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APPENDIX A: PROOFS
Lemmata

LEMMA 1. Letz~ N(m, ) be an n,-dimensional real Gaussian random vector. Then,
(i) Expectation of second powers:
E(zz)=pp + 3,
(ii) Expectation of third powers:
Elzz02)|=p(popn) +2(30 Ly,p') + pvecd (),
(iii) Expectation of fourth powers:

E[(z02)(z0z)]|=pop)(pop) +2(X0 3) +vecd(I)veed' (X)
+4(X o pp') +veed(up') veed' (2) + veed(Z) veed (up'),
where © denotes the Hadamard (or elementwise) product, vecd(-) is the operator which

stacks the diagonal elements of a square matrix in vector form and £,, is a vector of n,
ones.

Proor. The proofis tedious but straightforward. O
LEMMA 2. Definemy, : R™M x R"2 — R"*"™ forny,ny, € Zyy and h €{2,3,4} as
my(Wp, Wp) = vec(ww)),
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2 Almuzara, Amengual, and Sentana Supplementary Material
m3 (Wi, W) = vec[wi (W, O wy)'],
my (Wi, W) = vec[ (W) © wi)(Wy O wp)'],

where wy € R™, wy € R™2, and vec(-) is the vectorization (by columns) operator. Consider
the real Gaussian random vector

X Mx Exx ny 2ixZ

/
Y|~ N Myl Exy Eyy Eyz ’
z M 2;2 2_/)12 222

where X is ny-dimensional, y is n,-dimensional, and z is n,-dimensional. Then
(i) Covariance with the first power:
cov[x, my(y,z)] =0,
cov[x, m3(y,2)] =2[£,, ®vec'(2),)] O (Tx: ® (i'ny)
+ [veed (322) ® Lyyxn, | © (£, ® Ziy),
cov[x, my(y,z)] =0,
(ii) Covariance with the second power:
cov[my(x,X), my(y, z)]
= Ln,xn, ® Txy) © (Jxz ® Ly, xn,)
+(€n, ® 22 @£, ) O (£, @ 3y @ Ln,),
cov[my(x,X), m3(y,z)]| =0,
cov[my (X, X), my(y, z) |
= 4[£n)2( ®vec (3y2)] © cov[my(x,X), my(y, z)]
+2[¢,, ® €, @veed (3),)] O (€n, ® 31z ® € ) © (3iz ® Lyoxny)
+2[€,2 ®veed (222) @ £, ] © (Lnyxn, ® X1y) © (€, ® 32y ® L),
(iii) Covariance with the third power:
cov[m3(x, X), m3(y, z)
= [vecd(Zyx) ® £n, ® ﬁ;,y,,z] O {£s, ® cov[x, m3(y,2)]}
+2(Lnyxn, ® Zxy) O [(Zxz © 3x2) ® Ly |
+2[vec(Zix) ® ), . ] O [€,2 @ Veed (322) @ £, ] O (€, ® 32y ® £n,)
+a[vec(Zi) ® €, ] O [£,2 ®vec'(3y2)] © (Ziz ® Ly,xn,)
+4(Ln, ®2x:®£,, ) O (£, ® 31y ® £n,) O (32 ® Lyxny),

cov[m;(x, X), my(y,z)] =0,
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(iv) Covariance with the fourth power:
cov[my(x, X), my(y, z)]
= 4 cov[my(x,X), my(y, z)| © cov[my (X, X), my(y, z)]
+4[vec(Ziy) ® Z;@nz] O cov[my (X, X), my(y, z)]
+2[€n, ®veed(Xxx) ® £, ] O [£,2 ® £, ® vecd'(Zyy)]
O (Zxz ® Lyxny) © (Zxz ® Ly xny)
+2[en, @ veed(Xax) ® £, ] O [£,2 ® veed'(22: ® £ny)]
O (£, ® 2y ®4Ly,) O (£, ® X1y @Ln,)
+2[veed(Zry) ® €n, ® £, . ] O [€,2 ® £, ® veed'(3)y)]
O£n, ®2::08, )0 (€, ®2x:® ¢, )
+2[vecd(Zyy) ® £n, @ E;ynz] o) [Zn)z( ®veed (3, ® eny)]
O (Lnyxn, ® 2xy) © (Lnyxn, ® 2xy)
+8[€n, @ veed(Zax) ® £, ,, ] O [£,2 ®vec'(2y)]
O (£, ® 31y ®£n,) O (Zxz ® Ly xny)
+8[veed(3xx) ® £n, ® L), , ] O[€,2 ®ved'(3),)]
O (Lnyxn, ® Zxy) © (€n, ® Tz ® L, )
+8(Zxy @ Lnyxen.) © (i, ® 2xz) O (€, ® Ty ® £, ) O (€, ® 322 ® Ly, ),

where @ denotes Kronecker product and 1,,,, denotes a matrix of ones of dimension
ny X nyp.

Proor. Again, the proofis tedious but straightforward. O

LEMMA 3. Consider the model (1)-(2) where £, = (€51, &Ny, with €S9 ~ GHr(n, ¢, B)
and €N ~ N(0; Ix_g). Let sSH = e51e8H gpg
Sie = co + c1sSH + cz(thH)z,
)
SGH: = Ski + B'Sst
wherecy=R(R+2)/4,c1=—(R+2)/2,co=1/4,and c3 = —(R+2). Then

(i) Forany B eRR and ¢ >0,

T
1dlnf(Yr,E 1dlnf(Yr,E 1
lim LS. Erig) . 19Inf(Yr, Er|d) _ S soun, and

n—0+t T an n—0- T an T P
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1dInf(Yr, Erid) _

lim 0.
~q~>0i T ﬁlp
(i) Forany B e RR and neR,
T
1dlnf(Yr,E 29lnf(Yr,E 1
oy L 9Inf(Y7, E7|) —0, and lim 2 nf(Yr,Erld) _ L5 s
y—0+ T an y—0+ T P T part

Proor. See Mencia and Sentana (2012). O

LeMMA 4. Consider the model (1)—(2) where {&,}2_ . is white noise with identity covari-
ance matrix. Further, assume that all the eigenvalues of F are inside the unit circle. If we
observe the double-infinite sequence Yoo = {y:}7° _ o, then the linear projection

E oo\ ol (€ v
()= ()] = [

where W and Y are absolutely summable two-sided filters in the lag operator L, will be

given by
v | _|FeM| 1y
|:Y(z)j| = |: :|D (zH[D@D'(z71)]

I

where

F'(L)y=(Uy-FL)'=) FL and D(L)=HF '(L)M=) D;L/
j=0 j=0

with D = HF'M for all j.

Proor. Giventhaty; =D(L)g,, the joint autocovariance generating function for (y;, £})’
is easily seen to be

G(z) = Gyy(2) Gy.(2)| |D@D'(z7") D(2)
T |Gey(2) Ges(z)| | DI(z7 Ix

for any z € C. The Wiener-Kolmogorov filter for ¢ is given by
1

Erjoo = Goy(L)Gy) (L)y, =D/ (L™ [D@)D' (L] y.

