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Vljqdoolqj dqg Ghidxow=
Urwkvfklog�Vwljolw} Uhfrqvlghuhg

Sudghhs Gxeh| dqg Mrkq JhdqdnrsorvW

Devwudfw

Lq rxu suhylrxv sdshu zh exlow d jhqhudo htxloleulxp prgho ri ghidxow dqg
sxqlvkphqw lq zklfk htxloleulxp dozd|v h{lvwv dqg hqgrjhqrxvo| ghwhuplqhv dv0
vhw surplvhv/ shqdowlhv/ dqg vdohv frqvwudlqwv1 Lq wklv sdshu zh lqwhusuhw wkh
hqgrjhqrxv vdohv frqvwudlqwv dv htxloleulxp vljqdov1 E| vshfldol}lqj wkh ghidxow
shqdowlhv dqg lpsrvlqj dq h{foxvlylw| frqvwudlqw rq dvvhw vdohv/ zh rewdlq d shu0
ihfwo| frpshwlwlyh yhuvlrq ri wkh Urwkvfklog�Vwljolw} prgho ri lqvxudqfh1 Lq rxu
prgho wkhlu vhsdudwlqj htxloleulxp dozd|v h{lvwv hyhq zkhq wkh| vd| lw grhvq*w1

Nh|zrugv= ghidxow/ lqfrpsohwh pdunhwv/ dgyhuvh vhohfwlrq/ prudo kd}dug/
htxloleulxp uh�qhphqw/ vljqdoolqj/ hqgrjhqrxv dvvhwv

WWkh �uvw yhuvlrq ri wklv sdshu zdv frqwdlqhg lq d pdqxvfulsw flufxodwhg lq 4<<7/ dqg wkhq sulqwhg
dv d Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu lq 53331 Wkh fxuuhqw yhuvlrq lv d uh�qhphqw ri wkh vhfrqg
kdoi ri wkdw sdshu1



4 Lqwurgxfwlrq

Lq rxu suhylrxv sdshu +Gxeh|/ Jhdqdnrsorv/ Vkxeln/ 5334, zh exlow d prgho wkdw
h{solflwo| doorzv iru ghidxow/ exw lv eurdg hqrxjk wr lqfrusrudwh frqyhqwlrqdo jhqhudo
htxloleulxp wkhru| dv d vshfldo fdvh1 Zh fdoo wkh prgho JH+U>�>T, ehfdxvh hdfk
dvvhw m lv gh�qhg e| lwv surplvh U�/ wkh shqdow| �� iru ghidxow rq wkh surplvh/ dqg
wkh txdqwlw| uhvwulfwlrq T� dwwhqgdqw rq wkrvh zkr vhoo lw1

Lq wkh prgho/ d vhoohu k ri *�� xqlwv ri dvvhw m kdv wkh rswlrq ri gholyhulqj dq|
G�
� � *��U� / dqg lqfxuulqj d shqdow| ��� ^*

�
�U� �G�

� `
n rq wkh vkruwidoo1 Dv d uhvxow ri

wkh rswlrq/ gl�huhqw vhoohuv pd| sd| r� gl�huhqwo| rq wkh vdph dvvhw1 Zh pdlqwdlq
wkh k|srwkhvlv ri shuihfw frpshwlwlrq e| vxssrvlqj wkdw ex|huv gr qrw wudgh zlwk
lqglylgxdo vhoohuv/ exw zlwk wkh pdunhw1 Wkh ex|huv ri dvvhw m uhfhlyh d sur udwd vkduh
ri doo lwv gl�huhqw vhoohuv* gholyhulhv/ mxvw dv dq lqyhvwru grhv wrgd| lq wkh vhfxulwl}hg
pruwjdjh pdunhw1 Wkxv iurp wkh ex|hu*v shuvshfwlyh/ dvvhw m lv d vkduh lq d srro ri
gholyhulhv1 Hdfk xqlw sxufkdvhg ri wkh dvvhw gholyhuv

�� �

[
�

G�
�[

�

*��
=

Wkh ex|hu ri dvvhw m grhv qrw nqrz wkh lghqwlw| ri lwv vhoohuv/ qru wkh txdqwlwlhv ri
wkhlu vdohv1 Exw kh grhv nqrz wkdw qrqh ri wkhp frxog kdyh vrog pruh wkdq wkh olplw
T�1

Wkh srrolqj ohdgv wr dgyhuvh vhohfwlrq/ vlqfh d ex|hu pxvw zruu| wkdw vhoohuv zlwk
d surfolylw| iru ghidxow +rq dffrxqw ri orz ghidxow shqdowlhv ru orz hqgrzphqwv, zloo
whqg wr vhoo pruh ri wkh dvvhw/ zruvhqlqj wkh dqwlflsdwhg udwh ri gholyhu| �� 1 Prudo
kd}dug hqwhuv wkh slfwxuh ehfdxvh d vhoohu fdq fkrrvh wr ghidxow/ dqg ehfdxvh dq djhqw
zkr vhoov pruh surplvhv zloo eh ohvv deoh wr ixoo| gholyhu rq dq| rqh ri wkhp1

Vljqdoolqj/ e| sxeolfo| frpplwwlqj rqhvhoi wr d vpdoo txdqwlw| ri vdohv/ wkhuhiruh
kdv dq lpsruwdqw uroh wr sod|/ ehfdxvh lw dvvxuhv wkh ex|hu ri d pruh uholdeoh gh0
olyhu|1 Wzr dvvhwv l dqg m zlwk lghqwlfdo surplvhv U� @ U� dqg shqdowlhv �� @ �� /
pd| vhoo iru gl�huhqw sulfhv �� A �� li T� ? T�1 Frqiruplqj pruwjdjhv/ zklfk duh
suhvhqwo| olplwhg wr '5:8/333/ vhoo iru d kljkhu sulfh +shu groodu surplvhg, wkdq mxper
pruwjdjhv/ zklfk duh qrw vr frqvwudlqhg lq vl}h1

Zlwkrxw dq| ghidxow/ wkhuh lv qr rswlrq/ dqg rxu prgho uhgxfhv wr wkh vwdqgdug
jhqhudo htxloleulxp prgho zlwk lqfrpsohwh pdunhwv +JHL,1 Srrolqj gl�huhqw gholyhulhv
lv zkdw glvwlqjxlvkhv rxu prgho iurp JHL/ dqg hqdeohv lw wr lqfoxgh skhqrphqd olnh
dgyhuvh vhohfwlrq dqg prudo kd}dug wkdw duh plvvlqj iurp JHL1

Srrolqj/ krzhyhu/ grhv qrw frpsurplvh wkh h{lvwhqfh ri htxloleulxp1 Zh vkrzhg
lq rxu suhylrxv sdshu wkdw iru dq| h{rjhqrxvo| �{hg vhw D ri wudghdeoh dvvhwv/

D @ i+U� > �� >T�, = +U� > �� >T�, lv wudghdeohj>
htxloleulxp H+D, dozd|v h{lvwv1 Wkh ohyhov ri wudgh/ wkh udwhv ri ghidxow/ dqg wkh
sulfhv ri doo dvvhwv lq D hphujh hqgrjhqrxvo| dv sduw ri wkh htxloleulxp H+D,1 Lq
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frqwudvw wr vwdqgdug jhqhudo htxloleulxp prghov/ lq zklfk sulfhv duh wkh rqo| htxl0
oleudwlqj yduldeohv/ khuh sulfhv dqg dqwlflsdwhg gholyhu| udwhv duh qhhghg wr fohdu
pdunhwv1

D nh| ihdwxuh ri rxu htxloleulxp lv d frqglwlrq rq h{shfwhg gholyhulhv ri xqwudghg
dvvhwv wkdw lv vlplodu wr wkh wuhpeolqj kdqg uh�qhphqwv xvhg lq jdph wkhru|1 Qrwlfh
wkdw �� lv qrw gh�qhg zkhq wrwdo vdohv

S
� *

�
� @ 31 Wkh frqglwlrq vd|v wkdw ��

vkrxog eh ghulyhg dv wkh olplw ri gholyhu| udwhv ��+%, wdnhq ryhu d vhtxhqfh ri vpdoo
shuwxuedwlrqv %$ 3/ dw zklfk wkhuh lv srvlwlyh wudgh ri dvvhw m1

Htxloleulxp dovr jlyhv ulvh wr wkh vxevhw DW � DW+H+D,, � D ri dfwlyho| wudghg
dvvhwv=

DW @ i+U�> ��> T�, 5 D = +U� > �� >T�, lv srvlwyho| wudghg lq H+D,j=

Xvlqj wkh uh�qhphqw/ zh dujxhg lq rxu suhylrxv sdshu wkdw htxloleulxp hqgrjhqrxvo|
ghwhuplqhv wkh wudghg dvvhwv> zlwk ghidxow/ DW whqgv wr eh pxfk vpdoohu wkdq D1

Wklv lv lq vkdus frqwudvw wr JHL/ zklfk lv d vshfldo fdvh ri rxu prgho/ zlwk
� @ T @ 41 Lq JHL/ iru jhqhulf xwlolwlhv dqg hqgrzphqwv/ wkh vsdq ri wkh dfwlyho|
wudghg surplvhv DW htxdov wkh vsdq ri wkh dydlodeoh surplvhv D1 Wkxv h�hfwlyho|
DW @ D/ dqg JHL lv xqdeoh wr h{sodlq wkh hqgrjhqhlw| ri wudghg dvvhwv14

Lq wklv sdshu rxu irfxv lv rq wkh hqgrjhqhlw| ri wkh txdqwlw| vljqdov T�1 Wr wklv
hqg/ zh �{ wkh shqdowlhv �� @ �� dqg surplvhv U� @ �U dqg vhh zklfk vdohv uhvwulfwlrqv
T� hphujh lq DW1 Li wkh txdqwlw| frqvwudlqwv T� rq dvvhw vdohv duh qrw elqglqj lq
htxloleulxp/ wkhq wkhuh lv lq h�hfw qr vljqdoolqj1 Rwkhuzlvh wkh T� ehfrph vljqdov
zklfk sod| d fuxfldo uroh lq wkh htxloleulxp1 Wkh skhqrphqrq ri vljqdoolqj fdq wkxv
eh wuhdwhg lq shuihfw frpshwlwlrq/ pruhryhu zlwkrxw mhrsdugl}lqj wkh h{lvwhqfh ri
htxloleulxp1

E| vxlwdeoh fkrlfhv ri ghidxow shqdowlhv zh vxevxph lqvxudqfh frqwudfwv lq rxu
iudphzrun1 Wdnh

��r� @

�4 li v 5 �V� � V
3 li v @5 �V� =

Djhqwv duh irujlyhq frpsohwho| lq vrph vwdwhv +shukdsv zkhq wkhlu hqgrzphqwv duh
}hur, dqg frpshoohg wr uhsd| rwkhuzlvh1 Wklv hqdeohv xv wr fdswxuh lqvxudqfh lq
whupv ri wudglqj dvvhwv lq rxu prgho1 Frqvlghu dq dvvhw zklfk surplvhv rqh groodu lq
hyhu| vwdwh/ exw zkrvh h{shfwhg gholyhu| udwh lv � ? 4 rq dffrxqw ri ghidxow1 Dq djhqw
k/ zkr ex|v dqg vhoov rqh xqlw ri wklv dvvhw/ zloo ixoo| gholyhu lq klv jrrg vwdwhv +vlqfh
��r @4 iru v 5 �V�, dqg ixoo| ghidxow lq klv edg vwdwhv +vlqfh ��r @ 3 iru v @5 �V�,1 Rq
qhw/ k wkhq rewdlqv � lq klv edg vwdwhv e| jlylqj xs 4� � lq klv jrrg vwdwhv/ zklfk lv
wdqwdprxqw wr wdnlqj rxw lqvxudqfh1 Lq sduwlfxodu/ wkh prghov ri Dnhuori +4<:5, dqg
Urwkvfklog dqg Vwljolw} +4<:9, fdq eh hpehgghg dv vshfldo fdvhv lq rxu prgho1

Urwkvfklog dqg Vwljolw} vhhp wr kdyh kdg lq plqg roljrsrolvwlf lqvxudqfh frpsd0
qlhv/ ghvljqlqj frqwudfwv iru d frqwlqxxp ri sulydwh djhqwv1 Wkhvh frpsdqlhv lqwhu0
phgldwhg wudgh ehwzhhq wkh djhqwv/ vhwwlqj sulfhv wr dwwudfw fxvwrphuv/ dqg vwdqglqj

4Rqo| zkhq wudqvdfwlrqv frvwv iru dvvhwv duh lqwurgxfhg lqwr wkh JHL prgho fdq �W vxevwdqwlyho|
gl�hu iurp �1 Vhh iru h{dpsoh wkh zrun ri Doohq�Jdoh +4<;;, dqg Shvhqgruihu +4<<8,1
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uhdg| wr lqvxuh doo zkr dffhswhg wkhlu r�huv1 Wkh| zhuh dvvxphg wr kdyh ulvn0qhxwudo
suhihuhqfhv dqg wr pd{lpl}h h{shfwhg sur�wv1

Zh kdyh uhfdvw wklv vwru| lq d shuihfwo| frpshwlwlyh vhwwlqj/ uhwdlqlqj rqo| wkh
frqwlqxxp ri djhqwv1 Zh gr qrw kdyh lqvxudqfh frpsdqlhv � zh kdyh pdunhwv1 Gl0
yhuvh jurxsv ri djhqwv wudgh surplvhv wkurxjk wkhvh pdvvlyh/ dqrq|prxv pdunhwv1
Vlqfh wkh dvvhwv erxjkw duh srrov ri surplvhv/ dqg wkrvh vrog shuplw lglrv|qfudwlf
gholyhulhv dqg ghidxow/ wkh qhw h�hfw lv wkdw djhqwv lqvxuh hdfk rwkhu wkurxjk wkh pdu0
nhwv1 Hyhu| djhqw lv d sulfh wdnhu1 \hw wkh prgho lv vxewoh hqrxjk wr xqdpeljxrxvo|
ghwhuplqh zklfk lqvxudqfh frqwudfwv zloo hphujh lq DW1 Lq rxu prgho/ wkh pdunhw
irufhv ri shuihfw frpshwlwlrq wdnh ryhu wkh uroh ri ghvljqlqj frqwudfwv1 Ixuwkhupruh
zh ghulyh wkh frqfoxvlrq wkdw lqvxudqfh srolflhv |lhog }hur h{shfwhg sur�w/ vroho| iurp
wkh glvwulexwlrq ri dfflghqw ulvn lq wkh hfrqrp|/ zlwkrxw srvwxodwlqj dq| ulvn0qhxwudo
djhqwv1

