the density function of maximal invariantis,

f(w :%n'”“exp(b(wmﬂ WPE @)P[2 ™ (W)l (m2)+

H(m-Dowe ) (oD (m'l)ém' 2 (w8 )r ("

;0
A" (w8 T (/2)]. (3.14)

3.4.2 Construction of LBI test statistic

Taking logs on both sides of (3.14) we get,

16



log f ()= -log2- 7 logrr- 7 loga, (W @)+ bwp B )+ log{Fz @) }+

) (m-1)(m-2) &
2

log{r(m/ 2 +(m~1 ¢ wg B ) (=
LAC (w8 Y AI2)),

wherea,(w,¢), b(w,@, 8 ) andc(w,¢,5 ) are defined by (3.10), (3.12) and (3.13).

dlog{ (W) _ X, P(FE(Q) )" wi( B(g) * PYF _ . .
F @ P X, P(PE(9) P)" PX)

H{r(m 2 +(m-9 ¢ wg S) (T + I Dy

o (m-1) _, m-1 (PZ(@)P)" PXZ
(g8 ¥ QIFE 5= T () al (PL(@)P) " w

(m—l)é m-2) ai(W,(ﬂ)W\(MPZ(@ P)” |_°1Xz[f (Px(¢) P)'l_lple "
(PX(@P)"w (Px(@)P)"w

2 1@( PE(9) )" P | Eiépzw) Py px
W (PE(@)P) W (P(@)P) " w

_ La'(wg), . m-1 %(Fz(@ Py px b
=gyt e RS T

dlog f (w)
08*

Hence the LBI test rejectsl, for,

(rz(e) P)* Px b

182 (w9)
m/ >
{r(m/ 2} (m-or (" (PP w KB

2

or equivalently

MAP=(9) Py Wl 2&”’2(‘”’ P)"PX, h. d,

(P=(¢)P)"w

or

X, P(PE(¢) P)* w

>d,,
G (Px(@) P)* WY

17



or

X, P(P(@)P)* PY(YMY® _
{yP(P(@ P)7PY'T( yMy"™

becausev = Py/(y M y)"?, or

X, P(PH(@P)* Py _
{yP(PXg P) PY"2 "

(3.15).

Here (see King (1980))
X, P(PE(@) P) Py= X{X P -AP' X XAP™ ¥ XA9} vy
= (X ZA VALY - P I X AP XL PV y

=X, My

where
y =2(9 "%y
X, =Z(P) X,
X, =2() %X,

My =1 =X (X X)X

Similarly

yP(PE(@P) Py= Y M .

Thus the LBI test (3.10) can be written as

X, My

>d,
(y M, y)"?

where d, is an appropriate critical value.

18



Therefore our required LBI test statistic is
X, My
(y M y)"

(3.16)

In the case ofp =1, we are interested in testing: 5, = 0 againstH,: 5, >0 for the

regression equation
Y =X B+ X Bt v, (3.17)

wherev =3(¢)™"?u, v~ N(0,0°1) and ¢ is known.

Using a similar procedure as the unstared case (3.5), we can show that the test statistic

t is a monotonic increasing function of the LBI test Thus we may conclude that

our LBI test is equivalent to the one-sided t test.

4.Tests of a Non-linear Regressor

Let us consider the following non-linear model,

y=XB+d X B,)+ u (4.1)

where X, is an nx q nonstochastic matrixX, is an nx p nonstochastic matrix
and g( X,,/,) is a non-linear function o3, and X, , for which g( X,,,) =0 when
B, =0.We wish to testH: 5, = 0 againstH,: 3, >0 in the context of the above

non-linear regression model fgr=1.

4.1 Derivation of Density Function

Let M, =1 =X (X, X)™X . Then
M,y = M, X8+ My X, )+ Mu
= M9(X,,8,)+ M. (4.2)

Now multiplying (4.2) by P we get,

19



Py=Pd X.5,)+ Pu,
where P is an mx n matrix such thatPP' = |, PPP= M, and m= n- q. Then

PM,y= Py and PM, = P.

Thus Py~ N(PY X,,5,),0°1.). (4.3)

Let z= Py We want to find the distribution ofv= z/ (2 2"?. Here z'z=r>.