It is then easily checked that for every ¢, £/ is well-defined as a mean-square limit
under the assumptions of the lemma. Moreover, because

& 1 =LF (L)Me,

the filter for &,_; follows from the filter for g, so it is also well-defined. O
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LeMMmA 5. Consider the model (1)-(2). The score of the asymmetric GH with respect to the
parameter T when = 0 for fixed values of the skewness parameters B is given by

1 T
Sonr(8,B) = = D [st7(0) + B'ssr ()],
t=1

Sk 7(0) = b, 7 (0)my, 7(0),
Ss/7(0) = b/st|T(0)mst|T(0),

where
1 boy7(0)
my,7(0) = | my,7(0) |, by, 7(0) = | by7(0) |,
my,7(0) by 7(0)
my,7(0) b, 7(0)
S 0 = ] bS 0 = >
msi7(0) (m3t|T(0)) ar(6) (b3t|T(0))

bonr(8) = co + {1 + e[ Q5 (O)]} [ 25 (0)] + 2c, r{ [ 0)]},

bi,7(0) = [c3 + (257 (0) ]Sk + 2Spx 2417 (0),

ba:7(0) = {1 + 2¢2 tr[ Q57 (0)]} Sk ® Sic) vee(Ir) + dea (Sky ® Sky) vec[ 247 (0)],
b3, 7(0) = Sprlr @ Sgis

by 7(0) = c2(Spx ® Ski)£R2

withcg=R(R+2)/4,ci =—(R+2)/2,¢cp =1/4, c3=—(R+2) and £y a vector of H ones.

Proor. From Lemma 3, we can obtain the expression for the score with respect to 7 for
a fixed value of the skewness parameter vector B, sgu; = Sx; + B’Sst, which corresponds
to the M-step of the EM algorithm. Next, we can apply the E-step to each of the compo-
nents separately.

As for sy;, we have that &,|Y7, @ ~ N[g7(0), £2;7(0)] under the null of normality, so
that

S 7(0) = o+ 1 E[sSHYr, 0] + ¢, E[(sCH) Y7, 6]

involves the computation of E[s/|Yr, 6] and E [;?|YT, 0]. To compute the first expecta-
tion, we can write

E[sSHY7] = E[e5% M Y7, 0]
tr{E[e7 el Y7, 0]}

= tr[ 2]} (0)] + vec(Ir) vec[£] AT (G)St‘T 0],
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where the first equality follows from the fact that tr(A’'B) = tr(BA’), and the second one
from Lemma 1(i). As for the second expectation,

E[(s?M)'1¥r, 0] = E{[e7" © 67 1r<r[ef™ © £M]1¥7, 0}
= tr[1z<rE{[eF © 1[5 0 1]'|Y7, 6}]
=27, vec[ 27 (0) © 21 (0)]
+ £, vec{vecd[ 277 (0)] vecd[ 27 (0)]'}
+ 4, vec[ 257 (0) © £5H ()£ (0)]
+ €, vec{vecd[ (257 ()] veed [ (0)H (6)]}
+ €, vec{vecd[£§1 (0)£( (0) | vecd [ Q{7 (0]}

+ €5, vee|[e55(0) 0 £55(0) ][54 (0) 0 €51 (0)] ).

where the first equality is a rewriting of (s5%)?, the second one follows from the afore-
mentioned property of the trace, and the third one from Lemma 1(iii). Finally, to obtain
the expression for s ;7(0), we have made use of the following identities:

o vec[25H(0) © 251 (0)] = ved [2§1(0)] vec[ 251 (0)]
= u{Qff @0 o) =u{[f O]},
£ Vec{vecd[.(ltcl'?(O)]Vecd’[ﬂf#(ﬂ)]} =tr [ﬂﬁ?(ﬂ)],
€ vec|257(0) © [e1 (0)£57 (0)']} = vec [ Q5T (0)] vec[ (7 ()£ (0)'],
o Vec{vecd[ﬂﬁ’?(ﬂ)] veed'[€5 &7 (0)£t|T 0]} = tr[!)ﬁ?((})] vec'(Ig) vec[e$ &7 (0)8,” 0],

together with
vec[£{i7 (0)€(T ()] = (Srk ® Srx)my,7(0),
vec{[£51(0) © £571(0) ][ (0) © €13 (8)]'} = (Srx ® Sr)My,7(6).
Similarly, in order to compute
ss7(0) = 3 E[e7" (Y7, 0] + E[e]M s Y7, 6],

we need the expectation of the first component, which is trivially E[eSH Y7, 0] =
t|T(0) We also need

E[e586,|Y7, 0] = E[e51 (51 © €51 |Y7, 0]€
=200 (0)£51(0) + u[ Q{7 ()] ()

+ £t|T(0)[ t|T(0) O] 81|T(0)] 17:3
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where we have used the fact that sSH = [¢5H © £5H] £ in the first equality, and applied
Lemma 1(ii). in the last one. Finally, we obtain the desired result by exploiting the fact
that

VeC{StIT (0)[8”T (())o) st‘T )]’} = (Srk ® Srx)m 17(0),

after rearranging terms. O

LEMMA 6. Let
oo

K;(0) = Z cov[m;(0), m;;_;(0)],

j=—o00

denote the autocovariance generating function of m;;(0) evaluated at one. Then
(i) The asymptotic variance of s () is given by
Ck(0) = by (0)Kk4(0)by(0) — b5 (0)K2(0)b) ().
(ii) The asymptotic variance of 5s7(0) is given by
Csjoo(0) = b3 (0)k3(0)b3(0) — b (0)r1(0)b](6).
(iii) /75,7 (0) and ~Tssy(0) are asymptotically independent.

Proor. Following the same steps as in Lemma 5, but conditioning on Y, instead of Y7,
we can obtain s, (0) = E[sy;(0)|Yeo, 0] and ss 00 (0) = E[ss:(0)|Y, 0]. Specifically, we
can write

0 b0
Skiloo (0) — b (0) _B(0 0 here B() — b,(®) O
{ ) ] (O)m;(0) where B(o)= | " U
b4(0) 0

and m,(0) = [my,(0), my,(0), m3,(0), my(0)]', where

bo(0) = co + {c1 + [R5 (0)]ca) tr[ 28 (0)] + 2¢, tr{[ 25 (0)]*),
b1(0) = {c3 + tr[ 257 (0)] }Si + 2Spx 25 (0),
b2(0) = {1 + 2tr[ 25 (0)]c2} (Six ® Six) vee(Ir) + 42 (Six ® Sik) vee[ 25 (0)],
b3(0) = Siilr ® Sk
b4(6) = c2[Sgx ® Spx[¢r2
with 257(0) = Srx€260(0)Spy and
my(0) = £{11(0),
my,(0) = vec[e§L ()5 (0)'],
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ms,(0) = vec{e5H (0)[e5E (0) 0 (1L (0)]'],

my,(0) = vec{[£1(0) 0 51 (0)][5(0) 0 5L (0)] ).

tloo

Next, we can use Lemma 4 to obtain I'; = E[€51 (0)e5]_ (0)'], which corresponds to

t|oo t—jloo

the jth order autocovariance matrix of the Wiener-Kolmogorov filter for £; based on Y

for any integer j. Further, we can apply Lemma 2 to obtain:
(i) Covariance matrices with the first power:

cov[my,(0), my,_;(0)] =0,
cov[my,(0), m3,_;(0)] =2[£x ® vec'(Fp)] © (T; ® £k)
+ [veed'(T) ® 1k k| © (€x ®T)),
cov[my,(6), my,_;(6)] =0,
(ii) Covariance matrices with the second power:
cov[my,(8), my,_;(0)] = (lxxk ® ) © (I} ® 1gxk)
+(tx T ®£)) O (L ®T; ® L),
cov[my,(0), m3,_;(0)] =0,
cov[my,(0), my,_;(0)]
=4[Lx2 @ vec' (Tp)| © cov[my,(0), my,_;(6)]
+2[Lx2 @ Ly @veed' (Fp)] © (Exk ®T; ® ) © (I; ® 1gxk)
+2[Lx2 @ veed (T)) @ L3 ] © (xxk ®T) © (L ®T; ® Lk),
(iii) Covariance matrices with the third power:
cov[msz,(0), m3,_;(0)]
= [vecd(Ty) ® £x ® £},] © {€x ® cov[my,(0), m3,_;(0)]}
+2(kxx T O[(T;OT)) ® Lk xk]
+2[vec(Tp) ® £5,] © [£x2 @ veed' () ® x| © (£ ® T ® L)
+4[vec(T) ® £4,] © [£x2 @ ved (T)] © (T} ® 1k xk)
+4(tx T ® L) O (L ®T; ® k) © (T} ® 1k k),
cov[ms,(0), my,_;(0)] =0,
(iv) Covariance matrix of the fourth power:
cov[my,(60), my,_;(0)]
= 4cov[my(60), my,_;(0)] © cov[my,(0), my,_;(0)]
+ 4[vec(Tg) ® £5,] © cov[my,(0), my;_;(6)]