Prvw uhpdundeoh lv wkdw rxu h{lvwhqfh wkhruhp iru htxloleulxp zlwk ghidxow dovr
jxdudqwhhv wkh h{lvwhqfh ri lqvxudqfh htxloleulxp/ lq vslwh ri wkh dgyhuvh vhohfwlrq1
Urwkvfklog dqg Vwljolw} vkrzhg wkdw wkhuh zhuh urexvw hfrqrplhv lq zklfk wkhlu htxl0
oleulxp grhv qrw h{lvw1 E| uhsodflqj d k|eulg frpshwlwlyh2roljrsrolvwlf prgho zlwk
d vlpsohu shuihfwo| frpshwlwlyh prgho/ zh duh deoh wr uhwdlq wkh vxewohw| ri wkh
vhsdudwlqj htxloleulxp/ dqg dw wkh vdph wlph wr uhvwruh wkh xqlyhuvdo h{lvwhqfh ri
htxloleulxp1

Lq Vhfwlrq 5 zh uhfdoo rxu edvlf prgho ri ghidxow dqg zh glvfxvv wkh htxloleulxp
uh�qhphqw1 Vhfwlrq 6 uhvwdwhv wzr h{lvwhqfh wkhruhpv suryhg lq rxu suhylrxv sdshu1
Lq Vhfwlrq 7 zh vkrz krz wr uhlqwhusuhw wkh yduldeohv lq wkh prgho vr dv wr lqfoxgh
lqvxudqfh dv d vshfldo fdvh1 Lq Vhfwlrq 8 zh looxvwudwh wkh hphujhqfh ri dgyhuvh
vhohfwlrq lq rxu prgho/ lq frqwudvw wr JHL1 Zkhq wkhuh lv rqo| rqh dydlodeoh dvvhw
+zlwk qr olplwdwlrq rq lwv vdoh,/ djhqwv ri gl�huhqw w|shv zloo vhoo lw1 Xquholdeoh djhqwv/
iru zkrp lw lv ohvv frvwo| wr ghidxow/ zloo vhoo glvsursruwlrqdwho| odujh txdqwlwlhv/
dgyhuvho| d�hfwlqj gholyhu| udwhv rq wkh srro1

Lq Vhfwlrq 9 zh frqvlghu vljqdoolqj lq wkh frqwh{w ri lqvxudqfh/ l1h1/ zh doorz iru
pdq| dvvhwv zlwk lghqwlfdo surplvhv dqg shqdowlhv/ exw gl�huhqw vdohv olplwv1 Zh
ixuwkhu vshfldol}h wkh prgho/ frq�qlqj rxuvhoyhv wr lq�qlwh2}hur shqdowlhv dqg wr
wzr w|shv ri djhqwv +uholdeoh dqg xquholdeoh,/ wr eulqj lw lqwr wkh Urwkvfklog�Vwljolw}
iudphzrun1 Olnh wkhp/ zh suhvxph wkdw dvvhw vdohv duh h{foxvlyh/ wkdw lv wkdw hdfk
djhqw fdq vhoo dw prvw rqh dvvhw +l1h1/ rewdlq dw prvw rqh lqvxudqfh frqwudfw,1 Dv
vkrzq e| Wkhruhp 5 lq Vhfwlrq 6/ wklv h{foxvlylw| frqvwudlqw grhv qrw hqgdqjhu wkh
h{lvwhqfh ri htxloleulxp1 Zh vkrz wkdw wkhlu �vhsdudwlqj� frqwudfwv dozd|v irup
d JH+U>�>T, htxloleulxp/ hyhq zkhq wkh| vd| wkhuh lv qr htxloleulxp1 Pruhryhu/
rxu htxloleulxp uh�qhphqw lv vwulqjhqw hqrxjk wr jxdudqwhh wkdw wklv lv wkh xqltxh
htxloleulxp1

Wkh fuxfldo gl�huhqfh ehwzhhq wkh Urwkvfklog�Vwljolw} gh�qlwlrq ri htxloleulxp
dqg rxuv fdq eh xqghuvwrrg lq whupv ri wkh dvvxpswlrq hdfk pdnhv derxw wkh uhold0
elolw| ri xqwudghg frqwudfwv m 5 DqDW1 Zh dujxh lq Vhfwlrq 5 dqg Vhfwlrq 9 wkdw rxu
dvvxpswlrq lv qdwxudo zkhq wkhuh duh pdq| ex|huv dqg vhoohuv lq shuihfw frpshwlwlrq/
dqg fruuhvsrqgv wr fdxwlrxv h{shfwdwlrqv +ghwhuplqhg e| wkh �wuhpeolqj kdqg� uh0
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�qhphqw wr htxloleulxp wkdw zh jlyh,1 E| frqwudvw/ wkh h{shfwdwlrqv dwwulexwhg wr
djhqwv e| Urwkvfklog dqg Vwljolw} duh qrw frpsdwleoh +wr rxu zd| ri wklqnlqj, zlwk
shuihfw frpshwlwlrq1

Lq rxu vhtxho sdshu +Gxeh|�Jhdqdnrsorv/ 5334, zh h{soruh zkdw kdsshqv lq
wkh pruh uhdolvwlf vhwwlqj zkhuh djhqwv fdq vhoo pruh wkdq rqh dvvhw/ doehlw xqghu
uhvwulfwlrqv1 Zkhq wkh dvvhwv duh udqnhg e| vhqlrulw|/ zh �qg wkdw d qhz nlqg ri
sulpdu|�vhfrqgdu| lqvxudqfh htxloleulxp hphujhv/ zklfk dsshduv wr frqirup ehwwhu
zlwk uhdo sudfwlfh1 Erwk wkh uholdeoh dqg xquholdeoh djhqwv wdnh rxw wkh vdph sulpdu|
lqvxudqfh srolf|/ dw lqwhuphgldwh udwhv> lq dgglwlrq/ wkh xquholdeoh wdnh rxw pruh
vhfrqgdu| lqvxudqfh dw dq xqidyrudeoh udwh1

5 Ghidxow lq Htxloleulxp= Wkh JHEU> �>T� Prgho

514 Wkh Hfrqrp|

Dv lq wkh fdqrqlfdo prgho ri jhqhudo htxloleulxp zlwk lqfrpsohwh pdunhwv +JHL,/ zh
frqvlghu d wzr0shulrg hfrqrp|/ zkhuh djhqwv nqrz wkh suhvhqw exw idfh dq xqfhuwdlq
ixwxuh1 Lq shulrg 3 +wkh suhvhqw, wkhuh lv mxvw rqh vwdwh ri qdwxuh +fdoohg vwdwh 3,/ lq
zklfk K djhqwv wudgh lq O frpprglwlhv dqg M dvvhwv1 Wkhq fkdqfh pryhv dqg vhohfwv
rqh ri V vwdwhv zklfk rffxu lq shulrg 4 +wkh ixwxuh,1 Frpprglw| wudghv wdnh sodfh
djdlq/ dqg dvvhwv sd| r�1 Wkh gl�huhqfh iurp JHL lv wkdw lq rxu JH+U>�>T, prgho/
dvvhwv sd| r� lq dffrugdqfh zlwk zkdw djhqwv rsw wr gholyhu1 Rxu qrwdwlrq fdq eh
irupdol}hg dv iroorzv=

c 5 O @ i4> ===> Oj @ vhw ri frpprglwlhv
v 5 V @ i4> ===> Vj @ vhw ri vwdwhv lq shulrg 4
VW @ i3j ^ V @ vhw ri doo vwdwhv
k 5 K @ i4> ===>Kj @ vhw ri djhqwv
h� 5 U

7Wfu
n @ lqlwldo hqgrzphqw ri djhqw k

m 5 M @ i4> ===> Mj @ vhw ri dvvhwv
U� 5 U

7fu
n @ surplvhv shu xqlw ri dvvhw m ri hdfk frpprglw| c 5 O lq hdfk vwdwh

v 5 V
x� = U7Wfu

n $ U @ xwlolw| ixqfwlrq ri djhqw k
��r� 5 Un � Un ^ i4j @ uhdo ghidxow shqdow| rq djhqw k iru dvvhw m lq vwdwh v

T�
� 5 Un @ erxqg rq vdoh ri dvvhw m e| djhqw k

Zh dvvxph wkdw qr djhqw kdv wkh qxoo hqgrzphqw/ dqg wkdw doo qdphg frpprglwlhv
duh suhvhqw lq wkh djjuhjdwh/ l1h1/

h�r @ +h�r�> ===> h
�
ru, 9@ 3

iru doo k 5 K dqg v 5 VW/ dqg

hr� @
[
�MM

h�r� A 3
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iru doo vc 5 VW � O1 Dovr hdfk x� lv frqwlqxrxv/ frqfdyh dqg vwulfwo| lqfuhdvlqj lq
hdfk ri lwv VW�O yduldeohv1 Kdylqj dvvxphg vwulfw prqrwrqlflw| dqg frqfdylw|/ wkhuh
lv qr ixuwkhu orvv ri jhqhudolw| lq dvvxplqj wkdw x�+{,$4 zkhqhyhu mm{mm" $415

Zh fdq ylvxdol}h wkh vwdwh vsdfh dv d vlpsoh wuhh=

s = S

s = 1

s = 0

Iljxuh 4

Djhqwv k kdyh khwhurjhqhrxv/ vwdwh0ghshqghqw hqgrzphqwv h�r 5 U
u
n dqg glvxwlo0

lwlhv ri ghidxow ��r� 1
Dgyhuvh vhohfwlrq hqwhuv wkh slfwxuh ehfdxvh djhqwv kdyh gl�huhqw hqgrzphqwv

rxw ri zklfk wr nhhs wkhlu surplvhv/ dqg dovr gl�huhqw glvxwlolwlhv ri ghidxow1
Surplvhv pxvw eh ri d olplwhg nlqg m 5 M �{hg d sulrul1 D surplvh m 5 M vshfl�hv

exqgohv ri jrrgv +ru vhuylfhv, wr eh gholyhuhg lq hdfk vwdwh=

Surplvh U� @

3
EEC

4
FFD
j � vwdwh 4 jrrgv
j � vwdwh 5 jrrgv

j � vwdwh V jrrgv1

Djhqwv k pdnh surplvhv e| vhoolqj ydulrxv txdqwlwlhv *�� ri hdfk dvvhw m1 Dq
djhqw*v delolw| wr nhhs d surplvh ghshqgv rq krz pdq| surplvhv kh vhoov/ erwk ri
wkh vdph nlqg m/ dqg ri rwkhu nlqgv m� 9@ m1 Prudo kd}dug hqwhuv wkh slfwxuh/ vlqfh
d ex|hu ri dq dvvhw +l1h1/ ohqghu, grhv qrw nqrz zklfk rwkhu surplvhv wkh vhoohu +l1h1/
eruurzhu, kdv pdgh/ dqg ehfdxvh eruurzhuv kdyh wkh rswlrq wr ghidxow1

Hdfk nlqg ri dvvhw suhvfulehv d olplw rq lwv vdoh/ *�� � T�
� 1 Olplwv rq vdohv ri

surplvhv duh qhfhvvdu| wr dq| uhdolvwlf prgho ri fuhglw16 Li T�
� @ 3/ wkhq djhqw k lv

hvvhqwldoo| iruelgghq iurp vhoolqj dvvhw m1 Li wkh olplwv T�
� duh yhu| odujh/ wkh| pd|

eh hqwluho| luuhohydqw1 Exw li wkh| duh vpdoo/ wkhq wkh| pd| eh xvhg dv d vljqdo wkdw
wkh vhoohuv duh qrw pdnlqj pdq| surplvhv/ dqg khqfh wkdw wkh surplvhv duh uholdeoh1

5Ohw � ' t% M U
7
�
u

n G ��%��" $ 2��S
�
e���"�1 Ohw n eh wkh vhw ri d!qh ixqfwlrqv u G U7

�
u

n < U

vxfk wkdw uE%� D ��E%� iru doo % M �1 Gh�qh ���E%� 
 �?uuMn uE%�1 Wkhq htxloleulxp zlwk �� dqg
��� frlqflgh/ dqg ��� kdv wkh ghvluhg surshuwlhv1

6Hylghqfh derxqgv wkdw �qlwh erxqgv duh dozd|v lpsrvhg lq wkh h{whqvlrq ri fuhglw1 Hyhq wkh
ehvw �qdph� dprqj eruurzhuv kdv d olplwhg fuhglw olqh1

8



Dq hfrqrp| lv gh�qhg dv d yhfwru

H @

�
+x�> h�,�MM >

�
U�> ++�

�
r�,rM7 > T

�
� ,�MM

�
�Ma

�
=

Qrwh djdlq wkdw dq dvvhw frqvlvwv ri surplvhv/ shqdowlhv iru ghidxow/ dqg olplwv rq
vdohv1

515 Htxloleulxp

Wr gh�qh d JH+U>�>T, htxloleulxp/ �uvw frqvlghu wkh �pdfuryduldeohv� s/ �/ N wkdw
hdfk djhqw wdnhv dv �{hg1 Khuh s 5 U

7Wfu
nn lv wkh yhfwru ri frpprglw| sulfhv> � 5 U

a
n

lv wkh yhfwru ri dvvhw sulfhv> dqg N lv dq V � M pdwul{ zlwk hqwulhv Nr� ehwzhhq 3
dqg 4/ uhsuhvhqwlqj wkh iudfwlrq h{shfwhg wr eh gholyhuhg ri sd|phqwv surplvhg e|
dvvhw m lq vwdwh v1