From (4.3),

L (- P %8 (= PG XB.)}. (4.4)

f(2)=(2m*) ™ exp{-
20
Now, changingz to them-dimensional polar co-ordinates,@,,6,,....6,,,) asin

(2.5), the density oz becomes,

1

{16,006 )= @07 )™ expE—

tw-Pg (X, 5,))

(rw = Pg( %,, B,))} rmljsin 6"

= (2nUZ)‘”"2exp{—%(r2W'w— 2W rPg( X,,3,) +
9'(%5,)P Pd %, B8,)} Fl”ljsinek”“-k.

1

The density function of8,,6,,...,6,,_,) can be obtained by integrating out

1
20°

f(6,,0,,...0.. )= RQmo’ )‘”"ZZXp{- w'w—-2w rPg(X, ,3, )+

0

m-2

9'(X,, 8,) P Pq X, 5,)} r””“ sing,™" dr .

=1
Now using similar transformations to those we have used earlier for the linear case we
get,
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m-2

(0.0, 8y)= @Y™ [ siv6,™ Loxpt S =2 (0 5, ) b, W™ o

wherea(w,3,)=w Pg( X,5.), (4.5)

(W 5,)=216( % ) Pwi P % ) -

g (X, 8,)P PG( %.5,)}, (4.6)

g (%)= L2, @7

A oL andww=1.
o

m-2

(6,.0,,..0, )= (277)"“’2[] sing,™ " expb W 5, ) exp{% A-awpg, NI d

= L H(A-dwp)} o
in which ¢ = exp(b(w,5, ))nlj2 sig,™ " and

H(A-aw B} Zﬁ‘wzexp{—%( -4 wB)} .

Alternatively

0

wheren=A-a(w,5,), dd=dnp and A =n+a(w,f,).

Following a similar procedure as for the linear case (section 2), we get

%a(vv,/i'z)( m—1)r(mT_1)7f”;1 +Za2(w’ B,)(m-1)(m-2)r (mT‘Z),,‘”ZZ +

...+%arH (w,B3,)@my ™ 2¥%m' 3},

Therefore the density function of the maximal invariants,
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£(W) = = 77 exp(b(w, 8, )T (M 2)+ & wB,)( m 1 (T 1)
2 2 4.8)

m+l

+2 3w, B)(m=1)(m- 27 (T Z)re 4a™ (w,,)2 2 )

wherea(w, 5,) andb(w,f,) are defined by (4.5) and (4.6). Using this density

function of the maximal invariant statistic, we can construct the LBI test for a non-
linear regressor.

4.2. Tests of a Non-Linear Regressor

Taking logs of both sides of (4.8) we get

log{ f(w} = Hog 2- Tlog rr+H(w £) +log{I(m 2 + & wA)( m-Ir(" ) "

+Za(w A (M) (m 2T (T 2y 2™ (w5, o )

=_I092—glogﬂ+%{g~(xz,,gz)PWV\'/ Pa( %.83,) - *g'( X3, PPd %B,)}+
oG (M 2) + & WA DT (T 2) 7%+ a(w ) m-D)( m- 9T (T Z) e+

.+a™(w,5, )2'rmTl 1'%},

Therefore the LBI test oH,: 8, = 0 againstH_: 5, > 0 rejectsH, for large values of

dlog f (w)
/3,

and results in the critical region
B,=0

WWOLL)
182 B,=0 >c .
(y'M,y)*? -

(4.9)
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Thus putting the value g (a);f”gz) in the above function we get the LBI test

2 B,=0
statistic for testingH,: 3, =0, where g ( X,,£3,) in (4.7) is a non-linear function of

X, and S, .
5. Concluding Remarks

In this paper, having derived the density function of the maximal invariant statistic,
we have constructed an LBI test in the linear regression model against one-sided
alternatives. The principle of invariance is used to eliminate nuisance parameters in
multiparameter one-sided testing problems. This allows the construction of the LBI
test. The resultant LBI test is found to be equivalent to the one-sitesl. In the case

of a non-linear regression, we have derived the density function of the maximal
invariant statistic and we have constructed the LBI test statistic for a non-linear

regressor.
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