(AD)

(A2)
(A3)

(A4)

(A5)

(A6)
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+2[£k ®@ veed(Ty) ® £, ] © [£2 @ £k @ veed' (T)] © (T ® 1xxk) O (T @ 1k xk)
+2[£k ®@ veed(Ty) ® £, ] © [£x2 @ veed (T ® £x)]

Otk ®T;@Lk) O (Lx ®T; @ £k)

+2[vecd(Ty) ® £k ® €] © [x2 ® Lk @ veed' (Tp)]

Otk ®T;® L) O (bx T ® L)

+2[veed(Ty) ® Lk ® L3> ] © [£x2 ® veed (T ® £x)] © (Ikxk ®T)) © (Ixkxk ®T))
+ 8[£k ®@ veed(Ty) ® £, ] © [£x2 @ ved (T))] © (£ ®T; ® £x) © (T} ® 1k xk)
+8[vecd(I'y) ® £x ® £, ] © [Lx2 @ vec' (T9)] © (Ixkxx ®T) © (bx @ T; ® £y)

+ 8T ®1kxx) O (Ikxxk ®T) O (L, AT @ Lk) O (bx T} @ Ly).

Then we can show the asymptotic independence of the kurtosis and skewness compo-
nents by noticing that

COV[Ss1100(0), Ski—jjoo (0)] = b} cov[my,(0), my,_;(0)]b,
+ b cov[my,(0), my,_;(0)]by
+ b cov[m3,(0), my,_;(6)]by
+ b cov[m3,(0), my,_;(0) by
=0,

where the last equality follows from (A1), (A3), (A4), and (A6). Moreover, we can sim-
plify even further the relevant expressions by exploiting the cancellation of cross-terms
within the variance formulas,

cov[my(0),85-j(0)] =0, and cov[my (), sk jjoc(6)] =0. (A7)

For the sake of brevity, we prove the above equalities for the case when R = K;; the proof
for the case R < K is similar, but more tedious.
To show the first equality in (A7), notice that for any j, we obtain

cov[m1,(0), mlt_j(ﬂ)]b1 = —[ZFjFQ + tr(FO)I‘j]

because 2., =Ix — 'y and b; = —tr(I'y)Ix — I'y. The remaining part follows from ex-
ploiting the following equalities:

LTy = {[£x ® vec' (Tp)] O (T; ® £x)} €k @ Ik) (A8)
and

tr(Pp)Tj = {[vecd' () ® 1xxx ] © (€x ®T))} (£x @ Ik). (A9)

For instance, to show (A8), define

T1<=[e1e’1 eKe’K],
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with (eq]...|ex) = Ik, as the unique K x K? “diagonalization” matrix that transforms
vec(A) into vecd(A) as vecd(A) = T, vec(A) (see Magnus (1988)). Similarly, let

Ty = [(ele’1 ®ee)) (ee)®ee;) ... (exex_;®exey ;) (exex® eKe’K)] ,
which is K? x K*. Some straightforward algebra delivers the following key identities:
eTx =(e;®e€;),
(e®e)Tr=(e;®e; Qe Qe;),
T, (Lk ®Ix)e; = (Ix @ e; ® Ix ® e;) vec(Ik),
T’KzeKz =vec(Ig2),
foralli=1,..., K. Moreover, Tx and Tg. have the important property that
(AOB)=Tx(A® B)T,

for any pair of K x K? matrices A and B. As a consequence, we have that for any pair of
indices i1, i =1,..., K,

€ {[£x ®ved (Tp)] © (I} ® £x) }(x ® Ik )e;,
= e} Tx{[£x ®vec'(Tp)] @ (T} ® £ )}
X T,y £k @ T )ey,
= (e;, @ €)' {[Lx ®@ved Ty ] @ (I} ® £y )} x Ik ® &;, ® Ix ® e;,) vee(Ik)
= (e} [k @ vec'(Tp) |(Ix @ €;,) ® €] (T; ® £x) Ik ® &)} x vec(Ik)
= (e}, T ®e] I';)vec(Ix) = € T';Te;,.

But since iy, iy are arbitrary, we can conclude that (A8) holds. Analogous calculations
allow us to show (A9). Therefore, (A8) and (A9), together with the fact that bs = £x ® Ix
and (A2), imply that

cov[my(0), S jjoo(0) ] = cov[my,(6), m},(0)]b} + cov[m;,(0), m},(0)]bs = 0.

As for the second equality in (A7), again given that 2., = Ix — I'g and

b, = _% tr(I'g) vec(Ix) — vec(Iyp),

we can then use the same tedious but straightforward arguments as before to show that

cov[my(0), my,_;(0)]vec(Ty) = {[£x2 @ vec' (T)] © cov[my(0), my,_;(0)]} €2,
tr(Lp) cov[my,(0), my,_;(0)]vec(Ig) = {[£x2 @ £ ®veed (T'p)] © (€k @ T ® £)
O ®1kxk) g2 + {[€x2 ®veed' (Ty) @ €]
O(kxk®T) 0Ly AT ® L)} g2,
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which, together with the fact that by = €42 /4 and (A5), imply that
cov[my;(0), Si—jj0o(0)] = cov[my,(0), m),(6) ]b, + cov[my, (), m,(0)]b} =0,

as desired. This allows us to write

: VTs(0) | _[C(0) 0
rlﬂnooV[ﬁgsT(a) OIS

where the expressions for C;(0) and Cs(0) can be found in the statement of the lemma.
O

LEMMA 7. Let smyr(0) denote the Gaussian ML score with respect to the conditional
mean and variance parameters 0. Then

(i) lim cov[v'Tsmvr(0), vVT57(0)0] =0,

T—o0

(i) lim cov[VTsmvr(0), vV Tss7()0] = 0.

Proor. As shown in Mencia and Sentana (2012), the score of the latent model with re-
spect to the mean-variance parameter vector @ converges to the Gaussian score as we
approach the null hypothesis along any of the possible directions through which the GH
distribution approaches Gaussianity. This observation combined with the EM principle
provides a very convenient way of studying explicitly the score with respect to 6. For ease
of exposition assume &, = 0. Then

Y7 =[tr @ m(8)] + [Ir @ H(8) | {Tur — [Cr @ F(6)]} ™' [Ir © M(6)]Er

=II7(0)+Dr(6)ET.

where we have defined

0 Ir
Cr=
. [0 0},

Hr(0)=¢Lr @ w(0),
and

D7(8) = [Ir ® H(®)|{Iur — [Cr ® F(0)]} ' [Ir @ M(8)]. (A10)

Under our assumption that no linear combination of Y7 has zero variance, the matrix
D7(0) has full row-rank. Let D7.(0) be a (K — N)T x KT matrix of differentiable functions
such that

D7 (6) = [D7(0), (D7(8))] (AL1)
is nonsingular. Let I17(0) =[IT 7(0),0'] and define

Yr =I17(0) + D7 (0)E7.



12 Almuzara, Amengual, and Sentana Supplementary Material

This reasoning delivers the following alternative state space representation under the
null:

Yr =Snrkr¥r, with Yr ~ N[II7(0),D7.(0)Dr(6)].