51514 Krxvhkrog Exgjhw dqg Sd|r�

Wkh exgjhw vhw E�+s> �>N, ri djhqw k lv jlyhq e|=

E�+s> �>N, @

+
+{> �>*>G, 5 U

7Wfu
n �U

a
n �U

a
n �U

af7fu
n =

sf � +{f � h�f, . � � +��*, � 3> *� � T�
� iru m 5 M > dqg> ;v 5 V>

sr � +{r � h�r , .
[
�Ma

sr �Gr� �
[
�Ma

��Nr�sr �Ur�

<@
>

Khuh { 5 U
7Wfu
n lv wkh �qdo frqvxpswlrq ri frpprglwlhv/ � 5 U

a
n +uhvshfwlyho|/

* 5 U
a
n, jlyhv wkh sxufkdvhv +uhvshfwlyho|/ vdohv, ri wkh M dvvhwv/ dqg Gr� 5 U

u
n lv wkh

yhfwru ri jrrgv gholyhuhg e| djhqw k rq dvvhw m lq vwdwh v1
Wkh exgjhw vhw doorzv djhqw k wr gholyhu zkdwhyhu kh sohdvhv1 Rq wkh rwkhu

kdqg/ wkh djhqw h{shfwv wr uhfhlyh d iudfwlrq Nr� ri wkh surplvhv pdgh wr klp rq
dvvhw m lq vwdwh v1 Wkh �uvw frqvwudlqw vd|v wkdw djhqw k fdqqrw vshqg pruh rq
sxufkdvhv ri frpprglwlhv {f dqg dvvhwv � wkdq wkh uhyhqxh kh uhfhlyhv iurp wkh vdoh
ri frpprglwlhv h�f dqg dvvhwv *1 Pruhryhu kh fdq qhyhu vhoo pruh wkdq T�

� ri dq|
dvvhw m1 Wkh vhfrqg frqvwudlqw dssolhv vhsdudwho| lq hdfk vwdwh v 5 V1 Lw vd|v wkdw
djhqw k fdqqrw vshqg pruh rq wkh sxufkdvh ri frpprglwlhv {r dqg dvvhw gholyhulhvS

� Gr� lq vwdwh v wkdq wkh uhyhqxh kh jhwv lq vwdwh v iurp frpprglw| vdohv h�r dqg
dvvhw uhfhlswv

S
� ��Nr�srUr� 1

Wkh rqo| uhdvrq wkdw djhqwv gholyhu dq|wklqj rq wkhlu surplvhv lv wkdw wkh| ihho d
glvxwlolw| ��r� iurp ghidxowlqj1 Wkh sd|r� ri +{> �> *>G, jlyhq sulfhv s/ wr djhqw k lv

z�+{> �>*>G> s, @ x�+{,�
[
�Ma

[
rM7

��r�^*�sr �Ur� � sr �Gr� `
n

sr � yr =
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+Khuh yr 5 U
u
nqi3j uhsuhvhqwv d �{hg edvnhw ri jrrgv/ xvlqj zklfk ghidxow fdq eh

phdvxuhg lq uhdo whupv1, Qrwh wkdw ^*�sr �Ur��sr �Gr� `n � pd{i3> *�sr �Ur��sr �Gr�j
lv h{dfwo| wkh prqh| ydoxh ri wkh ghidxow ri k rq klv surplvh wr gholyhu rq dvvhw m lq
vwdwh v1

Qrwlfh wkdw wkh exgjhw vhw lv frqyh{/ dqg wkh sd|r� ixqfwlrq z� lv frqfdyh/ lq
wkh krxvhkrog fkrlfh yduldeohv +{> �>*>G,1 Kdg zh h{suhvvhg wkhvh fkrlfhv zlwk rwkhu
+dssduhqwo| qdwxudo, yduldeohv/ vxfk dv ��r� � gholyhu| shu xqlw surplvhg/ wkh exgjhw
vhw zrxog qr orqjhu eh frqyh{/ qru zrxog z� eh frqfdyh1

Lw lv zruwk qrwlqj d vfdolqj surshuw| ri wkh exgjhw vhw +zklfk lv lpphgldwh iurp
lwv gh�qlwlrq dqg wkh idfw wkdw h�r 9@ 3 dqg sr  3 iru doo v 5 VW,= +{> �> *>G, 5
E�+s> �>N, dqg 3 ? � ? 4 , +�{>��> �*>�G, 5 E�+s�> ��>N�, iru doo +s�> ��>N �,
vx!flhqwo| forvh wr +s> �>N,1 Wklv surshuw| zloo riwhq eh xvhixo wr xv17

51515 Pdunhw Fohdulqj

Zh duh qrz lq d srvlwlrq wr gh�qh d JH+U>�>T, htxloleulxp1 Lw lv d olvw
ks> �>N> +{�> ��> *�>G�,�MMl vxfk wkdw +4, wr +7, ehorz krog1

+4, Iru k 5 K/ +{�> ��> *�>G�, 5 dujpd{z�+{> �>*>G> s, ryhu E�+s> �>N,

+5,
S

�MM+{
� � h�, @ 3

+6,
S

�MM+�
� � *�, @ 3

+7, Nr� @

+S
�MM sr �G�

r�@
S

�MM sr �Ur�*
�
� > li

S
�MM sr �Ur�*

�
� A 3

duelwudu|/ li
S

�MM sr �Ur�*
�
� @ 3

Frqglwlrq +4, vd|v wkdw doo djhqwv rswlpl}h> +5, dqg +6, uhtxluh frpprglw| dqg
dvvhw pdunhwv wr fohdu1 Frqglwlrq +7,/ wrjhwkhu zlwk wkh gh�qlwlrq ri wkh exgjhw vhw/
vd|v wkdw hdfk srwhqwldo ohqghu +l1h1/ ex|hu, ri dq dvvhw lv fruuhfw lq klv h{shfwdwlrq
derxw wkh iudfwlrq ri surplvhv wkdw gr lq idfw jhw gholyhuhg1 Pruhryhu/ klv h{shfwdwlrq
N�
r� @ Nr� ri wkh udwh ri gholyhu| grhv qrw ghshqg rq dq|wklqj kh grhv klpvhoi> lq

sduwlfxodu/ lw grhv qrw ghshqg rq wkh dprxqw ��� kh ordqv +l1h1/ sxufkdvhv, ri wkh dvvhw1
Hyhu| ohqghu jhwv wkh vdph udwh ri gholyhu|1

Vlqfh khwhurjhqhrxv eruurzhuv pd| eh vhoolqj wkh vdph dvvhw/ wkh uhdol}hg udwh ri
gholyhu| Nr� lv dq dyhudjh ri wkh udwhv ri gholyhu| ri hdfk ri wkh eruurzhuv/ zhljkwhg
e| wkh txdqwlw| ri wkhlu vdohv1 Lw pljkw zhoo kdsshq wkdw wkrvh eruurzhuv zlwk wkh
kljkhvw udwhv ri ghidxow duh vhoolqj prvw ri wkh dvvhw/ dqg wklv lv wkh dgyhuvh vhohfwlrq
dqg prudo kd}dug wkdw udwlrqdo ohqghuv pxvw iruhfdvw1

Zh eholhyh wkdw rxu gh�qlwlrq ri JH+U>�>T, htxloleulxp hperglhv wkh vslulw ri
shuihfw/ dqrq|prxv frpshwlwlrq/ dqg uhsuhvhqwv d vljql�fdqw iudfwlrq ri wkh pdvv
dvvhw pdunhwv ri d prghuq hqwhusulvh hfrqrp|1

Lq wkh qh{w vhfwlrqv zh lqyhvwljdwh wkh surshuwlhv ri htxloleulxp1

7Dq dowhuqdwlyh vfdolqj surshuw|/ dovr vdwlv�hg e| wkh exgjhw vhw/ lv rewdlqhg li zh uhsodfh
Ek%c kwc k)c k(� zlwk Ek%c kwc )c k(�1 Rxu hqwluh dqdo|vlv uhpdlqv lqwdfw zlwk wklv yhuvlrq ri vfdolqj1

:



516 Dq Htxloleulxp Uh�qhphqw

Zkhq dvvhwv duh wudghg/ h{shfwhg gholyhulhv Nr� pxvw eh htxdo wr dfwxdo gholyhulhv1
H{shfwdwlrqv fdqqrw wkhuhiruh eh xqgxo| shvvlplvwlf1 Exw iru dvvhwv wkdw duh qrw
wudghg/ rxu prgho vr idu pdnhv qr dvvxpswlrq derxw h{shfwdwlrqv ri gholyhu| +vhh
+7,,1

Zh eholhyh wkdw xquhdvrqdeoh shvvlplvp suhyhqwv pdq| uhdo zruog pdunhwv iurp
rshqlqj/ dqg surylghv dq lpsruwdqw uroh iru jryhuqphqw lqwhuyhqwlrq1 Exw lw lv lqwhu0
hvwlqj wr vwxg| htxloleulxp lq zklfk h{shfwdwlrqv duh dozd|v uhdvrqdeo| rswlplvwlf1
Lw lv ri fhqwudo lpsruwdqfh iru xv wr xqghuvwdqg zklfk pdunhwv duh rshq dqg zklfk
duh qrw/ dqg zh gr qrw zdqw rxu dqvzhu wr ghshqg rq wkh djhqwv* zklpvlfdo shv0
vlplvp1 Zlwkrxw ixuwkhu frqglwlrqv wkhuh duh dozd|v wulyldo htxloleuld lq zklfk doo
�� @ 3 dqg Nr� @ 31 Vlqfh �� @ 3/ qrerg| zdqwv wr vhoo/ dqg vlqfh Nr� @ 3/ qrerg|
zdqwv wr ex|1 Wr dyrlg wklv zh dgg d frqglwlrq +8, wr wkh gh�qlwlrq ri htxloleulxp1
Wklv uhtxluhv wkdw li d vpdoo fkdqjh lq wkh pdfur sdudphwhuv +s> �, frxog lqgxfh vrph
djhqwv wr vwduw vhoolqj vrph ri dq dvvhw m/ zkhuh qrqh zdv ehlqj vrog ehiruh/ wkhq
ex|huv vkrxog h{shfw dw ohdvw wkh udwh ri gholyhu| wkh| zrxog jhw kdg wkh zruog lqghhg
ehhq vr shuwxuehg1 +Li wkhuh duh pdq| zd|v ri shuwxuelqj +s> �, wr lqgxfh vdohv/ wkhq
zh doorz wkh ex|huv wr irfxv wkhlu dwwhqwlrq rq rqh ri wkhvh shuwxuedwlrqv1, Li sulfhv
�� duh vr orz wkdw qr vpdoo shuwxuedwlrq zloo lqgxfh dq| djhqwv wr vhoo dvvhw m/ wkhq
ex|huv duh uhtxluhg wr h{shfw ixoo gholyhu|/ Nr� @ 41 Rqh fdq +exw qhhg qrw, lqwhusuhw
wkhvh h{shfwdwlrqv dv li wkh jryhuqphqw jxdudqwhhg gholyhu| rq wkh �uvw lq�qlwhvlpdo
surplvhv1 Lq rxu suhylrxv sdshu/ zh vkrzhg wkdw frqglwlrq +8, fdq dozd|v eh uhdol}hg
e| dgglqj dq h{wud djhqw wr wkh hfrqrp| zkr vhoov % ri hyhu| surplvh dqg dozd|v
ixoo| gholyhuv rq klv surplvhv/ dqg wkhq ohwwlqj %$ 31

Ohw n n" ghqrwh wkh vxsuhpxp qrup/ dqg ohw H � ks> �>N> +{�> ��> *�>G�,�MMl
eh d fdqglgdwh htxloleulxp zklfk vdwlv�hv frqglwlrqv +4, wr +7,1 Iru v 5 V/ ohw
M+v, @ im 5 M =

S
�MM sr � Ur�*

�
� @ 3j1 Wkxv M+v, lv wkh vhw ri dvvhwv lq vwdwh v iru

zklfk Nr� lv qrw ghwhuplqhg e| pdunhw dfwlylw| lq H1 Zh duh uhdg| wr vwdwh

+8, Iru dq| % A 3/ wkhuh h{lvwv H+%, � ks+%,> �+%,> N+%,> +{�+%,> ��+%,> *�+%,>
G�+%,,�MMl vxfk wkdw

+l, +{�+%,> ��+%,> *�+%,>G�+%,, 5 dujpd{z�+{> �>*>G> s+%,, ryhu
E�+s+%,> �+%,>N+%,,

+ll, nH �H+%,n" ? %

+lll, Nr�+%, �
;?
=

S
�MM

sr+%, �G�
r�+%,@

S
�MM

sr+%, �Ur�*
�
� +%, li

S
�MM

sr+%, �Ur�*
�
� +%, A 3

4 li
S
�MM

sr+%, �Ur�*
�
� +%, @ 3

iru doo v 5 V dqg m 5 M+v,1

Frqglwlrqv +l,/ +ll,/ dqg +lll, vd| wkdw li dvvhw m lv xqwudghg dqg Nr� ? 4/ wkhq wkhuh
pxvw eh duelwudulo| vpdoo shuwxuedwlrqv ri wkh pdfur yduldeohv zklfk lqgxfh djhqwv
wr vhoo m/ dqg wr gholyhu +lq djjuhjdwh, dw d udwh dw prvw Nr� +wkdw lv/ wr ghidxow dw
udwh dw ohdvw 4�Nr�,1 Li Nr� @ 4/ wkh uh�qhphqw lv dxwrpdwlfdoo| vdwlv�hg1

;



Rxu frqglwlrq +8, zloo hqdeoh xv wr dvfhuwdlq zkhq dq dvvhw/ wkrxjk sulfhg/ lv qrw
wudghg lq htxloleulxp1