We now apply the EM principle to the previous representation noting that the measure-
ment equation contains no unknown parameters. The score of the latent model is

dIn fy(Y710)  oIT7(0) -

v =— D7 (0)Er
1dved [D(0)D7(0)] -, W !
" vec[ s r ][ 7(0) ® D7(6)] vec(ErEy — Ix7),

= byyi,7(0)Er + by, 7(0) vec(ErEr — Ik7),

where we have used Er = ﬁ}l(ﬂ)[i(r — I17(0)], with byvi, 7(0) and by, 7(0) defined
in the obvious way. Smoothing the score above, we obtain

1.9In fy(Yr|6)

Smvr(0) = T 70

1 1 ,
= TbMV1,T(0)E[ET|YT7 0] + TbMVZ,T(O)VeC{E[ETEﬂYT, 0] —Ixr}.

But since
E[ETE}|Y7, 0] = V[Er|Yr, 0] + E[ET|Y7, 01E[E} YT, 0]

and V[E7|Yr, 0] does not depend on Y7, it is clear that syyr(0) is a linear combina-
tion of E7|7(0) = E[Er|Y7, 0] and VeC[ET\T(O)E/ﬂT(O)] (with coefficients possibly vary-
ing with 7). If we then replace Kalman smoothed variables by their Wiener—Kolmogorov
counterparts and the coefficients of the linear combination by their limits as 7' — oo, we
obtain

_ 1w
Smvr(6) = byvo(6) +buvi (8)' D Eo(6)
=1

T-1 T
1
+ Z{bMVZ(a)/T > vec[s,oo(a)e;aw(o)]}.
=0 t=0+1

The rest of the proof follows from (A7) and from the fact that

cov{vec|€/oo(0)€; 0o (0)],85:-j(0)} =0 and

cov{vec/oc(0)€; 0o (0)], 5k—j(0)} =0,

which can be established by an argument analogous to that of (A7). O



Supplementary Material Normality tests for latent variables 13

Proofs of propositions

Proor oF ProposiTiON 1. To simplify the exposition, we focus on the case where 6 is
fixed and known, so that the task is to derive the scores with respect to the shape pa-
rameters ¢ only. We further assume that &, = 0 and 7(6#) = 0. These assumptions are
not essential to the argument and may be removed at the cost of more notation. We can
then write

Yr =D7(0)Er,

where D7 (0) is given in (A10). Note the (NT x KT) matrix D7(6#) does not depend on
¢, although it depends on 0. Notice also that fg(Er|¢) is continuous in E7 and differen-
tiable in ¢ by construction because of the properties of the GH distribution D(0, I, ¢).
Given that we are assuming N < K, we require the additional assumption that D7 () has
full row rank. As in Lemma 7, we define D%.(0) such that (A11) is invertible. Similarly, we

define the random vector Y; = D}.(0)Er. Hence,

N Y -
Y= [Yf} =D7(0)Er
T

will be a KT -dimensional random vector with density f?(Yﬂxp) with respect to Lebesgue
measure on RXT given by the usual change-of-variable formula,

- fe(D7' 0)¥rle)
= (Y = =
fy(¥rle) 4B O]

Moreover, the density f3 is continuous in Y7 and differentiable in ¢, and the marginal
density

x(Yrle) :/ fg{(YTHo) Yy
RK-N)T

is continuous in Y7 and differentiable in ¢ as well. Taking logs, differentiating with re-
spect to ¢ on both sides of the foregoing equation, and exchanging the orders of the dif-
ferentiation and integration operators on the right-hand side by virtue of Theorem 16.8
in Billingsley (1995), we conclude that

dys., (A12)

dln fy(Yrle) _ / dln (D7 (O)¥rle) f3(Yrle)
de R(K-N)T deo xXrle)

for all Y7 and ¢ for which fy(Yr|¢) > 0 (and this holds for almost all ¢). The function
Teiy(Yp|Yr, @) = f?(i{ﬂgo) /fx(Yr|e) is the conditional density of Y7 given Y7, whichisa
continuous density with respect to Lebesgue measure on R‘€~M7T  In that precise sense,
we write

E[&ln fe(E7|@) ‘Y ¢] _ / dIn fg (D7 (0)Yrle) fy(Yrle)
P T RK-N)T de Arle) T
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Importantly, the value of the integral in (A12) is independent of the choice of D7.. To see
this, multiply both sides by fy(Yr|¢) and integrate with respect to Yr,

dln fg (D71 (O)Y7| 3
L./ feDr (ON11€) o 5\ v vy
RNT JR(K-N)T de

_ f dln fe(D7' (0)¥7|¢)
gk J@

fY(i{Tm)di(T:E[WH

de

by Fubini’s theorem. For all possible choices of D7.(8), we obtain a version of

E[&lnfE(ETlso)

Y) b
I ‘T¢i|

whose uniqueness follows from the a.s. equality of conditional expectations. Therefore,

equation (5) holds. O
ProoF oF ProrosiTION 2. It follows from Lemma 5 when 8 = 0. O
ProoF oF ProrosiTION 3. It follows from Lemma 6(i) and 7(i). O
ProoOF OF ProPOSITION 4. It follows from Propositions 2 and 3. O
PrOOF OF ProPOSITION 5. Itis arewriting of Lemma 5. O
ProoF or ProprosITION 6. It follows from Lemma 6(i), 6(ii), 6(iii), and 7(i). O

Proor oF ProrosITION 7. It follows by combining the arguments in the proof of
Proposition 5 in Mencia and Sentana (2012)) with the results in Propositions 5and 6. [

APPENDIX B: ASYMPTOTIC EQUIVALENCE OF SMOOTHED SCORES SAMPLE MOMENTS

Consider the model (1)-(2) with &; ~ N(0,Ig) and, to save notation, assume (i) = = 0.
To facilitate exposition, we further assume that (ii) det(I; — Fz) = 0 implies |z| > 1. This
condition can be removed at the cost of considerably complicating the analysis.

Under these assumptions, the MA(co) representation of {y;} is

o0
Yy = Z D(s)g;_y forallt¢,
§=—00
where D(s) = HFM for all s > 0, and D(s) = 0 whenever s < 0.

Let Fr = o({y:}js<r) denote the o-field generated by {y:}<7. Also, let Foo =
a(UT-o Fr). It is well known that the assumption of Gaussianity implies existence of
sequences of K x N matrices {A;7(7)} forall f and T, and {A(7)} with A;;7(7) = 0 when-
ever |t| > 7, such that

T
e = E(&|Fr) = Z Ay (7)yi—r, foralltandT,
T=—T
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o
Eijoo = E(&/|Foo) = Y A(T)y;—,, forallr.

T=—00

For any real matrix A, let |A|| = +/tr(A’A) be its Frobenius norm.
The purpose of this Appendix is to show the following.

ProproSITION 8. AsT*=2T +1— o0,

1
7T Z (&fj00 — &17) = 0p(1).
[t|<T

In the proof of Proposition 8, we will make use of the following.

LeMmmA 8. The following three properties hold:

(i) (Ly-optimality) Any Fr-measurable function &t satisfies

2
E( Z(8t|oo—8t|T) )SE( Zst\oo_éT

[t|<T [t|<T
(ii) (Geometric decay of A) For some p, € (0,1), Cy > 0 and all =, |A(7)| < CaplaTl.
Hence,

2
) forallT.

Z |A(T) | < oo

(iii) (Geometric decay of D) For some ps € (0,1), Cs > 0 and all s, |D(s)|| < Cg;p‘s|
Hence,

Z ||D(s)H < 0.

§=—00
Proor oF LEMMA 8. Property (i) is a consequence of the fact that
&1 = E(&j0| Fr) foralltand T

by virtue of the law of iterated expectations, and the standard result that an expectation
conditional on Fr minimizes the L,-distance to the set of Fr-measurable functions.
In turn, Property (ii) follows from the fact that &, is a VARMA process. Hence,

> |AMm] =2€C, Z Pa=1—— Ca pC{“ -0 asT — oo,
j71>T 7=T+1

implying Y22 |A(T)|| < oo.
To establish property (iii), note that |Ds|| < |H|/||F||*|IM| < vM|H||IM]|||Ag|*, where
we have denoted by Ar the largest eigenvalue of F. By assumption, |[Ap| < 1, so Cs =
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VM|H||[|M]| and ps = | Ag|. Finally,

Z||D(s)”<2C5 Z P 5 S+1—>O as S — oo,
Is|>S s=S+1
implying Y52 ID(s)]| < oc. O
Proor oF PRoPOSITION 8. Fixsomee >0and k=1, ..., K and define the event
Er,r = { > (kyto0 — EkT) | > T*E}

[t|<T

By Chebyshev-Bienaymé’s inequality,

Z (&tj00 — &4T)

l1|<T

2

Further, Lemma 8(i) implies that for any Fr-measurable function &7,

2
S ey 7 )

[t|=T
Therefore, the proof will be completed if we establish that, for some suitable choice of

2
E( ):o(T).

To do so, consider the linear Fr-measurable variable

Er = A(T)thr.
> 2

[t|<T |7|<T

)

1
Pr(& 1) < WV[ Z (&k, 1100 — 3k,t|T)i|
€

lt|=T

Pr(& 1) < —E(

£r,

> Efoo — E7

[t|<T

We have

Ar= )Y eqeo—Er=Y_ Y AMy .= Y ®r(r)y,

[t|<T |t|<T |7|>T r=—00
where ®7(0) =0
;
Or(r)= Z A[—(T+))], forr>0,
j=max{1,r—2T}
Or(r)= Y. AT+)), forr<0,

Jj=max{1,r—2T}
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implying that
|®7(r)|| < Capl™ /(1 = pa), for|r| <27 +1, and

| @7 ()| < Caply " /(1= pa),  for|r|>2T+1,

whence it follows immediately that }"°° __ [®7(r)|| < C4Tpl for some constant Cy > 0.
Finally,

oo 2

VE(IATI?)= | >

r=—00

Yo Y e ||pes-n)]

F=—00 §=—00

( i | @7 (r) ||> (Sio”ms)“) .

r=—00

Z Or(rW(s—r)

§=—00

IA

A

where the last inequality follows from Lemma 8(ii) and 8(iii). As a consequence of this,
E(JA7[?) = o(T). O

APPENDIX C: AN ALGORITHM FOR COMPUTING THE ASYMPTOTIC VARIANCE
Consider a VArRMA process with scalar VAR part for the K, -dimensional process x;,
¢ (L)x; = O(L)uy,

where ¢p(z2) =1-¢1z—---—¢pzP and O(z) = Oy + Oz +- - - O,4z9. The error process u, is
assumed to be K -dimensional white noise, thatis, E(u,) =0, E(u,u;) = ¥, E(u,u]_ j) =0
for j # 0. Next, write the VARMA process in companion VAR(1) form as

Xt = AX[—] + Qut7

where X; = (Xr, ..., Xt pi1, Ur, oo, Wi i)y
- - @0
(Ol | e1R0 0
AI( 0" JJS&)’ e |
0
with e; being the first vector of the canonical basis in R?,
b1 - dp1 Py
o 1 0 o , @=<@1 @q), and J¢,=(I£1 g)-
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Suppose we can find an invertible matrix C and a block diagonal matrix A (with Jordan
blocks) such that A = CAC~!. Then we can transform the original system by defining
Z, = C~'X,, a possibly complex-valued stochastic process that satisfies

Z=AZ; 1 +my,

with 1, = C~!Qu, being white-noise (and possibly complex-valued). Then it can be
shown that a computationally convenient decomposition of A is given by

A=CAC !, (CD

where

_ — -
C— C®IKX —((I) ®IKX)@* ’ A= A®IKX 0
0 IKq 0 ]q®IK

and

C_1 _ C_l ®1Kx (C_l(i)_q ®IKX)@*
0 IKq ’

with ® = CAC~! providing the Jordan decomposition of ®, and

q
0 =Y (@' "e;® 0)(Jl ' ® Ix).
h=1

Notice that the decomposition outlined above is convenient to handle large systems be-
cause it reduces substantially the size of the matrices for which the Jordan decomposi-
tion needs to be performed.

We can also show that the autocovariance function of the Wiener—-Kolmogorov filter
derived in Lemma 4 is the autocovariance function of the stable solution to the differ-
ence equation embodied in its VARMA representation. For that reason, we decompose
A as in (C1), with the absolute values of the eigenvalues in decreasing order. But since
we have assumed no unit roots, we will have that Ks = K, p + Kq — Ky, where Ky is the
number of roots outside the unit circle and K the number of roots inside the unit circle.

Let R = CQGE/ denote the variance-covariance matrix of n,. We can partition the
system into its unstable and stable parts as follows:

Zy; Ny, Ayg 0 Ruu Rus
Z, = , = , A= , and R= .
! (ZSt ) R (ﬂs; 0 Ags Rsu Rss

Next, if we write
-1
Zy: = Ayy(Zys1 —My1) and  Zs, = AssZs, 1 + g,

and partition

Iy — |:FUU(/) FUS(J')}

E(ZuiZy,_ ;) E(ZuiZs, )
Fsy(j) Tss()) ’
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we can show that the autocovariance function of Z, can be computed from
_ —1y\71-1 — ——1
vec[Tuu(0)] = [Ixz — (Agy ® Agy)] vee[AgyRuu(Ayy) 1,
Tuu(j) =Tuu(0)(Agy)’, forj >0,
Fuu(j) =Tyy(—j), forj<0,
-1
vec[T'ss(0)] = [Tz — (Ass ® Ass)] vec(Rss),
Tss(j) = AdsTss(0),  forj >0,
Fss(j) =Tss(—)), forj<0,
/ —j—hy/ ——h\/
Fsu(j)=-> (Ass )Rsu(Ayy)’, forj>0,
h=1
I'sy(j)=0, for;j<0, and
Tus(j) = Loy (=)
Finally, we can recover the autocovariance function of X; from
Ix(j) = E[XX,_] = E[(CZ)(CZ, ;)] = CTz(j)C.

Obviously, the autocovariance function of x; is the first block of I'x.

APPENDIX D: A GIBBS SAMPLER ALGORITHM FOR THE COMMON TREND MODEL WITH
ASYMMETRIC STUDENT { INNOVATIONS

In this section, we develop a Gibbs sampler for the model we use in the empirical appli-
cation in Section 7.3, namely

y:=HE,,
& =c(0) +FO),_, + MO,
e=a(e)+ ' Y(@B+ Y ey,
010, 0~iid. T(v/2,1/2),
210, ¢ ~i.i.d. N(0,Ig),

where 0 are mean-variance parameters and ¢ = (v, 8’)’ are shape parameters describing
the asymmetric Student ¢ distribution (a member of the GH family of distributions).
More specifically, 8 = (i, 8, px, peg» Pe;» T2, Ooy» Ta) s

Xt

fi
YEt Xr—1 1010
= = = H:
v (yn)’ Sl P A A (1 00 1)

Vst
€It
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(I—=px)p I+px —px 0 0
0 1 0 0 0
D= a—ppon | "P=[ 0 0 oy o]
—(1—pe;)8/2 0 0 0 pep
o 0 0
0 0 0
M@ =1, o 0|’
0 0 oy
[a(@)—1] .
a(p)=—a(e)B, and Y(p)=v-2) IK+TBB , with

—@—4y+/@—4ﬂ+&v—®ﬁﬁ
4aB'B '

a(e) =

We produce draws from the posterior distribution by means of a Gibbs sampler in which
we augment the original parameter space, consisting of # and ¢, with the state variables
o = {§t}tT=0 and the mixing variables {1.7 = {{ t}th - Throughout, we implicitly assume
prior independence between 0 and ¢.