Frqvlghu wkh iroorzlqj khxulvwlf h{dpsoh/ looxvwudwhg lq Iljxuh 5 ehorz1 Vxssrvh
dq htxloleulxp lq dq hfrqrp| zlwk dvvhwv m @ 4> ===> M lv jlyhq1 D qhz dvvhw M . 4/
surplvlqj 4 lq hyhu| vwdwh/ lv dgghg wr wkh hfrqrp|1 Vxssrvh dw sulfhv �an� � 43/
qr djhqw zrxog vhoo lw/ zkloh dw sulfhv 43 ? �an� � 53 rqo| xquholdeoh djhqwv +zlwk
orz ghidxow shqdowlhv ��rcan�, zrxog vhoo lw/ dqg dw sulfhv �an� A 53 uholdeoh dqg
xquholdeoh djhqwv zrxog vhoo lw1 Zlwkrxw wkh htxloleulxp uh�qhphqw/ zh frxog dozd|v
lqfoxgh wkh qhz dvvhw lq wkh rog htxloleulxp e| dvvljqlqj lw d sulfh �an� @ 3 zlwk qr
wudgh/ dqg zlwk Nran� @ 3 ;v 5 V1 Exw rxu htxloleulxp uh�qhphqw uhtxluhv wkdw li
�an� ? 43/ wkhq Nran� @ 4 iru doo v 5 V/ vlqfh qr shuwxuedwlrq zrxog lqgxfh vdohv1
Wkh htxloleulxp uh�qhphqw wkxv uxohv rxw htxloleuld zlwk �an� ? 43 xqohvv ghpdqg lv
}hur hyhq zlwk h{shfwdwlrqv ri ixoo gholyhu|1 Iru frqfuhwhqhvv/ ohw xv vxssrvh ghpdqg
lv }hur xqohvv h{shfwhg gholyhu| shu groodu lqyhvwhg lv dw ohdvw 31367/ diwhu zklfk
ghpdqg ehfrphv srvlwlyh1 Fohduo| wkhuh lv qr htxloleulxp zlwk 3 � �an� ? 43/ vlqfh
h{shfwhg gholyhu| shu groodu lqyhvwhg �

7

S
rNr�4@�an� @ +4,+4@�an�, � +4,+4@43, @

3=433 A 3=3671
Li wkhuh lv dq| htxloleulxp lq wklv h{dpsoh lq zklfk dvvhw M . 4 lv qrw wudghg/

wkhq wkhuh pxvw eh vxfk dq htxloleulxp dw zklfk �an� @ 431 Vlqfh wkhuh duh qr vdohv/
zkhq �an� @ 43/ wkh uh�qhphqw doorzv iru Nran� ? 4/ surylghg wkdw wkhuh zrxog
eh vdohv dw �an� @ 43 . % dqg wkdw wkh gholyhu| udwh rq wkrvh vdohv lv dssur{lpdwho|
Nran�/ ru orzhu1 E| k|srwkhvlv/ dw �an� @ 43 . %/ rqo| xquholdeoh djhqwv zrxog eh
vhoolqj1 Vxssrvh xquholdeoh djhqwv dozd|v gholyhu 426 ri zkdw wkh| surplvh1 Wkhq zh
pljkw kdyh Nran� @ 4@6 ;v 5 V1 Dw wkhvh orz ohyhov ri gholyhu|/ dqg dw d sulfh ri
43/ wkhuh zrxog lqghhg eh qr ex|huv +dv zhoo dv qr vhoohuv,/ vlqfh h{shfwhg gholyhu|
shu groodu lqyhvwhg lq +4@6,+4@43, @ 3=366 ? 3=3671 Vlqfh wkh Nran� duh rewdlqhg
iurp wkh shuwxuedwlrq/ zh zrxog uhjdug wkh h{shfwdwlrqv dv uhdvrqdeoh dqg fdoo wklv
d jhqxlqh htxloleulxp1

Aggregate supply

Reliable agents

Unreliable agents

25

20

10

Supply

J+1

Iljxuh 5

Wkh Urwkvfklog dqg Vwljolw} orjlf zrxog vd| wkdw rqh pxvw wdnh lqwr dffrxqw wkh
gholyhu| udwhv ri wkh uholdeoh djhqwv1 Vxssrvh/ iru frqfuhwhqhvv/ wkdw wkh| gholyhu
N

�

ran� @ <@43 qr pdwwhu krz pxfk wkh| surplvh1 Ixuwkhu/ vxssrvh wkdw li wkh sulfh

<



zhuh udlvhg wr �an� @ 58/ uholdeoh djhqwv zrxog zdqw wr vhoo lq vxfk odujh txdqwlwlhv
wkdw/ ohdylqj dvlgh wkh txhvwlrq ri pdunhw fohdulqj/ wkh iudfwlrq ri gholyhulhv rxw ri doo
ghvluhg vdohv rq dvvhw M . 4 zrxog eh N�

ran� @ 9@:1 +Li dw sulfh �an� @ 58/ uholdeoh
djhqwv vhoo 443 xqlwv wr hyhu| < xqlwv xquholdeoh djhqwv vhoo/ wkhq N �

ran� @ 9@: @
+443@44<,+<@43, . +<@44<,+4@6,1,

Li ex|huv wrrn 92: dv wkh udwh ri gholyhu|/ wkhq dw wkh sulfh �an� @ 58 wkh|
zrxog eh zloolqj wr ex|/ hyhq wkrxjk wkh| kdg uhixvhg wr ex| dw �an� @ 43/ ehfdxvh
wkhlu uhwxuqv shu groodu lqyhvwhg zrxog eh ehwwhu/ 9@: � 4@58 A +3=67,+4@43, A 4@6 �
4@431 Li wklv zhuh wkh fdvh/ wkhq dffruglqj wr wkh orjlf ri Urwkvfklog�Vwljolw} +4<:5,/
htxloleulxp zrxog qrw h{lvw dw �an� @ 43/ vlqfh ex|huv zrxog kdyh dq lqfhqwlyh wr
udlvh wkh sulfh wr �an� @ 581

Rxu gh�qlwlrq ri htxloleulxp doorzv iru �an� @ 43/ dqg Nran� @ 4@6/ dqg zh
eholhyh lw grhv vr iru jrrg uhdvrqv1 Iluvw/ zh vxssrvh wkdw ex|huv duh dzduh ri wkh
frpsrvlwlrq ri vdohv dw wkh pdunhw sulfhv/ dqg shukdsv ri wkh frpsrvlwlrq ri vdohv dw
sulfhv d shqq| r� iurp pdunhw sulfhv1 Exw djhqwv odfn wkh nqrzohgjh ru frpsxwlqj
srzhu wr lqihu zkdw wkh frpsrvlwlrq zrxog eh dw sulfhv idu iurp pdunhw sulfhv1Vhfrqg/
zh kdyh lq plqg d frpshwlwlyh zruog zlwk pdq| vpdoo ex|huv1 Li d vlqjoh ex|hu udlvhg
klv r�hulqj sulfh wr 58/ ixoo| 48 srlqwv deryh wkh pdunhw sulfh/ kh zrxog eh ghoxjhg
zlwk vhoohuv1 Wkh shrsoh zlwk wkh prvw wr jdlq iurp vhoolqj wr klp zrxog eh wkrvh
zkr douhdg| zhuh zloolqj wr vhoo dw 43/ qdpho| wkh xquholdeoh djhqwv1 Zk| vkrxog
kh dvvxph kh zrxog eh htxdoo| olnho| wr hqfrxqwhu hdfk xqlw vrogB Zh ihho mxvwl�hg
lq dvvljqlqj klp wkh fdxwlrxv h{shfwdwlrqv ri Nran� @ 4@6 qr pdwwhu zkdw sulfh kh
r�huhg/ jlyhq wkdw wkh pdunhw sulfh lv �an� @ 431

Lq rxu prgho/ djhqwv gr qrw xqlodwhudoo| vhw sulfhv> wkh| duh sulfh wdnhuv dqg wkh
pdunhw vhwv wkh sulfh1 Zh uhjdug dq dvvhw ru frqwudfw dv vhwwlqj rxw wkh reoljdwlrqv
ri wkh vhoohu/ lqfoxglqj wkh shqdowlhv li kh idlov wr gholyhu/ dqg wkh txdqwlw| olplwdwlrqv
rq klv rwkhu vdohv1 Wkh sulfh ri wkh frqwudfw lv vhw e| frpshwlwlrq ehwzhhq vhoohuv dqg
ex|huv/ wkdw lv/ e| wkh pdunhw1 Djhqwv qhhg rqo| wklqn derxw rqh suhydlolqj sulfh
iru hdfk frqwudfw1 Lq rxu ylhz/ frpshwlwlyh htxloleulxp vkrxog eh gh�qhg e| d vlqjoh
sulfh dw zklfk erwk vxsso| dqg ghpdqg duh htxdo +srvvleo| erwk }hur/ dv orqj dv
h{shfwdwlrqv dw wkdw sulfh duh vhw dw udwlrqdo ohyhov,1

Lq wkh Urwkvfklog�Vwljolw} ylhz/ wkh sulfh lv rqh ri wkh whupv ri wkh frqwudfw1 Lq
wklv ylhz/ wkhuh lv qr vxfk wklqj dv d vlqjoh frqwudfw> wkhuh duh dv pdq| frqwudfwv dv
wkhuh duh sulfhv1 Qrwlfh dovr wkdw wkh Urwkvfklog�Vwljolw} ylhz pxvw uhjdug pdunhw
fohdulqj dv rqh ri udwlrqlqj1 Dw prvw sulfhv/ wkh frqwudfw zloo qrw eh wudghg/ ehfdxvh
hlwkhu vxsso| ru ghpdqg lv }hur/ dqg wkh rwkhu vlgh ri wkh pdunhw lv udwlrqhg1 Wklv
srlqw ri ylhz kdv ehhq dgpludeo| h{suhvvhg e| Jdoh1

Wkh delolw| wr xqlodwhudoo| vhw sulfhv/ dqg wr frpsxwh zkdw ghpdqg zrxog eh
dw wkhvh gl�huhqw sulfhv/ duh ihdwxuhv ri roljrsrolvwlf prghov1 Zh uljrurxvo| pdlq0
wdlq wkh k|srwkhvlv ri shuihfw frpshwlwlrq/ zklfk uxohv rxw erwk wkhvh ihdwxuhv1 Rxu
htxloleulxp uh�qhphqw qhyhuwkhohvv kdv elwh/ e| uxolqj rxw pdq| qr0wudgh htxlole0
uld/ hyhq lq rxu shuihfwo| frpshwlwlyh iudphzrun1 Frqvlghu wkh vlwxdwlrq zkhuh wkh
xquholdeoh dqg uholdeoh vxsso| fxuyhv duh uhyhuvhg/ vr wkdw dw �an� @ 43 lw lv wkh
uholdeoh djhqwv zkr ehjlq wr vhoo1 Wkhq dffruglqj wr rxu gh�qlwlrq ri htxloleulxp/
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lq rughu iru �an� @ 43 wr eh dq htxloleulxp/ lw pxvw eh wkdw qr ghpdqg zrxog eh
iruwkfrplqj hyhq zlwk Nran� vhw dw wkh uholdeoh udwhv ri gholyhu| +Nran� @ <@43,1
Exw +<@43,+4@43, @ 3=3<3 A 3=367/ vr lq wklv yhuvlrq ri wkh h{dpsoh/ wkhuh frxog
eh qr htxloleulxp lq zklfk dvvhw M . 4 uhpdlqv xqwudghg1 +Rxu h{lvwhqfh wkhruhp/
vwdwhg lq wkh qh{w vhfwlrq wkhq dvvxuhv xv wkdw wkhuh pxvw eh vrph htxloleulxp lq
zklfk dvvhw M . 4 lv wudghg1,

517 D Frqwlqxxp ri Wudghuv

Zh kdyh phqwlrqhg vhyhudo wlphv wkdw rxu prgho lv phdqw wr hperg| wkh lghdo ri
shuihfw frpshwlwlrq/ lq zklfk hdfk djhqw lv vr vpdoo wkdw e| klpvhoi kh fdqqrw lq x0
hqfh dq|rqh hovh1 Zh fdq pdnh vxfk dq lqwhusuhwdwlrq ri rxu prgho pruh frqfuhwh
e| uhsodflqj hdfk djhqw k e| d frqwlqxxp ri lghqwlfdo djhqwv sdudphwhul}hg e| w
o|lqj lq wkh lqwhuydo +k� 4> k`= hdfk djhqw w 5 +k� 4> k` kdv lghqwlfdo fkdudfwhulvwlfv=
+h|> x|> �|> T|, � +h�> x�> ��>T�,1

Iru dq| +s> �>N, 5 U
7Wfu
nn � U

a
n � ^3> 4`7fa zh fdq gh�qh E|+s> �>N, h{dfwo|

dv ehiruh/ uhsodflqj k e| w wkurxjkrxw1 Dovr JH+U>�>T, fdq eh gh�qhg dv ehiruh/
uhsodflqj

S
�MM e|

U
U
g�/ zkhuh � � Ohehvjxh phdvxuh/ �;k 5 K� e| �doprvw doo

w 5 L/� dqg wkh qrwlrq ri frqyhujhqfh ri {/ �/ */G +zklfk duh qrz lqwhjudeoh ixqfwlrqv
rq L, lq frqglwlrq +8, e| doprvw hyhu|zkhuh srlqwzlvh frqyhujhqfh18

Wkh JH+U>�>T, ri wkh �qlwh djhqw hfrqrp|/ zkrvh h{lvwhqfh zh vkdoo suryh lq
Wkhruhp 4/ fruuhvsrqgv wr d JH+U>�>T, ri wkh frqwlqxxp prgho zlwk wkh dgghg
ihdwxuh wkdw +{|> �|> *|>G|, @ +{|

�

> �|
�

> *|
�

>G|�, zkhqhyhu w dqg w� duh erwk lq +k�4> k`/
l1h1/ doo djhqwv ri wkh vdph w|sh ehkdyh v|pphwulfdoo|1 Zh vkdoo fdoo vxfk htxloleuld
w|sh0v|pphwulf zkhq ylhzhg lq wkh frqwlqxxp vhwwlqj1