Given y;.7 and initial values (0°, Y, §8:T), we draw, for s=1, ..., S, in the following
way:

Block I: {f.p ~ p(&.710°7 1, §8:}] , "1, y1.7), which is given by

K+ /
gtlaa ®, §0:Tay1:TNGIG<TV7 (V—Z)a(¢)ﬁ/ sV qt+1>’

Q@ =pY (P,
p=[M'(0)M(0)]'M(0)[£, - c(0) — F(0)¢,_,] + a(e)B.

Dapugnar (1989) developed a generator of GIG pseudo-random numbers based on the
ratio-of-uniforms method. In our practical implementation, we switch to a generator
of gamma pseudo-random numbers whenever the norm of 8 is below the square root
of Biolerance = 1073 as the generator may become inefficient and unstable when the GIG
distribution approaches the gamma. We also set a(¢) = 1 and Y (¢) = (v — 2)Ig for small
values of the norm of g.

Block II: &y ~ p(§0:7|0s_1, o1, {i.7> Yr.7), which is obtained from a modified ver-
sion of the simulation smoother in Durbin and Koopman (2002) (see also Koopman and
Durbin (1998)). Specifically, we proceed as follows. First of all, we note that, conditional
on 0, ¢ and (.7, the system above admits the following representation as a Gaussian
linear state space model:

Yt :Hgt’
gt = cl(07 ¢) + F(O)ft_] + Ml(07 ¢)zt’



Supplementary Material Normality tests for latent variables 21
where
ci(0, ¢) =c(0) + M(O)[a() + &' Y (9)B],
M/(0,¢) = &, "MO)Y(g).
The algorithm has three parts:

1. We draw {z;}T | from z/ ~ i.i.d. N(0,Ix) and & ~ N(&,Pop). We compute
{yt } _, and {§t } | by means of the recursion

& =c(0,¢) +FO)E | + M0, )z,

v/ =y —HE.
2. We run the Kalman filter followed by the Kalman smoother, storing the sequence of
smoothed states {§,}t o» where we denote &, = &,7. Specifically, for =1, ..., T we first
compute

-1
K, = Ptlt—lH/(HPt\t—lH/) >

Py =y — KH)P, 4,

P.s1 = F(O)P,F(0) +M,,1(8, 9)M,, (0, o),
&g =& +Ke(y) —HE 1),

&1 =F(0)&,.

Then, for r=1,...,T — 1 we compute
Jr- T = =Pr_ 7| T— TF(O) T T+1T—7°
Er_r=Er ar I Er i1 — Er_rp1T_r1)-

Notice that we have neglected the time-varying constants in the state-transition equa-
tion (see Jarocinski (2015) for details).

3. We compute {£;}T_ as & = &' + & fort=0,...,T.
It turns out &, is a draw from p(&.710, ¢, {1.7, y1.7) as desired.
Block IIT: ¢° ~ p(¢|0°~, &.7> ¢1.7> Y1.7), which we obtain by implementing an Adap-

tive Rejection Metropolis Sampler (ARMS, see Gilks and Wild (1992) and Gilks, Best, and
Tan (1995)). We note that :-:1 T ={&” }thl, where

el = [M/(0")M(6 )] M () (& — (") —F(6" )&,
has the sufficiency property ¢|0°~ 1 §0 7 G yur ~ qo|e1 T » {1.7- In addition,

T

plelerr, {1.7) [H p(&leri—1, @, {1.0) p(Lil€ri-1, @, Zl:t—1)}p(¢’),

t=1
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eler—1, ¢, e~ Na(e) + 7' Y(0)B, 'Y (0)],
Sileri—1, @, §1.-1 ~T(v/2,1/2).

Thus, the log-likelihood we employ (up to an additive term constant in ¢) is

T
1
L(@) = _EIOg{det Y(¢)] —EZETS [ log(2)+logF< )} Zlog(ft),

where

g8=0"Y " (0)e — ale) — Y (0)B)

We apply ARMS to each parameter in turn. Let ¢ be the result of applying a certain trans-
formation to the specific entry of ¢ being updated. In particular, for the parameter v we
let & = vmin/v (We take vmin = 4) while for 8; we use & = [1+exp(—B,)17}, j = x, 1, 2. The
transformation is chosen in all cases to ensure ¢ € [0, 1].

Let 9" be the starting value and £ its log-posterior. ARMS updates 9" to 9! as fol-
lows:

1. Constructa grid ¥4, ..., ¥, and compute their log-posteriors £y, ..., L

NARMS *

2. Form the piecewise-linear function /4 given by

h(ﬁ) = max{Lj(t‘}), min[Lj_l(z‘}), Lj+1(”3)]}, 19]' <O =< ﬁj-i-l’
(% — )

LW =Li+Ljy1——.
! I @1 = 0))

Next, draw 9* from the piecewise exponential distribution with density proportional to
exp[#(9)]. In other words, draw first a subinterval and, conditioning on it, from a scaled
truncated exponential distribution. Compute the associated log-posterior £*.

3. Draw upgs ~ UJ0, 1]. If log(uags) > L* — h(9*), augment the grid of ¥ by J4* and
that of £ by £* and go back to 2. Otherwise, move on to 4.

4. Draw upmp ~ U[0, 1]. If log(umu) > £* — £0, set 91 = 90. Otherwise, set 9! = 9*.

In the implementation, each draw ¢° is obtained by repeating the algorithm above
nyu times before proceeding with the Gibbs sampler.

We have also considered Slice Sampling (SS, see Neal (2003)) as an alternative
method to update 9° to 9. The alternative sampling is done as follows:

1. Draw e ~ exp(1) (so that y = exp(£ — e) ~ U[0, exp(L)]).

2. Given a positive real number w, draw u ~ U[0, 1] and let 91 = max{®° — uw, 0} and
Jr = min{L + w, 1}. Let £1, and L be their respective log-posteriors.

Given an integer mgg, draw v ~ U[0, 1] and form my, = vings and mp = mgg — 1 — my..
While £y, > £° — e and my, > 0 update 91, to max{dy, — w, 0} (recomputing £1,) and my, to
my, — 1. Likewise, update dy to min{dg + w, 1} (recomputing £g) and mg to mgr — 1 while
Lr > LY — e and mg > 0.
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3. Draw 9* ~ U[d1, Or] and let £* be its log-posterior. While £* < L0 — e, either 9* <
99, in which case update 91, to 9*, or 9* > 89, in which case update 9y to 9*. Redraw
9* ~ U[JL, 9r] and recompute £*. When this process terminates, set 9l =9*.

We report the output of the algorithm based on ARMS but our results are robust to
the sampling method.

Block IV: 6° ~ p(0|&.7, ¢°, {].7» Vi.7), which is obtained in blocks. First, we note
the sufficiency property 01&).7, ¢°, {i.7, yi.T ~ 01§y, ¢°, {].7. Next, we partition 6 =

(0.,0,,0.), with 0. = (w, 8)', 0, = (px, pe;» pe;) and 0, = (07, 05, o3,)'. We proceed

as follows:

1. We seta Gaussian prior on 6. given by 8. ~ N (c, S.) and we draw from the posterior
0:105°1, 057, £, @°, £}, which is

0:10,,05, 07,0, (1.7~ N(E,S.), withe=8.(S;'c+8,'¢) and S.=(S;'+8; 17",

where

T -1 T “1rr
éc{zég} [D.M(0)Y ()M()D,.], and é=[2§t] [Zﬁth],
t=1 t=1 t=1

with

D. — 1—px O 0 0
¢ 0 0 IT—-pe —(1—pe)

Yo =D& —F0)&_; —MO)[a(e) + 'Y (e)B]}

2. We set a Gaussian prior on 0, given by 8, ~ N(p, S,) and we draw from the poste-

and

rior 6,67, 0;_1, & @) {}.7» which is
0p|0C7 00’> §01T7 ¢7 ng ~ N(ﬁ7 Sp);
with p = §p(§;1£ + é;lﬁ) and S, = (§;1 + é;l)_l,

where
-1

T -1 T T
s=[rx] waa=r) [ox]
t=1 t=1 t=1
with
X, = ¢/ diagW,D, £, , - [l - D,F®)] 'cO)}].
Y, = £/*W,D, (£, — [Ix - D,F(0)]'C(0) - M(0)[ () + {7 Y (0)B]},

1 -1
W, =[D,M(0)Y"*(¢)]"' and D,=]0

00
10
0 01

0
0
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3. We set an inverse gamma prior on 6, given by Uj—z ~T'(vj/2,sj/2), for j =x,vg, vy,
with these parameters being prior-independent across j. However, for the purposes of
generating draws from the posterior distribution 6|63, 0;, &1 ©°5 ¢ we need to
consider two separate cases.

If B = 0, the three parameters are posterior-independent and direct sampling can be
implemented because the prior conjugates with the likelihood. More formally,

_ T +vj .
g; 2|063 0p’§0:Ta¢: éVl:T'\’F|: ] (Zn]t+9]>j|’ for j=x,vg, vy,

where

Nxt
n,= | mope | = 4PYV2(0)D,[£, — C(0) —F(O)E,_4].
Nvyt

On the other hand, if B8 # 0, direct sampling is not available. In this case, we generate
draws from the posterior distribution by componentwise application of ARMS. The log-
likelihood that we employ (up to an additive term constant in 6) is

£<00)=—2[log( %) +log(ay, ) +log(oy ——an,,

with
= {1/21” 1/2(¢>)d1ag( JEl, a?l)Dp

x [£ - C(0) —F(0)¢,_; — ale) — {7 'Y(p)B].

The procedure is exactly as explained above. Again, we also employed slice sampling,
with our results being robust to this variation.
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APPENDIX E: ADDITIONAL MONTE CARLO RESULTS (HAC)

TaBLE E1. Monte Carlo rejection rates (in %) under null and alternative hypotheses for the bi-
variate cointegrated, dynamic single factor model (7' = 100).

Panel B: Alternative Hypotheses (5%)

Panel A: Null Hypothesis Student ¢ Asymmetric Student ¢
1% 5% 10% J Sy Sy J Sy Sy
Kt 0.17 1.71 4.56 24.76 2.29 15.76 30.25 2.94 19.88
Hj Sk 2.75 9.55 16.99 8.60 9.67 8.55 20.60 12.29 15.96
GH 2.20 7.98 14.20 15.89 8.31 12.47 34.06 10.92 23.73
Kt 0.17 1.67 4.62 5.14 3.75 2.13 9.13 4.50 2.94
Hg, Sk 1.35 6.37 12.77 6.16 6.34 6.13 11.00 12.46 6.39
GH 0.75 4.06 9.02 6.07 5.31 4.34 13.72 11.78 5.19
Kt 0.17 1.64 4.77 18.89 1.73 17.50 24.15 2.00 20.95
Hg, Sk 1.67 7.55 13.97 6.65 7.33 7.06 14.73 7.91 17.73
GH 1.17 5.80 11.44 12.19 5.74 11.72 25.37 5.83 27.46
Kt 0.25 1.89 5.13 24.17 2.51 13.68 28.05 3.40 17.73
Red Sk 1.52 6.57 13.12 6.80 7.07 6.41 15.39 8.46 6.81
GH 1.00 5.21 10.87 14.35 5.94 9.68 28.67 7.84 12.08

Note: Results based on 10,000 samples of size T = 100 from model (16) with px =0.5, peg =pe; =0, o2 =1,and 0'31. chosen
suchthatgp = gy =1, whereg; = (r%/[(l - ﬂ?c)rrez,—] represents the signal-to-noise ratio for y;, fori = E, I. The column labels J, S ¢,
Sy refer to the alternative &; ~ GH(n, ¢, B) (i.e., R=3), fy ~ GH(n, ¢, B), vt ~N(0,I5) (R=1),and v ~ GH(n, , B), ft ~N(0,1)
(R =2), respectively. The row labels H;, Hg ., and H, Sy refer to the score tests in Propositions 4 and 7 corresponding to the J,
Sf, and Sy alternative hypotheses, while Red denotes the reduced form tests discussed in Section 5.4.2. In Panel B, Student ¢
refers to the DGP for the GH being symmetric Student ¢ with 8 degrees of freedom and, analogously, asymmetric Student ¢ to
the asymmetric Student ¢ with 8 degrees of freedom and skewness vector B = —£g. For each of those labels, Kt and Sk refer to
the kurtosis and skewness components of the corresponding test statistics, while GH indicates the sum of the two.
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TaBLE E2. Monte Carlo rejection rates (in %) under null and alternative hypotheses for the bi-
variate cointegrated, dynamic single factor model (T = 250).

Panel B: Alternative Hypotheses (5%)

Panel A: Null Hypothesis Student ¢ Asymmetric Student ¢
1% 5% 10% J Sy A\ J Sy Sv
Kt 0.12 1.79 5.15 61.57 3.57 42.37 65.21 5.22 49.08
Hj Sk 1.61 7.05 12.87 6.15 7.45 6.23 43.14 14.99 29.48
GH 1.17 5.77 10.80 27.25 6.48 18.65 68.37 14.98 52.18
Kt 0.13 1.73 4.97 11.68 6.51 2.35 20.10 8.69 4.21
Hs, Sk 1.13 6.06 12.15 5.64 5.42 5.90 18.32 27.79 7.48
GH 0.56 3.94 8.70 8.23 5.77 4.21 27.72 28.67 6.26
Kt 0.12 1.48 4.86 50.02 1.99 46.26 58.78 2.45 52.70
Hs, Sk 1.31 5.94 11.84 4.88 6.36 4.98 32.34 6.23 39.44
GH 0.95 4.38 9.29 22.91 4.98 21.18 59.80 5.03 63.81
Kt 0.15 1.85 5.65 59.11 3.96 34.63 61.54 5.98 43.07
Red Sk 1.29 6.14 11.61 5.63 6.12 5.25 35.12 12.29 6.82
GH 0.85 4.70 9.70 28.61 5.47 16.30 62.18 12.54 24.03

Note: Results based on 10,000 samples of size 7' = 250 from model (16) with px =0.5, peg = pe; =0, o2 =1,and U%l, chosen
such that g = g7 = 1, where g; = 02/[(1— p2)o2,] represents the signal-to-noise ratio for y;; for i = £, I. The column labels J, Sy,
Sy refer to the alternative &; ~ GH(n, i, B) (i.e., R= 3), ft ~GH(n, ¢, B), v ~ N(0,1y) (R=1),and v; ~ GH(n, ¢, B), ft ~ N(0, 1)
(R =2), respectively. The row labels H;, Hg ,, and H, Sy refer to the score tests in Propositions 4 and 7 corresponding to the J,
Sf, and Sy alternative hypotheses, while Red denotes the reduced form tests discussed in Section 5.4.2. In Panel B, Student ¢
refers to the DGP for the GH being symmetric Student ¢ with 8 degrees of freedom and, analogously, asymmetric Student ¢ to
the asymmetric Student ¢ with 8 degrees of freedom and skewness vector B = —£g. For each of those labels, Kt and Sk refer to
the kurtosis and skewness components of the corresponding test statistics, while GH indicates the sum of the two.
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TaBLE E3. Monte Carlo rejection rates (in %) under the null and alternative hypotheses for the
local-level model.