Exw zh vkdoo vkruwo| frqvlghu d yduldqw ri rxu prgho lq zklfk wkh frqyh{lw| ri
exgjhw vhwv idlov wr krog1 Khuh wkh frqwlqxxp prgho lv qhfhvvdu| iru hvwdeolvklqj h{lv0
whqfh ri JH+U>�>T,1 Hyhq li wkh hfrqrp| lv �qlwh0w|sh/ lwv htxloleuld qhhg qr orqjhu
eh w|sh0v|pphwulf/ dqg wkh frqvlghudwlrq ri d frqwlqxxp ehfrphv xqdyrlgdeoh1 Vhh
Wkhruhp 51

6 Wkh Rughuo| Ixqfwlrq ri Pdunhwv zlwk Ghidxow

Lq rxu suhylrxv sdshu zh hvwdeolvkhg wkdw ghidxow lv frpsohwho| frqvlvwhqw zlwk wkh ru0
ghuo| ixqfwlrq ri pdunhwv1 Wr wkdw hqg zh suryhg wkdw xqghu idluo| jhqhudo frqglwlrqv/
htxloleulxp dozd|v h{lvwv lq rxu prgho1

Wkhruhp 4 Iru dq| � 5 U
M7a

n dqg T 5 U
-a
n / d JH+U>�>T, htxloleulxp vdwlvi|lqj

+4,�+8, h{lvwv1

Wkh xqlyhuvdo h{lvwhqfh ri htxloleulxp lv vrphzkdw vxusulvlqj ehfdxvh ri wkh klv0
wrulfdo whqghqf| wr dvvrfldwh ghidxow zlwk glvhtxloleulxp +ru pruh dffxudwho|/ wr pdnh

8Zlwkrxw wrr pxfk pruh wurxeoh zh frxog kdyh doorzhg iru dq lq�qlw| ri w|shv1 Zh kdyh pdgh
wkh �qlwh0w|sh dvvxpswlrq rqo| iru hdvh ri h{srvlwlrq1
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ixoo gholyhu| sduw ri wkh gh�qlwlrq ri htxloleulxp,/ dv zh kdyh douhdg| uhpdunhg1 Ixu0
wkhupruh/ hqgrjhqhlw| ri wkh dvvhw sd|r� vwuxfwxuh lv nqrzq wr frpsolfdwh wkh h{lv0
whqfh ri htxloleulxp zlwk lqfrpsohwh pdunhwv1 Exw zh vkrzhg wkdw qr qhz h{lvwhqfh
sureohpv dulvh iurp wkh hqgrjhqhlw| ri wkh dvvhw sd|r�v gxh wr ghidxow1

Vr idu rxu exgjhw vhw lv frqyh{1 Exw wkh vlpsoh txdqwlw| frqvwudlqwv zh kdyh
douhdg| lqwurgxfhg gr qrw doorz xv wr irupdol}h d zlgh hqrxjk ydulhw| ri vljqdov1
Wkh| fdqqrw kdqgoh fdvhv zkhq wkh vdohv frqvwudlqwv lqwhudfw dfurvv dvvhwv m1 Lq
sduwlfxodu/ wkh| fdqqrw kdqgoh h{foxvlylw|/ xqghu zklfk dq djhqw lv surklelwhg iurp
vhoolqj pruh wkdq rqh dvvhw1 Wr wdnh vxfk frqvwudlqwv lqwr dffrxqw/ zh qhhg wr frqvlghu
qrqfrqyh{ exgjhw vhwv E�+s> �>N, � E�+s> �>N,1

Zh wkhq uhtxluh wkdw wkh fruuhvsrqghqfhv E�/ k 5 K/ vdwlvi|=

+3W, +h�> 3> 3> 3, 5 E�+s> �>N, � E�+s> �>N,

+4W, E� lv xsshu vhpl0frqwlqxrxv

+5W, E� kdv wkh vfdolqj surshuw|= +{> �>*>G, 5 E�+s> �>N, dqg 3 � � ? 4 ,
+�{>��> �*>�G, 5 E�+as> a�> aN, iru +as> a�> aN, vx!flhqwo| forvh wr +s> �>N,

Wkh iroorzlqj wkhruhp lv d fruroodu| ri Wkhruhp : lq rxu suhylrxv sdshu1

Wkhruhp 5 Gh�qh htxloleulxp zlwk exgjhw vhwv E�+s> �>N, iru w 5 +k� 4> k` dqg
k 5 K/ vdwlvi|lqj +3W,/ +4W,/ +5W, deryh1 Vxssrvh wkh txdqwlw| frqvwudlqwv T�

� duh doo
�qlwh1 Wkhq/ lq wkh �qlwh0w|sh frqwlqxxp prgho/ htxloleulxp h{lvwv +wkrxjk lw pd|
qrw eh w|sh v|pphwulf,1

Wkh xqlyhuvdo h{lvwhqfh ri htxloleulxp zlwk ghidxow lv dovr vxusulvlqj ehfdxvh wkh
slrqhhulqj sdshuv sodflqj dgyhuvh vhohfwlrq lq d prgho ri frpshwlwlrq/ e| Dnhuori
+4<:5, rq wkh pdunhw iru ohprqv/ dqg Urwkvfklog dqg Vwljolw} +4<:9, rq lqvxudqfh
pdunhwv/ sxusruwhgo| vkrzhg wkdw dgyhuvh vhohfwlrq lv txlwh frpprqo| lqfrqvlvwhqw
zlwk htxloleulxp1

Lqvxudqfh frqwudfwv surplvh sd|phqwv frqglwlrqdo rq wkh vwdwh ri qdwxuh/ dqg
vr fdq eh ylhzhg dv dvvhwv vxfk dv zh ghvfuleh lq wklv sdshu1 Lq sduwlfxodu/ wkh
Urwkvfklog�Vwljolw} prgho fdq eh h{suhvvhg dv d vshfldo fdvh ri rxu jhqhudo htxlole0
ulxp prgho/ dv zh vkrz lq Vhfwlrqv 7 dqg 81 Wkh uhdvrq Urwkvfklog dqg Vwljolw} irxqg
urexvw uhjlrqv zlwk qr htxloleulxp lv wkdw wkh| gh�qhg htxloleulxp h{shfwdwlrqv gli0
ihuhqwo|/ dv zh kdyh h{sodlqhg1 Li ex|huv kdg wkh shuihfwo| frpshwlwlyh h{shfwdwlrqv
wkdw zh lqyrnh/ qdpho| wkdw hdfk wklqnv kh fdqqrw lpsuryh klv vhohfwlrq ri vhoohuv
e| xqlodwhudoo| r�hulqj d kljkhu sulfh/ wkhq wkh Urwkvfklog�Vwljolw} prgho zrxog do0
zd|v kdyh dq htxloleulxp/ dv zh vkrz lq Vhfwlrq 8/ hyhq xvlqj wkhlu �h{foxvlylw|�
k|srwkhvlv1
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7 Ghidxow dqg Lqvxudqfh

714 Wkh Lqvxudqfh Sureohp

Dv lq Urwkvfklog�Vwljolw}/ zh frqvlghu d frqwlqxxp ri wzr w|shv ri djhqwv= �uholdeoh�
+U, dqg �xquholdeoh� +X,1 Hdfk djhqw nqrzv klv rzq w|sh/ exw qrw wkdw ri wkh rwkhuv1
Hdfk djhqw kdv zhdowk +iru vlpsolflw|/ 4 groodu, lq klv �jrrg� +qr0dfflghqw, vwdwh/ exw
qrwklqj lq klv �edg� +dfflghqw, vwdwh iru zklfk kh vhhnv lqvxudqfh1 Dfflghqwv rffxu
lqghshqghqwo| dfurvv djhqwv1 Wkh xquholdeoh djhqwv duh pruh dfflghqw0surqh wkdq wkh
uholdeoh1 Wkxv li sure|+J, ghqrwhv wkh suredelolw| ri d jrrg vwdwh iru w|sh w/ zh kdyh
sure-+J, A sureL +J,1

Wkh xwlolw| iru { xqlwv ri prqh| lv x+{,/ lqyduldqw ri wkh vwdwh dv zhoo dv djhqw0
w|sh1 Dv lv vwdqgdug/ zh dvvxph wkdw x lv vwulfwo| frqfdyh/ prqrwrqlf dqg x�+{,$4
dv {$ 31 Wkh frqvxpswlrq ri +{C> {�, dfurvv wkh wzr vwdwhv |lhogv h{shfwhg xwlolw|

sure|+J,x+{C, . sure|+E,x+{�,

wr w|sh w @ U>X 1 Iru hdvh ri suhvhqwdwlrq zh wdnh sure|+J, wr eh udwlrqdo/ dqg zh
ixuwkhu vxssrvh wkdw wkhuh lv dq htxdo srsxodwlrq ri hdfk w|sh1

Wr hqdeoh h{dfw frpsxwdwlrq/ zh zloo irfxv rq wkh qxphulfdo fdvh x � orj/
sureL +J, @ 4@6/ sure-+J, @ 5@6> exw rxu dqdo|vlv krogv yhuedwlp iru wkh jhqhudo
vfhqdulr1

715 D Plfurhfrqrplf Uhsuhvhqwdwlrq ri Lqvxudqfh

Zh uhfdvw wkh Urwkvfklog�Vwljolw} vwru| lqwr rxu iudphzrun/ exloglqj d plfurirxqgd0
wlrq iru wkh lqvxudqfh sureohp lq wkh surfhvv1 Wkh nh| vwhs lv wr uhsuhvhqw suredelolw|
glvwulexwlrqv ri dfflghqwv e| vwdwhv ri wkh zruog zklfk pdnh h{solflw zkr kdv dq df0
flghqw wkhuh1 Wklv pdnhv lw fohdu wkdw �lghqwlfdo� lqvxudqfh srolflhv iru wzr djhqwv
ri wkh vdph w|sh gr qrw sd| r� lghqwlfdoo|/ vlqfh wkh djhqwv zloo kdyh dfflghqwv lq
gl�huhqw vwdwhv/ hyhq li wkhlu suredelolwlhv duh wkh vdph1

Zlwklq rxu iudphzrun ri �qlwh vwdwhv dqg djhqwv/ zh fdqqrw pdlqwdlq erwk wkh
k|srwkhvhv wkdw dfflghqwv rffxu lqghshqghqwo|/ dqg wkdw wkh vdph sursruwlrq ri hdfk
w|sh kdv dq dfflghqw lq hyhu| vwdwh1 Zh gurs wkh lqghshqghqfh k|srwkhvlv/ zklfk
dfwxdoo| sod|v qr uroh lq wkh wkhru| dq|zd|1

Vlqfh suredelolwlhv duh udwlrqdo/ ohw sure-+E, @ u@q dqg ohw sureL +E, @ x@q1 Wr
frqyhuw wkh lqvxudqfh sureohp lqwr rxu iudphzrun/ wdnh &V @ q/ dqg vxssrvh wkhuh
duh +?

o
, vxew|shv ri uholdeoh djhqwv/ hdfk zlwk srsxodwlrq phdvxuh +?

�
,�/ zkhuh � lv d

srvlwlyh vfdodu1 Vlploduo|/ vxssrvh wkhuh duh +?
�
, vxew|shv ri xquholdeoh djhqwv/ hdfk

zlwk srsxodwlrq phdvxuh +?
o
,�1

Hdfk vxew|sh � lv lghqwl�hg zlwk wkh vhw V� � V ri lwv edg vwdwhv +u lq qxpehu li
uholdeoh/ x lq qxpehu li xquholdeoh,1 Doo djhqwv w ri vxew|sh � kdyh hqgrzphqwv htxdo
wr 4 lv v 5 VqV� / dqg htxdo wr 3 li v 5 V� 1

Wkh uhdghu fdq yhuli| wkdw hdfk djhqw kdv wkh uljkw suredelolw| ri dfflghqw +u@q li
uholdeoh/ x@q li xquholdeoh,/ dqg wkdw lq hyhu| vwdwh wkh dssursuldwh iudfwlrq ri uholdeoh
dqg xquholdeoh djhqwv kdyh dfflghqwv1

46



Wxuqlqj wr rxu qxphulfdo h{dpsoh/ sure-+E, @ 4@6 dqg sureL +E, @ 5@61 Khqfh
&V @ 61 Wkhuh duh +��, @ 6 uholdeoh vxew|shv/ hdfk ri phdvxuh +�2,� @ 6� @ 4 +zh vhw
� @ 4@6,/ dqg +�2, @ 6 xquholdeoh vxew|shv/ hdfk ri phdvxuh +��,� @ 41

Vr ohw wkhuh eh K @ 9 djhqwv/ V @ 6 vwdwhv ri qdwxuh/ dqg rqh jrrg O @ 4 lq hdfk
vwdwh1 Vxssrvh djhqwv kdyh qr xwlolw| iru frqvxpswlrq dw w @ 3/ dqg wkdw wkh| kdyh
wkh vdph xwlolw| dw w @ 4

x+{�> {2> {�, @
�[

r'�

orj+{r,=

Wkh hqgrzphqwv ri wkh djhqwv duh

h� @

3
C 3

4
4

4
D > h2 @

3
C 4

3
4

4
D > h� @

3
C 4

4
3

4
D >

he @

3
C 4

3
3

4
D > hD @

3
C 3

4
3

4
D > hS @

3
C 3

3
4

4
D =

Qrwlfh wkdw wkh suredelolw| ri dfflghqw iru hdfk ri wkh �uvw wkuhh �uholdeoh� djhqwv
lv 426/ dqg wkh suredelolw| ri dfflghqw iru hdfk ri wkh odvw wkuhh �xquholdeoh� djhqwv
lv 5261 Pruhryhu/ lq hyhu| vwdwh suhflvho| 426 ri wkh uholdeoh w|sh/ dqg 526 ri wkh
xquholdeoh w|sh/ kdyh dq dfflghqw1

Wkh Duurz�Gheuhx htxloleulxp iru wklv hfrqrp| lv s @ +4> 4> 4,/ dqg {� @
+5@6> 5@6> 5@6, iru k 5 i4> 5> 6j/ dqg {� @ +4@6> 4@6> 4@6, iru k 5 i7> 8> 9j1 Wklv
doorfdwlrq lv qrw dfklhydeoh yld lqvxudqfh zkhq djhqw w|shv fdqqrw eh revhuyhg1