Panel B: Alternative Hypotheses (5%)

Panel A: Null Hypothesis Student ¢ Asymmetric Student ¢
1% 5% 10% J Sy Sv J Sy Sy
Kt 0.08 1.52 4.77 23.84 7.06 3.41 35.64 11.68 6.77
Hj Sk 1.33 6.15 12.01 4.90 5.70 5.38 41.94 24.15 11.18
GH 0.73 4.65 9.57 11.60 6.60 4.98 57.08 29.14 12.57
Kt 0.10 1.60 5.08 17.91 8.72 2.24 27.32 12.57 3.53
Hg, Sk 0.96 6.01 11.76 5.29 5.49 5.44 47.23 33.42 5.09
GH 0.52 3.64 8.25 10.89 6.60 3.79 57.18 36.83 4.49
Kt 0.17 1.67 4.78 14.25 2.95 4.71 31.21 5.41 8.68
Hg, Sk 1.03 5.41 10.78 3.94 5.18 4.61 24.47 4.22 15.97
GH 0.51 3.44 7.72 8.27 3.95 4.41 41.34 4.47 18.39
Kt 0.05 1.46 5.20 22.68 6.98 2.85 33.28 11.69 5.45
Red Sk 1.07 5.75 11.45 4.65 5.50 5.01 55.45 28.16 6.84
GH 0.53 3.48 8.12 12.35 6.38 4.02 64.79 31.23 6.66

Note: Results based on 10,000 samples of size T = 250 from the local-level model discussed in Section 5.3 in which the
signal-to-noise ratio g = 0'2/(75 is set to 2. The column labels J, Sf, Sy refer to the alternative &; ~ GH(n, ¢, B) (R=2), fi ~
GH(m, ¢, B), vi ~N(0,1) (R=1), and v, ~ GH(n, ¢, B), ft ~ N(0,1) (R =1), respectively. The row labels H;, Hg ,, and Hg, refer
to the score tests in Propositions 4 and 7 corresponding to the J, Sy, and Sy alternative hypotheses, Red denotes the reduced
form tests discussed in Section 5.4.2, while HK denotes the original Harvey and Koopman (1992) tests discussed in Section 5.4.1.
In Panel B, Student ¢ refers to the DGP for the GH being symmetric Student ¢ with 8 degrees of freedom and, analogously,
asymmetric Student ¢ to the asymmetric Student ¢ with 8 degrees of freedom and skewness vector B = —£g. For each of those
labels, Kt and Sk refer to the kurtosis and skewness components of the corresponding test statistics, while GH indicates the
sum of the two.
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TaBLE E4. Monte Carlo rejection rates (in %) under null and alternative hypotheses for the mul-
tivariate local-level model.

Panel B: Alternative Hypotheses (5%)

Panel A: Null Hypothesis Student ¢ Asymmetric Student ¢

1% 5% 10% J Ss Sy J Sy Sv
Kt 0.23 3.15 7.37 96.21 6.69 95.78 93.94 10.63 95.13
Hj Sk 8.95 21.52 31.50 18.46 20.76 18.73 69.96 33.29 40.30
GH 8.63 20.71 30.31 75.83 21.25 74.13 92.99 35.27 85.33
Kt 0.06 1.78 5.56 32.25 30.09 1.68 35.83 34.12 2.19
Hg; Sk 1.18 5.73 11.57 4.49 4.44 5.59 44.24 60.98 5.06
GH 0.62 3.68 8.33 17.26 16.19 3.77 58.05 68.64 3.65
Kt 0.29 2.82 7.06 95.86 3.07 95.80 95.52 2.90 95.60
Hs, Sk 7.73 18.94 28.70 16.00 18.45 16.05 63.85 19.16 40.45
GH 7.42 18.34 27.33 74.66 17.18 74.22 93.08 18.06 86.57
Kt 0.25 3.13 7.36 96.71 6.96 95.77 93.87 11.11 95.14
Red Sk 7.74 18.94 28.44 16.14 18.56 16.26 62.83 31.52 26.57
GH 7.11 17.91 27.21 75.61 19.07 73.54 91.69 33.83 79.37

Note: Results based on 10,000 samples of size T = 250 from a 10-variate version of the local-level model with = =0, c =
£yg, and y = qflelo, where ¢ reflects the signal-to-noise ratio, which we set to 2. The column labels J, S¢, Sy refer to the
alternative &; ~ GH(n, ¢, B) (i.e., R =11), fy ~ GH(n, 4, B), vi ~ N(0,1y) (R =1), and v, ~ GH(n, §, B), fr ~ N(0,1) (R = 10),
respectively. The row labels Hy, Hy ., and Hg,, refer to the score tests in Propositions 4 and 7 corresponding to the J, S¢, and Sy
alternative hypotheses. In Panel B, Student ¢ refers to the DGP for the GH being symmetric Student ¢ with 8 degrees of freedom
and, analogously, asymmetric Student ¢ to the asymmetric Student ¢ with 8 degrees of freedom and skewness vector B = —£p.
For each of those labels, Kt and Sk refer to the kurtosis and skewness components of the corresponding test statistics, while GH

indicates the sum of the two.
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APPENDIX F: INFERRING REAL OUTPUT FROM GDP AND GDI OVER A LONG SAMPLE

TaBLE F1. Parameter estimates and normality tests over the

postwar period.
Panel A: ML Estimates
Param. Estimate Std. err.
" 0.755 0.110
B 0.304 0.031
ay 0.493 0.059
e 0.265 0.196
Qe 0.939 0.024
o']% 0.526 0.054
o, 0.076 0.021
051 0.093 0.019
Panel B: Normality Tests
Statistic p-value

Kt 19.061 0.000
Hg, Sk 1.161 0.281

GH 20.221 0.000

Kt 6.537 0.005
Hg, Sk 3.859 0.145

GH 10.396 0.011

Kt 13.266 0.000
Hpg Sk 1.232 0.540

GH 14.498 0.002

Note: Data: Quarterly real GDP and GDI from 1952Q1 to 2015Q2. Model: Bi-
variate cointegrated, dynamic single factor model (16); see Section 7 for param-
eter definitions. In Panel A, estimates are Gaussian ML of the bivariate Gaus-
sian likelihood of the stationary transformation Ayg,; + Ay;, and yg; — yj, in
the time domain. Standard errors are obtained from the asymptotic information
matrix, which is computed using its frequency domain closed-form expression.
In Panel B, the row labels Hg . and Hg,, refer to the score tests in Propositions 4
and 7 corresponding to the S and Sy alternative hypotheses, respectively, while
Red denotes the reduced form tests discussed in Section 5.4.2. For each of those
labels, Kt and Sk refer to the kurtosis and skewness components of the corre-
sponding test statistics, while GH indicates the sum of the two.
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Ficure F1. Smoothed innovations and influence functions for the kurtosis and skewness tests:
Sample 1952Q1 to 2015Q2. (a) Smoothed innovations for the underlying factor. (b) Smoothed
innovations for the measurement errors. (c) Influence functions for the underlying factor (kur-
tosis). (d) Influence functions for the measurement errors (kurtosis). (e) Influence functions for
the underlying factor (skewness). (f) Influence functions for the measurement errors (skewness).
Notes: Smoothed innovations and influence functions were obtained by fitting the bivariate
cointegrated, dynamic single factor model (16) to the quarterly real GDP and GDI from 1952Q1
to 2015Q2; see Table F1 for parameter estimates. Shaded areas represent NBER recessions.
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Ficure F2. Posterior densities of shape parameters under the asymmetric Student ¢ alternative:
Sample 1952Q1 to 2015Q2. (a) 7. (b) Bx. (¢) By, (d) By,. Notes: Model: Bivariate cointegrated,
dynamic single factor model (16) with multivariate asymmetric Student ¢ innovations; see Sec-
tion 7 for parameter definitions. 7 refers to the reciprocal of degrees of freedom while B (By;)
[By,] refers to the skewness parameter of the “true GDP” (expenditure) [income] measure. Solid
vertical lines refer to the median values while dashed lines report the 2.5% and 97.5% quantiles.
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