716 Lqvxudqfh zlwk Pdunhwv dv Lqwhuphgldulhv

Urwkvfklog dqg Vwljolw} lqwurgxfhg roljrsrolvwlf frpsdqlhv wkdw surylghg lqvxudqfh1
Khuh djhqwv lqvxuh hdfk rwkhu wkurxjk wkh pdunhw1 Wkh| ex| srrov ri surplvhv/ dqg
vhoo surplvhv zklfk doorz iru lglrv|qfudwlf gholyhu| dqg ghidxow1

Zh wdnh wkh surplvhv ri doo dvvhwv wr eh wkh vdph=

U� @ Uf �
3
C 4

4
4

4
D iru doo m 5 M=

Zh wdnh ghidxow shqdowlhv wr eh

��r� @

�4 li h�r @ 4
3 li h�r @ 3

Qrwlfh wkdw wkh shqdow| lv lq�qlwh zkhq djhqwv kdyh wkh uhvrxufhv wr sd|/ dqg 3
rwkhuzlvh1 Wkh| gr qrw ghshqg rq wkh qdph ri wkh ghidxowhu/ exw wkh| gr ghshqg
rq klv flufxpvwdqfhv1 Wkh lqirupdwlrq uhtxluhg wr lpsrvh wkhp lv lghqwlfdo wr wkh
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vruw ri lqirupdwlrq dq lqvxudqfh frpsdq| pxvw rewdlq wr yhuli| wkdw dq dfflghqw
kdv rffxuuhg1 Lqghhg zh xvh wkhvh shqdowlhv suhflvho| lq rughu wr uhqghu lqvxudqfh d
vshfldo fdvh ri ghidxow1

E| frpelqlqj d orqj srvlwlrq zlwk d vkruw srvlwlrq rq zklfk wkhuh pd| eh ghidxow/
ordq +dvvhw, pdunhwv pd| eh lqwhusuhwhg dv lqvxudqfh pdunhwv1 Vxssrvh vrph dvvhw m
kdv dqwlflsdwhg gholyhu| udwhv Nr� @ N iru doo vwdwhv v1 Frqvlghu dq djhqw k zkr ex|v
dqg vhoov rqh xqlw ri dvvhw m/ gholyhulqj ixoo| lq vwdwhv v zlwk h�r @ 4 dqg ghidxowlqj
frpsohwho| lq vwdwhv vzlwk h�r @ 31 Rq qhw kh rewdlqv dq �lqvxudqfh srolf|� wkdw
sd|v klp 'N lq hyhu| �edg� vwdwh v zlwk h�r @ 3/ dqg wdnhv '+4�N, lq hyhu| �jrrg�
vwdwh zlwk h�r @ 41

8 Lqvxudqfh dqg Dgyhuvh Vhohfwlrq zlwkrxw Vljqdoolqj

Vxssrvh zh kdyh d vlqjoh dvvhw surplvh Uf @ +4> 4> 4,/ zlwk T�
f @4 ;k 5 K1 Zlwk

rqo| rqh frpprglw| lq hdfk vwdwh lq shulrg 4/ wkhuh lv qr ixuwkhu wudgh lq shulrg 4/
dqg z1o1r1j1 zh fdq wdnh sr @ 4 iru doo v1 Jlyhq wkh ghidxow shqdowlhv/ doo djhqwv
zloo ixoo| gholyhu lq wkhlu jrrg vwdwhv/ dqg ixoo| ghidxow lq wkhlu edg vwdwhv1 Zh fdq
wklqn ri wklv prgho dv rqh elj lqvxudqfh frqwudfw/ zlwk dgyhuvh vhohfwlrq1 Wkh vhoohuv
k 5 i4> 5> 6j ghidxow 426 ri wkh wlph/ zkloh wkh vhoohuv k 5 i7> 8> 9j ghidxow 526 ri wkh
wlph1 D ex|hu pxvw dqwlflsdwh wkdw kh pd| jhw pruh vhoohuv ri wkh edg w|sh wkdq ri
wkh jrrg w|sh1

Lq wkh xqltxh htxloleulxp ghulyhg ehorz/ wkh xquholdeoh djhqwv k 5 i7> 8> 9j vhoo
dqg ex| wzlfh dv pxfk ri wkh dvvhw dv wkh uholdeoh djhqwv k 5 i4> 5> 6j1 Khqfh
Nrf @ 5@6 � 4@6 . 4@6 � 5@6 @ 7@</ ;v 5 V1 Ixuwkhupruh/ ��f @ *�f @ 6@8
iru k 5 i4> 5> 6j dqg ��f @ *�f @ S

D iru k 5 i7> 8> 9j/ dqg {� @ +7@48> 5@6> 5@6,/
{2 @ +5@6> 7@48> 5@6,/ {� @ +5@6> 5@6> 7@48,/ dqg {e @ +4@6> ;@48> ;@48,/ {D @
+;@48> 4@6> ;@48,/ {S @ +;@48> ;@48> 4@6,1 Frpsduhg wr wkh Duurz�Gheuhx htxlole0
ulxp/ uholdeoh djhqwv duh grlqj pxfk zruvh vlqfh wkhlu lqvxudqfh udwhv duh ghedvhg
e| wkh xquholdeoh djhqwv1 Wkh xquholdeoh djhqwv duh pxfk ehwwhu r� wkdq lq wkh
Duurz�Gheuhx htxloleulxp ehfdxvh wkh| ehqh�w iurp ehlqj srrohg zlwk wkh uholdeoh
djhqwv1

Wkh uhdghu fdq yhuli| wkdw wkh htxloleulxp lv fruuhfw e| fdofxodwlqj wkdw wkh
pdujlqdo xwlolwlhv wr uholdeoh dqg xquholdeoh djhqwv ri ex|lqj dqg vhoolqj d xqlw ri wkh
dvvhw lv 61

E| vhoolqj dqg ex|lqj rqh xqlw ri wkh vlqjoh dvvhw +zlwk �{hg gholyhu| udwhv Nrf @
N,/ hyhu| djhqw jhwv N lq klv edg vwdwh/ dqg jlyhv xs 4�N lq klv jrrg vwdwh1 Vlqfh
wkh djhqwv shufhlyh N dv �{hg/ wklv lpsolflwo| gh�qhv d sulfh t @ +4 � N,@N ri
frqvxpswlrq lq wkh edg vwdwh lq whupv ri wkh jrrg vwdwh1 Doo djhqwv duh h�hfwlyho|
pd{lpl}lqj sure+J, orj {C.+4�sure+J,, orj {� vxemhfw wr wkh frqvwudlqw {C.t{� �
41 Zlwk wkhvh Free�Grxjodv xwlolwlhv/ djhqwv zloo dozd|v fkrrvh {C @ sure+J,/ dv
looxvwudwhg lq Iljxuh 61 Wklv ghprqvwudwhv wkdw uholdeoh djhqwv k wudgh kdoi dv pxfk dv
xquholdeoh djhqwv k�/ dqg khqfh wkdw N @ 7@</ dqg khqfh wkdw 4@t @ 7@8/ dqg khqfh
wkdw {�� @ 4@6� 4@t @ 7@48/ {�

�

� @ 5@6� 4@t @ ;@48/ dqg vr rq1 Lq wklv dqdo|vlv wkh
sulfh � ri wkh dvvhw sod|hg qr uroh/ vlqfh doo djhqwv duh ex|lqj dqg vhoolqj wkh vdph
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dvvhw1 Lq wkh qh{w yhuvlrq/ zlwk pxowlsoh wudghg dvvhwv/ wkh sulfhv �� duh lpsruwdqw1

1/3 2/3 1 Good state

1/2

Bad state
2

1/q = 4/5

1

O45

1/3

2/3

U

U R

R

Iljxuh 61 Srrolqj htxloleulxp zlwk rqh dvvhw

Hyhu| djhqw ehjlqv zlwk dq hqgrzphqw ri 4 lq klv �jrrg� vwdwh+v, dqg 3 lq klv
edg vwdwh+v,1 Wkh wrs exgjhw olqh uhsuhvhqwv wkh dfwxduldoo| idlu rggv iru wkh uholdeoh
djhqwv/ iru zkrp wkh jrrg vwdwh lv wzlfh dv olnho| dv wkh edg vwdwh1 Dw wkrvh idlu
rggv +lq wkh Duurz�Gheuhx htxloleulxp, wkh| frpsohwho| lqvxuh e| prylqj wr wkh
78� olqh dqg frqvxplqj 526 lq hyhu| vwdwh1 Vlploduo| wkh xquholdeoh djhqwv kdyh d
idlu rggv exgjhw vhw wkdw uh hfwv wkh idfw wkdw iru wkhp wkh jrrg vwdwh lv rqo| kdoi dv
olnho| dv wkh edg vwdwh1 Lq wkh Duurz�Gheuhx htxloleulxp wkh| frpsohwho| lqvxuh e|
frqvxplqj 426 lq hyhu| vwdwh1

Zkhq wkh rggv duh 7=8 ri jrrg wr edg/ wkh xquholdeoh djhqwv wdnh dgydqwdjh ri
wkh dfwxduldoo| idyrudeoh rggv wr ryhulqvxuh/ zkloh wkh uholdeoh djhqwv xqghulqvxuh
ehfdxvh iru wkhp wkh rggv duh xqidlu1 Wkh rggv ri 7=8 duh forvhu wr 4=5 wkdq wr 5=4/
uh hfwlqj wkh idfw wkdw wkh xquholdeoh djhqwv wdnh rxw wzlfh dv pxfk lqvxudqfh1 Qrwh
�qdoo| wkdw wkh dvvxpswlrq ri Free�Grxjodv xwlolwlhv �{hv wkh vdph frqvxpswlrq iru
hdfk djhqw lq klv jrrg vwdwh/ qr pdwwhu zkdw wkh exgjhw olqh1

9 Vljqdoolqj zlwk H{foxvlylw| Frqvwudlqwv=
Vhsdudwlqj Lqvxudqfh

914 Vljqdoolqj Hfrqrp| zlwk H{foxvlylw| Frqvwudlqwv

Urwkvfklog dqg Vwljolw} +4<:9, pdgh wkh lpsruwdqw revhuydwlrq wkdw dgyhuvh vhohfwlrq
lq lqvxudqfh pdunhwv pljkw ohdg wr wkh vdph nlqg ri lqh!flhqw vljqdoolqj wkdw Vshqfh
kdg hduolhu srvwxodwhg zrxog dulvh lq oderu pdunhwv1 Lq oderu pdunhwv/ Vshqfh +4<:6,
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dujxhg wkdw djhqwv zlwk kljk delolw| zrxog sxufkdvh h{shqvlyh dqg xqsurgxfwlyh hg0
xfdwlrq vlpso| wr vljqdo wkdw wkh| zhuh lqghhg ri kljk delolw|1 Lq lqvxudqfh pdunhwv/
Urwkvfklog dqg Vwljolw} dujxhg/ djhqwv zrxog frpplw wkhpvhoyhv h{foxvlyho| wr frq0
wudfwv zlwk orz lqvxudqfh lq rughu wr vljqdo wkdw wkh| zhuh uholdeoh1 Urwkvfklog dqg
Vwljolw} zhqw rq wr vxjjhvw wkdw zlwk vljqdoolqj wkhuh pljkw qrw eh dq| htxloleulxp lq
lqvxudqfh pdunhwv1 Lq wkhlu vfhqdulr/ �upv zhuh roljrsrolvwlf dqg frxog r�hu lqvxudqfh
frqwudfwv dw sulfhv ylvleo| gl�huhqw iurp wkh pdunhw sulfhv suhydlolqj lq htxloleulxp/
zklfk kdg wkh h�hfw ri oxulqj fxvwrphuv dzd|1 Exw lq rxu vfhqdulr wkhuh lv shuihfw
frpshwlwlrq= �upv gr qrw vhw wkh sulfh/ wkh pdunhw vhwv wkh sulfh1 Lq frqwudvw wr
Urwkvfklog�Vwljolw}/ zh �qg wkdw htxloleulxp dozd|v h{lvwv lq rxu vfhqdulr1 Exw wkh
lpsruwdqw srlqw/ wkdw vljqdoolqj fdq eh lqh!flhqw/ uhpdlqv lqwdfw1

Urwkvfklog dqg Vwljolw} sursrvhg d vhyhuh vljqdoolqj exgjhw vhw lq zklfk djhqwv
fdq vhoo vrph frqwudfwv zklfk frpplw wkhp qrw wr vhoo dq| rwkhu frqwudfwv1 Zh fdq
fdswxuh wklv lghd e| dgglqj wr rxu h{dpsoh dgglwlrqdo dvvhwv m @ 4> ===> M zklfk pdnh
wkh vdph surplvhv dv ehiruh/ U� @ +4> 4> 4,> dqg zlwk wkh txdqwlw| frqvwudlqwv T�

� @
T�/ zlwk T� ? T�n�/ iru m @ 4> ===> M � 41 E| wdnlqj wkh julg vl}h � pd{�Mai+T�n� �
T�,j wr eh vpdoo/ dqg Ta dqg 4@T� wr eh odujh/ zh fdq dssur{lpdwh d frqwlqxrxv
fkrlfh ri txdqwlwlhv1

H{foxvlylw| jlyhv wkh exgjhw vhwv

E�+s> �>N, @ i+{> �>*>G, 5 E�+s> �>N, = *� A 3 lpsolhv *� @ 3 iru l 9@ mj=

Wkh dvvhw vdohv * pxvw qrz olh lq wkh vhw

F @ i* 5 U
a
n = *� � T� ;m 5 M> *� A 3, *� @ 3 ;l 9@ mj=

Wkh vhw F lv vwdu vkdshg/ zlwk hdfk whqwdfoh uhsuhvhqwlqj wkh txdqwlwlhv vhoodeoh lq d
gl�huhqw dvvhw1 Fohduo| E�/ wkrxjk qrqfrqyh{/ vdwlv�hv wkh uhtxluhphqwv ri Wkhruhp
51

E| v|pphwu| zh fdq vxssrvh Nr� @ N� iru doo v 5 V1 Vr iurp wkh srlqw ri ylhz
ri d ex|hu/ doo dvvhwv duh shuihfw vxevwlwxwhv1 Khqfh li wzr dvvhwv l dqg m duh wudghg/
wkhlu sulfhv pxvw vdwlvi| ��@N� @ ��@N�1 Vlqfh zh fdq dozd|v vfdoh wkh yhfwru ri
dvvhw sulfhv duelwudulo|/ zh pd| dvvxph �� @ N� iru doo dfwlyho| wudghg dvvhwv1 Li dq
dvvhw lv qrw dfwlyho| wudghg/ wkhq zh pxvw kdyh �� � N�1 Frqyhuvho|/ li wkhuh lv dw
ohdvw rqh dfwlyho| wudghg dvvhw/ wkhq doo djhqwv zrxog eh kdss| qrw wr ex| dq| rwkhu
dvvhw m zlwk �� � N� 1

915 Sulfh�Txdqwlw| Olqhv

Vxssrvh qrz wkdw vrph dvvhw m vhoov iru �� 1 Dq djhqw zkr frqwhpsodwhv vhoolqj rqh
xqlw ri dvvhw m zrxog uhfhlyh ��1 Kh frxog xvh wklv prqh| wr ex| ��@�� xqlwv ri dfwlyh
dvvhw l/ jhwwlqj gholyhulhv +��@��,N� @ �� lq hyhu| vwdwh1 Wkh djhqw kdv wr gholyhu 4 lq
doo klv jrrg vwdwhv/ dqg qrwklqj rwkhuzlvh1 Wkxv rq qhw kh uhfhlyhv �� lq klv edg vwdwh
dqg jlyhv xs 4��� lq klv jrrg vwdwh1 Lpsolflwo| wkdw gh�qhv d sulfh t� @ +4���,@�� /
lqglfdwlqj krz pxfk frqvxpswlrq pxvw eh jlyhq xs lq wkh jrrg vwdwh wr jhw rqh
xqlw ri frqvxpswlrq lq wkh edg vwdwh1 Li d txdqwlw| *� lv vrog ri wkh dvvhw/ wkhq wkh
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djhqw jlyhv xs *� � *��� lq klv jrrg vwdwh/ dqg jhwv *��� lq klv edg vwdwh1 Wkxv klv
frqvxpswlrq pxvw olh dw wkh lqwhuvhfwlrq ri wkh sulfh olqh dqg txdqwlw| olqh ghvfulehg
lq Iljxuh 7 ehorz1

1

O45

price line

final consumption

quantity line
j

j
_____

XB

XG

Bad state

Good state

qj
 1 =

j1 j

j

X ___

Iljxuh 71 Ilqdo frqvxpswlrq iurp vhoolqj h{foxvlyho| *� xqlwv dw sulfh ��

Hdfk djhqw lv d sulfh wdnhu dqg d txdqwlw| fkrrvhu1 Li wkh dvvhw kdv txdqwlw|
frqvwudlqw T� / wkhq d vhoohu fdq fkrrvh dq| *� � T�/ jlylqj klp wkh rssruwxqlwlhv
lqglfdwhg e| wkh erog lqwhuydo lq Iljxuh 81

1

O45

Price line

Consumption
    opportunities

Quantity linej
j

_____

XB

XG

qj
 1 =

X

Qj

1

Iljxuh 8

Lw lv lpsruwdqw wr qrwh wkdw li dq djhqw*v lqgl�huhqfh fxuyh wkurxjk [ grhv qrw
lqwhuvhfw wkh lqwhuydo ri frqvxpswlrq rssruwxqlwlhv dw dq| rwkhu srlqw/ wkhq kh zloo
fkrrvh *� @ T� li kh vhoov dvvhw m1
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916 Lpsrvvlelolw| ri Srrolqj Htxloleulxpzlwk H{foxvlylw| Frqvwudlqwv

Vxssrvh zh duh dw dq htxloleulxp lq zklfk hyhu| djhqw lv vhoolqj d srvlwlyh dprxqw ri
wkh vdph dvvhw mW/ zlwk txdqwlw| frqvwudlqw T�W 1 Ohw �qdo frqvxpswlrq eh ghqrwhg
[- dqg [L / rq lqgl�huhqfh fxuyhv L- dqg LL / uhvshfwlyho|1 Qr pdwwhu zkdw lwv sulfh
��W / zh nqrz wkdw wkh xquholdeoh zloo vhoo dw ohdvw dv pxfk dv wkh uholdeoh= *L�W � *-�W 1
Khqfh N�W � 4@5 @ 4@5 �4@6.4@5 �5@61 Zh vkdoo vkrz wkdw li wkh julg lv �qh hqrxjk/
wkhq zh fdqqrw � iru doo m 9@ mW � �qg sulfhv �� dw zklfk qr djhqw zdqwv wr ex|
ru vhoo dvvhw m/ frqwudglfwlqj wkdw zh kdyh dq htxloleulxp lq zklfk rqo| dvvhw mW lv
wudghg1

Qrwh wkdw iru dq| txdqwlw| olplw 3 ? T� ? *-�W / wkh T� txdqwlw| olqh lqwhuvhfwv
L- dw |-+m, ehiruh lw lqwhuvhfwv LL 1 +Vhh Iljxuh 91, Fohduo| |-+m, olhv deryh wkh ��W

sulfh olqh +rwkhuzlvh U zrxog kdyh fkrvhq *�W ? *-�W,1
Dvvxph wkdw wkhuh lv d m vxfk wkdw |-C+m, ? 41 Wkhq wkh srlqwv |-+m, dqg +4/3,

gh�qh d sulfh olqh ��� lqglfdwhg e| wkh grwwhg olqh1
Dvvxph/ ixuwkhupruh/ wkdw ��� ? 5@6=

1

Qj

j*R

U

j* 1/2-price line<

X y (j)RR

< 2/3-price linej
_

R

XB

XG

XU

Iljxuh 9

Li �� ? ��� / doo djhqwv vwulfwo| suhihu qrw wr vhoo dvvhw m1 E| wkh uh�qhphqw/
N� @ 41 Exw wkhq �� ? ��� ? 5@6 ? 4 @ N� / dqg doo djhqwv zloo uxvk wr ex| dvvhw m/
frqwudglfwlqj wkdw lw lv qrw wudghg1

Rq wkh rwkhu kdqg/ li �� A ���/ uholdeoh djhqwv fdq dfklhyh vwulfwo| kljkhu xwlolw|
vhoolqj dvvhw m/ frqwudglfwlqj wkdw wkh| fkrvh qrw wr vhoo lw1

Ilqdoo|/ li �� @ ��� / wkhq dw dq| shuwxuedwlrq/ rqo| wkh uholdeoh djhqwv frxog
frqfhlydeo| eh lqgxfhg wr vhoo lw1 E| wkh uh�qhphqw N� � 5@61 Doo djhqwv zloo uxvk
wr ex| lw/ vlqfh N�@�� @ N�@��� � +5@6,@��� A 4/ d frqwudglfwlrq1

Zh pxvw qrz mxvwli| rxu wzr dvvxpswlrqv1 Wkh| iroorz wulyldoo| iurp d vpdoo julg
vl}h/ iru wkhq wdnlqj m zlwk T� mxvw eduho| ohvv wkdq *-�W / zh jhw wkdw |-+m, lv yhu|
qhdu [-/ khqfh |-C+m, ? 4 dqg ��� lv qhdu ��W � 4@5 ? 5@61 Zh pxvw uxoh rxw wkh
srvvlelolw| wkdw *-�W $ 3 dv wkh julg vl}h jrhv wr }hur1
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Zh dujxh wkdw *-�W � �* A 3/ zkhuh �* lv jlyhq lq Iljxuh :/ lqghshqghqw ri wkh julg
vl}h1 Vlqfh lq htxloleulxp doo dvvhwv pxvw kdyh N� � 4@6/ zh pd| vxssrvh �f � 4@61
Dw zruvw/ wkh uholdeoh djhqw pxvw dfklhyh wkh xwlolw| kh frxog jhw iurp vhoolqj dvvhw
3 dw sulfh 4261 Vlqfh x�+3, @ 4/ wklv zrxog lqghhg jlyh klp pruh xwlolw| wkdq klv
hqgrzphqw +4/3,1 Khqfh kh zrxog qhyhu djuhh wr vhoo ohvv wkdq �* A 3 ri dq| dvvhw
sulfhg dw �� @ N� @ 4@51 D iruwlrul/ iru dq| sulfh 4@6 � �� � 4@5/ kh zrxog lqvlvw
rq dq hyhq kljkhu plqlpxp vdoh ri dvvhw m1

1

R

1/2-price line

R

o45

1/3-price line

_
XG

XG

Iljxuh :

Rxu htxloleulxp uh�qhphqw wkxv fdswxuhv wkh vdph vslulw dv wkh Urwkvfklog�
Vwljolw} gh�qlwlrq ri qr hqwu| htxloleulxp lq holplqdwlqj wkh srrolqj htxloleulxp1

917 H{lvwhqfh ri Vhsdudwlqj Htxloleulxp

Wkh rqo| htxloleulxp Urwkvfklog dqg Vwljolw} irxqg lv wkh �vhsdudwlqj� htxloleulxp lq
zklfk hdfk w|sh ri djhqw vhoov d gl�huhqw dvvhw1 Urwkvfklog dqg Vwljolw} revhuyhg wkdw
lq vxfk dq htxloleulxp wkh xquholdeoh w|shv vkrxog ihho xqfrqvwudlqhg e| wkh txdqwlw|
uhvwulfwlrq zkloh wkh uholdeoh w|shv vkrxog ihho txdqwlw| frqvwudlqhg1 Pruhryhu/ wkh
xquholdeoh w|shv vkrxog eh lqgl�huhqw wr hlwkhu ri wkh wzr frqwudfwv/ zkloh wkh uhol0
deoh w|shv vkrxog vwulfwo| suhihu wkhlu txdqwlw| frqvwudlqhg frqwudfw1 Lqghhg/ rqfh zh
lpsrvh wkh Urwkvfklog�Vwljolw} h{foxvlylw| uhvwulfwlrq/ zh jhw wklv vruw ri htxloleulxp/
wkrxjk qrw txlwh h{dfwo| ehfdxvh rxu phqx ri txdqwlw| frqvwudlqwv lv �qlwh1 Wkh gli0
ihuhqfh lv wkdw rxu vhsdudwlqj htxloleulxp dozd|v h{lvwv/ zkhuhdv Urwkvfklog�Vwljolw}
irxqg urexvw uhjlrqv ri qrqh{lvwhqfh1

Zh fodlp wkdw zlwk wkh h{foxvlylw| frqglwlrq +*�� A 3 iru dw prvw rqh frqwudfw m,/
wkhuh lv hvvhqwldoo| d xqltxh htxloleulxp lq whupv ri frqvxpswlrq1 Zh �uvw ghvfuleh
lwv txdolwdwlyh ihdwxuhv ehiruh frpsxwlqj lw iru rxu qxphulfdo h{dpsoh1 Vhh Iljxuh ;1
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1

R 2/3-price line

1/3-price line

U
XB = 1

ZU
ZZ = R

j(R)j(R)
R = Q

XG

U
0

Iljxuh ;

Ohw wkh xquholdeoh djhqwv wudgh +l1h1/ ex| dqg vhoo, rqh xqlw ri dvvhw 3/ zlwk �f @
Nf @ 4@6/ wr rewdlq wkhlu rswlpdo frqvxpswlrq ]L rq wkh 4@60sulfh olqh1 Ohw ] eh wkh
lqwhuvhfwlrq ri wkh X0lqgl�huhqfh fxuyh wkurxjk ]L zlwk wkh 5260sulfh olqh1 Dvvxph
wkdw wkhuh h{lvwv dq dvvhw m+U, vxfk wkdw ] olhv rq wkh T�E-�0txdqwlw| olqh1 Wkhq ohw
wkh uholdeoh djhqwv wudgh *-

�E-� @ T�E-� xqlwv ri dvvhw m+U,/ zlwk ��E-� @ N�E-� @ 5@6/

wr rewdlq wkh frqvxpswlrq ]- @ ]=
Wr fkhfn wkdw zh kdyh d jhqxlqh htxloleulxp/ zh pxvw sulfh doo wkh xqwudghg

dvvhwv lq d pdqqhu wkdw vdwlv�hv rxu htxloleulxp uh�qhphqw1
Li 4 � T�/ vhw �� @ N� @ 4@61
Li T�E-� ? T� ? 4/ wkhq wkh T�0txdqwlw| olqh lqwhuvhfwv wkh X0fxuyh +wkurxjk ]L ,

dw �]L / ehiruh lw lqwhuvhfwv wkh U0fxuyh +wkurxjk ]-,1 Vhw �� @ N� lq dffrugdqfh
zlwk wkh grwwhg olqh lq Iljxuh </ zklfk frqqhfwv +4/3, wr �]L 1

Li T� ? T�E-�/ wkhq wkh T�0txdqwlw| olqh lqwhuvhfwv wkh U0fxuyh dw �]- ehiruh wkh
X0fxuyh1 Li �]-

C ? 4/ vhw �� @ N� lq dffrugdqfh zlwk wkh rwkhu grwwhg olqh lq Iljxuh
</ zklfk frqqhfwv +4/3, wr �]-1

Li T� ? T�E-� dqg �]-
C � 4/ vhw �� @ N� @ 41

1

U

XB

ZU

ZR

XG

~
ZR

Qj(R)

Qj

ZU~

2/3-price line

1/3-price line

U
0

= 1

R Qj

Iljxuh <
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Iru hyhu| m @5 i3> m+U,j zh vkrz wkdw qr djhqw fdq vwulfwo| lpsuryh e| wudglqj m1
Zkhq 4 ? T� +dqg vr �� @ 4@6,/ wkh xquholdeoh djhqwv duh lqgl�huhqw wr wudglqj

+4 xqlw ri, m dqg +4 xqlw ri, dvvhw 3/ zkloh wkh uholdeoh w|shv duh vwulfwo| zruvh r�
wudglqj m1

Zkhq T�E-� ? T� � 4/ wkh xquholdeoh djhqwv duh lqgl�huhqw wr wudglqj +T� xqlwv
ri, m dqg +4 xqlw ri, dvvhw 3/ zkloh uholdeoh w|shv duh vwulfwo| zruvh r� wudglqj m1

Zkhq T� ? T�E-� dqg �� ? 4/ wkh uholdeoh djhqwv duh lqgl�huhqw wr wudglqj +T�

xqlwv ri, m dqg +T�E-� xqlwv ri, dvvhw m+U,/ zkloh wkh xquholdeoh djhqwv duh vwulfwo|
zruvh r� wudglqj m1

Ilqdoo|/ zkhq T� ? T�E-� dqg �� @ 4/ qr djhqw fdq gr ehwwhu vzlwfklqj iurp mW

wr m1 +Vhh Iljxuh 431,

1

U

XB

ZU ZR

XG

~
ZR

Qj

2/3-price line

1/3-price line

R

1-price line

Iljxuh 43

Wkh 40sulfh olqh lv wkh yhuwlfdo olqh deryh +4/3,1 Vlqfh wkh U0lqgl�huhqfh fxuyh lv
vwulfwo| grzqzdug vorslqj/ zh kdyh �]-

C � 4 li dqg rqo| li wkh T� txdqwlw| olqh lq0
whuvhfwv wkh 40sulfh olqh rq ru ehorz wkh U0lqgl�uhqfh fxuyh1 Wkxv wkh frqvxpswlrq
rssruwxqlwlhv +iurp +4/3, wr wklv lqwhuvhfwlrq srlqw, fdqqrw pdnh wkh uholdeoh djhqw
ehwwhu r� wkdq klv htxloleulxp frqvxpswlrq ]-1 Wkh xquholdeoh djhqwv duh vwulfwo|
ehwwhu r� dw ]L 1

Lq hyhu| fdvh m @5 i3> m+U,j/ zlwk �� ? 4/ hlwkhu wkh uholdeoh w|shv ru wkh xquholdeoh
w|shv +exw qhyhu erwk, duh lqgl�huhqw wr vzlwfklqj iurp wkhlu htxloleulxp wudgh wr m1
Lq hdfk ri wkhvh fdvhv/ �� @ N� lv dw ohdvw dv kljk dv wkh gholyhu| udwhv ri wkh rqo|
w|sh zloolqj wr vzlwfk wkhuh1

Zh fkhfn qrz wkdw wkhvh sulfhv vdwlvi| rxu htxloleulxp uh�qhphqw1 Jlyhq dq|
% A 3/ fkrrvh wkh pdfur yduldeohv +s+%,> �+%,>N+%,, lq H+%, wr eh lghqwlfdo wr wkh
pdfuryduldeohv +s> �>N, iru H1 Iru dvvhwv m zlwk �� @ 4/ zh kdyh N�+%, @ N� @ 4 dqg
vr wkh uh�qhphqw frqglwlrq lv dxwrpdwlfdoo| vdwlv�hg1 Iru hdfk dvvhw m zlwk �� ? 4/
ohw d vpdoo phdvxuh +ohvv wkdq %, ri wkh uhohydqw w|sh vzlwfk wr wudglqj dvvhw m1 Wkh|
duh vwloo rswlpl}lqj/ dqg doo pdunhwv frqwlqxh wr fohdu1 Pruhryhu/ N�+%, @ N� lv qr
ohvv wkdq wkh uhdol}hg gholyhu| udwh rq m lq H+%,1 Vlqfh errvwlqj ri gholyhu| udwhv
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lv shuplwwhg lq H+%, iru dvvhwv wkdw duh xqwudghg lq H/ zh kdyh frqvwuxfwhg d ydolg
shuwxuedwlrq1

Zh qrz wxuq wr wkh jhqhudo vlwxdwlrq lq zklfk wkhuh lv qr dvvhw m vxfk wkdw wkh
T� txdqwlw| olqh frqwdlqv ]1 +Vhh Iljxuh 441,

1

U

XB

ZU

Z

XG

1/3-price line

Q
Q

2/3-price line
0
U= 1

k+1

Missing quantity limit

W

Y

k

Iljxuh 44

Ohw T&n�/ T& eh frqvhfxwlyh txdqwlwlhv lq wkh julg zklfk �wuds� wkh plvvlqj
txdqwlw| lq ehwzhhq1 Ghqrwh

Z � lqwhuvhfwlrq ri wkh X0lqgl�huhqfh fxuyh +wkurxjk ]L , zlwk wkhT&n�0txdqwlw|
olqh

\ � lqwhuvhfwlrq ri wkh 5260sulfh olqh zlwk wkh T&0txdqwlw| olqh1

Fdvh 4 +Iljxuh 45, Wkh uholdeoh w|sh +zhdno|, suhihu \ wr Z 1
Wkhq gh�qh ]- @ \ dqg m+U, @ n/ dqg surfhhg h{dfwo| dv ehiruh wr sulfh wkh

xqwudghg dvvhwv dqg wr frqvwuxfw wkh shuwxuedwlrq1
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Iljxuh 45
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918 Qhduo| Vhsdudwlqj Htxloleulxp

Fdvh 5 +Iljxuh 46, Wkh uholdeoh suhihu Z wr \ 1

1

U

XB

ZU

Z

XG

Q

Q

k+1

W Y

k

Qj(R)
___

___ ZR

R

2/3-price line

1/3-price line

U
0 = 1

Iljxuh 46

Lq wklv fdvh zh gr qrw jhw d sxuh vhsdudwlqj htxloleulxp/ exw dq htxloleulxp zlwk d
voljkw ghjuhh ri �pl{lqj1� Ohw doo wkh uholdeoh djhqwv wudgh T&n� � T�E-� xqlwv ri
dvvhw n . 4 � m+U, dqg frqvxph Z � ]-1 Vhw ��E-� @ N�E-�/ lq dffrugdqfh zlwk
wkh grwwhg olqh mrlqlqj +4/3, wr Z lq Iljxuh 461 Wkh qhz ihdwxuh ri wklv htxloleulxp
lv wkdw vrph xquholdeoh djhqwv dovr wudgh wkh dvvhw m+U,1 Lq idfw/ mxvw hqrxjk ri
wkhp wudgh m+U, vr wkdw wkh gholyhu| udwh idoov iurp 526 wr N�E-�1 Wkh uhvw ri wkh X
srsxodwlrq dfwv dv ehiruh/ wudglqj *f @ 4 xqlwv ri dvvhw 31

Qrwlfh wkdw wkh sulflqj ri xqwudghg dvvhwv dqg wkh shuwxuedwlrq zrun h{dfwo| dv
ehiruh1 Dovr qrwlfh wkdw wkh ghjuhh ri pl{lqj jrhv wr }hur zlwk wkh julg vl}h +vlqfh
wkhq Z $ ] dqg �W $ 5@6,1

Qrwlfh dovr wkdw wkh voljkw pl{lqj kdv devroxwho| qrwklqj wr gr zlwk wkh srsxodwlrq
sursruwlrq ri uholdeoh dqg xquholdeoh w|shv/ dqg vr qrwklqj wr gr zlwk wkh qrqh{lvwhqfh
lq Urwkvfklog�Vwljolw}1 Kdg zh wdnhq doo srvvleoh T/ zh zrxog dozd|v rewdlq wkh
vhsdudwlqj htxloleulxp1

919 Wkh Qxphulfdo H{dpsoh

Lq rxu qxphulfdo h{dpsoh/ ohw xv dgg dvvhwv m @ 4> ===> 433 wr dvvhw 3/ zlwk T� @ m@63
+dqg vr/ zlwk julg vl}h 4263,1 Wkh uhdghu fdq fkhfn wkdw wklv sxwv xv lq Fdvh 4 zlwk
m+U, @ <1 Vhh Iljxuh 471
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1/3 1 Good state

1/2

Bad state
2

1

O45

1/3

2/3

7/10

1/5

9/102/3

Q30 = 30/30 = 1

Q20 = 20/30 = 2/3

Q9 = 9/30 = 3/10

Q3= 3/30 = 1/10

3 = 1

9 = 2/3

20 < 2/5

30 = 1/3

XU

XR

Iljxuh 47

Lw lv zruwk srlqwlqj rxw wkdw zh zhuh deoh wr h{sorlw wkh vshfldo vwuxfwxuh ri wkh
lqvxudqfh hfrqrp| +olnh wkh vlqjoh furvvlqj surshuw|, wr frqvwuxfw wkh htxloleulxp/
dqg wr yhuli| lw wr eh vr1 Lq jhqhudo/ frqvwuxfwlqj htxloleulxp fdq eh txlwh gl!fxow/
exw wkhuh lv qr txhvwlrq ri lwv h{lvwhqfh1 Wkhruhp 5 dvvxuhv xv wkdw htxloleulxp h{lvwv
hyhq zlwkrxw vshfldo vwuxfwxuh/ iru h{dpsoh/ hyhq li uholdeoh djhqwv kdyh xwolw| y 9@ x
vr wkdw y dqg x lqgl�huhqfh fxuyhv furvv pruh wkdq rqfh1

Urwkvfklog dqg Vwljolw} fruuhfwo| qrwhg wkdw wkh vhsdudwlqj htxloleulxp doorfdwlrq
dqg sulfh v|vwhp lv zhoo0gh�qhg dqg ihdvleoh lqghshqghqw ri wkh sursruwlrq ri uholdeoh
djhqwv1 E| frqwudvw/ revhuyh wkdw wkh srrolqj htxloleulxp lpsuryhv lq xwlolw| whupv
dv wkh sursruwlrq ri uholdeoh djhqwv frqyhujhv wr 4/ hyhqwxdoo| Sduhwr grplqdwlqj wkh
vhsdudwlqj htxloleulxp1 Urwkvfklog dqg Vwljolw} zhqw rq wr fodlp wkdw li qhduo| doo
wkh djhqwv duh uholdeoh/ wkhq wkh vhsdudwlqj htxloleulxp frxog qrw eh dq htxloleulxp/
ehfdxvh vrph frqwudfw vxfk dv dvvhw 63 zlwk lwv pruh jhqhurxv frqvwudlqw T�f @ 4
zrxog euhdn wkh htxloleulxp1 Wkhlu sdshu lv qrw suhflvh derxw krz h{shfwdwlrqv duh
iruphg zkhq dvvhwv duh qrw wudghg/ exw wkh lghd lv wkdw li lw zdv h{shfwhg wkdw wkh
vhoohuv ri dvvhw 63 zhuh lq wkh vdph sursruwlrq dv wkh srsxodwlrq dv d zkroh/ wkhq
lq d srsxodwlrq frqvlvwlqj doprvw hqwluho| ri uholdeoh djhqwv/ wkh fruuhvsrqglqj N�f

zrxog eh qhduo| 5@6 dqg wkh sulfh lw zrxog ihwfk zrxog eh ��f @ 5@6= Wklv sulfh +dqg
lwv jhqhurxv txdqwlw| frqvwudlqw, gh�qlwho| zrxog oxuh dzd| vhoohuv ri erwk w|shv dqg/
vr Urwkvfklog dqg Vwljolw} dujxh/ mxvwli| wkh h{shfwdwlrqv N�f @ 5@6> dqg wkxv xsvhw
wkh vhsdudwlqj �htxloleulxp1�

Krzhyhu/ vxfk dq h{shfwdwlrq lv kdvw|/ vlqfh djhqwv gr qrw doo kdyh wkh vdph
lqfhqwlyh wr vzlwfk wr wkh qhz frqwudfw1 Zh kdyh vhw wkh sulfh lq htxloleulxp ri dvvhw
63 dw ��f @ 4@6= Dw wklv sulfh wkh xquholdeoh djhqwv duh mxvw lqgl�huhqw wr vzlwfklqj
iurp dvvhw 3 lqwr dvvhw 63/ zkhuhdv wkh uholdeoh djhqwv duh qrw forvh wr zdqwlqj wr vhoo
dvvhw 631 Hyhq li vrph djhqw r�huhg wr ex| dvvhw 63 dw d sulfh ri 4@5/ rqo| xquholdeoh
djhqwv zrxog uxvk wr vhoo lw1 Qrw xqwlo wkh sulfh uhdfkhv =86 zrxog wkh uholdeoh djhqwv
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ehfrph lqwhuhvwhg lq vhoolqj dvvhw 63= Wkxv zh ihho mxvwl�hg lq vhwwlqj wkh h{shfwdwlrqv
ri gholyhu| iru dvvhw 63 dw N�f @ 4@6> dqg wkh sulfh dw ��f @ 4@6= Li dq djhqw glg iru
vrph uhpdundeoh uhdvrq r�hu wr sd| 5@6 iru dvvhw 63> kh zrxog eh ghoxjhg zlwk r�huv
iurp vhoohuv/ vr pdq| lq idfw wkdw kh frxog qhyhu dffrpprgdwh wkhp doo1 D qdwxudo
uhdfwlrq zrxog eh wr orzhu klv ex|lqj sulfh xqwlo wkh qxpehu ri vhoohuv ihoo1 Exw dv zh
mxvw vdz/ wr uhgxfh ghpdqg vx!flhqwo| kh zrxog hqg xs vhoolqj rqo| wr wkh xquholdeoh
w|shv/ dv zh kdyh suhvxphg1

Zh duh lq djuhhphqw zlwk wkh frqfhuq ri Urwkvfklog dqg Vwljolw} derxw wkh vhsd0
udwlqj htxloleulxp zkhq wkhuh lv d kljk sursruwlrq ri uholdeoh djhqwv1 Exw wkh sureohp
lv qrw wkh qrqh{lvwhqfh ri htxloleulxp1 +Zh frqvwuxfwhg dq htxloleulxp lq rxu h{dp0
soh/ dqg lq jhqhudo/ Wkhruhp 5 jxdudqwhhv wkdw htxloleulxp h{lvwv1, Wkh sureohp lv
lwv lqh!flhqf|1
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